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Fields on Plasma Ions by Collective Coordinates 
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(Received May 25, 1956; revised manuscript received October 22, 1956) 


A discussion is given of the results of applying an improved method, employing collective coordinates, to 
the evaluation of the n-dimensional integrals occurring in the problem of determining the probability that 


a given electric field will appear on an ion in a plasma. 


N a previous paper,' the problem of obtaining the 

probability of a given electric field on an ion in a 
plasma has been discussed. Two methods employing 
collective coordinates were developed. They contain, 
however, the following three doubtful approximations. 
(1) The collective and particle coordinates are assumed 
to be independent although it is clear from Eq. (11) 
that they should be related. (2) The separation of the 
regions over which the integration is carried out using 
particle coordinates and using collective coordinates is 
not clean since the integration employing collective 
coordinates extends into the region of close approach of 
particles where only particle coordinates should be used. 
(3) The error in the approximation of the Jacobian of 
the transformation to collective coordinates given in 
Eq. (15) is not determined. 

An improved method has been devised? that remedies 
these defects in the following ways. (1) When a particle’s 
coordinates are used, they are not included in the col- 
lective coordinates. (2) Instead of supressing collective 
coordinates of high wave number by throwing away 


1A. A. Broyles, Phys. Rev. 100, 1181 (1955). 

2A. A. Broyles, Atomic Energy Commission Report RM-1682 
(unpublished), This report may be obtained by writing to the 
Rand Corporation, 1700 Main Street, Santa Monica, California. 


those with wave numbers greater than k,, the in- 
teraction potential between pairs of particles (1/r;;) 
is divided into long- and short-range parts at a separa- 
tion distance equal to r, and collective coordinates ap- 
plied only to the long-range part. (3) The Jacobian of 
Eq. (15) is taken to be the first term of an expansion 
in Hermite polynomials and one of the higher order 
terms is computed as a guide to the range of validity 
of the use of the first term. 

The following conclusions may be drawn from the 
improved method. (1) The value of r, (corresponding to 
the former w/2k,) should be chosen as small as possible 
without causing the higher terms in the expansion of 
the Jacobian to become appreciable. (2) The choice of 
r., corresponding to the value of k, employed in refer- 
ence 1, is such that the approximation to the Jacobian 
made there is good for values of @ greater than 0.6 but 
poor for smaller values. (3) The SRNN (short-range 
nearest neighbor) approximation reproduces rather well 
the values of P(e) obtained from the improved method 
for 6’s of 0.6 and above. 

In the course of these calculations, an average 
short-range pair potential appears which is a function 
of temperature and directly related to the radial 
distribution function employed in Sec. II of reference 1. 
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Relation between the Canonical and Grand Canonical Ensemble 


M. B. Lewis 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
(Received July 5, 1956) 


The “conventional” pressure (p) in a grand canonical ensemble is shown to be, in the limit of infinite 
systems, identical with the canonical pressure, whenever the canonical pressure exists. The average density 
p in a grand canonical ensemble is shown to exist except at condensation. 


I, INTRODUCTION 


N calculations using the grand canonical ensemble, 
the “conventional” pressure and average density 
are defined by 


kT 


(p)= lim In9y(y), (1) 
V+wwe V 


01 
p= lim y In 9y(y). (2) 
yon dy V 


The function 9y(y) is the grand partition function 


M(V) 


DL y*On(V), (3) 


Nt 


9v(y) 


where JN is the number of particles in a fixed volume V, 
M(V) is the largest number of particles that can be 
contained in V. The function Qy(V) is the canonical 
partition function defined as 


1 N 
On(V) f. ' fe av TT dr, (4) 
N! V j=l 


where B=1/kT, U is the potential energy of the NV 
particles, and dr, is the volume element of the jth 
particle." 

It has never been shown rigorously that this definition 
[ Eq. (1) ] of the pressure agrees with the definition of 
the pressure in the canonical ensemble. It has in fact 
been pointed out by Yang** that the above definition 
of the pressure in the grand canonical ensemble is not 
the grand canonical average of the canonical pressure, 
which would be limy..(0/0V)kT InQy(y), but is the 
limit of a second average of (0/0V)kT In9y(y) taken 
over all volumes from zero to the actual volume of the 
system. 

The purpose of the following calculation is to show, 
for molecules with finite impenetrable cores and finite 


Actually, 9y(y) and Qy(V) are, for finite domains, functions 
of D rather than the volume V (D) of the domain, but we will not 
make the distinction where it becomes irrelevant in the limit. 
9y(y) and Qw(V) are also functions of the temperature, but this 
is not indicated since all calculations are made at a fixed value of 
the temperature. 

*C. N. Yang, mimeographed lecture notes, Seattle, 1952 (un- 
published), p. 31. 

+See also M. B. Lewis and A. J. F. Siegert, Phys. Rev. 101, 
1227 (1956). 


range forces, the identity of the “conventional” grand 
canonical pressure and the canonical pressure, whenever 
the latter exists. The calculation also shows the 
existence of the grand canonical density, except at 
condensation. Yang and Lee® show the existence of 
the density only if the conventional pressure is an 
analytic function of the fugacity y, but one expects, 
of course, that the density exists for all non-negative 
real values of the fugacity, except at condensation. 


II. LIMIT OF INFINITE NUMBER OF PARTICLES 


The proof is based on the known properties of the 
canonical partition function. These properties have 
been proved by van Hove’ for a system of N particles 
in a domain D of volume V(D), in the limit of infinite 
systems. These results are based on assumptions con- 
cerning (1) the intermolecular forces and (2) the way 
in which the limit of infinite domain and infinite N is 
taken. We use the more restrictive form of van Hove’s 
assumptions concerning the intermolecular forces, i.e., 
essentially impenetrable cores of the molecules and 
finite range and magnitude of the attractive part 
of the potential. Concerning the limit, van Hove 
assumes that limy.V(D)/N=v, and that for each 
cubic lattice, the number gs of cubes which contains 
points on the surface of D satisfies limy.. s/N =0. 

We specify a slightly more restricted sequence of 
domains D and particle numbers N by assuming 
V(D)/N=v for all D and N of the sequence, and 
Ns(D)/N2N(D')/Nt for V(Dt)>V(D). The second 
assumption means essentially that the ratio of surface 
to volume does not increase with increasing volume of 
the domain. 

With his assumptions, van Hove obtained the fol- 
lowing results for f(V,D) = (1/N) InQw(D): 


(1) limw4ef(V,D)=f(v) exists and is a function of 
v only, for v>vy, where vy is the smallest specific 
volume obtainable ; 

(2) f(v) is a nondecreasing function ; 

(3) Af/dv exists almost everywhere ; 

(4) df/dv is a nonincreasing function. 


The pressure is defined by p=8'0f/d0. 
‘ This term will be defined later (see reference 10). 


5'C, N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952). 
*L. van Hove, Physica 15, 951 (1949). 
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We have shown in Appendix I that f(D) converges 
uniformly’ in the closed interval vo’ <v<v’, where v’ 
and v” are restricted by 


‘<0 (5) 


vy<<v' 
and otherwise arbitrary. In this range of v, we have 


| {(v)— f(N,D)| <ey (6) 


where ey does not depend on v and can be made arbi- 
trarily small for sufficiently large V. 

We use this result in Sec. IIA to show first that the 
“conventional” pressure of the grand canonical en- 
semble is equal to the pressure of the canonical ensem- 
ble, evaluated at a specific volume 1(y), which maxi- 
mizes v'({Iny+/(v) ], provided that the system is not 
condensing to its maximum density. 

In Sec. IIB we show that if vo(y) has a unique value 
(at condensation it would be a set of values), then the 
density / in a grand canonical ensemble exists and is 
equal to [v(y) }". 


A. Proof of the Identity of the ‘‘Conventional” 
Grand Canonical Pressure and the 
Canonical Pressure 


The grand partition function can be written in the 
form’ 
M(V) 


Qv(y)= L y"On(V) 


N= 


MiV) 


> exp{V[iIny+/f(V,V)]}. (7) 


N ==f) 
By changing the sum to the (noninteger) variable 
v=V/N we have 


1 
— In9y(y) 
V 


| 
=e nf 
V 


where vy = V/M(V).* We can obtain an upper and lower 
bound for V~' In9y(y) by using Eq. (6). We have for 
real positive y 


UM V 
1+>- exp (In y+ f(V/0,V) ) » (8) 
ve V Vv 


t 


1 V 
V'Indgy(yy<—In exp| [Iny+ f(v) +e] 
V ; v 


i he 


1 
+ Inf +(1+ an Tt wy me 


vw’ <v< V vm < vcr’ w<v<r”’ 


1 


V- In Qv(y) >— In 
- 


y 
7 exp| {Iny+ f(v) wl}. 


(9) 


v'< 


7 The proof is almost identical with the proof given in reference 
3, Appendix I. 

*We shall no longer make the distinction between D and 
V(D)=V, and we shall use {(NV,V)}for f(N,D). 

® Actually oy =limy.«V/M(V), but our neglect of this point 
makes no difference in the limit. 
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where >> =>> exp{(V/v)[ Iny+/f(N,V) ]}. In Appendix 
ITA and IIB, we show that the second term in the 
upper bound goes to zero in the limit of infinite volume, 
provided the system has a fugacity y such that it is not 
condensing to its maximum density.'® One expects that 
the remaining sums in Eq. (9) can be replaced by their 
largest term. We call [,¥(y) }'[Iny+ (0, v(y)) ] the 
largest value of v'[Iny+f(v)] in the sum where 
vo,v(y)=V/No,v(y) and No, v(y) is an integer or set of 
integers. We call v(y)=V/No(y) the value (or set of 
values) of » that maximizes v'[ Iny+-f(v) | considering 
v to be continuous, e.g., No(y) is not necessarily an 
integer (or set of integers). v9(y) can be determined by 
a straight line that intercepts the ordinate at (—Iny), 
and that has the largest possible slope which permits 
it to have at least one point in common with f(v) (see 
Fig. 1). 
If u(y) has a unique value, then v»,y(y) obeys the 
inequality 
Vv 
<vo,v(y)< 
No+1 Vo! 


As V tends to infinity, the ratio V/No(y)=vo(y) 


remains fixed, and therefore 


lim vo, v(v) = voly) 


V1. 
In Appendix III the details of the proof are carried 
through with the result that the limy..V~! In9y(y) 
exists and is equal to 


limV~! In9y(y) 


V om 


B(p) [oo(y) ] "Liny+ f(r) ], (10) 


We mean by condensation that f(v) has a straight line seg 
ment. If f(v) has a straight-line segment leading to vy, e.g., 
limo f(v) =f (a finite number), and there exists a 6>0 
such that f’(v) exists and is a constant for vy <v<oy+é, then 
we cannot prove that this term goes to zero in the limit when 
the system has a fugacity y such that (y) is contained in the 
open interval [ow,vm+4). That f(v) cannot behave in such a 
manner has never been proven for a general type of potential 
This same problem arose in the pressure ensemble and is discussed 
in reference 3. 
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where (y) is a value of » that maximizes v™{Iny+/(v) ] 
at fixed y. (There may be a set of such values; in that 
case vo(y) is any member of the set.) 

If the canonical pressure Bp= 0f/d0 exists at v9, then 
vo is determined by 


0 
={t Ciny+ 90) | 0, 


1 
and therefore, 
of ; 

v | -Liny+ f(v9) ]=9, 
L on v0 

raf 


Ov 


Bp (11) 





| ve "[Iny+ (v9) | =B(p). 
ro 


The grand canonical pressure (p) is therefore equal 
to the canonical pressure p evaluated at v(y), if the 
canonical pressure exists. 

It remains to be proven that v(y)=[p(y) |" if v0(y) 
has a unique value, where f(y) is the average density 
of the grand canonical ensemble. 


B. Proof that 5(y) =(vo(y)} 


In order to prove that f(y) @limy...dv 
where 


[ vy) ‘ 


01 
by ™y In9v(y) 
dy V 


mv) \ M(V) 
( > onv) ) /( , on'v)), (12) 
N=1 V N —=() 


V/N 


we again change the summation variable to v 
and obtain 

1 
wm PS 9 
v< i 


vo” wreacVvt 


> + W (0,V) 


+ 5 + ¥ )W,V) 
v<w vce” 9 << V 
where W(v,V) =exp{(V/v)[Iny+f(V/v,V) ]}. As a 


lower and upper bound, we have 


(13) 


1 
W (v,V) 
v<e<e’ v 


1 

[2 } 2 er er 
Vy wwsed<e’ oe <osV 
= W(0,V) 


(14) 


m<v<r’ 6 


= + L )WO,V) 
"<osV 


>= W(,V) 


wv’ << 
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The term 


i a ae * 


om <0 <r’ v”’ <v< 


W(0,V)]/ x WV) 
V Py v<v"”’ 


appears in Eq. (9) and is shown in Appendix ITA and 
IIB to approach zero in the limit. Therefore, the 
limity..iv will exist and will be equal to 


>» wiov)) 


v’< 


1 
im ( > W (v,V) 
V0 Nw <a<e”’Yv 


if the latter exists. We now show that this limit exists 
and is equal to [(y) }', providing 1 has a unique 
value. The method is to show that the nonvanishing 
contributions to the sum come from an arbitrarily 
small interval about 1. The remaining term in Eq. (14) 
can be written as 


1 
x + ZX )-Wr,V) 
%<9<0") 9<ece, Uv 


> WV) > W(0,V) 


i esse 


1 
~ —Wlr,V) ( 


+ 


’ 


(15) 


where 04 = v9+6, v= v9—4, and 4 is an arbitrary positive 
number. As an upper and lower bound to the first two 
terms on the right of Eq. (15), we have 


1 
t+ Db )-W(0,V) 
<e %<9< 0" Y 
> W,V) 
1 
)W (v,V) 


/ v” 


1 


oe eo 
(16) 
> W,V) 


wcrc 


As an upper and lower bound for the third term on 
the right of Eq. (15), we have 


1 1 
5 WV) — & 
v.575% UV VL 9-95 % 
———EE 


W (v,V) , i 


v.S 959, 


W (v,V) 
1 1 
z. W (v,V) > W(r,V) 


<v<, V4 v<v< 9, 


“EC WV) 
» * h Were 


<v<o v, S¥ ae | (17) 
> W(v,V) 


v<r<y”’ 
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Combining Eqs. (17), (16), and (15), we have 
I ! . 
W (0,V) WV) 


1 vy’ v's v<i %<9< 0 


> 


> Wv,V) 1 > W(0,V) 


(18) 


)W (0, V) 


1 
de 


W(v,V) 
v’< v<v" v 


— > 
x WV)» 


vw’ <9<v" Sd na oft 


de y 
W (v,V) 


In Appendix IV, we show that the ratios of sums on 
the right side of Eq. (18) go to zero in the limit. We 
thus have 


1 


<lim fy < (19) 


tot5 Ve 19-5 
Since 6 is an arbitrary positive number, the limy..Ay 
exists and is equal to [0 |". 

We have the following results: 


Bp) =(v0(y) }"Liny+ f(vo(y)) J; (20) 
p= [(y) |! when v9(y) has a unique value. 

(a) The density ~ of a grand canonical ensemble 
exists, and is equal to [ 9(y) }-!, except at condensation. 

(b) The pressure (p) of a grand canonical ensemble 
exists and is equal to the canonical pressure, when the 
latter exists, evaluated at the density of the grand 
canonical ensemble when it exists, or at any member 
of the set vo(y) at condensation. 

(c) If the canonical pressure has a saltus at some 
value of v, then (f)), as a function of y, takes on the 
intermediate values and %(y) remains constant. We 
mention this point not because it has any physical 
significance, but to show how (jf) can be a continuous 
function, as was proved by Yang and Lee,® even if the 
canonical pressure is not continuous. Continuity of the 
canonical pressure has never been proven. 

We would like to thank Professor A. J. F. Siegert for 
valuable discussions. 


APPENDIX I 


Van Hove has shown the following inequality to hold: 
_fV(T)—-@\ pV(T)) 
cts we 

N Nd 


_ {V(2) 
cf), 
N 


€(1—d;/d) < f(N,D) 


pV (ls) 
Nd 


V(P2) 
+e(1 -d;/d) ta 
Nd 
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where ¢(x) is a function which depends only on the 
intermolecular forces and approaches zero for x1 and 
dy is the maximum range of the intermolecular forces. 
p depends only on the intermolecular forces and the 
temperature, but is independent of the number of 
particles V and of the number of cubes Vs which 
contain the surface of D. I is the domain formed by 
the cubes of a cubic lattice of length d entirely interior 
to D and V(I,) the volume of I’;. I) is the domain 
formed by I; and the cubes which contain boundary 
points of D{V(T'2)=V(l'1)+N sd*}. (x) is a mono 
tonically increasing function and ¢«,(0)=0. The graph 
of fa(v) is a concave polygonal contour which has for 
extreme sides a vertical line on the left and horizontal 
line on the right (see reference 6, Fig. 1). 

For a domain D with N particles and a domain D' 
and Nt such that V(D!)>V(D), we assume that in 
the thermodynamic limit 
Vs(D) Ns(D') 


> 


V (D1) 
and 2 


V Vt V 


V(D) 

V1 

in addition to van Hove’s assumption that 
limw+0V s(D)/N =0. 

We then have 


[f(V1,D1) 


V (T's!) 
i( )s dy da) 
Vt 
VTs)\ . sV (0) 
(a 
\ 


d' pV (Ty) 
are 
Vd 
[ f( Vt,Dt)— f(N,D) ] 


{VEN @y pV(Ts) 
Z u( ) 2¢(1—d;/d) 
VI Vid 
(—) pV (T's) (= 
ha €) 
V Vd Nd ) 


The following are true for both the crossed (t) and 
uncrossed systems. 


{(N,D)} 
pV (12!) 


+-2e(1 
Vid 


Vtd3 


V(I's)/N <0, 


Ns(D)d 
V(',)/N 2»—-—— 


Ng(D)d 
V (l'3)/N < 0+——. 


Using these relations and the properties of the func- 
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tions, we have 


| f(Nt,Dt) — f(N,D)| 


N g(D)d* Ns(D)+1 
<h(o4 ) - Ji: Sem *) 
N N 


p V g(D)d4 
+-2€(1—d;/d)+ (201 ) 
N 


tf 
9 
+e] —+ 
dé 
[ This is Eq. (IA-3) in reference 3.] 
For fixed d and V, we want to replace the terms on 


the right by the largest values they take on in the 
interval v’<v<v” where 


N5(D) 
) (1-4) 
N 


V(D) V(D) 
10 aes . y’ . N"<N’. 


N’ 


v 


We use the following relations which follow from the 
£ 
properties of the functions: 


(1) 2e(1—d,/d) is independent of ». 
(2) Since N g(D) is independent of », 


v Ng(D) vw’ Ng(D) 
af { ) < a( + ), 
ds N d3 hi 
p Vs(D)d' p N s(D)d* 
(201 )s (2: + ) 
d V d N” 


(3) Also, 


Ns(D)d' : N s(D)+1 
i: | ) 1: *) 
V \ 
: Ns(D)d' : Ns(D)+1 
; ju(o'4 ) Iv ) 
\ N 
Vs(D)d\ N s(D)+1 
: AG { ) 2G #) 
ye" 


Add 
Using (1), (2), and (3) in Eq. (1-4), we have 


| {(N',Dt)— f(N,D)| 
Ns(D)+1 
*) 
N” 


Ns(D)d\ | 
: iv | ) AG 
shed 


p Ns(D)d' 
+-2¢(1—d3/d)+ "aad ) 
l \ 


Ns(D) 
) (1-5) 
nv 


Since the right-hand side is independent of » and can 
be made arbitrarily small by first choosing V(D) large 
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enough and then d large enough we have proved the 
uniform convergence of f(N,D). 


APPENDIX II 
A. We first consider the term }° <,<,. Using the 


inequality {(V,V)< (1/N) In(K*V*/N!), we have as 
an upper bound for 


V 
i ae exp| [iny-+inker]| 
wW<vcV we <ocV v 
y 
<M(V) exp| {iny-+inker”}} (ITa-1) 
. 


provided v” (therefore V) is large enough. 
We have as a lower bound to Diy<y<y": 


. V _ Vey 
> 2exp —L[Iny+ f(v0) ]-— ~ Ve} (ITa-2) 


¥<o<v’ Vo v 


where ey’ is introduced to account for the fact that v9 
is generally not a member of the sequence »=V/N. 
ey’ obeys the relations ey’ 20 and limy.,ey’=0. 

As an upper bound to Sow <y< y/Div<o<w’, we have 


v<V | 
<M(V) exp| | (Iny+InKev"” ] 
>» y! 


W<rce”’ 


€ 
— Liny+ f (v0) } + ey’+ “||. (IIa-3) 
5 v 


v6 


The exponent can be made negative by choosing V and 
v”’ large enough, and therefore 


_ > = ae 


Veo we <9ocV v<v<e” 


(Ila-4) 


B. We first investigate the term }°,,<,<y. To do 
this, consider the following inequality that follows from 
Eq. (1-1) and the inequalities (I-3). 


Ns(D)d*\ pf Ns(D)d3 
oa )+ («+ . =) 
N d N 


» Ns(D) 
te(l aida - + ‘) =Uy(v), (Ib-1) 
Pp N 


6 


f(N,D)< H(: + 


Ns(D)+1 p 
- i) ——9 
N d 


—¢€(1—d;/d) =Ly(v). 


f(N,D) > H(- 


From the properties of the functions, it follows that 
Uy(v) is a nondecreasing function of v. Therefore, 


V(D) V(D) 
— sy <7! =— 


f(N,D) < Uy(v’) 1. 


for 


If we go to the limit V-+~ in (IIb-1), keeping d fixed, 
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we have 
f(v) 2 Le(2). 
We thus have 
T(N,D) < (Uy (0')— Lav’) J+ Le (v’) < ev’ +f(0'), 
(IIb-2) 


where ey’’ can be made arbitrarily small for large 
enough d and V. We are now ready to consider the sum 


Lee v<v': 
<x 


wm<v<e’ 


pa 
om <0 <v’ 


y 
exp} —L[Iny +f) +e")} 
v 


V 
< M(V) exp Ling + ftv) +r") (IIb-3) 


UM 


The ratio Yyy<»<v/Siv <<» can now be written as 


ZL 


om <<’ 
Pa 


y 
M(V) exp| Ciny+ f(v") + ey” | 
UM 


-_ 


sai | ! 
<0" exp| | —[Iny+ f(v0) ]—ev’— w|| 
Vo vy’ 


1 
=M(V) exp| | [Iny+ f(v’) | 
UM 


” 
€y €y 


1 \ 

——{Iny+ f(v0) ]4 +4 a’ (IIb-4) 
vo vy oU 

For any value of y that leads to v9 (different from vy), 

v’ can be chosen such that 04,<0’<v, and such that 

the exponent can be made negative. Therefore 


Df 2 6, 


lim 
Veo wm<v<y’ <<” 


(IIb-5) 


APPENDIX III 


The number of terms in the sum of the upper bound 
in Eq. (9) is less than M(V); by factoring out the 
largest term, we have 


-In 


V 
> exp| ~—[Iny+ f(v)+ev ] 
v 


v’ < v< v”’ 


(IIT-1) 


~ 


| 1 ie 
< ——[Iny+ f(v0,v (y)) J+— InM(V)+ oe 
vo,v(y) V y 


For the lower bound in Eq. (9), we have 


In 


y 
> exp| (Iny+ f(v) ms 
V v< v 


1 €y 
2 ——-[Iny+ f(v0,v(y)) J—- 
Vo, v(y) 


(IL-2) 
vo,v (¥) 


We then have 


! 
lim — InQv(y) = 


Vom 


1 
[Iny+ f(vo(y)) ]. (IIT-3) 


Vo y) 
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If v(y) had been a set of values, we are still led to 
(III-3) where in (III-3) we interpret vo(y) as any 
member of that set. This would occur for a certain 
value of y if f(v) has a segment that is a straight line. 
This corresponds to a condensation. 


APPENDIX IV 
We wish to show that 
SS a Te 
v<o<e v, <9<e 


~ Wv,V) 


cece 


)W (v,V) 


” 


(IV-1) 


Since f(V,V) converges uniformly in the closed interval 
[v’,v’’ |, for a given e« we can find a Vg such that 
| {(N,V)—f(v)| <e for all V2 Vg and vo’ Svc". If we 
define g(v) =[Iny+/(v) ], we have 


rt rc. amy y 4 


y"" v’<v<e 0, « 


v<o<e”’ 


i »(V gw) 
~ ye hw 
U v< 


v’< .,< v”’ 


e «(Vv v')( 


ye vigle 
(1V-2) 
The sum in the numerator has as an upper bound 


C2 * = 


v<v<y v,<9se 


jel! wigl®). 


M (V)eV lator iv") 


” 


where g(v*)/v* is the largest value of g(v)/v in the two 
intervals 


v Sv<v_=m—35; 


” 


UtbBr<vgy 


The sum in the denominator of (IV-2) has as a lower 


é 


bound 
eV vig(») >e! {la (vo) / vo) wy, 


where ny is introduced to account for the fact that v9 is 
generally not a member of the sequence v=V/N. ny 
obeys the relations ny 20 and limy..nv=0. We have 
t 2 )W(r,V) 
0, <v<g0" 

> W(r,V) 

<<” 
(v9) 2 

t 


g(v*) g ¢ 
<M(V) exp| | +m. (IV-3) 


vo v 


Since {[g(v*)/v* |—[g(v)/v |}<0, we can choose « 
sufficiently small such that for all V2Vg,, the term 
{Lg (v*)/v* ]—[g(v0)/v0 }} + 2¢/v’ <0 and therefore, 


p W(v,V)) 
ee 0,  (IV-4) 
i 


oe he 


W(v,V) 


since for sufficiently large V the entire exponent can be 
made negative. 
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Effect of Variable Ionic Mobility on Ambipolar Diffusion 


L. S. Frost 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received October 8, 1956) 


Recent measurements of the mobility of atomic rare gas ions in their parent gases have shown that the 
mobility falls with increasing field strength, becoming inversely proportional to the square root of the field 
at high fields. This paper presents the solution to the ambipolar diffusion problem for cylindrical geometry 
and with the observed field dependence of ionic mobility. Results for He* ions in He indicate that ambipolar 
diffusion in a low-pressure positive column may be reduced by a factor of two or more from that predicted 
by using constant mobility. The theory is also applicable to Ne* ions in Ne and to A* ions in A. 


NE of the basic assumptions made in developing 

the theory of ambipolar diffusion is that the ionic 
mobility is constant. Recent measurements of the 
mobilities of atomic rare gas ions in their parent gases!” 
have shown that the mobility falls with increasing 
electric field strength, becoming inversely proportional 
to the square root of the field at high fields. This paper 
will present the solution to the ambipolar diffusion 
problem in the case of field-dependent ionic mobility. 
Cylindrical geometry has been used, but the method of 
solution is adaptable to other geometries. The theory 
has been worked out numerically for an analytical 
approximation to the field variation of the mobility 
which is applicable in the case of atomic rare gas ions 
in their parent gas, e.g., Het in He. The theory is then 
extended to the calculation of the diffusion loss from 
the positive column of a discharge for which the axial 
field is appreciable. 

THEORY 


The particle current density F_ for the electrons 


moving in a gas under the action of a concentration 


gradient and a space charge field E is 


r D_Vn_—p_En_; (1) 
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Fic. 1. Ion mobility vs Z/p. Solid circles from reference 2; 
open circles from reference 1; curves represent Eq. (14) with po 
and a as given in Table I 


' J. A. Hornbeck, Phys. Rev. 84, 615 (1951). 
*M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954). 


the particle current density I, for the ions is 
r,.=—D,Vn,4+u,En,. (2) 


Here n_, n, are the electron and ion densities; D_, D, 
are the diffusion coefficients, and w_, wy are the mobili- 
ties. For sufficiently large electron densities, the differ- 
ence density required to maintain the space charge field 
is small enough so that ny—n_<n, or ny~n_=n. 
Since no net current can continuously flow to the 
insulating tube walls, r.-=P,=T. Eliminating P from 
Eqs. (1) and (2) gives the electric field as 


D_-D,\ Vn 
E -( ) | (3) 
with, 7M 


In most, if not all, gases uw >yw, and D_>»D,. Thus 


TABLE I, Values of the parameters uo and a of Eq. (14). 


a (mm-cm/volt) 


0.040 
0.040 
0.0264 


nwo (cm?*/volt sec) 


9200 
3500 
1460 


lon and gas 


Het He 
Net Ne 
At A 


Eq. (3) becomes 


E= —(D_/p_)Vn/n V .Vn/n, (4) 


where V, is defined as the characteristic energy of the 
electrons, D_/y_. Integrating this equation, with the 
boundary conditions E=0, V=0 and n=npo at r=0, 
we find that the electrons have a Boltzmann distribution 
in space with characteristic energy V,; 


n= ne V!Ve, (5) 


Here — V is the electrostatic potential, and E= VV. 

When one substitutes Eq. (4) into Eq. (2), the 
particle current density is given by 

= — (u,V.4+-D,)Vn. (6) 

In an active discharge V.>D,/u,, so that we may 

neglect the ion diffusion current in comparison with the 


ion mobility current, i.e., 


= —p,V.Vn=p,En. (7) 
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The remaining boundary conditions are that n=0 at 
the wall, r=R, and by Eq. (7), that the drift velocity, 
u,E, be infinite at r= R. This singularity results from 
the assumption of equal ion and electron densities. In 
the actual case this assumption is not valid near the 
wall and a space charge sheath forms.’ Our assumptions 
are equivalent to the requirement that the densities of 
electron and ions be high enough so that the thickness 
of the sheath is negligible. 

If the rate of ionization is directly proportional to 
the electron density, and if diffusion is the only loss 
mechanism for the electrons and ions, then the con- 
tinuity equation may be written as 

vn—oOn/dt=V-T, (8) 
where y is the ionization rate per electron. Defining a 
diffusion loss rate per electron, 8, by the equation 


Bnu=V-T, (9) 











“ 


OVe pR 


Fic. 2. Relative diffusion rate vs the discharge parameter 
aV,/pR. The curve is for zero axial field; the open circles are 
points calculated including an axial field as specified in the text. 


we have in a steady discharge 6= v, and in an afterglow 
decaying exponentially with a time constant 7, 8 
The use of the diffusion loss rate per electron, 8, makes 
the present theory and results applicable to both cases. 
Previous work‘ has shown that in the case of mobility, 
constant at its zero-field value, uw, =o, the solution of 


Eq. (9) gives 


1/r. 


Bo= woV .(2.405/R)’, (10) 
for a long cylinder of radius R. 
Combining Eqs. (5), (7), and (9) yields, for cy 
lindrical geometry, 
1d os 
Be-V/Ve=— —(yp, Ke-¥!¥e), 
rdr 


(11) 


3W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954) 
4A. von Engel and M. Steenbeck, Flektrische Gasentladungen 
(Verlag Julius Springer, Berlin, 1934), Vol. 2, p. 82 ff; L. B 


Loeb, Basic Processes of Gaseous Flectronics (University of 


California, Berkeley, 1955), p. 507. 


DIFFUSION 
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Fic. 3. Radial field and mobility vs radial distance. The dashed 
curve is for the classical case of constant ion mobility; the solid 
curves are for field-dependent ion mobility with aV,/pR= 2.63 


Introducing the dimensionless variables, 
pur/R, n#V/V,, 
RE/pwV «, (12) 


p= (B/Bo)'2.405r/R 
e=dn/dp 


where py is the value of p at the wall, and performing 
the indicated differentiation, Eq. (11) becomes 


1d My b+ 
pe =1+¢—. 
p dp Mo Ho 


Since the ion mobility at any point in the tube is 


(13) 


assumed to be a function only of the field at that 
point, we can express w,/uo as a function of # or of 
the dimensionless field variable, «. Once this has been 
done, Eq. (13) can be integrated to find the value of pw, 
at which p,e becomes infinite as required by the 
boundary conditions at r= R. 

Recent data for helium, neon, and argon!” show that 
within the accuracy indicated by Fig. 1, 


yy =pol1+a(E/p) 14, (14) 


where a and yo are constants given in Table I. In 
terms of our dimensionless field variable, 


py /po= (14+Ae)-, (15) 
where A=aV py/pR. 

The results of the integration of Eq. (13) using Eq. 
(15) are shown in Fig. 2. Here B/Bo= (p,/2.405)? is 
plotted as a function of A/p,=aV,/pR, so as to make 
the results applicable to any gas for which Eq. (14) is 
a satisfactory approximation. As aV,/pR increases, the 
reduction in ion mobility with field is increasingly 
effective, resulting in a decrease in the relative rate of 
ion loss, 8/6. It is found that at the largest value of 
aV ./pR considered, the diffusion loss is reduced by a 
factor of four from the value for constant mobility. 

Figures 3 and 4 show the effect of a variable ion 
mobility on the electric field and on the spatial variation 
of the ion and electron densities. The solid curves are 





S. 














K16. 4. Radial density distribution curve. The dashed and solid 
curves correspond to those in Fig. 3. 


drawn for the case of aV,/pR= 2.63, while the dotted 
curves show the usual solutions for a constant mobility, 
i.e., a=0, The average electron energy, V,, the tube 
radius, R, and the zero field mobility, wo, are the same 
in both cases. Figure 3 shows that the radial field is 
reduced in the case of variable ion mobility. The 
variation of ion mobility with radius is also shown. 
The electron density, shown in Fig. 4, is everywhere 
greater in the case of variable ion mobility. Calculations 
show that the product my, is identical in the two cases 
to within 26%, so that by Eq. (7), the particle currents, 
and hence the diffusion rates, are approximately in the 
ratio of the radial electric fields. 


SOLUTION FOR POSITIVE COLUMN 


In a positive column there is an applied axial field as 
well as the radial space charge field. In a uniform 
positive column the axial field, /,, is independent of 
radius and its effect on the radial diffusion can be taken 


into account by substituting the resultant field, 
(#?+ E,?)', into Eq. (14), Equation (15) now becomes 


My [1+A(e-+ €a°)? | b (16) 
where ¢,= RE/puV «. 

Numerical integration of Eq. (13) using Eq. (16) for 
uy/uo, Was performed for two cases: aV,/pR=0.270, 


Mo 
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E./p=1/2a; and aV,/pR=1.40, E,/p=1/a. The re- 
sults are shown in Fig. 2 as open circles. For the 
former case, it is seen that inclusion of the axial field 
reduces 8/89 about 7% below the value calculated with- 
out axial field. We estimate that for axial fields satis- 
fying the empirical inequality, E4/p< a (aV,./pR)!, the 
reduction in the diffusion loss rate due to the axial field 
is limited to about 10%, i.e., B(E,4)/Bo>0.908(0)/Bo. 


DISCUSSION 


The calculation of the ambipolar diffusion loss of 
electrons and positive ions for the case in which the 
ion mobility decreases with increasing electric field 
strength shows that the loss rate per electron may well 
be a factor of three lower than the rate calculated 
assuming the ion mobility to be constant at the zero 
field value. Furthermore, the calculations show that 
for moderate axial fields the low diffusion rate is 
essentially unchanged from the value obtained neg- 
lecting the axial field. 

As an example of the application of this theory to a 
practical case, we shall consider a helium discharge 
operating at 0.5 mm and 20 ma in a tube of 1-cm 
diameter. For these conditions our experiments show 
that V,=6 volts, so that aV,/pR=0.86; from Fig. 2, 
we see that the diffusion loss rate is reduced to 0.448» 
by the action of the radial field on the ion mobility. 
The measurements give £,/p=17 volts/cm-mm Hg, 
while the limiting value of the preceding section is 23; 
we therefore conclude that the existing diffusion loss 
rate in this case is between 0.4085 and 0.4485. 

In this calculation we have completely neglected .the 
space charge sheaths studied by Allis and Rose.’ 
Approximate calculations show that the effects of these 
sheaths are important for the lower currents used in 
low pressure helium discharges, i.e., less than 5 ma in 
the case cited above. Accordingly, the results obtained 
in this paper should be used with caution until the 
complete theory has been worked out. 
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Statistical Fluctuations in Energy Losses of 37-Mev Protons* 
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The frequency distributions of energy losses of 37-Mev protons has been measured for a wide range of 
thin absorbers. The purpose of this experiment was to compare the measured distributions with the theory 
of Landau and Symon. The measurements required the application of both scintillation and proportional 
counter techniques. A simple method of unfolding the inherent resolution of the scintillation counter was 
developed. The observed distributions were found to be in good agreement with the Landau-Symon theory 


INTRODUCTION 


HE problem of fluctuations in energy losses of 

heavy charged particles traversing thin absorbers 
was first considered by Bohr' in 1915. He showed that 
for a particles incident on moderately thin absorbers 
the distribution function would be approximately 
Gaussian. 

In 1944, Landau’ provided a rigorous mathematical 
treatment of this problem. Symon’ has extended the 
range of these calculations to include mesons from 1 
Mev to 1 Bev and protons from 10 Mev to 10 Bev for 
absorber thicknesses up to 85% of the range of the 
particle. Symon also calculated the mean and most 
probable energy losses in this range. 

The theory of Landau and Symon predicts that for 
heavy particles traversing thin absorbers a skew bell- 
shaped curve with a pronounced high-energy tail will 
be obtained for the distribution of energy losses. The 
width of the distribution will be considerably broader 
than a Poisson distribution appropriate to the statistical 
fluctuations in the number of ion pairs formed in the 
absorber (at 25 ev per ion pair). Physically the broad 
distribution with the high-energy tail is due to the 
non-negligible probability of collisions in which the 
charged particle imparts appreciable kinetic energy to 
the electrons of the stopping material. The skew-shaped 
distribution is observed when the maximum kinetic 
energy that can be transferred to an electron in a 
single collision is comparable to, and particularly when 
greater than, the mean energy lost by the particle in 
the finite thickness of the absorber. For nonrelativistic 
particles this maximum kinetic energy is just 


T max= ['o(4m/M), 


where 7')= kinetic energy of incident particle, M = mass 
of incident particle, and m 

For thicker absorbers, where the mean energy loss is 
greater than Tinax, the skew-shaped distribution has the 


form of a broad symmetrical! distribution. 


electron mass. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at Cavendish Laboratories, Cambridge, England. 

1N. Bohr, Phil. Mag. 30, 581 (1915). 

21. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

4K. R. Symon, thesis, Harvard University, 1948 (unpublished), 
Parts of this work appear in B. Rossi, High Energy Particles 
(Prentice-Hall Inc., New York, 1952). 


Previous experimental work using 31-Mev protons,‘ 
15-Mev electrons,’ and « mesons® has shown fairly 
good agreement with the theory but these measure 
ments have in general been restricted to one absorber 
thickness at a particular energy. 

In this experiment energy loss distributions are 
measured over a wide range of absorber thicknesses 
from the Landau region to a region where one would 
expect a symmetrical distribution. 


EXPERIMENTAL PROCEDURE 


The 40-Mev beam from the Minnesota proton linear 
accelerator is magnetically deflected through a system 
of diaphragms and a thin aluminum window into a 
scattering chamber. To reduce the beam intensity the 
protons are elastically scattered from helium into the 
counters, which are fixed at 30° to the incident beam. 
Consequently, the energy of the protons at the absorber 
face in which the energy losses are measured is 37 Mev. 
The experimental arrangement for the scintillation 
counter experiment is shown in Fig. 1. 

The output of the thick Nal counter (4) which 
measures the total energy of the protons is used to 
trigger the coincidence gate of a 10-channel pulse-height 
analyzer. The coincidence threshold is set to accept 
only elastically scattered protons which have traversed 
the d#/dx crystal and dissipated their remaining energy 
in the (£) counter. Pulse-height distributions from the 
dE/dx counter are then observed in coincidence with 
these protons. 

The range of absorber thicknesses used in this 
experiment required the use of both scintillation and 
proportional counter techniques for the dE/dx detector. 
The scintillation counter was used for the thicker 
absorbers and a proportional counter for the thin 
absorbers, with a small overlap to insure continuity of 
the measurements.’ 

* Igo, Clark, and Eisberg, Phys. Rev. 89, 879 (1953), 

* Hanson, Goldwasser, and Mills, Phys. Rev. 86, 617 (1952) 

* A. Hudson and R. Hofstadter, Phys, Rev. 88, 589 (1952), 

7 It should be noted that the experimentally measured quantity 
will be equal to the theoretically predicted energy loss only if 
there is no net transfer of energy, by energetic delta rays, into 
or out of the absorber. In the case of the proportional counter, 
the sensitive volume was 3 cm from the entrance and exit windows, 
and in general out of range of the maximum energy delta rays 


from the entrance window. pec et approximately equal 
numbers enter and leave the sensitive volume. In the case of the 
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Fic. 1, Schematic diagram of counter arrangement (a) 37-Mev 
proton beam elastically scattered from Het, (b) collimators, (c) 
di:/dx scintillation counter, (d) NaI total energy counter—‘‘Z,” 
(e) details of parabolic dE/dx mounting. Both counters have 
DuMont 6292 photomultipliers. 


SCINTILLATION COUNTER EXPERIMENT 


In this experiment plastic scintillators* were used in 


thicknesses of from 0.005 in. to 0.050 in. in the d#/dx 
counter, corresponding to an energy loss from 200 kev 
to 2 Mev, for 37-Mev protons. To maximize the light 
collection efficiency the scintillators were mounted at 
the focus of a small aluminum paraboloid as shown in 
Fig. 1. 

The distribution in magnitude of the pulses from 
the dE/dx counter is due to the Landau-Symon fluctu 
ations coupled with the inherent photoelectron statistics 
of the counter, due to the finite number of photoelec 
trons emitted from the photocathode. 

To unfold the Landau-Symon fluctuations from the 
inherent counter statistics, the following simple tech- 
nique was developed. 

The face of the photomultiplier was covered with a 
mask, made by punching smal! holes in a piece of black 
paper. The transmission of the mask was measured 
using a small Po a source sandwiched between two thin 
pieces of plastic scintillator mounted in the paraboloid, 
and by then observing relative pulse heights for different 
masks. The dE/dx spectrum was observed later as a 
function of the tiansmission of the mask 


scintillators very few delta rays enter the front face, but it is 
possible that a considerable number leave the rear face. However, 
the scintillators are thick in comparison to the maximum energy 
delta rays so that the effect will be small. Further, the effect 
will only distort the tail of the distribution and not affect the 
full width, since the full width is primarily due to the numerous 
low-energy delta rays. 

* Pilot scintillator B, Pilot Chemicals Inc., Wolton, Massa- 
chusetts. 
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In the energy loss region covered by the measure- 
ments with the plastic scintillators, the Landau-Symon 
effect is approximately Gaussian. Since the photo- 
electron statistics are also approximately Gaussian the 
over-all distribution should be Gaussian in shape with 
a full width at half-maximum’ given by 


F? = [?+- R?, (1) 
where 
F=total % full width, 
L=% full width due to Landau-Symon effect, 


R=% full width due to photoelectron statistics. 


To a good approximation R is given by an equation 
R=constant/n'!, where n=number of photoelectrons 
from photocathode. Since m is proportional to the 
transmission 7 of the mask, we have 


F?= [?+-(constant/7). (2) 


The results of this simple analysis are shown in Fig. 2 
for two scintillators 0.025-in. and 0.050-in. thicknesses. 

From Eq. (2) we have that intercept at 1/7 =0 gives 
the Landau-Symon width. The slopes of the lines are 
proportional to the photoelectron statistics. The slopes 
of the lines are in the ratio of 2 to 1 which is in agree- 











Fic. 2. (Total % full width)? vs reciprocal of % mask trans- 
mission for scintillation counter experiment. (a) Results for 
scintillator thickness 0.025 in., (b) results for scintillator thickness 
0.050 in. The intercept at 1/T=0 gives Landau-Symon width; 
the slope of the line is proportional to the inherent photoelectron 
statistics of the counter. 

* Defined as Ae/e», where Ae=width of distribution at half- 
maximum, ¢,»= most probable energy loss. 
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TABLE I, Comparisons of total and partial full widths for 
plastic scintillators of various thicknesses. The theoretical full 
widths are calculated from formulas of Symon (reference 3). 


% full width due to 
Landau-Symon effect 


Theo 
retical 


12+1 
1741.5 
2542 
3143 


full width 
due to 

photoelectron 
statistics 


8.5415 12.54+2.5 
2141.5 13.5415 16 +2.5 
3242.55 20 +45 25 +4 
41+3 27 +6 29.543 


Plastic 
scintil- Mean energy 
lator loss at 37 
thickness Mev 


0.050 in. 2.0 Mev 
0.025 in. 1.0 Mev 
0.010 in. 400 kev 
0.005 in. 200 kev 


Experi 
mental 


Total % 
full width 


15+1 


ment with this simple theory since the number of 
photoelectrons is also in ratio of 2 to 1 for the two 
scintillators. 

Owing to the experimental! difficulties arising from 
the magnitude of the pulse obtained from the 0.005-in. 
and 0.010-in. scintillators, the mask technique could 
not be employed to determine their photoelectron 
statistics. For these crystals the photoelectron statistics 
was calculated from the measurements shown in Fig. 2 

Since R, the percentage full width due to photo- 
electron statistics, is proportional to 1/n' and m is 
proportional to ¢, where /= thickness of the scintillator, 
we have 

R« 1/1). (3) 


It should be noted that since the Landau-Symon effect 
is approximately Gaussian in this region, the only 
significant parameter is the full width. Table I shows 
the theoretical and experimental full widths for the 
plastic scintillators used. 

The errors quoted in Table I were determined as 
follows. In column three the errors were estimated 
graphically from the accuracy of drawing a smooth 
curve through the experimental points. For column 
four, and lines one and two of column five, the errors 
quoted represent the uncertainty in the slope of the 
straight lines which could be drawn through the experi- 
mental points shown in Fig. 2. For lines three and four 
of column five the errors were calculated by using error 
formulas appropriate to equations three and four. 


PROPORTIONAL COUNTER EXPERIMENT 
The experimental arrangement is the same as in Fig. 1 
with the d#/dx scintillation counter replaced by a 
proportional counter. The construction of the propor- 
tional counter is shown in Fig. 3. 
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Fic. 3. Schematic cross section of the proportional counter. 
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Fic. 4. Frequency distribution of energy losses of 37-Mev 
protons traversing a 10-cm argon proportional counter at a 
pressure of 0.2 atmos. The theoretical distribution is calculated 
from the formulas of Symon (reference 3). The dashed curve is 
a Poisson distribution based on the statistics of the number of 
ion pairs formed in track. 


The protons traversed the counter parallel to the 
wire and 2.5 cm away. To minimize end effects in the 
counter, a system of guard tubes and a field tube was 
employed. 

Background was reduced by using a continuous field 
tube, slotted as shown in Fig. 3. The field tube was 
slotted 3 cm from the window to minimize effects of 
knock-on electrons from the The effective 
length of the counter was 10 cm and was filled with 
CO, to pressures up to 1.2 atmos. 
the resolution 


window. 


96% argon and 4% 
When an internal Po @ source was used, 
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Fic. 5. Frequency distribution of energy losses of 37-Mev 
protons traversing a 10-cm argon proportional counter at a 
pressure of 1.2 atmos. 
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Taste II, Theoretical and experimental full widths for 
various proportional counter pressures. 


Proportional 
counter 
thickness Mean energy 
cm argon oes 


12.0 220 kev 


5.0 5 kev 
2.0 34 kev 


% full width due to 
Landau-Symon effect 
Theoretical Experimental 


344-3 32.543 
40+3 45 +3 
4543 50 +4 


was found to be 13%. Since a part of this is due to the 
energy spread of the nonuniform thickness a source, 
the inherent resolution of the counter is better than 
13%, and certainly adequate to investigate the observed 
distributions. 

The highest pressure proportional counter measure 
ment was equivalent in terms of absorber thickness to 
the 0.005-in. plastic scintillator. This affords a check on 
the shape of the distribution in this region. Figures 4 
and 5 show the distribution of pulses produced in the 
proportional counter in the Landau region and sym- 
metrical region, respectively, Also shown are the 
calculated from the formulas of 


theoretical curves 
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Symon, and a Poisson distribution appropriate to the 
statistical fluctuations in the number of ion pairs formed 
in the absorber. The Poisson distribution is arbitrarily 
normalized to the same maximum value as the Landau 
distribution. Table II shows theoretical and experi- 
mental full widths for three proportional counter 
pressures. The errors quoted in this table for the 
measured percent full widths were estimated graphically 
from the accuracy of drawing a smooth curve through 
the experimental points. 


CONCLUSIONS 


The frequency distribution of energy losses of 37-Mev 
protons was found to be in good agreement, both in 
shape and full width, with the predictions of Landau 
and Symon, for absorber thicknesses from 34 kev to 
2 Mev. 
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Prigogine has shown that in the steady state in which certain macroscopic affinities F,, 2, 
fixed and other macroscopic affinities Peyi, Peye, -- 


+++ Fy are 


‘F, are unconstrained, the values assumed by the 


unconstrained affinities are such as to minimize the rate of production of entropy. We here show that the 
complete microscopic density matrix of the system is that which minimizes the rate of entropy production 
subject to the imposed constraints. All magnetic fields are assumed to be zero. 

It is shown that the kinetic coefficients connecting Casimer’s a-type and B-type variables always vanish. 
The validity of the minimum entropy production theorem in the absence of a magnetic field depends on 
this fact. The limitations on the validity of the minimum entropy production theorem in the presence of 


a magnetic field are briefly discussed. 


Calculations on particular models by Klein and Meijer and by Klein corroborate the theorem here 
proved. An analysis of magnetic resonance by Wangsness suggests certain modifications necessary in this 


case of a nonzero, nonstationary, magnetic field 


INTRODUCTION 


HE essential foundation of the theory of irre- 

versible thermodynamics is the Onsager reci- 
procity theorem.' This theorem establishes a symmetry 
in the mutual interference between two simultaneous, 
linear, irreversible processes. In particular, if {J} is 
a set of “fluxes,” and if {/;) is a set of associated 
affinities so defined that the rate of entropy production 


* This work was supported by the Office of Naval Research. 

1 For general references see S. R. deGroot, Thermodynamics of 
Irreversible Processes (Interscience Publishers Inc., New York, 
1951). 


S is 


S=>, FJ x, (1) 


and if the phenomenological equations between fluxes 
and affinities are linear 


Je= Li Linki, (2) 
then the Onsager theorem states that 
Li(H) = Lii(— HM). (3) 


Here H signifies a magnetic field. 
Attempts have been made to rephrase the Onsager 
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theorem, in the hope that a statement with a greater 
appearance of generality might fortunately prove also 
to have a greater content of generality, or might at 
least suggest directions of possible generalizations of the 
theory. Thus. Onsager himself showed that in the ab- 
sence of a magnetic field the reciprocity relations follow 
from the statement that the entropy production func- 
tion S(-- -J,), considered as a function of the fluxes, 
is a “potential” for the affinities. That is 


as 


F,- . 
OF 41, Ja++: 


(4) 


The strong analogy with equilibrium thermostatics is 
evident ; the entropy S, considered as a function of the 
extensive parameters X,, is a potential for the intensive 
parameters F,. 


os | 
OX, X1, Xe°- ‘u 


$F, (5) 


Another restatement of the Onsager theorem is that 
the entropy production function, considered as a func- 
tion of the affinities, is a potential for the fluxes. That is, 


as 
J,=— ; (6) 
OF, Fy, Fe--- 
The thermostatic analogy is that the Massieu function 
S[-++Se-++ ] (the Legendre transform of the entropy),” 
considered as a function of the intensive parameters, 
is a potential for the extensive parameters 


] 
Fi, Fo: * i, 


As we anticipated, these reformulations of the 
Onsager theorem, by their analogy with thermostatics, 
suggest a further extension of the theorem. In particular 
it is suggestive that the entropy production function 
may, like the entropy itself, be subject to an extremum 
principle. Accordingly Prigogine showed that in the 
steady state which is reached when certain affinities are 
constrained to have definite values, all unconstrained 
affinities assume the values which minimize the entropy 
production function.’ This theorem is easily seen from 
Eqs. (1), (2), and (3) which yield 


S pe Link iF y. 


; Oh) es 7 . 
X ,= (7) 
OF» 


(8) 
If F, is unconstrained, we tentatively compute its 
value by minimizing S; that is, we write 
2>°; Lik; - 0. 


To corroborate that this equation does yield the correct 
value of the unconstrained affinities we note that Eq. 


aS/aF, (9) 


2See E. A. Guggenheim, Thermodynamics (North Holland 
Publishing Company, Amsterdam, 1949), p. 19. 

* Reference 1, Chap. 10 and I. Prigogine, Etude Thermody 
namique des Phénoménes Irreversibles (Ed, Desoer, Liege 1947). 
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(9) implies, by Eq. (2), that J,=0, and this is the 
obviously correct condition in the steady state. We 
consequently have checked Prigogine’s theorem. 

Again Prigogine’s theorem naturally suggested in 
turn a further generalization, although this conjectured 
further generalization does not appear to have been 
formulated explicitly in the literature. 

It was conjectured that in the steady state in which 
one or more affinities are constrained, not only do the 
several remaining affinities assume values which mini 
mize S, but that every detailed element of the micro 
density matrix also assumes a value which 
minimizes S. The investigation of this conjecture was 
the underlying motivation of Klein and Meijer’s* study 
of the flow of a gas between two pressure reservoirs, 
and of Klein’s® study of the Overhauser effect. Setting 
up a specific and tractable model, they were able to 
compute explicitly the density matrix in the steady 
state, and thence to show that in these special cases 
the density matrix does indeed minimize the rate of 
entropy produc tion, 

Subsequently, Wangsness® carried out a 
analysis of the steady state in magnetic 
His results suggest that a related theorem (with certain 
modifications proposed by Wangsness) may apply even 


S¢ Of ric 


similar 
resonance. 


in the case of a nonzero, nonstationary, magnetic field. 
We shall restrict our attention to the zero-field case, 

Finally, we note that the conjectured generalization 
of the minimum entropy production theorem is in 
agreement with the thermostatic equilibrium principle 
for that steady state in which the number of constrained 
affinities is zero. For then the “steady state” is just the 
equilibrium state, and the density matrix both maxi 
mizes S and minimizes S, giving the latter its minimum 
possible value of zero. 

With these special cases in which the extended 
principle of minimum entropy production is corrobo 
rated, the validity of the conjecture is strongly sug 
gested. We, therefore, shall prove, in this paper, that 
in the steady state of an irreversible process the density 
matrix is such as to minimize the rate of entropy 
production, 


1. DENSITY OPERATORS 


The interaction of a system with the irreducible 
fluctuations of the walls and of the vacuum induces an 
ergodic behavior and makes the wave function of the 
system a stochastic rather than a definite function, If 
the set of functions {y,} constitutes a complete ortho 
normal set spanning the Hilbert space of the system, 
and if we write the wave function of the system as 


V a. AWn, 


then the coefficients a, are stochastic variables, with 
random moduli and random phases. The density matrix 


(10) 


*M. J. Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954), 
5M. J. Klein, Phys. Rev. 98 1736 (1955), 
*R. K. Wangsness, Phys. Rev. 101, 1 (1956), 
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MR has elements px», which are the statistical averages 
of all pairs of coefficients’ : 


Pam™ (dn*dm). (1 1) 


The average value of any operator can be computed in 
terms of the density matrix. Thus for an operator 6: 


(8) =((V|B|¥))=(Xinm On*dm (|B | m)) 
=  — PamB am = trace '-B. 


The ( ) brackets here signify a statistical average, 
the ( ) parentheses signify a quantum-mechanical 
matrix element, and the definition of the matrix B is 
the evident, standard definition. 

The entropy of the system is also defined in terms of 
the density matrix, by the definition® 


S=—k trace[ M- Int}. 


Although in equilibrium the quantities p,» are time- 
independent, in the course of an irreversible process 
they may depend explicitly on the time. We shall now 
show that the complete set of variables f,», can be 
treated analogously with the macroscopic fluxes J,, 
with a set of linear kinetic equations analogous to Eqs. 
(2), subject td the symmetry of Eq. (3), and conse- 
quently subject to the theorem of minimum entropy 
production. 

We first notesthat the elements of the density matrix, 
like the extensive parameters of thermostatics, can be 
considered as average values of appropriate operators. 
Let the set of operators {fnm} be the idempotent (if 
n=m) and nilpotent (if m#m) operators for the set of 
functions {y,,}. That is, define the operators py» so that 


5nn’Omm’: (14) 


(12) 


(13) 


(n'| pnm|m’) 
Then the average value of pam is 


((finm)) = Pam; (15) 
where (_ ) indicates a quantum-mechanical and ( ) a 
statistical averaging process. 

The operators pam are not Hermitian but the oper- 


ators 


Pum" }[ pnmtpmn | (16) 


and 
(17) 


Pram AL pum Pmn 


are Hermitian. Then 


Pam=((pam’)) +t (pam ))- (18) 
The density matrix is a Hermitian matrix. Its elements 
are complex, but both the real and imaginary parts 
are average values of Hermitian operators. 

The fact that fi is a Hermitian matrix implies that 
the entropy, as defined by Eq. (13), is real. For the 


™R. C. Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, New York, 1938), Chap. 9 

e von Neumann, Mathematische Grundlagen der Quanten 
mechanik (Dover Publications, New York, 1943), p. 202 and L. 
Landau and E. Lifshitz, Statistical Physics (Oxford University 
Press, New York, 1938). 
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matrix $i Int is defined by its series expansion and 
consequently is the sum of terms of the form §t*. 
But Rt" is Hermitian if R is Hermitian, and therefore 
i Int is Hermitian. The trace of a Hermitian matrix is 
real (the trace is the sum of the eigenvalues, all of 
which are real), so that the entropy is real. 

The elements of the density matrix are not all inde- 
pendent ; we have the necessary restriction 


trace—t = 1. (19) 


Throughout the following, all variations of the pam are 
assumed to be subject to the condition (19). 

By Eq. (13), the entropy is a function of the pa- 
rameter pam. Associated with each matrix element pam 
we define an affinity Fam: 


Pam= 9S /Opam- 


Then, since the equilibrium value of the density matrix 
is that which maximizes the entropy, the condition of 
equilibrium is that 


(20) 


Fin=0. (21) 


2. KINETIC EQUATIONS 


If a system is not in equilibrium the density matrix 
elements will change with time, tending toward the 
equilibrium values determined by equations (21). We 
define a set of fluxes by 


J nm pam; (22) 


and we note that the fluxes are functions of the affinities, 
such that the fluxes vanish if the affinities all vanish. 
For sufficiently small values of the affinities the fluxes 
are therefore linear homogeneous functions of the 
affinities, and we can therefore write 


J am= mr r Los, aul’ ve 


We now seek to show that the Onsager symmetry 
applies to the kinetic coefficients Lys, nm. 

The Onsager theorem follows from a consideration 
of the statistics of the spontaneous fluctuations in the 
equilibrium state. We therefore consider the appropriate 
distribution function governing the statistics of the 
density matrix elements. 

The “instantaneous density matrix elements” (fnm) 
are defined as 


(pnm) = (v |pam* + Bas |W) _ An* Om. 


The density matrix elements px» are statistical averages 
of the (jum), by Eq. (15). A corresponding “instan- 
taneous entropy” s is defined in analogy with Eq. (13): 


s=—k trace[ (RM) In(M)]. (25) 


Now the probability of a given set of instantaneous 
density matrix elements is® 


Pd(px1)d(py2) coos Ae*!*d(pi1)d (pia) 7 


(23) 


(24) 


(26) 


*R. F. Greene and H. B. Callen, Phys. Rev. 83, 1231 (1950). 
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In passing, we note that the wave functions y, of 
Eq. (10) span the Hilbert space of a system with a 
definite energy, volume and composition. The system 
can be considered to be composed of a small subsystem 
and a reservoir ; the reservoir being merely that portion 
of the system other than the small subsystem. The 
probability distribution (26) for the total system then 
implies a probability distribution for the subsystem. 
The resultant “generalized canonical distribution” has 
the form’ 

P=A exp{[s—d Foxy |/k}. (27) 
Here the quantities x, are the thermodynamic extensive 
parameters, defined as certain linear combinations of 
the instantaneous density matrix elements, and the Fy 
are appropriate linear combinations of the reservoir 
affinities. Thus if xo is, in particular, the energy, we have 


; EnPawhum- (28) 


Although we shall not use Eqs. (27) or (28) we cite 
these to indicate the point of contact between our 
formulation in terms of the density matrix elements 
and the usual formulation in terms of certain linear 
combinations of them-—the thermodynamic extensive 


xXo= €= 


parameters. 

Returning now to Eq. (26) we note that the equi- 
librium state is that which maximizes P, and conse- 
quently is that which maximizes s. Expanding s around 


the equilibrium state in powers of the deviations 


A(pnm) = (Dnm)— Pam? (29) 


from the equilibrium values, there are no linear terms. 
For small deviations from equilibrium, s—S is then a 
homogeneous quadratic function of the deviations 
A(pnm), and P is a multidimensional Gaussian distri- 
bution. It is this form of the distribution function 
which underlies the statistical considerations leading 
to the Onsager reciprocity relations. 

Having established the Gaussian form of the distri- 
bution function for the instantaneous density matrix 
elements we are almost ready to take over verbatim 
Casimir’s demonstration of the reciprocity relations.” 
One further observation is necessary ; we must consider 
the behavior of the density matrix elements under the 
operation in which all the particle momenta are re- 
versed, 


3. MOMENTUM REVERSAL SYMMETRY 


As Casimir has carefully pointed out,! the symmetry 
or antisymmetry of the fluctuating parameters under 
the momentum reversal operation is important in the 
Onsager proof. Whereas Casimir’s observation is not 
usually of importance, because thermodynamic ex- 
tensive parameters are always automatically symmetric 
under momentum inversion, our density matrix ele- 
ments do not automatically have simple symmetry, 
and the Casimir observation now assumes a real signifi- 


 H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 
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cance. We therefore must so arrange our choice of basis 
functions {y,} as to insure a simple symmetry behavior 
in the density matrix elements. 

All of the basis functions {y,} of Eq. (10) may be 
chosen as eigenfunctions of the system Hamiltonian, 
with energy eigenvalues lying in an extremely narrow 
range of energy, in accordance with the microcanonical 
constraint on the energy. For convenience in discussion, 
we shall assume that all the eigenvalues are non- 
degenerate. If wave functions are actually degenerate, 
it is nevertheless possible to choose proper linear 
combinations so as to obtain the same symmetry 
properties as those obtained in the nondegenerate case, 
so that our assumption of nondegeneracy is purely a 
matter of analytic convenience. 

The Hamiltonian which generates the basis functions 
{¥,} is necessarily invariant under a reversal of all 
particle momenta, because the system is contained 
within fixed rigid walls. Since all the basis-functions 
are nondegenerate, it follows that each basis function 
is either symmetric or antisymmetric under the mo- 
mentum-reversal operator. We shall say that each basis 
function y, has either even or odd ‘momentum- 
parity.” 

The effect of the momentum-reversal operator on the 
total wave function W of Eq. (10) is to change the 
signs of the a, corresponding to odd parity, and to 
leave unaltered the a, corresponding to even parity. 
The parity of the product a,*a,, is then the product of 
the parities of Y, and W,». It therefore follows that the 
parity of the density matrix element pnm is the product 
of the parities of y, and y». The diagonal elements of 
the density matrix all have even momentum parity, 
whereas the nondiagonal elements may have either 
even or odd momentum parity. 

We may now identify each density matrix element of 
even parity as an “ variable” in Casimir’s 
nomenclature, whereas each density matrix element of 
odd parity is a ‘8-type variable.” We may now merely 
adopt Casimir’s derivation to conclude that (in the 
absence of a magnetic field) the coefficients Lys, am of 
Eq. (23) are subject to the following symmetry. 


a-ltype 


Lem, re if parity of Pram parity of Pray 


Lvs, nm” 


(30) 


Lvs, nm 


Linm, re Uf parity Of pam¥ parity of pry. 


4. CASIMIR ANTISYMMETRY 


We have now shown that in the absence of a magneti: 
field the kinetic coefficients are either symmetric or 
antisymmetric according to the parities of the associated 
density matrix elements. But the minimum-entropy 
production theorem, as proved in Eqs. (8) and (9) 
depends upon the kinetic coefficients being symmetric. 
We consequently wish to show that those kinetic 
coefficients which, by Casimir’s argument, are ostensibly 
antisymmetric are actually zero, 

The argument which we use is essentially that which 
is ordinarily employed to show that those kinetj 
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coefficients connecting fluxes of different vectorial 
character must vanish. Thus if J, corresponds to a 
(scalar) flux of energy from the electron “gas” to the 
lattice vibrations and if J, is an «-directed (vectorial) 
electrical current, then the kinetic coefficient Ly. 
vanishes. This is true because all nonzero terms in the 
equation 

J 


Lah y+ Lik at: :: (31) 


must behave in the same way under the coordinate 
transformation x—+> —x, y-+— y, 2-+»—2; both F; and J, 
are invariant under this transformation whereas F, is 
odd, 

In our case we consider an equation of the form (23), 
and we assume that J, is of even momentum parity. 
We consider for the moment that the basis functions 
in Eq. (10) are expressed in the momentum represen- 
tation. Then the momentum inversion operator is 
equivalent to the coordinate transformation x—~—x, 
y->—y, and z—+—z. The requirement that all terms in 
Eq. (10) behave in the same way under this co- 
ordinate transformation now implies that Lys, nm=O0 if 
Pom and p,, have different parity. We thus conclude 
that Casimir’s antisymmetry is not real, and that the 
matrix of the kinetic coefficients is necessarily sym- 
metric in the absence of a magnetic field. 


5. GENERALIZED MINIMUM ENTROPY 
PRODUCTION THEOREM 
We now have the linear kinetic equations 


J am  » Lvs, wink” vey 


with the symmetry conditions, in the absence of a 
magnetic field ; 


(32) 


(33) 


| Se cove, nm: 


Furthermore the entropy is a function of the density 
matrix elements, so that 


dS 
dt 
S = » m Biel nt 


os dpnm 
(34 


ae ’ 


nm Opnm al 
(35) 
Inserting (32) into (35) gives 


s = wy ) em fel abl pee 


nm,re 


(36) 


The entropy is a quadratic function of the density 
matrix element deviations, and consequently the 
affinities are linear functions of the density matrix 
element deviations : 


F nm . ; ae Ore, am4Pre; (37) 
where 


Sve, am 8S/OAprOApam. (38) 


We now assume a set of «x imposed constraints of 
the form 
Dan ban F am ~ 1, 


k=1, 2, ++: (39) 
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As a typical case we have a macroscopic affinity (such 
as a gradient of the inverse temperature) constrained 
to some constant value; as the macroscopic affinities 
are linear combinations of our density affinities such a 
constraint is of the form (39). 

In the steady state consistent with the constraints 
(39) and (19), we wish to show that the elements of 
the density matrix are such as to minimize S. 

In order to carry out the analysis conveniently, we 
adopt a concise notation. We consider the various 
density matrix element deviations Apn»m to be compo- 
nents of a “vector” . The affinity vector F is related 
to the density vector @ by the entropy matrix G, in 
accordance with Eq. (37): 

F=S-o (40) 
and © is symmetric: 
ct 


SS. 


= 


The scalar entropy is, accordingly 


(41) 


(42) 


AS=}F -9=}0°'S-o. 


The flux vector J is related to the affinity vector F by 
the kinetic matrix &: 
J=o=2-F=2-S-0, (43) 


and 


R= V'. (44) 


Finally, the scalar entropy production function is 
defined by 


S=J.F=F-2-F 

=9:'S-2-S-p. 

The constraints (39) can now be written in the form 
b®.F=1, k=1,2--+x. (47) 


The additional constraint (19) can be written in the 
form 


(45) 
(46) 


&. 9= Q, 


where @& is a diagonal unit matrix. When we invert 
Eq. (40) to express @ in terms of F, this constraint 
can be written as 


(48) 


bot). F=0 (49) 


where b*t! is simply €-S~". 

Our problem now is to be phrased as follows. We are 
given a set of constraints of the form (47) and (49) and 
we wish to show that @ assumes a value which mini- 
mizes 8. 

We first note that it is always possible to replace the 
set of (x-+1) equations (47) and (49) with an equivaJent 
set 


a). F= 4, k=1, 2, ---x+1 (50) 
where the a“ are orthogonal, the A™ are constants, 
and A*t! is zero. That is, the b™ can be written in 
terms of a set of (x+1) orthonormal vectors a’, 


spanning the (x+1)-dimensional subspace defined by 
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the vectors b™, and with a{*t) = b(t», 


a® - a) = § 5. (51) 

It is natural now to augment the orthonormal set of 
vectors a (k<«+1) by a complete orthonormal set 
a‘ spanning the complete space of the ». We consider 
the coordinate transformation to this new set of axes, 
with the matrix @ as the transformation matrix. We 
define a transformed density vector 


o =a! +o. (52) 
Inserting this into Eq. (42), we compute the entropy 
scalar 


a 


70a (53) 


Sag! 


AS=}0:S-o- 


From this we can compute the transformed affinity 
vector, defined by 

AS=4F’- 9’, (54) 
whence 


F’=a-S-a-9’, (55) 


F’=a-F. 
The transformed flux vector follows from Eq. (52): 


(57) 


(56) 


whence 
(58) 

and we easily find 
J’: 


a'-2-aq- PF’, (59) 


Finally, the entropy production is 
S=J-F=(a-J’)-(a"-F’) 
F’.a'-2-a-"- F’ 


J'.F’ (60) 


(61) 
(62) 


~ _~ , 
=p ‘a-S-2L-S-a-o, 

If we choose a coordinate transformation in agree- 
ment with Eq. (52), our conditions of constraint 


now become 


F’-8,=A™, k=1, 2, +--+ (63) 
where 5, is a unit vector along the kth axis of the 
primed coordinate system. 

The actual steady state which will be realized with 
the constraints (63) is now trivial to compute. It is 


determined by the equations 


J’-i,=0, k>k. (64) 


solution. 
, 


Equations (63) and (64) determine the 
Writing each of these equations in terms of the 9 
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vector, we find 
/ 


o-a-S-a-b, Ao), k<k, (65) 


oa S-L-a!- 8 =0, k>k. (66) 


This set of simultaneous equations determines 9’ and 
hence @ in the steady state. 

We now show that this solution can also be obtained 
by minimizing S. From Eq. (61) we find 


5S=2F’- a7. 2. a~!-5F’=0, (67) 


where the variation 5F’ is to be taken subject to the 
constraint (63). But the only restriction implied by 
Eq. (63) is that 5F’ must be zero in the subspace <x, 
and is completely arbitrary in the subspace >«. Thus 
Eq. (67) implies that the coefficient of 6F’ have no 
components in the subspace >x. That is, 


F’.a'-2-a-&=0, k>k. (68) 


Expressing F’ in terms of p’ by Eq. (55) gives 


eo: aS L-a?-b=0, k>x. (69) 


The fact that this equation is identical with Eq. (66) 
proves the theorem that in the absence of a magnetic 
field, and subject to constraints of the form (39) and 
(19), the density matrix elements assume values which 
minimize the rate of entropy production. 


6. ROLE OF THE MAGNETIC FIELD 


In order that the minimum entropy production 
theorem be valid, we must have 


Y=. (70) 


The Onsager theorem gives only 
L(H) = L'( 


In the absence of a magnetic field, (71) reduces to (70) 
and the minimum entropy production theorem is valid. 
In the presence of a magnetic field, the symmetry (71) 
must be augmented by geometrical considerations 
which determine the behavior of 2 under the transfor- 
mation H-+—H. If the geometry is such that 2(H) 
=2(—H), then (71) again implies (70), and the 
minimum-entropy production theorem is valid even 
in the presence of a magnetic field. If, however, the 
geometry is such that £(77) {!(—H), as in a typical 
Hall effect experiment, then the minimum-entropy 
production theorem is not valid in the form here proved. 


H1). (71) 
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Townsend’s First Ionization Coefficient in Nitrogen* 
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Measurements of Townsend’s first ionization coefficient, a, have been made in nitrogen for values of E/p 
from 24 to 82. The ionization coefficient a is the mean number of ionizations per cm in the field direction 
produced by electron collision. E is the electric field strength measured in volts per cm and p is the pressure 
in mm of mercury. Sodium azide was used as a nitrogen source in an effort to obtain pure nitrogen. Data 
were also taken in tank nitrogen and mass spectrographic analyses of gas from both sources were made. 
No impurities were detectable in the sodium-azide-produced gas, while the tank nitrogen was found to 
contain some contamination even after a purification process. Results at low values of E/p differ considerably 
from previously reported data, while at high values the results agree very well with data obtained by Bowls. 
Values of a/p in tank nitrogen were found to be considerably lower at low E/p than those found in gas pro- 
duced from sodium azide, although at high values the difference was small. The effect of wall potential on 
a/p was investigated and was found to be unimportant over a range from 45% to 100% of anode potential. 


INTRODUCTION coefficient, a, is the mean number of ionizations per cm 
EASUREMENTS of Townsend’s first ionization i the field direction produced by electron collision. 
coefficient in nitrogen have been made several That previous results differ substantially is not sur- 
° . . ° ° owe ° ° ° s y > gases se € bs 
times by previous investigators.’-* The ionization prising, for the —— wsee: tn these experiments were 
of doubtful purity and except for references 5 and 6 
mercury vapor was nearly always present to influence 
as a oa ' at eitasmen luced ga the results. Seemingly the most reliable data were 
ilies bites sai obtained at high values of E/p (electric field in volts 
per cm/pressure in mm of mercury) where the in- 
fluence of contaminants does not appear to be as great 
. = as at low values of Z/p. The measurements which are 
) ° . . . . . 
8 0.00595 herein reported were made in an effort to obtain data in 
30 0.00855 pure, mercury free nitrogen over an extended range of 
32 0.0118 ralues of E/ 
44 0.0155 values of 1/ p. 
36 0.0199 It was thought that some of the previous differences 
38 0.0248 in measured values of a/p could have been due to the 
40 0.0298 way : a 
42 0.0356 varying influence of the walls of the discharge chamber. 
44 0.0420 Experiments were therefore conducted to determine the 


46 0.0488 effect of the wall potential on the measured values 
50 0.0655 ol a/ p. 


52 0.0750 
54 0.0860 APPARATUS AND PROCEDURE 


4 mare The discharge tube used in this work has been de- 
oO 0.124 scribed in a previous paper,’ and with only minor 
62 0,139 variations the experimental procedures were the same 
oie as reported therein. The negative power supply was 
68 0.191 replaced by a well-regulated 5000-v positive supply 
70 0.209 and the Dolezalek electrometer by an _ electronic 
72 0.227 y 
"4 0.246 instrument. 
76 0,268 GAS SOURCES 
78 0.285 
80 0.302 Nitrogen gas was obtained from the decomposition 
82 0.318 wan fe : “oir 
of sodium axide, passed slowly through finely divided 
hot copper and a liquid nitrogen trap, and then ad- 
* Supported by a grant from the Research Corporation. mitted into the discharge chamber. One sample of gas 
t Present address University of California Radiation Labora- was stored for eight hours in thermal contact with 
tory, Livermore, California. Kiouid ni ven bef Sae ed. t he Its did 
TL. R. Ayers, Phil, Mag. 45, 353 (1923). iquic nitrogen before it was used, but the results dic 
*K. Masch, Archiv. Elektrotech. 26, 589 (1932). not differ from those taken in gas not so stored. As a 
*D. Q. Posin, Phys. Rev. 50, 650 (1936). . Step » ni —— nee enectrin 
«W. E. Bowls, Phys, Rev. 58, 293 (1938). check on the purity of the nitrogen, a mass spectro 
‘ Dutton, Haydon, and Jones, Proc. Roy. Soc. (London) A213, graphic analysis of the gas was made in the University 
203 (1952). - 
* 1D. J. DeBitetto and L. H. Fisher, Phys. Rev. 100, 1227 (1955). 7M. A, Harrison and R, Geballe, Phys. Rev. 91, 1 (1953). 
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of Washington mass spectrograph. No impurities above 
background (0.01%) were found by this instrument. 

Tank nitrogen was also used as a source of gas and 
some samples were purified by the above process. Mass 
spectrographic analysis showed the “purified” tank 
nitrogen to contain 0.06% oxygen and 0.04% argon 
with no other impurities greater than 0.01%. The tank 
nitrogen not purified as above and taken directly from 
the tank is about 99.9%, pure. 

Pressures were measured with a mercury manometer 
and reduced to 0°C. At all times a liquid nitrogen trap 
was used to protect against mercury contamination. 


DATA 


Semilogarithmic plots of current versus electrode 
separation yield straight lines as required by Townsend’s 
equation : 

i= ioe™4, 
The photoelectric current density, io, was kept at 
approximately 5 10~" amp/sq cm. Data were obtained 
for several pressures over a range of E/p from 24 to 82. 


60 80 100 


volts/cm/mm pressure 


RESULTS AND DISCUSSION 


The results in nitrogen are given in Fig. 1 and in 
Table I. It is to be noted that at low values of E/p the 
present values of a/p are considerably higher than most 
previous values, while the agreement with Bowls’ ‘ 
results at high //p is quite good, Bowls’ results are 
given for mercury-free gas, while those of Ayers,! 
Masch,? and Posin® are definitely mercury-contami- 
nated, To avoid confusion, Masch’s data are not plotted, 
The gas used by Dutton, Haydon, and Jones® was from 
a tank and only the water vapor was removed. The 
experiments of DeBitetto and Fisher,’ which give 
results that agree with Dutton, Haydon, and Jones, are 
not given in sufficient detail in their abstract to discuss. 

The results in “purified” tank nitrogen are interesting 
in that these values of a/p are consistently lower than 
those in gas produced from sodium azide, while the 
values of a/p in unpurified tank gas are far lower still. 
Evidently the presence of impurities lowers appreciably 
the measured values of a/p in nitrogen. 

The differing results obtained by different investi 
gators are in all likelihood due primarily to contamina 
tion of the gas used. It was found in this experiment 
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that power supply drift could also be responsible for a 
dispersion of results. Since the experimental electrodes 
act as a parallel plate capacitor, even a very slight 
voltage drift results in a displacement current in the 
circuit. This current easily could be of the order of 
magnitude of the current being measured. Con- 
sequently, it was necessary to insure a high degree of 
stability in the voltage source. The power supply used 
possessed sufficient stability so that the displacement 
current was always below 10~-" amp. This was less than 
one percent of the currents measured. 
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105, 
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It has been suggested that in experiments of this kind 
the wall potential may influence the measured values of 
a/p. In this experiment the wall potential was varied in 
5% steps from 45% to 100% of the anode potential and 
no effects on the values of a/p were found. 
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A theoretical examination of the ion balance equations for a 
plasma, such as the positive column of a direct current glow 
discharge might be, shows that a uniform plasma is not always 
possible. When ionization proceeds by a two-stage process involv 
ing accumulated metastable excited atoms, as may be the case in 
the noble gases, small perturbations of the ion concentrations from 
their equilibrium values may not remain small. Under such 
conditions, a spatially uniform steady plasma cannot exist. A 
general stability criterion is developed which may be used when 
ever accurate expressions are known for the ion and metastable 
production and loss rate terms. Application of the stability 
criterion is made using several approximations. 

The instability of a spatially uniform plasma suggests that the 
ion concentrations may vary along the direction of current flow 
The ion balance equations are re-examined for wave-like solutions 


I. INTRODUCTION 
MAY studies have been made of direct current 


, glow discharges in the noble gases.' The char- 
acteristic appearance of such discharges is well known. 
Commonly displayed features include the cathode glow, 
Crookes dark space, negative glow, Faraday dark space, 
and a uniformly glowing positive column or plasma. 

The behavior of the positive column, despite its 
uniform appearance, is far from simple. As Donahue 
and Dieke* have demonstrated, moving striations are 
almost always present. When the positive column is 
observed by means of a phototube and cathode-ray 
oscilloscope, as was done by Donahue and Dieke, the 
light intensity from any small region of the positive 
column is seen to fluctuate rapidly. Often the fluctuation 


' The article by M. J. Druyvesteyn and F. M. Penning, Revs. 
Modern Phys. 12, 87 (1940), contains many further references. 

*T. M. Donahue and G. H. Dieke, Phys. Rev. 81, 248 (1951). 

*T. M. Donahue and G. H. Dieke, Technical Report No. 1, 
ba a Hopkins University, 1948 (unpublished). 

*T. M. Donahue and G. H. Dieke, ‘Technical Report No. 3, 
The Johns Hopkins University, 1949 (unpublished). 


* This work was Dru by Office of Ordnance Research. 


Two approximate solutions showing some agreement with experi- 
mental observations on moving striations are obtained. The 
first solution, ignoring variations in the metastable concentration, 
yields ion and electron concentration waves traveling in the 
direction of the current flow with velocity probably considerably 
greater than the positive ion drift velocity. The amplitude of the 
positive ion wave is much greater than that associated with the 
electrons 

The second approximate solution ignores diffusion and repre 
sents a concentration wave dependent solely upon production 
and loss processes. It can travel in either direction, depending 
upon conditions in the plasma. General expressions for velocity, 
frequency, and wave number are given, but these cannot be 
evaluated numerically without better expressions for some of the 
quantities involved 


is periodic, though not usually sinusoidal. Figure 1, 
taken from reference 3 or from Fig. 5 of reference 2, 
shows typical periodic fluctuations in the light intensity 
at several points in the positive column of an argon 
discharge at 12 mm pressure and 19.20 ma current. 
The tube diameter was about 13 mm, and the Faraday 
dark space extends to about 2.0 cm from the cathode. 
All the points in Fig. 1 are in the positive column, 
beyond the cathode region. 

Points to be noted are (1) that the maximum ampli- 
tude varies little, and not in any systematic manner, 
and (2) that the light intensity actually becomes zero 
(or at least very small) during part of the cycle. The 
largest peak, labeled P, may be followed from one point 
in the tube to another, It is seen to appear at progres- 
sively later times as the phototube is moved toward 
the cathode. This peak is identified as a positive 
striation, since it moves in the direction of current flow 
(from anode to cathode). A second, smaller peak, 
labeled N, is observed to appear almost at the same 
time whenever it may be identified. It actually does 
appear slightly earlier as the cathode is approached, 
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indicating a rapid motion from the cathode toward the 
anode. Hence WN is called a negative striation. The 
behavior at any one point is accurately periodic, with 
a period in this case of 4.1X10~ sec. The average 
speed of the striation marked P is about 60 m/sec. 
Many more details are given in reference 2, which is 
generally available. 

Evident conclusions are that the striations should not 
be regarded as small perturbations, slightly modifying 
a steady state, and that any theory of the positive 
column which ignores moving striations is certainly 
incomplete and probably incorrect. It is also evident 
that definite frequencies are generated in the discharge, 
essentially independent of external circuit parameters 
but dependent upon the actual discharge parameters 
themselves, such as current, pressure, and tube diam 
eter. It is true that several modes of oscillation may 
exist with a given set of external circuit parameters. 
These modes correspond to different tube currents and 
voltages, so that the power supply voltage and the 
limiting series resistor are not without some influence. 
However, the behavior of any particular characteristic 
mode seems to depend only on internal parameters. 

Probably the most serious and elaborate attempts to 
explain features of moving striations have been made 
in terms of plasma oscillations. Typically,’ these 
attempts assume the existence of an ionized plasma (or 
a group of interacting ion streams, each satisfying a 
continuity equation) and proceed on the basis of small 
perturbations to arrive at a dispersion relationship for 
ion-density waves traveling in the medium. The actual 
techniques may involve finding solutions to Maxwell’s 
equations, the Boltzmann transfer equation, the Fokker 
Planck equation, or some consequence of these. In any 
case, the primary result is a dispersion relationship, 
valid for small perturbations around a steady state, but 
sometimes leading to the conclusion that for some 
frequencies a small perturbation will not necessarily 
remain small, Attempts to apply boundary conditions, 
obtain characteristic frequencies, and thus explain 
moving striations have not been noted for their success, 
although clear-cut failure is not often evident because 
the predictions are made in terms of electron tempera- 
ture and other unobservable and perhaps meaningless 
parameters, 

Despite lack of even qualitative success, the plasma 
oscillation theories have clearly shown that a highly 
ionized gas is capable of response to perturbations over 
a wide range of frequencies. By proper application of 
boundary conditions, inclusion of omitted considera- 


SL. Tonks and I. Langmuir, Phys. Rev. 33, 195 (1929). 

*TP. Bohm and E. P. Gross, Phys. Rev. 75, 1851 (1949) 

7D. Pines and D. Bohm, Phys. Rev. 85, 338 (1951). 

*R. W. Twiss, Phys. Rev. 88, 1392 (1952). 

9N. G. van Kampen, Physica 21, 949 (1955) 

” A. A. Luchina, Soviet Phys. 1, 12 (1955). 

4G, Ia. Miakishev and A. A. Luchina, Soviet Phys. 
(1955). 

4H. W. Batten and H. C. Early, Technical Report No. 2, 
University of Michigan, 1954 (unpublished). 


1, 21 


STRIATIONS IN 


dec GLOW DISCHARGES 


\\ vu} \ 
BL Neda 


a 


Ve 
Fic. 1, Oscillograms of moving striations in argon at 12 mm 
pressure. The sweep markers are 100 sec apart and the zero line 
is provided by an a tronic switch. The primary positive striation 
is marked P, and a small negative striation is marked NV. The 
Faraday dark space extends to about 2.0 cm from the cathode, 
and these marty te are taken at the following distances from 
the cathode: 4.83 cm; B, 4.05 cm; C, 3.80 cm; D, 3.67 cm; 
E, 3.45 cm; F, "s 53 cm. Taken from reference 3. 


tions such as inelastic collisions, ion production, and 
ion loss, modification of the distribution functions, and 
a careful handling of both physical and mathematical 
difficulties, including those associated with a nonlinear 
system of equations, it should in principle be possible 
to understand moving striations from the point of view 
of plasma oscillation theory. 

Because of the mathematical complexity associated 
with even very poor physical approximations (see, for 
example, references 9, 10, and 11), a different approach 
may be mathematically less formidable and physically 
closer to actual conditions in the positive column, 

The usual theory of the column, ignoring 
striations, assumes that ion loss exists, either by diffu 


positive 


sion to the walls or by volume recombination, and that 
the rate of production is just sufficient to offset this 
loss.4-!® The positive column is considered usually to 
be longitudinally uniform and axially symmetric, It is 
at this point that the present development begins. 

If longitudinally uniform positive columns can exist, 
why should they oscillate any more than an organ pipe 
full of air should oscillate? Obviously some external 
oscillatory forcing could cause waves to propagate in 
to identify the 


the plasma, but the problem is then t 


pe asa source of os¢ lation, Loeb" has attempted to 


4A. von Engel and M Steenback, Elektrische Gasentladungen 
(Verlag Julius Springer, Berlin, 1934), Vol. 2, p. 83. 

4 Reference 1, p. 158 

'°M. Hoyaux and P. Gans, Report-—-KOARDC-TN-54-1 
Ateliers de Constructions Electriques de Charleroi (unpublished), 

1K S. W. Champion, Proc. Phys. Soc. (London) B65, 329, 
345 (1952). 

'L, B. Loeb, Phys. Rev. 76, 255 (1949), 
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attribute to the cathode the function of originating the 
waves. The process he invokes seems to require a long 
positive column of positive resistance characteristic, 
which seldom exists,!* and an autocatalytic action at 
the cathode which results in overproduction of second- 
ary electrons by positive ion bombardment. Since 
moving striations seem to be independent of cathode 
material and, in particular, may be easily observed in 
tubes with thermionic cathodes," Loeb’s hypothesis 
does not seem applicable. 

Another attempt to answer the question of origin 
was recently made by Emeleus and Daly.”” They assume 
that ions may oscillate in a potential minimum near 
the cathode with a frequency proportional to the square 
root of the current. This dependence of frequency on 
current is not characteristic of moving striations, as 
shown by reference 2, Fig. 3, or, more clearly, by 
reference 4, Figs. 2 and 7. In almost every case the 
frequency decreases as the current increases. 

The remainder of this paper will be devoted to a 
consideration of the ion balance equations and their 
consequences. It will be shown that when ion and 
metastable atom production and loss rates are related 
in a plausible way, a stable, homogeneous positive 
column may not exist at all, and the instability which 
results in moving striations may originate in the 
positive column itself. 


Il. STABILITY OF SPATIALLY UNIFORM PLASMAS 
1. The Problem 


The equations satisfied by ion and metastable concen- 
trations in the positive column are modified continuity 
equations containing production and loss terms. If the 
positive column is uniform, Z dependence is eliminated. 
If the radial dependences are eliminated by well-known 














Fic, 2. The direct ionization rate as a function of ion 
concentration at two current densities. 


'® Reference 1, p, 157. 
Reference 2, p. 256. 
“K. G. Emeleus and N. R. Daly, Proc 


B433, 114 (1956). 
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methods, the equations to be satisfied are of the form 


Y=G-L, (1) 


where Y is the appropriately averaged concentration 
of the component of interest, Y is its time-derivative, 
G is the production rate of the component Y, and L is 
its loss rate, usually containing a term representing a 
radial current of Y to the tube walls. At equilibrium, 
Y=0. 

G and L are in general functions of the ion and 
excited atom concentrations, the pressure, and the 
electric field intensity. If appropriate expressions can 
be written for G and L, it is then possible to reduce the 
number of independent variables in the positive column 
by imposing the equilibrium condition. It is not evident, 
however, that equilibrium is either stable or even a 
good approximation to average conditions in the plasma. 
It will be shown, in fact, that the solutions so obtained 
are not stable when metastable atoms are present in 
sufficient quantities. 

In the remainder of this section, expressions for G 
and L will be examined, and a stability criterion will be 
applied to plasmas in which ionization occurs only by 
direct electron impact and to plasmas in which ioniza- 
tion occurs by a two-step process involving metastables. 
No loss of generality occurs in a uniform plasma if 
photon processes are ignored, since they could only 
modify the radial ion distributions and thereby not 
alter anything more than a numerical detail in the 
theory. The present state of knowledge of the G func- 
tions is not good enough to require accurate numerical 
details at present. 


2. Electric Field Intensity 


The electric field intensity in the G functions may be 
replaced in terms of its dependence upon discharge 
parameters and ion concentrations. Since the voltage 
drop across the positive column in typical discharge 
tube circuits is much less than that across the current 
limiting resistor plus the cathode fall voltage, the tube 
current may be regarded as approximately constant, 
independent of positive column conditions. The electric 
field intensity £ may be written 


E=J/(e(u-N+u,P) ], (2) 


where J is the current density (regarded as constant), 
yw and w, are the negative and positive ion mobilities, 
and N and P are the negative- and positive-ion concen- 
trations. Equation (2) is a relationship which will 
serve to eliminate E from the G and L functions. Its 
essential feature is the inverse dependence of E upon 
ion concentrations. As a further simplification, justified 
at present because the dependence of G and L is only 
approximately known, it is assumed that yw. is inde- 
pendent of E/po. This assumption, while not realistic, 
is probably accurate within 20% for the usual range of 
E/po found in noble gas positive columns. Other 
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Fic, 3. Qualitative comparison of the direct ionization function 
F,(N) with the excitation function F,(N) at fixed pressure and 
current density. 


approximations, such as neglect of the radial component 
of field strength, the assumption of constant current 
density, and the use of certain explicit electron energy 
distribution functions, are at least as unrealistic. These 
approximations are justifiable only as simplifications 
which allow preliminary calculations to be made to 
illustrate the concepts. 

For a uniform plasma, it will be shown that N= P. 
In any case, P will probably not differ from N by more 
than a factor of 10, and the mobilities are weighted far 
more heavily than that in favor of N. Thus, for a 
uniform plasma, Eq. (2) becomes 


E= p/N, (3) 


where p@=J/[Le(u_t+uy,)], with @ to be considered a 
parameter independent of £, N, or P. 


3. Balance Equations 


Equation (1) for each of the components of the 
positive column may be written. In this analysis, in 
addition to N and P, a concentration of metastable 
excited atoms, denoted by M, is considered. This could 
be further subdivided, as could P, but since the present 
analysis is intended to illustrate method, rather than 
numerical detail, every reasonable simplification was 
used. The balance equations for N, P, and M are 


N=F,(N)+MF;(N)+}a,M?*—yN—aNP, (4) 
P=F,(N)+MF,(N)+4a,M’—yP—aNP, (5) 
M=F.,(N)—MF,(N)—a,M’?*—vM+BaNP. (6) 


F,(N) is a function representing the rate at which ion 
pairs are produced by direct electron impact. It is a 
function of N alone because the EF dependence has been 
eliminated by means of Eq. (3). The use of various 
approximate distribution functions which may be 
approximately valid in the high-energy tail of the 
electron distribution yield the result that F; is a 
monotone decreasing function of N, as shown in Fig. 2. 
Also F; should increase with the parameter J. A 
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prototype function based on a method outlined by 
Druyvesteyn and Penning! is given by 


F\(N)=(A/N)e®*, (7) 


where A is a constant proportional to @po and H is a 
constant proportional to @". 

F,(N) is the rate at which metastables are produced 
by direct Much of the 
discussion of F\(N) applies to F,. Figure 3 shows a 
comparison of F; and Fy at the same current density 
as functions of N. Fy may also be represented by a 
function similar to that of Eq. (7), with a larger A and 
smaller H. The term MF;(N) represents the rate of 
ionization of metastables by electron interaction. It is 
proportional to M, and F;(N) is indicated by Fig. 4. 
F;(N) is easier to calculate accurately than are F; and 
Fy, since the electron energies involved in ionization of 
metastables are not so far out in the tail of the distri- 
bution. The calculation is therefore much less sensitive 
to the form of the electron distribution function. A 
prototype function based on the Druyvesteyn distri 


electron-atom interaction. 


bution and the assumption of constant cross section @ 
gives 
Fy=0.9No(é/ 2m)! exp(—0.55e"/ &) (8) 


’ 


where é@ is the mean electron energy and ¢; is the energy 
of excitation. Graham and Ruhlig®! have calculated @ 
for noble gases as a function of // po. For argon, this 
curve may be approximated by taking 

€ SE/ po, (9) 
where é is in ev and E/fo is in v/cm mm Hg. The use 
of Eqs. (3) and (9), together with the excitation energy 
of argon, allows Eq. (8) to be written 


F;(N) BN exp( LN’), 


where B=0.90(50/2m)' and L=0.35/@. 
The term MF,(N) in Eq. (6) represents the loss of 
metastables by electron impact. /’4 should resemble F’y 


(10) 








Fic, 4, The form of F3(N) as indicated by the prototype function 
P= BN exp(—LN?), 


™W, J. Graham and A. J. Ruhlig, Phys. Rev. 94, 25 (1954). 
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but always exceed in magnitude, since not all electron 
processes which destroy metastables will yield ions. 

The a,M* terms represent ion pair formation and 
consequent metastable loss as a result of the interaction 
of two metastable atoms with sufficient total energy to 
produce one ion pair and one normal atom, Biondi” 
has shown that these reactions are of significance in 
noble gas discharges. 

The terms yN, yP, and vM represent losses to the 
walls and, in the metastable case, deexcitation by 
collisions with gas atoms. The recombination terms 
aNP \ead to a fraction B of recombined ions which 
become metastable. 


4. Stability of Plasma Equilibrium 
When N=P=M=0, Eqs. (4), (5), and (6) give 


relationships which can in principle be solved for the 
equilibrium concentrations Mo, No, and Po. One obvious 
result is that No= Po. The equilibrium solution may 
be such that small fluctuations around equilibrium will 
never increase, in which case the solution is said to be 
stable. If small fluctuations may lead to large depar 
tures from equilibrium, the solution is not stable. 

In order that the equilibrium stability may be 
readily examined, assume that N= P, and let N= No 
+b5N, M=Mo+6M. Expansion of the terms of Eqs. 
(4) and (6) about the singular point and elimination 
of the equilibrium conditions gives a pair of equations 


of the form 
(11) 


(12) 


5N = (N,N) bN+(N,M) 6M, 
5M = (M,N)bN+(M,M)6M, 


where (N,N) has been written for N/AN, etc., and the 
subscript indicates that these derivatives are to be 
evaluated at the singular point. Solutions of the form 
5N= (SN )oe™ and 6M = (5M)ce™ lead to the familiar 


consistency condition 
I?+-d1'+c=0, (13) 


where 


(M,M), 
(N.M)(M.N). 


(N,N) 
c= (N.N)(M,M) 


™M. A. Biondi, Phys. Rev. 82, 453 (1951); 88, 660 (1952). 
L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955), Chap. VI. 
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The subscripts have been omitted since these deriva- 
tives are always to be evaluated at equilibrium. If 
either of the roots of Eq. (13) has a positive real part, 
then one of the solutions to Eqs. (11) and (12) will 
diverge from the singular point and equilibrium will be 
unstable. Figure 5 is a diagram showing the nature of 
the solutions to Eqs. (11) and (12) as determined by } 
and ¢ in Eq. (13). Stable solutions will occur only if 
b>0 and c>0. 
Substitution of the 
expression for 5 gives 


indicated derivatives in the 


b Fy+v+2a;\M+ yt+taN—F,'—MF;, (14) 


where Fy’=dF,/dN, etc. Each term in Eq. (14) is 
clearly positive except the last. If equilibrium occurs 
for values of N such that — MF,’ is sufficiently negative, 
b can be negative, and the plasma will be unstable. 
As shown by Fig. 4, the slope of Fs is sometimes posi- 
tive. That the metastable concentration may be high 
enough to have great influence on the plasma character- 
istics in noble gases has been demonstrated clearly by 
Meissner and Miller.” 

An interesting qualitative observation on the range 
of currents for which instability (and therefore perhaps 
striations) may exist follows from the prototype 
functions given by Eq. (10). Its maximum occurs for 
LN*=0.25. Obviously 6 cannot be negative for N larger 
than that for which F; is maximum. But since for 
argon LN? =0.35p0°/E*, a limit for instability is given 
by E/po >1.2 v/cm mm Hg. 

Comparison of this last result with experimental 
data™ gives the curve of Fig. 6 for argon. This is in 
qualitative agreement with Pupp’s curve showing 
maximum current for moving striations as a function 
of pressure.”® Quantitatively, however, the lower limit 
on E/po is too great, since moving striations occur at 
much lower values. Similar results may be obtained 
from the expression for c. Since a plasma may show 
instability as a whole, however, it seems plausible that 
localized fluctuations could cause longitudinal, or axial, 
instabilities even more .easily than the type already 
examined, since axial flow of ions could take place. 
Numerical analysis based on the results of this section 
is therefore expected to indicate greater stability than 
actually exists. 

A similar analysis for a plasma in which the meta- 
stable concentration is zero, but N and P fluctuations 
are allowed independently, yields the result that such 
a plasma is always stable. 

Analysis of the three-component system produces a 
cubic equation corresponding to Eq. (13) in I’. If it is 
written I°+al?+6I'+c=0, stable solutions will exist 
only if a, 6, and ¢ are all non-negative and ab—c>0. 
Thus the condition for stable equilibrium of a three- 


%K.W. Meissner and W. F. Miller, Phys. Rev. 92, 896 (1953). 
™* Reference 13, p. 110. 
** Reference 1, p. 167. 
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FG. 6. Maximum current for instability of the plasma as a whole 
for argon as predicted by E/po>1.2. 


component system is even more restrictive and less 
likely than for the two-component system. 


5. Summary 


In this section, analysis of the stability of a uniform 
plasma has been carried out for conditions of constant 
current density. It is shown that metastable-dependent 
plasmas can be unstable if the singular point in the ion 
and metastable rate equations occurs at sufficiently 
high metastable concentration and in the proper ion 
concentration range. 

The possibility of such instability suggests that, in 
addition, longitudinal instability may arise from local- 
ized departures from equilibrium, and that those 
instabilities might be the cause of moving striations. 


III. MOVING STRIATIONS 
1. Method of Approach 


In order to obtain wave motion, space- and time- 
dependent variables must be used. In this section, the 
basic Eq. (1) is written in much the same way as in 
Sec. II, except that the Z dependence is no longer 
ignored in the divergence of the particle currents. The 
radial particle currents are still considered to be included 
in the loss terms, but the particle currents in the Z 


|K?D_—V'+KV,+(N.N) 


(P,N)+KV, 
1(M,N) 


K*D,—Y- 
(M,P) 


The derivatives in parentheses are identical to those 
given in Sec. II, and are not modified by consideration 
of space dependence since the equilibrium condition is 
taken to be independent of Z. These derivatives should 
be evaluated at equilibrium, and therefore should be 
designated with the 0 subscript. However, since they 
always appear in this development evaluated at the 
equilibrium point, the subscript is redundant and will 


be omitted. 
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direction are given by 
Noy (15) 
Pup 


Mou 


D_AON/dz—pwNE, 
D,OP/dz+y,PE, 


D*dM / ds, 


(16) 
(17) 


where the D’s are the appropriate diffusion coefficients, 
the V’s are the velocities in the Z direction, and £ is 
the effective field strength in the Z direction. Inclusion 
of the divergence terms in the rate equations, and the 
substitution E=Je(u,P+pyN), with J 


constant, gives 
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OZ? 


M = D* (20) 


Let N= Not6N; P= Pot+6P; M=Mo+6M, where the 
equilibrium values, considered to be independent of 
time and space, are denoted by the subscript 0 and the 
departures from equilibrium are considered small. Since 


bya JS/eNo(u, tw)? = my pm lo/ (uy An), 


which is approximately equal to w,/o, the average 
positive ion drift velocity, it is reasonable to let 


py pd /eNo(p4+p_)*= Vy (21) 


Also No= Po. of 
values into Eqs. (18), (19), and (20), and subsequent 
substitutions of the type 6N=6N» exp(I'l+ Kz), leads 
in a routine manner to the consistency determinant 


at equilibrium, Substitution these 


(NM) 
(P,M) 
(M,M)+ K*D* 


KV,+(P,P) 
P| 


Equation (22) is cubic in I’ and of sixth degree in K. 
No attempt in this paper will be made to solve Eq, (22) 
as such. Approximate and simplified solutions will be 
these will be 


obtained, however, and compared to 


experimental data. 


2. Simplification of the Basic Equation 


The parameters I’ and K in Eq. (22) may be complex. 
The observations on moving striations indicate, as 
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pointed out in the introduction, that no exponential 
growth or decay of the striation in either space or time 
is experienced, There is an increase in amplitude of 
positive striations as they enter the cathodic region of 
the discharge, but this can be explained in terms of 
significant departures from plasma conditions, 

Probably Eq. (22) is satisfied by some waves which 
increase exponentially, but physical reasoning requires 
that the solutions be bounded. Hence the physically 
meaningful approximation will be made that I’ and K 
must be pure imaginaries. It is then expected that the 
consequences of solutions to Eq. (22) will resemble 
reality in much the same way as the solutions to the 
ordinary acoustic wave equation resemble conditions 
in a high-amplitude shock wave. Where sine waves are 
predicted, saw-toothed waves may exist, and where a 
constant velocity is predicted, an amplitude-dependent 
one may be found. The assumption that K and I’ are 
pure imaginaries so greatly enhances the availability 
of the contents of Eq. (22) that the resultant loss of 
generality is overbalanced in the present state of the 
theory. 

If 

w and K=-—tk, (23) 
| —k*D_—iw—ikV ,+(N,N) 
| (P,N)—ikV, 

This is equivalent to the assumption that the meta- 
stables and normal atoms form a two-component gas, 
each of which is so populous that no rate equation need 
be written for either the metastable gas or the normal 
gas. Ions and electrons can be made from both gases, 
and rate equations are then written for only ions and 
electrons. 

Separation of Eq. (24) into real and imaginary parts 


gives 


kL D.(N,N)+D (P,P) ] 
+ (N,N)(P,P)—(N,P)(P,N), 


w= k*(D_D,) 


(25) 


and 


D,)+kV,((P,P) 
-(N,N)+(P,N) 


(P,P) 


kV.(D 
(N,P))} 
(N,N) 


k*(D_+D,) 


The coefficient of kV, in Eq. (26) is zero, 

Before these equations are combined to yield a sixth 
degree equation for k, an elementary solution may be 
examined, 


3. Simplest Striation 
If all production and loss derivatives are ignored, 
Eqs. (25) and (26) become 
w= (D_D,)k, 


and 


w= kV,(D_—D,)/(D_+D,), 


RD, —iw+ikV,+ (P,P) 
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where w and k are assumed to be real, Eq. (22) may be 
separated into real and imaginary parts. Each part is a 
relationship between w and k, and these must be 
simultaneously valid, Elimination of w between them 
gives rise to an equation of 18th degree in k. For each 
of the eighteen roots of this equation, a unique w 
exists, so it is possible for Eq. (22) to lead to eighteen 
frequencies and wave numbers which may be present. 
Probably not all of the roots of the & equation are real, 
and those that are not are meaningless, since the 
separation of Eq. (22) into real and imaginary parts 
was made under the assumption that & and w are real. 
Analysis of the coefficients in the k equation could be 
made to determine the number of real roots as a function 
of the discharge parameters. The presence on occasion 
of six or eight distinct waves in a complete striation, 
the observation of several modes of oscillation, and the 
transition from one mode to another*™ are at this point 
not surprising. 

Since the 18th degree equation in & is still beyond 
the reach of practicality, a further simplification will be 
made. Assume that 6M=0, so that the equivalent of 
Eq. (22) becomes 2X 2 determinant, 


(N,P)+ikV, =() (24) 


The phase velocity is w/k=V,, approximately, since 
usually D_>>D,. To this same approximation, 


k= V,(D_D,) =p, Fo(D D,) i, (29) 


and 


w= V,?(D_D,)~“§= (u42o)?(D_D,)“4. (30) 
The phase velocity is thus seen to be approximately 
the positive-ion drift velocity, and in the direction of 
the current flow (i.e., toward the cathode).”® 

This is a poor approximation for many obvious 
reasons. It is therefore not surprising that the striation 
velocity as given by this approximation is much too 
low. Comparison of the results of Donahue and Dieke‘ 
with the published data on the average field conditions™ 
and mobilities’? indicates that the actual striation 
velocities are on the order of thirty times the values 
obtained here. The velocities and frequencies behave 
qualitatively in the manner suggested by this approxi- 
mation, remaining nearly constant at a given current 
for a wide range of pressures which leaves E/po also 
nearly constant. At sufficiently low pressure E/ po rises 
rapidly as the pressure is reduced, and so do the 
velocity and frequency of the striations. At higher 
currents, £/po is reduced and so are frequency and 
velocity. The wavelength, however, as obtained from 


2 This result is similar to that reported by S. Watanabe and 
N. L. Oleson, Phys. Rev. 99, 1701 (1955). Their approach to the 
entire problem differs in many ways from this one, particularly 
in the treatment of ion production and loss. 

#7 J. A. Hornbeck, Phys. Rev. 84, 615 (1951). 
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Eq. (29), does not agree qualitatively with observation, 
but rather & itself behaves in the same manner as 
Donahue and Dieke find \ to behave. 

Two obvious criticisms and one comment should be 
made at this point. First, if ion production and loss 
play an important part in the striation mechanism, it 
is certainly not correct to ignore all pertinent terms in 
Eqs. (25) and (26). Second, as pointed out in the intro- 
duction and elsewhere, no one should expect to explain 
moving striations in terms of a small perturbation 
theory. The large amplitudes observed experimentally, 
as indicated in this section, suggest by analogy to shock 
waves that departures from a simplified theory might 
well be in the direction of higher velocities. Donahue 
and Dieke? have mentioned that the striation velocities 
are greatest where the striation is brightest. It should 
be brightest where excitation, and field strength, are 
greatest. At high field strengths, the drift velocity of 
the positive ions will be greater than the value computed 
for the average field strength, and this effect alone will 
account for much of the discrepancy between experi- 
ment and theory. For example, Donahue and Dieke 
report voltage fluctuations of the order of ten volts, 
associated with striation motion on the order of one 
centimeter. This would suggest field strengths associ- 
ated with the striations of 10 v/cm, which is on the 
order of ten times the average field strength. 

The final comment before continuation of the calcu- 
lation is that the results so far yield definite frequencies 
and wave numbers, rather than merely dispersion 
relationships, These characteristic frequencies and wave 
numbers are properties of the plasma itself and are not 
dependent upon boundary conditions. This is in agree- 
ment with the experimental result that striation prop- 
erties are not dependent upon tube length, provided 
the tube is long enough, or upon external circuit 
parameters or electrode materials. 

Equation (28) may be put back in one of the rela- 
tionships between 6No and 6P> to give, if 6P 
=65Po exp[i(wt—kz) J, 


5No= 16 P o/ (DID,-$+ 21) (31) 


or approximately 


5No=i(D,/D_)'%6Po, (32) 


since D_>D,. This indicates that the amplitude of the 
negative-ion fluctuation is considerably less than the 
positive-ion fluctuation, and that the negative-ion 
maximum leads the positive-ion maximum by approxi- 
mately a quarter-wavelength as they travel down the 
tube. This is typical of the striation behavior described 
by Donahue and Dieke, where the positive striation 
seems to draw electrons toward it as it moves toward 
the cathode. 


4. Effect of Production and Loss Terms 


Figure 7(A) shows a plot of Eq. (25), labeled R, and 
Eq. (26), labeled J, in the first quadrant, with the rate 
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Fic. 7. Comparison of Eqs. (25) and (26) (A) when rate terms 
are ignored, (B) when metastables are unimportant, and (C) 
when the metastable term M/’;’ is sufficiently positive to cause 
instability. 


terms set equal to zero. The intersection of these curves 
corresponds to the simple solution in Sec. III3, The 
inclusion of the rate terms can result in two possible 
types of change. First, if (N.N)+(P,P) is negative 
and (N,N)(P,P)—(N,P)(P,N) is positive, as will be 
the case when the MF term is either unimportant or 
negative, curve R will be shifted upwards and curve J 
shifted downward, as indicated in Fig. 7(B). [For 
small contributions from the rate terms, the curves 
may intersect and a solution may therefore be possible, 
but certainly if these terms contribute heavily, the 
curves in Fig. 7(B) are representative of the change. | 
A point of intersection is not possible in the curves as 
they are drawn, and therefore no real values of k and 
will simultaneously satisfy Eqs. (25) and (26). 

If the metastable contribution MF,’ is sufficiently 
positive, however, significant changes in the other 
direction will result. Figure 7(C) shows how curve J is 
greatly modified and curve R is shifted downward so 
that the intersection will always exist, and furthermore 
it will occur at higher values of w and k& than in the 
case of Fig. 7(A). The phase velocity w/k will also be 
increased in this case, since for a given k, w is obviously 
greater than its value on the line J in Fig. 7(A). Slight 
modification of the drawing will show that considerably 
increased values of the phase velocity are possible, 
particularly if the intersection occurs for values of k? 
only slightly larger than [(P,P)+ (N,N) ]/(D_+D,). 

The increase in k and w/k caused by the metastable 
production rate is seen to reduce the ratio 


5No/6Po=iV,/LRD_+1(V44+w/k |. (33) 


The net effect, then, of metastable participation of the 
type which leads to the instabilities of Sec. II is to 
increase frequency and phase velocity, while reducing 
the amplitude of the negative-ion fluctuation. 


5. Striations Without Diffusion 


Considerable simplification can be made in Eq. (22) 
if all diffusion coefficients are set equal to zero, There 
is no real justification for choosing one and not another, 
either to be zero or to differ from zero, even though D 
is certainly much greater than D, or D*. The reason is 
that Sec, [113 has already indicated that the amplitude 
of 6P is probably considerably greater than that of 6N 
and no estimate of 6M» has been made. The amplitude 
differences are largely ascribable to diffusion or lack of 
it, and therefore the selection of a single diffusion term 
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to remain probably contributes error as well as compli- 
cation. 

The substitutions K=—ik, !=iw, D.=D,= D*=0 
in Eq. (22), with consequent separation into real and 
imaginary parts, give 

w= A/Trd, (34) 
and 
w—w{ (M,M)(P,P)—(P,M)(M,P)+(N,N)(P,P) 
—(N,P)(P,N)+(N,N)(M,M)+(N,M)(M,N) | 
+kV,[(N,N)(M,M)—(N,M)(M,N) 
(P,P)(M,M)+(P,M)(M,P) 
+(M,M)(N,P)—(M,M)(P,N)}=0, (35) 
where 
(N,M) | 
(P,M) | 
(M,M)| 


(N,P) 
(P,P) 
(M,P) 


|(N,N) 
A \(P,N) 
|(M,N) 


and TrA is the trace of A, or 


(N,N)+(P,P)+(M,M). 


(36) 


Trd (37) 
Equation (34) gives w directly, and this combined with 
Eq. (35) gives the phase velocity. The frequency here 
is determined entirely by rate terms, and is given by 


o{ (Fit 2a,M +) (Fy +MFy'—y—aN) 


+ (Fy+-a,M) (Fy — MF! —aBN) ] 


(38) 
F'+MF,—2y—aN —v—2a,M—F, 


The frequency so obtained is clearly different from any 
of the plasma frequencies*-" derived in the literature. 
Since it is dependent upon poorly defined functions, 
numerical predictions are not possible with any accu- 
racy. For a given geometry, gas and pressure, it should 
be not difficult to obtain values for y, a, v, and a. But 
it is still necessary to put in specific functions in order 
to obtain a numerical answer. 

The sign of neither numerator nor denominator in 
Eq. (38) is clearly determinate, so without further 
analysis the reality of w is in doubt. 

As an approximation, suppose that a= v=a,;= F,;=0 
and 


Fy=(Q/N) exp(—HN), Fs= BN‘ exp(— LN?) 


as suggested by Eqs. (7) and (10). The rate equations 
at equilibrium yield 
MF y=yN=F;, (39) 

Substitution of these relationships and their conse- 
quences in Eqs. (38) and (35) yield 
wy t= 2NM-"(HN-+:2)(14+-4LN?+2NM™"), 
wy *= NM~'\(HN+3)+$4+2LN? 

tkV wo NM-(HN-+ 2LN?+ 4). 
Thus Eq. (40) shows that w is real, since every letter 
is chosen to be intrinsically non-negative. Equation 
(41) alone allows all positive values of kV,/w; ie., it 


(40) 


(41) 
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forbids no wave propagating in the direction of the 
positive ion drift velocity. It allows waves to propagate 
in the direction opposite to V, only if |kV,/w| is 
small enough to keep the right hand side of Eq. (41) 
from becoming negative. This acts as a lower limit to 
the phase velocity of waves traveling toward the anode, 
and may well be related to the fast ‘negative striations” 
observed by Donahue and Dieke. 

The actual phase velocity predicted from Eqs. (40) 
and (41) may be either positive or negative, depending 
upon what is required of the kV,/w term to satisfy 
equality of the w* values in the two equations. Numerical 
analyses have not been made because the theory 
appears not to be in a state to yield satisfactory 
numbers. 

6. Discussion 


Two approximations to the solution of Eq. (22) were 
made, Both were based on the assumption that k=iK 
and w= —iI' are real. It is believed that this assumption 
is not at variance physically with the assumption of 
small perturbations. Further, the inclusion of a real 
part in K (or imaginary in k), leading to attenuation 
or amplification of the wave as it travels along the tube, 
results in either large perturbations or no perturbations. 
Therefore a correct theory, in which the actual nonlinear 
equations are solved, would probably show alternate 
amplification and attenuation, together with variations 
in velocity, as the point representing the concentrations 
moves along its trajectory in N, P, M space. It is 
obvious that the definite frequencies, wave numbers, 
and phase velocities predictable from this development 
are a consequence of the conversion of Eq. (22) into 
two separate equations in two unknowns. That there 
is a consequent loss of generality not already inherent 
in the small perturbation approximation is not obvious. 
A careful study of this point should be made. 

The first approximation considered the metastable 
atoms to be so numerous that they may be treated as 
an admixed gas without the need to account for pro- 
duction or loss. The electron and ion concentrations 
then exhibit wave-like behavior with the concentration 
waves moving in the direction of the current flow. The 
positive ion amplitude is much greater than the electron 
concentration, and the electron wave leads the ion 
wave by approximately a quarter wavelength. The 
field intensity should therefore be maximum only 
slightly less than a quarter wavelength ahead of the 
positive-ion maximum, and excitation and metastable 
production should be greatest in this high-field region. 
This result is in agreement with the observation of 
Donahue and Dieke,”* that the metastable excitation 
maximum leads the main striation as they travel 
toward the cathode. A calculation by Farris® also 
shows a region of high electric field strength (he repre- 
sents this as electron temperature) traveling so as to 
represent an ionization wave. 


** Reference 2, Sec. XI. 
™\V.D. Farris, Proc. Phys. Soc. (London) B68, 383 (1955). 
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In this first approximation, diffusion is important 
and variations in metastable concentration were 
ignored. The rate terms were found to be important in 
just the way suggested by Sec. II. The basic diffusion- 
type wave is slowed down, the frequency is reduced, 
and the wavelength is increased by rate terms which 
would cause the uniform plasma to be stable. If the 
rate terms of this type are of sufficient importance, no 
periodic behavior or wave motion of this type is possible. 
On the other hand, rate terms of the type which lead 
to instability of a uniform plasma also lead to higher 
phase velocity, higher frequency, and shorter wave- 
length, predictions which are in qualitative agreement 
with experiment. 

The second approximate solution considered varia- 
tions in all three concentrations but ignored diffusion. 
The wavelength, frequency, and phase velocity so 
obtained are dependent entirely on the rate terms. It 
was shown that use of the prototype rate terms leads 
to a real frequency. The wave number and phase 
velocity may be either positive or negative, depending 
upon the rate terms. A lower limit exists to the speeds 
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allowable by striations moving in the direction opposite 
to the current flow. 

Inclusion of all possibilities results in equations which 
have not yet been solved. Preliminary successes, how- 
ever, are sufficiently promising to warrant further study 
based on the mechanism suggested. 

The most important weaknesses in this theory of 
striations appears to be (1) the use of a small-pertur- 
bation theory and (2) lack of reliable expressions for 
the ionization and excitation rates. Less important 
deficiencies include (3) the approximation of constant 
current density, (4) the failure to include a P depend 
ence (which affects the field strength) in the ionization 
and excitation rate terms, (5) the use of first-order 
diffusion theory, (6) the use of ambipolar type diffusion 
to describe ion and electron losses even when the 
concentrations differ, (7) the use of the loss term yN 
even when the concentration profile is probably not 
the Jo Bessel function, and (8) neglect of the many 
possible components that may be present with suffi- 
ciently long lifetimes to be of significance, such as 
molecular ions and several species of metastables, 
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Ferromagnetic Resonance in Thin Films of Permalloy* 


P. E. TANNENWALD AND M. H. Seavey, Jr. 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 


(Received October 12, 1956) 


Microwave resonance measurements have been made in evaporated (82% Ni, 18% Fe) films of thickness 
760 A to 1600 A. The longest relaxation, as measured by the line width, gives T7;=3X10~* sec. The sample 
thickness was equal to or less than the skin depth, resulting in a Lorentzian-type line. Multiple resonances 


were obtained according to shape anisotropy theory. 


HE original discovery of ferromagnetic resonance! 

was made in thin films of iron, nickel, and cobalt. 
Subsequent resonance experiments were mostly con- 
fined to bulk metals and the ferrites. Renewed interest 
has recently been shown in the magnetic properties of 
ferromagnetic films because of their likely single- 
domain structure and their consequent single-domain 
rotation magnetization process.?~* Evidence has been 
presented that the spin reversal time by domain rotation 
may be faster than 10~° sec.® An ultimate limit must be 
set by damping of the motion. We have started an 
investigation of the damping as well as other features of 
the resonance at microwave frequencies. 

The films, (82% Ni, 18% Fe) evaporated onto 
microscope slides, varied in thickness from 760 A to 
~* The research reported in this document was supported jointly 
by the U. S. Army, Navy, and Air Force under contract with 
Massachusetts Institute of Technology. 

1 J. H. E. Griffiths, Nature 158, 670 (1946). 

2 E. C. Crittenden, Jr., and R. W. Hoffman, Revs. Modern Phys. 
25, 310 (1953). ' 

3R. L. Conger, Phys. Rev. 98, 1752 (1955); R. L. Conger and 
F. C. Essig, Phys. Rev. 104, 915 (1956). 

‘M. S. Blois, Jr., J. Appl. Phys. 26, 975 (1955). 

*D. O. Smith, Phys. Rev. 104, 1280 (1956). 


1600 A. The microwave experiments were carried out 
using standard, well-known techniques. 

Damping, as measured by the line width, turns out to 
be much smaller than previously observed in ferro 
magnetic metals or alloys. The longest relaxation time 
we observed occurred at 2800 Mc/sec with 7T,=3 
X10~* sec, where the magnetic field 17 was applied 
perpendicular to the plane of the film. 

With H making other angles with the plane of the 
film at 9000 Mc/sec, and at temperatures down to 
4.2°K, the full line width AH varies in no regular 
fashion. Some selected resonance curves are shown in 
Fig. 1. In all cases the lines had more of a Lorentzian 
shape than ./ur shape, evidence of the fact that the 
sample thickness was approximately equal to or less 
than the skin depth on resonance. The appropriate 
electromagnetic calculations show that in this range 
line broadening with respect to the yw’ line is in the vicin- 
ity of 1.5. For a thick sample (AH) jur/ (AH), = 2.5, 
and the line would have a characteristic \/u, shape. 

From parallel and perpendicular orientations with 
respect to H, the magnetization 44M and the ¢ factor 
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were computed, 4rM=9600 gauss. The apparent 
g factor varies monotonically with film thickness from 
2.04 for 760A to 2.18 for 1400 A. Macdonald® and 
Griffiths’ found a similar result and attributed it to 
strain on the side of the film in contact with the glass. 
Uniaxial anisotropy in the plane of the films was 
measured to be from 5 to 10 oersteds, the easy axis being 
along the direction in which a biasing H was applied 
during film deposition. Absolute permeabilities meas- 
ured were of the order of u’’= 500, and calculated from 
the Bloch-Bloembergen relation checked within a 
factor of 2. A preliminary high-power experiment has 
shown that the film can be saturated under approxi- 
mately the same conditions as ferrites. This was found 
to be the case by Bloembergen and Wang® for super 
malloy but not for nickel. 

Since a film has demagnetizing factors V,= N,=0, 
N,=4n, there is an effective shape anisotropy field of 


Fie. 2. Resonance conditions due to shape anisotropy. If the 
ordinate and abscissa are divided by 4rM =9640, the plot will be 
normalized to units of H/4rM. 


° J.R. Mac donald, thesis, Oxford, 1950 (unpublished). 
7). H. E. Griffiths, Physica 17, 253 (1951). 
*N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 
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4rM present which forces M to lie in the plane of the 
film. If the external H is applied so as to make some 
angle W with the plane of the film, the magnetostatic 
equilibrium condition will give the position of the mag- 
netization vector M. With increasing H, the energy 
minimum is moved out from the plane; it also becomes 
sharper and consequently may result in sufficient 
stiffness for M to resonate at a given microwave 
frequency. The results of such calculations, using 
the now well-known generalized resonance condition 
w=/M sind(EeEs4—E¢4")', are shown in Fig. 2. The 
ordinate is the effective field necessary for resonance at 
a given angular frequency w; the abscissa is H applied 
at the parametric angles V. It is seen that at a fixed 
microwave frequency, represented by a horizontal line 
on the graph, the intersection point with any one of the 
WV curves gives the H necessary for resonance. Further, 
at certain frequencies, near-resonance can occur for a 
whole band of applied field values. This, for example, is 
the case at 2800 Mc/sec (H.=930 oe) and ¥=89°, 
The corresponding experimental data, e through / in 
Fig. 2, show a very narrow resonance at VY =90° and 0° 
and extreme broadening at V=86°. Qualitatively this 
is the behavior expected from the shape anisotropy 
theory. 

This report presents the initial stages of a systematic 
program in progress. Conductivity measurements will 
be desirable. If very small skin depths can be achieved 
under suitable conditions, exchange effects will be a 
consideration. Thinner films may show that the reso- 
nance disappears entirely since it is already very weak 
at 760 A. 
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Zinc has been diffused into Si single crystals and estimations of the diffusion constant and solubility 
have been obtained by conductivity measurements. In the range 1000-1300°C the diffusivity varies between 
10~*and 10-7 cm?/sec. However, no definite trend with temperature could be established, presumably because 
of surface barriers on the Si. A maximum solubility of about 1.4 10!’ cm™ occurs at 1350°C and retrograde 


behavior is observed. 


Hall effect and conductivity measurements as functions of temperature have been made on Si crystals 
containing diffused Zn. One acceptor level only was found for Zn at 0.31 ev above the valence band. B, Ga 
Al, and As were used as doping impurities. The electronic levels of the doping acceptors were altered by the 
presence of Zn, suggesting compound formation between the acceptor atoms and Zn. 


INTRODUCTION 


ECAUSE of the high volatility of zinc at the 

temperatures (over 1400°C) employed in growing 
silicon single crystals, it has been difficult to produce 
crystals containing zinc by the conventional doping 
procedure. Early attempts to diffuse zinc into silicon 
showed the rate of diffusion at 1000 to 1300°C to be 
considerably higher than that found for zinc in ger- 
manium at 800 to 900°C.! That work also indicated that 
new electronic energy levels were introduced when 
zinc was diffused into silicon.? The present paper 
describes experiments in which zinc has been diffused 
into undoped silicon crystals and into crystals doped 
with boron, aluminum, gallium, and arsenic. The 
first part deals with diffusion and solubility, the second 
part with the electronic energy levels found. 


I, DIFFUSION AND SOLUBILITY OF Zn IN Si 


Preliminary experiments showed that Zn provides at 
least one acceptor level? in silicon and in this respect 
behaves like Zn in Ge.* In order to investigate the 
diffusion in Si more completely the method of fractional 
saturation was employed, the details of which are de- 
scribed below. 


A. Basis of the Method 


When diffusion takes place into a slab whose broad 
faces are large in dimensions compared to its thickness, 
it can be easily shown‘ that the amount of diffusant 
entering the slab in a time ¢, divided by the amount 
which would enter in infinite time, i.e., the fractional 
saturation, is simply related to the diffusion coefficient. 
The relation is 


F = 2.26(Dt)*/a, (1) 


where F is the fractional saturation in time t, D is the 


1W. C. Dunlap, Jr., Phys. Rev. 86, 615(A) (1952); C. S. 
Fuller, Phys. Rev. 86, 136 (1952). 

2J. A. Burton, Physica 20, 845-854 (1954). 

*W.C. Dunlap, Jr., Phys. Rev. 96, 42 (1954). 

4 Atom Movements (American Society for Metals, Cleveland, 
Ohio, 1951), p. 39. 


diffusion coefficient in cm*/sec, and a is the thickness 
of the slab in cm. This relation is based on the error 
function solution and holds only in the case where no 
appreciable overlapping of the penetration curves from 
the two sides of the slab occurs, i.e., for fractional 
saturations in the range up to about 0.6. In (1) it is 
assumed that the surface concentration is constant all 
during the diffusion, that the diffusion coefficient is 
constant independent of concentration, that Fick’s 
laws hold, and that the initial concentration is uniform 
or zero.° 

The same relationship holds for the diffusion of a 
volatile diffusant ou of a slab in which case one measures 
the fractional amount of diffusant removed from the 
slab, i.e., the amount removed or lost in time ¢ divided 
by the amount which would be lost in infinite time, 
In this case, the concentration of the slab surface is 
assumed to be zero or some constant value less than 
the uniform initial concentration all during the process. 

In the present work the amount of diffusant, in this 
case Zn, entering or leaving the slab was measured by 
the change in the electrical conductance (measured at 
room temperature) after successive anneals for known 
times at fixed temperatures. Since the conductance 
of the slab is proportional to the number of carriers 
present multiplied by their mobility, a simple electrical 
measurement made initially and after a given time of 
anneal suffices to determine the diffusion coefficient D. 
Mobilities corresponding to the average resistivities of 
the specimens have been used in each instance. No 
corrections for mobility variation over the penetration 
curve have been made since these are small because of 
the low Zn concentrations. 

The use of conductivities to determine changes 
proportional to the Zn concentrations requires that a 
constant number of holes is contributed by each added 
Zn atom. To insure complete ionization of the Zn, 
n-type silicon sufficiently doped with arsenic so that 
it remained m type after saturation was employed. It 

*It is also assumed that diffusion potential and surface po- 
tential effects are negligible. This requirement is met since at the 
high temperatures employed in this work such fields are swamped 
out by intrinsic carriers. 
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Fic. 1. Method of obtaining precise control of Zn vapor pressure. 


appears from Hall measurements (see below) that one 
hole is provided by each Zn atom under these conditions. 

The relation employed to calculate D for the inward 
and outward diffusions is as follows: 


D= a*(ao—04)?/5.11(ao—o,)*. (2) 


Here a is the slab thickness in cm, oo is the conductivity 
at zero time, o; that at time ¢, and ¢,, at infinite time, 
i.e., the conductivity corresponding to saturation at the 
temperature in question for inward diffusion and to 
entire absence of Zn for the outward diffusion. 


B. Procedure 


The method employed consisted in heating silicon 
wafers 1.0X0.4 cm by 0,060-0.070 cm thick in Zn 
vapor at temperatures between 900 and 1360°C. The 
Si was arsenic-doped during the crystal growing and 
ranged in resistivity from about 1.0 to 0.04 ohm cm 
n type. The diffusions were conducted in sealed quartz 
tubes which contained the Si specimens together with 
pure Zn.® The latter was regulated in amount to give 
between 0.5 and 1.5 atmospheres pressure at the 
diffusion temperature. More precise control of the Zn 
vapor pressure was obtained in a number of runs by 
maintaining a temperature gradient in the tubes by an 
arrangement similar to that shown in Fig. 1. No 
effects attributable to a change in the Zn vapor pressure 
were found in these runs, even though the pressure was 
varied from 7 to 760 mm of Hg. Possible reasons for 
this are discussed below. Temperatures were controlled 
to within +3°C and residual air, He, and He were all 
separately employed as ambients (at 0.001 mm pressure 
at 25°C) without finding any effects of the different 
gases on the results. Outward diffusions were conducted 
in flowing H, or flowing He as well as under continuous 
pumping at 0,001 mm _ pressure. Similar diffusion 
results to those observed in sealed tubes were observed 
under these conditions. No evidence of a reaction of 
Zn with the quartz containers was evident even at 
the highest diffusion temperatures. This is to be ex- 
pected because of the free energy of formation of the 
respective oxides.’ 

Saturation runs were made at several temperatures 
in an attempt to determine a solubility-temperature 


* Analysis showed the Zn to be at least 99.999% pure. 
7 J. P. Coughlin, Bulletin of the Bureau of Mines No, 542, 1954. 
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curve for Zn. Inasmuch as the duplicate runs differed 
considerably, even under carefully controlled conditions 
of temperature and pressure, it was possible to secure 
only an approximate solubility curve. 

All conductivities were determined by means of a 
two-point probe having 0.635-cm separation. A precision 
of at least +1% was obtainable in this measurement. 


C. Results 


The results of the saturation runs are shown in Fig. 2 
which also plots data from Part II to be discussed. 
Each data point in this figure is the average of 3 to 9 
determinations whose spread is indicated by the range 
line at that point. In calculating the number of holes 
added (equal to the number of electrons removed), 
the mobilities for electrons were taken from the work of 
Prince® for the higher resistivities and of Morin and 
Maita® for the lower resistivities. The diffusion results 
are too scattered to be reported in detail and will be 
summarized below. 


D. Discussion—Diffusion Results 


All of the diffusion coefficients, whether determined 
by inward or outward diffusion, and more or less 
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Fic. 2. Free-hole concentrations as a measure of Zn solubility 
as it depends upon reciprocal temperature. 


*M. B. Prince, Phys. Rev. 93, 1204 (1954). 
°F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
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independently of temperature, fall between about 10~® 
and 10~’ cm? per sec. The average of 30 results for 
inward diffusion is 6.110~7 cm?/sec and of 8 results 
for outward diffusion 4.3 10~7 cm?/sec. There appears 
to be little definite trend with temperature although 
there is a correlation of higher temperatures with higher 
diffusion constants. We do not have an explanation for 
this or for the variability in the diffusion values. That 
the presence of oxide films on the silicon surface is one 
factor of importance is indicated by the fact that alloy- 
ing of the Zn with the silicon specimens was observed in 
only one instance.” This occurred after sealing and dur- 
ing the high-temperature heating period when it is be- 
lieved one of the specimens fractured, since alloying 
was observed on the freshly fractured surface only. A 
variable amount of surface oxide (SiO,) is also suggested 
by the outward diffusion experiments in which induction 
periods for diffusion were observed, as if surface films 
had to be removed or penetrated before rapid outward 
diffusion could take place. In view of the inability of Zn 
to displace oxygen from SiOz,’ and as evidenced by the 
fact that no visible attack of Zn on the quartz containers 
occurred, even after hundreds of hours heating at 
1250°C, it is perhaps not surprising that surface barriers 
to Zn diffusion are present on silicon. 

Another observation which appears to be significant 
is that the alloying of Zn occurs much more readily on 
crystals grown with slow-rotation (1.5 rpm) than on 
those rotated rapidly (100 rpm) during growth. This 
suggests that the supposed higher oxygen content of 
the rotated crystals? may be the cause. Perhaps the 
latter form surface oxide barriers more readily under 
the conditions of our experiments than do the slow- 
rotated crystals. However, no significant difference in 
diffusion constant or in the consistency of the results 
was evident for the slow-rotated silicon crystals. 
Further evidence of a surface barrier for diffusion is 
provided by the lack of dependence of the diffusion 
rate on the Zn vapor pressure mentioned earlier.” 

In most of the diffusion experiments care was taken 
to avoid errors due to precipitation of Zn by rapid 
quenching and by diffusing out at temperatures equal 
to or above those where saturation was carried out. In 
some experiments in which Zn was diffused out, 
saturation was at higher temperatures. These runs 
would be expected to result in lower D values. The 
large variability in D, however, even for runs in which 
no precipitation could have occurred, obscures any 
effect on this kind if it is present. That Zn does not 
precipitate from silicon at room temperature is shown 
by the fact that no resistivity changes occur on standing. 
Even at 450°C little or no precipitation of Zn occurs. 


” Recent observations on the influence of dislocations on the 
diffusion of Cu in Ge suggest that variations in crystal perfection 
may also be a factor. 

4 Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 

2 Even cleaning the specimens of rotated silicon by heating to 
glowing in vacuum did not provide uniform surface alloying of Zn 
although more local alloying occurred. 


ELECTRICAL 


BEHAVIOR OF Zn IN Si 381 
The diffusion rate of Zn in silicon would therefore 
appear to be low at this temperature, 

Summarizing, we may say that the diffusion of Zn 
in silicon is complicated by the presence of surface 
barriers, probably SiO». The largest diffusion constants 
are of the order of 10~® cm*/sec, although even these 
may be subject to some surface restriction, Since values 
of D=10~* occur at lower temperatures as well as high 
(although less frequently), no activation energy for the 
diffusion can be estimated, 


E. Discussion Solubility Results 


The curve showing the solubility of Zn as a function 
of temperature (Fig. 2) appears to have significance in 
spite of the large errors of the individual determinations. 
This curve represents the approximate trend of all the 
data including that described in Part II below. There is 
a suggestion that a maximum in the solubility curve 
occurs at about 1300°C corresponding to 10" atoms/cm* 
if one acceptor level per atom is assumed. 

We have no explanation for the wide variations in 
solubility for identical temperatures and saturation 
conditions. It first believed that this was a 
result of variable vapor pressure of the Zn. Several 
experiments were therefore undertaken in which the 
apor pressure was controlled at different levels dur- 
ing diffusion at 1185°C. However, inconsistent results 
were obtained in these runs. No relation between Zn 


was at 


vapor pressure and solubility could be established 
although at pressures near 1 atmosphere fairly good 
duplication was possible. Barrier films on the silicon 
may again be a factor. Perhaps more careful tests 
under high-vacuum conditions will show the expected 
pressure dependence, 

Another possible cause of variation may be an 
interstitial-substitutional equilibrium such as has been 
proposed for the state of Cu in germanium.” This 
might be expected to depend on the rate of quenching 
from high temperature. However, no correlation with 
quench rate, within our ability to control it, could be 
established, but we were unable to investigate quench 
times of less than about 5 sec, since these caused fracture 
of the specimens. The random nature of the solubility 
variations suggests that an interstitial-substi 
tutional Zn equilibrium may be a more realistic ex 
planation of their origin. 

In connection with Fig. 2 it is interesting to note that 
the data fit (in the linear portion) the equation 


(1.5/kT), (3) 


also 


p=7.3X 10! exp 


where k is expressed in ev per degree. Since, under the 
conditions of the experiment, the number of holes is 
equal to the number of Zn atoms if we assume a single 
acceptor level (see Part II), relation (3) also gives the 

4 F, van der Maesen and J. A. Brenkman, J. Electrochem. Soc. 
102, 229 (1955). A. W. Tweet and C, J. Gallagher, Phys. Rev. 
103, 828 (1956); C. S. Fuller and J. A. Ditzenberger, Phys. Rey 
(to be published). 
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Fic. 3. Schematic diagrams for (a) interstitial Zn atom as a 
donor, (b) substitutional Zn atom as an acceptor, (c) Zn B com- 
._pound as an acceptor. 
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solubility of Zn as a function of temperature. The 
energy of solution of Zn in Si is then 1.51 ev or 35 kcal. 
This value lies close to that (27 to 35 kcal) found for Cu 
in Ge™ suggesting an analogous solution behavior for 
these two systems. The dashed line in Fig. 2 represents 
the extrapolation based on the expected behavior of the 
Zn-Si liquidus and again is analogous to the curve for 
Cu in Ge which likewise shows retrograde solubility. 

Several saturations were carried out at 1350°C using 
p-type silicon of different resistivities. The changes 
observed in the resistivities (measured at room tem- 
perature) were small and consistent with a single 
deep-lying acceptor level (see Part II), These experi- 
ments appear to exclude the presence of any appreciable 
number of donor levels in the upper half of the forbidden 
gap and would argue against all but small concentrations 
of interstitial Zn, 


Il, ELECTRONIC ENERGY LEVELS FROM Zn IN Si 


The high diffusion coefficient found for Zn in Si and 
reported in Part I suggests that the flow of Zn at high 
temperatures is mainly interstitial. Figure 3(a) illus- 
trates an interstitial Zn atom which would be expected 
to introduce two donor levels into Si. Since, at low 
temperature, Zn is found to have introduced acceptor 
levels into Si, it is assumed that interstitial Zn reacts 
with lattice vacancies at high temperature to produce 
substitutional Zn. Figure 3(b) illustrates a substi- 


MM Fuller, Theuerer, and van Roosbroeck, Phys. Rev. 85, 678 
(1952); L. Esaki, Phys. Rev. 89, 1026 (1953). 
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tutional Zn atom which might be expected to introduce 
two acceptor levels into Si. Thus Zn could conceivably 
introduce both donors and acceptors into pure Si. 
Furthermore, in the light of our experience in diffusing 
Li into Ge,!* we might expect Zn diffusion into doped 
Si to produce ion pairs and compounds. Figure 3(c) 
illustrates a ZnB compound. The compound has empty 
orbitals and so might act as an acceptor. 


Results 


Hall effect and conductivity measurements as 
functions of temperature were made on the samples 
listed in Table I. Typical carrier concentration curves 
for some p-type samples are shown in Fig. 4. The 
samples were diffused to saturation with Zn using 
the method of Part I. Control sample 347 was known 
to contain approximately 710" cm~* boron before 
heating as shown in Table I. It was found to contain 
8X10" cm~* boron after heating. This indicates that 
the heating process alone did not introduce an im- 
portant amount of electrically active impurities. 


A. Deep Level 


The conductivity results of Part I suggest that a 
single deep acceptor and no donors are produced when 
Zn is diffused into Si. Hall effect measurements on As- 
doped samples 338, 339, and 351 (Group A, Table I) 
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Fic. 4, Carrier concentration curves for a series of silicon samples 
containing B or As with diffused Zn. 


46 Reiss, Fuller, and Morin, Bell System Tech. J. 35, 535 (1956). 
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TABLE I, Compilation of Hall effect results on silicon samples before and after 
diffusion of zinc together with conditions of the diffusion. 


Amount of 
doping cm~* 
8.7 10" 
1.710" 
4.9 10" 
2.6 10" 
2.2 10" 
5.6 10" 


Group Sample No. Crystal No. 


338 
339 
351 
334 
198 
330 


Doping 


V-909 As 
V-1041 

V-87 

1V-635 

V-13-2 

1V-635 


ZR-5 
V-218 
IV-652 
1172A 
834 


1 x10" 
5 10" 
1.5 10'* 
4.4 10"* 
1.0 10'* 


346 
335 
336 
342 V- 
337 V 
333 V-15 2.0 10!" 

'~218 
332 ’~218 
357 ’~1252 

/—-1252 

’~1252 


5 10" 
5 x10" 
1.2 10!* 
1.2 10'* 
1.210" 


3.5 10!" 
7.4X 10" 
3.4 10'% 


VI-1412 
343 V-1029 
344 VI-469 


Temp. (°C) 


Amount of 
shallow 
levels cm~* 


Diffusion Energy levels 


observed in ev 


0.049 (As) 
0.049 (As) 
0.049 (As) 
0.31 
0.31 
0.31 


Time (hr) Type 


1070 04 Nn 
1070 64 n 
1300 3 n 
1235 16 p 
1350 2 p 


0.31 
0.31, 0.092 9 «10 
0.31, 0.092 9 10" 
0.31, 0.092 4.510" 
0.31, 0.092 1.0 10'4 
0.045 
0.045 (B) 


1350 ‘ p 
1050 j p 
1050 * Pp 
1350 p 
1350 p 


1350 p 2 210" 


wn 


5 x10" 
4 x10" 


p 0.31, 0.092 
p 0.31, 0.126 
p 31, 0.092 
p 31, 0.126 6 
p Jl, 0,126 


x 10" 


wMuUnun~ 
Coon 


nw we 


3.0% 10!" 
8 x10! 
3.2 10'% 


1350 p 
1 350 ‘ p 


, 0.078 
0,083 
0.083 


Control, no Zn diffused :- 
1350 


347 V-218 7 x10" 


disclose no new levels in the upper half of the forbidden 
energy gap. Carrier mobilities indicate scattering only 
by singly charged centers. Samples 334, 798, and 330 
(Group A, Table I), containing As and converted to 
p-type by Zn diffusion, show a single level at 0.31 ev 
from the valence band. The curve in Fig. 4 for 330 is 
typical of these samples. Sample 346, containing 
1X10" cm~* B, behaves in the same way. In all other 
initially p-type samples (Table I) the level after Zn 
diffusion was also found at 0.31 ev except in sample 
333 where it was masked by 2.010'7 cm~* B levels. 
In these other samples the deep level appears above 
other levels as shown in the high-temperature range 
of the curves in Fig. 4. 

The concentration of the 0.31-ev level in several 
samples has been computed from carrier concentration 
data and the results plotted in Fig. 2. The concen- 
tration depends upon diffusion temperature and agrees 
well with the results of Part I. The concentration was 
calculated on the assumption that the level is an 
acceptor associated with substitutional Zn and, there- 
fore, that there are four spin states available in the 
unionized acceptor for occupation by an electron. 
Assumption of two spin states would have given results 
about fifty percent lower in concentration. It is 
interesting that no second acceptor level comparable 
to that found for Zn in Ge* has been found in the 
forbidden gap of Si diffused with Zn. 


B. Shallow Levels 


The results in Table I (Groups B, C, and D) and in 
Fig. 4 show that new levels are introduced, below the 


0.045 (B) 8 X10" 


0.31-ev level and at lower concentrations, by diffusion 
of Zn into p-type Si. Several facts concerning these 
levels are to be noted: (a) the level of the original 
acceptor has disappeared, (b) shallow levels have about 
the same concentration as the original acceptor, (c) 
the new level found depends upon the element used for 
the original acceptor (Group D, Table I), (d) the level 
depends upon other (unknown) parameter 
because both the 0.092 ev and the 0.126-ev levels are 
found at different times when B is used as the original 
acceptor. No shallow level is seen in sample 346 con- 
taining 1X10" cm B, This suggests that the diffusion 
process adds ~ 10'* cm~* donors, perhaps as interstitial 
Zn, which compensates the level. The 0.092-ev level 
seems to have a maximum solubility of 5X10" cm™, 
This behavior is indicated by the curve for sample 337 
in Fig. 4. This sample contains 1 10'* cm B. Analysis 
of the curve, which shows the 0.045-ev B level, shows 
the sample to contain ~5X10!* cm~™ of the 0,092-ev 
level and also ~ 5X10" cm” of the B level. 

A few conjectures can be made about the nature of 


some 


the shallow levels. Below a B concentration of ~ 10! 
cm™~* the B level is not observed in the Zn diffused 
samples. This would not happen if the levels introduced 
were ordinary acceptors. It would happen, however, if 
the new levels being added were donors which filled 
the levels or if diffused Zn altered in some way the 
energy of the B levels, If donors were added above the 
B levels, such donors would be partially emptied 
according to the concentration of B levels. Carrier 
concentration curves of these donors would show the 
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saturation effect corresponding to the B level concen- 
trations. This behavior is observed. However, two facts 
argue against the levels being donors: (1) their energy 
depends upon the original acceptor element; (2) 
calculation of donor and acceptor concentration from 
carrier concentration curves yields results which do 
not correspond to the known original acceptor concen- 
tration, nor to a donor concentration which would be 
expected if the new level were associated with substi- 
tutional Zn. Hence we conclude that the new levels 
are probably acceptors and are due to a complex formed 
between Zn and the original acceptor. We may be 
dealing with a situation analogous to Lit+B~ in 
germanium'® where, it is assumed, an ion pair forms and 
then reacts with a vacancy to form a compound. Thus 


Lit+e-+0+B--+LiB- in Ge, 
Reiss, Fuller, and Pietruszkiewicz, J. Chem. Phys. 25, 650 
(1956) 


PHYSICAL REVIEW VOLUME 


105, 


C. S. FULLER AND F. J. MORIN 


and 
in Si. 


Zn*++ 2e°+0+B—ZnB 


The compound shown schematically in Fig. 3(c) would 
be expected to be an acceptor. The changes in energy 
level found when Al and Ga are substituted for B seem 
consistent with the assumption of compound formation. 
The appearance at different times of two shallow levels 
when B is used as the acceptor suggests that the 
situation is even more complicated than has been 
suspected and that a more careful study must be made 
of the temperature dependence of equilibria involving 
substitutional and interstitial Zn, ion pairing, and 
compound formation. 
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This paper is a study of ion pairs and triplets formed between zinc and lithium dissolved in single crystal 
germanium. As in earlier work on ion pairs involving simpler acceptors, the effects of ion complexes on Hall 
mobility, and impurity energy levels have been investigated. Relaxation-time experiments have also been 
performed. The theoretical analysis of the results is in complete accord with the idea that zinc provides two 


energy levels for electrons in the forbidden gap. 


1, INTRODUCTION 


HE formation of ion pairs in germanium and 
silicon has been discussed in detail in a recent 
paper.’ The occurrence of pairs involving the donor 
lithium and singly charged acceptors such as gallium, 
aluminum, indium, and boron has been demonstrated 
experimentally. With the exception of its influence on 
the diffusivity of lithium, zinc, as an acceptor, was not 
investigated in any of these experiments. Nevertheless 
zinc is an especially interesting acceptor since, according 
to Tyler and Woodbury,’ it is doubly charged when 
ionized, possessing energy levels at 0.03 and 0.09 ev 
above the valence band. This fact is supported by the 
diffusion data, mentioned above, which show zinc to be 
orders of magnitude more efficient than the other 
acceptors in reducing the diffusivity of lithium. 
In this article the further investigation of zinc will be 
described and it will be seen that all measured phe- 


’ Reiss, Fuller, and Morin, Bell System Tech. J. 35, 535 (1956). 


*W. W. Tyler and H. H. Woodbury, Phys. Rev. 100, 1259(A) 
(1955). 


nomena associated with ionic interaction are in accord 
with the existence of two energy levels. Along with 
pairing, triplet formation is possible when doubly 
charged ions are involved. This subject will be discussed 
in the following section. 


2. TRIPLETS 


In another context the problem of triplets has been 
considered before by Fuoss and Kraus’ who examined 
the interaction of two similar singly charged ions with a 
third singly charged ion of opposite sign. The triplet so 
constituted bore a net charge. We shall consider the 
interaction of two singly charged positive lithium ions 
with one doubly charged negative zinc. Since this 
triplet is neutral, the phenomena associated with it 
are quite different from those of the charged triplet. 

Two stages of reaction may be distinguished. In the 
first a charged pair involving one lithium and one zinc 
is formed: 


(2.1) 


3R. M. Fuoss and C. A. Kraus, J. Am. Chem. Soc. 55, 2387 
(1933). 


Lit+Zn==[LitZn= 
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In the second stage the pair combines with another 
lithium to form a neutral triplet : 


Lit+([LitZn~]=[ (Lit) ,Zn~]. 2.2) 


In the text symbols will be assigned to concentrations 
as follows: 


D= concentration of Lit, 
A=concentration of Zn™, 
P=concentration of [LitZn™], 
T=concentration of [ (Lit)sZn™ ], 
Np=D+ P+ 2T = total concentration of lithium, 
N,=A+P+T= total concentration of zinc. 


Corresponding to (2.1), there will be a mass action 
equilibrium relation 


P/DA=Kp, (2.4) 


where K p is the equilibrium constant for pairs and may 
be computed by the methods described in reference 1, 
provided that wherever g’ appears in that article it is 
replaced by 2g’, the 2 originating in the double charge 
of the zinc. Kp, of course, is the symbol referred to as 
2 in reference 1. 

When Kp is evaluated in this manner it becomes 
evident that at temperatures below 100°C, where 
experiments with lithium are conveniently performed, 
and at reasonable concentrations of zinc, all of the zinc 
will be at least paired if there are more lithium than 
zinc atoms present. Therefore, in this paper very little 
emphasis will be placed on the process (2.1), it being 
assumed complete in all situations. In future work, 
however, it may be possible to investigate (2.1) by 
going to very small values of N4 and Np. 

Corresponding to (2.2), we may write 


T/DP= Ky, (2.5) 


where Ky is the equilibrium constant for triplets. We 
may expect this equilibrium to be affected appreciably 
by temperature in the range below 100°C and so it will 
be of paramount interest here. In computing Ky, two 
different extreme models may be considered: 

(1) In the simplest model the individual ions of the 
pair are assumed to be so thoroughly polarized that the 
single positive charge of Lit is cancelled (by super 
position) by one of the negative charges of Zn™. All 
that remains is the point negative charge of the zinc ion. 
As a result the pair behaves as a single negative ion 
having the field of a point charge. Under this condition 
Kr may be evaulated by the methods of reference 1, 
Kr being the 2 of that paper. Here it is the triplet 
which acts the part of the pair, while the pair acts the 
part of an individual ion, 

(2) The other model assumes no polarization to 
have taken place. Then the pair behaves like an un- 
symmetrical dipole having a doubly charged negative 
head and a singly charged positive tail. The evaluation 
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Fic. 1. Construction showing symbols used in 
calculation for unsymmetrical dipole. 


of Ky, in this case, involves treating the interaction 
of a lithium ion and this dipole. 

These two models will be compared with experiment. 
It will be recalled that K p (Q in reference 1) is computed 
by the technique of Bjerrum‘ and Fuoss.® In _ this 
procedure one considers a special system in which Na 
and Np are equal (NV). Furthermore the system is 
considered to be infinitely dilute so that the amount of 
pairing is very small. Then A may be approximated by 
N, and D by Np. Equation (2.4) therefore becomes 


P/N=NKp, (2.6) 


where P/N is the fraction of donors (or acceptors) 
paired. This fraction may be computed another way by 
invoking Boltzmann’s distribution law to evaluate the 
chance that a donor ion will be found in the spherical 
shell of volume 4ar’dr located at a distance r from an 
acceptor. This chance is 


4ar’Ne~Y!*T dy = g(r)dr, (2.7) 


where V is the potential energy of the donor at a 
distance r from the acceptor, k is the Boltzmann 
constant, and 7 the temperature. In the case in 
question, 


V 2¢° KT, (2.8) 


the potential energy of a single positive charge q 
in the field of a point double negative charge, in a 
medium of dielectric constant x. 

A plot of g(r) versus r exhibits a minimum (if the 
2 is omitted in 2.8) at 


Le, 


, 


r=b y KkT, (2.9) 
and all ions contained within the sphere of radius b 
constructed about their negative partners are said to be 
paired (see reference 1). The fraction paired is therefore 


obtained by integrating (2.7), 


P b 
f g(r)dr, 
N 


a 


(2.10) 


‘N. Bjerrum, Kgl. Danske Videnskab. Selskab, mat.-fys. Medd. 
7, No. 9, (1926). 
*R. M. Fuoss, Trans. Faraday Soc. 30, 967 (1934), 
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TABLE I. Radial distribution function for a positive ion in the 
fields of an unsymmetrical dipole (column 2) and a single point 
charge (column 3). 


t G(k)/*#Ny* 


0.050 2.03 K 10" 
0.055 1,04 10° 
0.070 6.32% 10° 
0.080 5.25104 
0.090 1.59 10 
0.100 1.28 108 
0.50 7.55 

0.70 8.21 

1.00 10.9 


a(k)/aNy?* 


4.85 10° 
2.48 X 108 
3.12 104 
6.87 K 10 
2.16 10° 
8.81 107 
7.39 

8.17 

10.9 


where a is the distance between the two ions when they 
are as close to one another as they can be. Equating the 
right members of (2.6) and (2.10) gives 


g(r)dr (2.11) 


a quantity independent of N because g(r) depends 
linearly on N. If the negative ion is singly charged (as 
in reference 1 or in model 1 for Kr), the factor 2 is left 
out of (2.8). 
When the negative ion is an unsymmetrical dipole, 
then V for the second lithium ion is 
y 2 1 | 
; (2.12) 
Kir (a@+9r’—2ar coss)) | 


where r and @ are coordinates in the spherical coordinate 
system in Fig. 1 in which the center of the zinc ion is 
shown at the origin. 

With an unsymmetrical dipole the problem loses its 
spherical symmetry. Nevertheless it is possible to write 
the counterpart of g(r) in (2.7) by integrating over the 
angle variables after V has been taken as (2.12). 
Before doing this, it is convenient to introduce the 
quantity 


y= P/«kT (2.13) 


and the transformation 


f=r7/y. (2.14) 


We also define 


a=<a/y. (2.15) 


Assuming V in (2.7) to be given not by (2.8) but by 
the corresponding expression for a singly charged 
negative ion, i.e., by —gq*/xr (because in employing 
model 1 for Ky we use (2.7) under these conditions), 
we arrive at the result 


g(t) =4ry NE elt 
and for (2.11) written for Ky instead of K p, 


¥ 4 
Kr= ~f g(é)dé. 


(2.16) 
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For the case of the unsymmetrical dipole we may 
write G(£) for the counterpart of g(£) where the angle 
variables have been integrated away. We find by 
straightforward integration [using as an alternative for 
6 the coordinate (a?+1?—2ar cos6)'] that 


aekarT) (E+a) (E+a—1)e-Y Et” 


G(t)= 
2 


(§—-a)(E—-a—l)e Ve” 1 


2 2 


[ni(-—-)-ni(-—) ]}. a9 


where Ei stands for the exponential integral, tables*® of 
which are available. 

Like g(£), G(é) has a minimum when plotted versus &. 
In fact the minimum occurs at about the same place 
(at E=4) as does that for g(£). Calling this minimum 
En, we have 


a 


7 Em 
—* G(E)dé 


(2.19) 


for the triplet constant based on the nonpolarized 
model. In (2.19) no account is taken of the fact that 
the lithium ion in the dipole prevents the second lithium 
from occupying its position. A negligible error is 
committed by this simplification, The integrand G(é) 
is integrated over the angle coordinates and, since it is 
based on the Coulomb repulsive potential operating 
between these ions, the contribution to G(£) in the 
range of angle integration in which the ions overlap is 
very small. 

Table I lists values of G(&)/mNy* and g(t)/xN7* as 
functions of §, for the case T=300°K, x=16, a=1.7 
10~* cm, values typical for acceptors in germanium. 
It is seen that G(£), at £=0.05 (a=1.710~-* cm) is 
much larger than g(£) but becomes equal to the latter 
at large distances. This is to be expected since at great 
distances the field of the unsymmetrical dipole becomes 
undistinguishable from that of a singly charged negative 
ion. When one uses (2.17) and (2.19), the values of 
Ky for model 1 and model 2 can be computed for the 
case to which Table I refers (7’=300°K, x= 16, a= 1.7 
<10-* cm). Calling these Kr“ and Kr’, respectively, 
we obtain 

Model 1 (polarization) : 


Kr™=1,6X10-" cm’, 
; ey: (2.20) 
Model 2 (unsymmetrical dipole) : 
Ky =10-" cm’. 


These two values differ by about four orders of magni- 


* Tables of Sine, Cosine, and Exponential Integrals (WPA and 
National Bureau of Standards, Washington, D. C., 1940). 
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tude. Unfortunately the only parameter which is not 
known independently is a, the distance of closest 
approach. It is true that Kr is very sensitive to a, but 
this means that a@ is not sensitive to Kr. As it will 
appear later, the values of a determined from the 
experimental data on the basis of the two models are not 
different enough to allow a real decision to be made 
between the two. On the other hand, this means that 
it doesn’t matter which of the two models we use to 
describe the triplet process. 


3. EXPERIMENTS 


The specimens employed in our investigations were 
adjacent sections of a single crystal of germanium grown 
from a melt doped with zinc. Lithium was diffused into 
one of these in such a manner that conversion from p 
to n type was avoided. The details of such techniques 
are presented in reference 1. 

As mentioned earlier we shall be concerned mainly 
with reaction (2.2), reaction (2.1) being complete 
below 100°C. As in reference 1 experiments on carrier 
mobility, relaxation times, and variation of energy 
levels have been performed. These will be discussed in 
order. 


A. Carrier Mobility 


Hall mobilities were measured on two bridges. One 
was a control cut from a germanium crystal containing 
zinc at the atom concentration 8.5X10'® cm~*. The 
other was cut from the same crystal but lithium had 
been diffused into it to the concentration 1.45 10" 
cm~*, Since each zinc contributes two holes the specimen 
remained p type, i.e., 1.45 10!®<2(8.5 10"), 

Figure 2 shows plots of the logarithm of Hall 
mobility for these samples versus the logarithm of 
temperature. Curve A is for the control and B for the 
lithium doped specimen. As anticipated, curve B lies 
above A, indicating the removal of charged impurity 
scatterers due to the formation of pairs and triplets. 
The increase in mobility due to pair formation alone 
should be very considerable since, even though the 
pairs remain charged, single changes are considerably 
less efficient scatterers than the double charges. 

In contrast to similar plots for singly charged 
acceptors in reference 1, curves A and B exhibit no 
tendency to intersect—at least at the temperatures 
involved in the graph. This tends to confirm (along 
with the diffusion data in reference 1 and the Hall data 
of Tyler and Woodbury) the idea that zinc is doubly 
charged. In the temperature range investigated, all the 
triplets may have dissociated leaving pairs and isolated 
lithium ions. But the pairs, already bearing a negative 
charge, will not dissociate until much higher tempera- 
tures are reached, say 600 or 700°K. Curves A and B 
can meet only after some fraction of the pairs have 
dissociated. The failure of the curves to cross in Fig. 1 
indicates that the pairs do remain associated in the 
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Fic. 2. Temperature dependence of carrier mobility in sample 
A containing only zinc and in sample B containing zinc-lithium 
pairs and triplets. 


neighborhood of room temperature, a fact which is 
easily explained by the assumption that zinc is doubly 
charged so that the pair is not easily dissociable. 


B. Relaxation 


The lithium-doped bridge involved in subsection A 
was studied for relaxation (see reference 1), To dis- 
sociate triplets it was heated to 350°K. This state was 
partially quenched into the specimen by plunging it 
into liquid nitrogen. The bridge was then warmed to 
dry-ice temperature, 196°K, where the relaxation time 
was measured by following its electrical conductivity, a, 
as a function of time, Let o,, be the conductivity at 
infinite time when pairing equilibrium characteristic of 
196°K has been established. According to arguments 
presented in reference 1, 


In(o,,—0)=Ing+ (t/r), (3.1) 


where ¢ is a constant, / is time, and 7 is the relaxation 
time given by 


T KkT/4ag(N p— Na)Do, (3.2) 


where Dy is the diffusivity of lithium at the temperature 
in question. Np—WN, is the residual concentration of 
lithium, available for forming triplets after pairing 
has been completed. From subsection A, Np=1.45 
«10'® cem=~*, N4=8.510"® cm, Do can be obtained 
by extrapolation (see reference 1) of the data of Fuller 
and Severiens’ to 196°K where the value 10~* cm?*/sec 
is obtained. In this way, (3.2) predicts 


r= 2,510 sec. (3.3) 


The plot of the experimental In(o,—o) versus time 


yielded a good straight line, from the reciprocal of 


7C. S. Fuller and J. C. Severiens, Phys. Rev. 95, 21 (1954) 
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Fic. 3. Dependence of carrier concentration on reciprocal 
temperature. Curve for sample A indicates the presence of the 
two electronic levels associated with zinc. Curves for sample B 
show disappearance of zinc levels and appearance of new level 
associated with zinc-lithium pairs. Situations (1), (2), and (3), 
respectively, indicate decreasing concentrations of triplets 


whose slope we obtain 
r= 2.6 10° sec (3.4) 
in excellent agreement with the predicted value (3.3).* 


C. Variation of Energy Levels 
and Measurement of Ky 


Analysis of Hall effect data in reference 1 revealed 
the loss of energy levels from the forbidden gap as a 
result of ion pairing. In the present case a similar 


phenomenon is expected, but with an interesting 
difference. We expect triplet formation to remove the 
Lit level and both Zn™ levels. However, pair formation 
should remove only one zinc level since the pair retains 
a single negative charge. This energy level should 
resemble that of an ordinary singly charged acceptor 
in germanium, for according to the hydrogen-like 
model the hole in its ground state is very far from the 
center of negative charge and should not be able to 
distinguish the charged pair from a simple ion. On this 
basis we expect the pair level to be about 0.01 ev above 
the valence band, a value typical of acceptors in 
germanium.® 

From Hall data, not only is it possible to measure the 
position of the pair energy level, but also we can 
determine the concentrations N4, Np, D, P, and T 
corresponding to the equilibrium at any temperature 
where the relaxation time is long enough to permit 
quenching of the specimen before changes can occur. 


* This tends to prove we are dealing with the kinetics of triplet 
formation, rather than pair formation. In the latter case the 
negative ion would be doubly charged and r would have had 
one-half the value in (3.3). 

*T. H. Geballe and F. J. Morin, Phys. Rev. 95, 1085 (1954). 
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These data, in turn, permit the evaluation of Kz, and 
through the latter, of a, the distance of closest approach. 

Figure 3 shows Hall effect results (logarithm of 
carrier concentration versus the reciprocal of tempera- 
ture) for the control sample, and for the lithium-doped 
specimen used in subsection A. The presence of the two 
zinc acceptor levels is evident in curve A for the control. 
The straight-line portion of the curve indicates the 
shallow level to be located at 0.0286 ev above the 
valence band. The second hump, at high temperatures, 
occurs as the deep acceptor level ionizes. At high 
temperatures, when both levels are completely ionized, 
carrier concentration becomes constant at 1.7 10!* 
cm™~*, Therefore the specimens contain 8.5 10'* cm 
zinc atoms, i.e., 


Na=8.5X 10" cm~, (3.5) 


Curves B for the lithium-doped specimen shows only 
one hump, indicating, as expected, only one energy level 
(associated with the pair) at 0.0095 ev above the 
valence band. This value is in excellent agreement with 
the value typical of singly charged acceptors in ger- 
manium. Upon complete ionization of this level, the 
carrier concentration is 2.5 10'* cm~*. Hence 


2N4—Np=2.5X10" cm, (3.6) 


or, using (3.5), 


Np=1.45X 10" cm-*, (3.7) 


Three different carrier concentration curves have 
been measured corresponding to three different propor- 
tions of pair and triplet formation quenched into the 
bridge to which curves B of Fig. 3 applies. These 
proportions were obtained by: 

(1) Allowing the sample to relax into equilibrium at 
205°K, followed by rapid cooling to quench the equi- 
librium characteristic of 205°K into the specimen. This 
was possible because of the large relaxation time 
characteristic of 205°K. 

(2) Cooling the sample slowly. In this manner the 
system had time to relax into equilibrium during part 
of the cooling process. Again so e nonequilibrium 
state (depending on the cooling 1 1.) was quenched 
into the specimen. 

(3) Plunging the sample into liquid nitrogen after it 
had been heated to 350°K. In this manner some chance 
nonequilibrium state was quenched into the specimen. 
The curves belonging to the different procedures are 
identified by the numbers (1), (2), or (3). All three 
curves have the same low-temperature slope indicating 
that the same energy level (0.0095 ev) is involved, but 
curve (1) lies above (2) and (2) lies above (3). In all 
cases complete ionization showed 2N4—Np to be 
2.5 10'* cm™ as in (3.6). This is to be expected since 
the state of pairing or triplet formation has no effect 
on carrier concentration when ionization is complete. 

The relative heights of the curves are in complete 
accord with theory. Thus, as before, suppose that all 
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zinc ions are bound at least in pairs. Then, corresponding 
to each zinc there can at the most be one acceptor level 
left in the forbidden gap. In fact, since A=0, the 
number of these levels must be 


P=N,-T. (3.8) 


Procedure (1) permits the formation of the greatest 
number of triplets so that according to (3.8) P, the 
number of acceptor states remaining, will be smallest 
in (1). The statistics of the freezing out of holes on 
these states then demands (since there are fewer 
states available for freezing) that the carrier concen- 
tration be higher than for cases where P is larger. Thus 
curve (1) is the highest in Fig. 3. Procedures (2) and 
(3) as would be expected permit the formation of 
smaller concentrations of triplets in their respective 
order. Hence by (3.8) they leave larger concentrations 
of states in the same order. Thus curves (2) and (3) are 
progressively lower. These curves can be analyzed, by 
using statistics,” to give the values of D, P, and T 
associated with them. The results of this analysis are 
listed in Table II. 

The last column 7/(7+-D) is the fraction of lithium 
left after pairing has been completed, which is bound in 
triplets. It is analogous to the fraction of donor paired 
in reference 1. As expected, this fraction decreases in the 
order of procedure number. Of course, the sum 
D+ P+2T, which according to (2.3) must be Np, is 
1.45 10'* cm~ for ail three procedures. 

Procedure (1) presumably yields equilibrium values 
of D, P, and T, corresponding to 205°K. Substituting 
these into (2.5) yields 


Kr=1,39X 107! cm’, (3.9) 


10 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), Chap. 16. 
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TABLE IT, Concentration of uncombined lithium D, of pairs P, 
of triplets T, and fraction T/(T+D) of lithium not in pairs which 
is bound in triplets for (1) equilibrium conditions at 205°K, (2) 
slow cooling from room temperature, and (3) quenching from 
350°K. 
Procedure Dicm™ P(em™) T (em) T/(T+D 
0,83 
0.74 
0.66 


4.98 & 10" 
4.43 10" 
4.00 10"* 


1.02 10" 
1.57 10"* 
2.00 10!" 


1 3.52 10! 
2 4.07 X 10" 
3 4.50 10" 


Using model 1, the polarized model, we can apply the 
method of reference 1 to compute a distance of closest 
approach. The result is 


a=2.76A. (3.10) 


If model 2 is used, since Kr according to it is larger than 
the value obtained using model 1, it is necessary to 
employ a value of a larger than 2.76 A to arrive at the 
value of Kr given by (3.9). A rough estimate of the 
required a yields 


a=3.5 A. (3.11) 


This value is not different enough from that given in 
(3.10) to merit a decision between the two models, 
Probably, the real state of affairs lies between the 
extremes represented by the models, i.e., the ions are 
partially polarized. 

It is noteworthy, however, that both a values are 
much larger than the values given in reference 1 where 
the negative ions were simple acceptors. In the present 
case the negative ion is a charged pair and a would be 
expected to be larger than for a simple acceptor. 

The authors wish to thank J. P. Maita for assistance 
with the and H. Guggenheim for 
preparation of the samples. 
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It has been found recently that in ferromagnetic resonance experiments performed in inhomogeneous rf 
exciting fields at a fixed frequency, absorption of power takes place at a number of distinct magnetic fields. 
This is ascribed to the existence of long-wavelength modes of oscillation of the ferromagnetic sample. The 
mode spectrum of spheroids is examined for the case, which may often hold in practice, where exchange 
and electromagnetic propagation can be ignored simultaneously. 


INTRODUCTION 


ECENT experiments on ferromagnetic resonance 

in ferrites? have shown that under suitable condi- 
tions the power absorption at a fixed frequency may 
pass through a number of maxima as the dc magnetic 
field is varied, A necessary condition for the excitation 
of these multiple absorptions is that the rf magnetic 
exciting field at the sample be inhomogeneous. It seems 
to be characteristic of the extra peaks that their field 
separation from the familiar one obeying the Kittel 
formula, usually excited by uniform fields, is sub- 
stantially size-independent for sufficiently small sam- 
ples. At the same time the separations depend markedly 
upon the saturation magnetization of the ferrite and 
have a temperature variation which may be ascribed to 
this effect. It is consistent with the conditions of ex- 
citation to suppose that these new absorptions are 
associated with modes of oscillation of the assembly of 
spins in which the phase varies throughout the sample.! * 
Since in the experiments the rf exciting fields do not vary 
very rapidly over the sample the wavelength of these 
modes must be comparable with the dimensions of the 
body. 

The ellipsoids which are used in these resonance 
experiments generally have no dimension less than a 
few mils, so that it is likely that the shortest wavelengths 
involved here will be of this order. This implies that the 
exchange and pseudo-dipolar forces can be ignored ; the 
effective exchange field for a wavelength \ (cm) is 
about 10~*/)? oersteds, so that \ must be about 10~° cm 
before exchange becomes comparable with the usual 
applied magnetic fields of a few kilogauss. The pseudo- 
dipolar term will be substantially smaller than that due 
to exchange. Electromagnetic propagation within the 
ferrite will always be significant when the frequency 
and applied field are such as to make the effective 
permeability of the medium very large. The range of 
such frequencies and fields will, however, be the 
narrower the smaller the sample, since propagation is 
important when the dimensions of the body are com- 
parable with the wavelength within it. For ellipsoids 


1 White, Solt, and Mercereau, Bull. Am. Phys. Soc. Ser. II, 1, 
12 (1956); R. L. White and I, H. Solt, Phys. Rev. 104, 56 (1956). 
* J. F. Dillon, Jr., Bull. Am. Phys. Soc. Ser. IT, 1, 125 (1956). 

41. R. Walker, Bull. Am. Phys. Soc. Ser, IT, 1, 125 (1956); J. E. 
Mercereau and R. P. Feynman, Phys. Rev. 104, 63 (1956). 


whose dimensions are of the order of mils one may 
expect to find propagation unimportant in a wide range 
of experimental conditions. For such samples, large 
enough to ignore exchange and small enough to neglect 
propagation, except in critical regions of field and fre- 
quency, there should be modes which are essentially 
size-independent. For now the forces are purely mag- 
netostatic, each spin moves in the external dc magnetic 
field and in the resultant dipolar field of the other spins; 
since there is no characteristic length the size-inde- 
pendence follows. The usual uniform precession of the 
spins is clearly a mode of this type and it might be 
expected that the Kittel formula with its dependence 
upon ac and dc demagnetizing factors would be charac- 
teristic. 

We shall consider here only this relatively simple 
problem in which propagation is set aside. The results 
may always be examined to see whether they are con- 
sistent with this assumption in any specific case. The 
boundary value problem for determining the frequencies 
of the modes is readily formulated. It is assumed that 
the spins deviate only slightly from the direction of the 
applied de magnetic field and the equations of motion 
may then be linearized. Their solution yields a relation 
between the transverse components of magnetization 
and those of the rf magnetic field, with all rf quantities 
assumed to vary with time as e’*', where w is the angular 
frequency. Thus, a connection is given between rf B 
and rf H in the medium. With the neglect of propaga- 
tion Maxwell’s equations reduce to those of magneto- 
statics: 


divB=0, curlH=0. 


Since the sample is always small compared to the 
cavity in which it is placed, it is reasonable to find the 
frequencies of the modes of the sample when it is 
situated in empty space. Then B and H must satisfy 
the usual magnetostatic boundary conditions at the 
surface of the body and tend to zero at large distances 
from it. Imposition of these boundary conditions leads 
to a characteristic equation for the mode frequencies. 

It is of some interest to consider the relation of these 
modes to the complete spectrum of the system. In the 
main this will consist of short-wavelength disturbances 
for which exchange is important. As has already been 
pointed out, when exchange is significant the wave- 
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length is very small compared to the samples in which 
we are interested and it is not essential to fit boundary 
conditions at the surface. One may take the disturbances 
to be plane waves for which a dispersion relation is 
readily obtained. It has been pointed out by Anderson 
and Suhl*‘ that, for samples of finite size, the dispersion 
relation is shape-dependent because of the effects of 
demagnetizing fields. For a spheroid the dispersion re- 
lation is in fact, of the form 


w(k) = y[(Ho—49N .Mo+H a?k*) (Ho—40N Mo 
+H a’k?+44M, sin) }!, (1) 


where k=wave number of the spin wave, y=gyro- 
magnetic ratio, /9= applied dc magnetic field, Mo=sat- 
uration magnetization, V,= demagnetizing factor along 
the applied field, H,=an exchange field, a=lattice 
spacing, and @=angle between k and the applied field 
k?=k-k, whereas the Kittel formula for the mode of 
uniform precession is 


W =y[Ho—4(3N, —1)49M, |. (2) 


The formula (1), based upon the plane wave assump- 
tion, will be applicable until the wavelength is perhaps 
one-tenth the size of the spheroid, beyond which the 
effect of the boundaries becomes significant. Since the 
exchange term in (1) will by that time have become 
quite negligible (again assuming the spheroid dimen- 
sions to be of the order of a few mils), w(k) will have 
assumed an essentially constant value. This value is 
obtained by setting k?=0 in (1) and depends upon @. 
The spectrum will now be completed by the magneto- 
static or long wavelength modes which we are discussing, 
whose location may be expected to be closely related to 
the k=0 limits of (1). One of the significant conse- 
quences of the shape-dependent dispersion relation (1) 
is a recognition of the fact that the frequency of the 
uniform mode may be degenerate with that of a 
number of spin waves of moderate k number, roughly 
k~ (49M o/Ha*)!. significant for the ab- 
sorption line width since it provides a possibility for the 
transfer of power from the uniform mode to these 
higher & numbers.® An important question then to be 
examined about the long wavelength modes is whether 
or not they can provide further degeneracies with the 
uniform mode. The answer appears to be that they do. 


This is 


CHARACTERISTIC EQUATION 


The sample will be assumed a spheroid of arbitrary 
axial ratio whose axis of symmetry lies along the ap- 
plied dc magnetic field. The ratio of the longitudinal 
axis, 6, to the transverse axis, a, is denoted by a. 
The internal, demagnetized, dc magnetic field in the 
spheroid, Ho—49rMoN,, will be called H;. The mag- 


*P. W. Anderson and H. Suhl, Phys. Rev. 100, 1788 (1955); 
H. Suhl, Proc. Inst. Radio Engrs. (to be published). 

5 Clogston, Suhl, Walker, and Anderson, Intern. J. 
Phys. Solids (to be published), 
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netization is written as 
M= Mol,+ me, 


where I, is a unit vector in the z direction (that of the 
applied field) and m, which is small compared to Mo, 
lies in the x—y plane. Similarly the magnetic field is 


H= 77 ;1,+he'*', 


where h may also have a z component. The equation of 
motion is taken to be the Landau-Lifshitz equation 
without loss 


dM/dt=7(MXH). 


In the linear approximation this becomes 


iwm yl 1. (Moh HT im) |. (3) 


If it is assumed that the sample is a single crystal with 
the applied field along an easy or a hard direction, the 
effect of crystalline anisotropy will, in the linear ap 
proximation, be to modify the applied field by an addi- 
tive anisotropy field; this will be absorbed then into //». 
The quantities, h and m, must satisfy the equations 


(4a) 
(4b) 


curlh=0, 
div(h+ 4am) =0, 


when propagation is ignored. According to (4a) a 
magnetic potential, y, may be introduced such that 
h=grady, and (4b) then becomes 


Vy +4 divm= 0, (5) 
Equation (3) may be written in component form as 


y(Hm,—Moh,), 
iwm, = y(—Hm.+Moh,), 


1WM » 
(6) 


from which the components of magnetization may be 
found to be 
Oy 
4nm, =k 
Ox 


op op 
4am, =tv-—+K—, 
Ox oy 
where 
K Qy/(Q4/? (27), v 2/(Q4y/? 0), (8a) 
with 
IT ;/4nM 9 


2 w/4aryM o, Qi (8b) 


With these expressions for m, and m,, the Eq. (5) for p 
inside the spheroid becomes 


0 o* Oy 
(+0) + w+ == (), (9) 
Ox? ay Oz? 


Outside the spheroid 


i a 
(—4 + Ww 0. 
Ox? dy dz 
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It is worth noting that 1+-« may, in general, have either 
sign, so that (9) may be of elliptic or of hyperbolic 
type. The boundary conditions on y at the surface of 
the spheroid are the continuity of y and of the normal 
component of h+ 4am. Further, ¥—0 at infinity. 

We introduce oblate spheroidal coordinates £, 7, ®, 
defined by 


x= (a*—b)1(14+ #)8(1—n*)! cost, 
y= (a@&—BP) (1+ )1(1—7")! sind, 
z= (a*— b*) tn, 


(11) 


in terms of which, the surface of the given spheroid, 


wt+y? gi 
1, 

a’ b 

is given by 
t=), with &?=a*/(1—a’). 

Rather than define a separate set of prolate spheroidal 
coordinates for the case a> 1, we shall assume that # in 
(11) may be negative. For prolate spheroids, & will 
lie in the range (— ©, —1); for oblate spheroids, & is 
in the range (0, ). Acceptable solutions y,, of Laplace’s 

equation, bounded at infinity, are now of the form 


Ve On™(iE)Pa™ (ne, (12) 
where /,,™ and Q,”™ are the associated Legendre func- 
tions of the first and second kind. It will be understood 
that when m is used as a suffix it indicates |m|. The 
form (12) is satisfactory for both oblate and prolate 
cases. On the surface, = £, (12) reduces to AP,,™(n)e™®, 
where A is a constant. A solution of (9), regular in the 
interior, is now required which reduces to a similar form 
on E= . If ’, 9’, ® are some set of spheroidal coordi- 
nates, the expression /,,"(it’)P,"(n')e"® is a solution 
of Laplace’s equation, which for integral n and m and 
all £’, n’, satisfies the identity® 


P(E) P (nem 


tr 
Aa we'™ f P,[it'n! + (14+ €)'(1—1”)! cosa | 


(13) 


 cosmada, 
: ee 
where A», » is a numerical constant. If c’ is the constant 


which replaces (a?—*)! in the equations analogous to 
(11) defining the £’, n’, ®, the right-hand side of (13) is 


e iz+ (x*+-9")! cosa 
A n, we P, ~~ co ysmada. 
/ 
r c 


Since (9) becomes Laplace’s equation if z is replaced by 


*E. W. Hobson, The Theory of Spherical and Ellipsoidal Har- 
monics (Cambridge University Press, Cambridge, 1931). 
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(1+«)z, it follows that 


° i(1+x«)!2+ (x*+-y*)! cosa 
Aanwe™ f P,( Ant ) 


, 


c 


Xcosmada (14) 
is a solution of (9), which, since it is a polynomial in 
x, y, and z, must be regular. On the surface, =o, we 
have x°+-y*=a?(1—7) and z= by and if c’ is now chosen 
to satisfy c’*= a’— (1+x)b*, then (14) is just of the form 
of (13) with n’= and 


OY hn Ree ane 
Ne (140R 7 \ti-4+ea7 7” 


Equation (14) thus reduces to 
P™ (ik) Pa™(neim® 


on the surface and is of the required form. An ac- 
ceptable interior solution, ¥‘, matched to (12) on 
t= fy is, therefore, 


; OnM(tbe) ae 
Paik) 


+r ; i(1+x)42+ (x*+-")! cosa 
xf rf Te (40e} ‘) 
Xcosmada. (15) 
It remains to satisfy the condition on the normal 
component of h+4xm at the surface. Externally, 


(h+-44m) normal 


" 1 (—“)(~) 
=gradw*= —_—— me 
(a?— B*)*\ 9+ Eo? OE 7 & 


a/b 


. —Like Dn™’ (iko) JP.™(n)e™. (16) 


(a?—B*)¥(9?-+-&)?) 


Internally, the Cartesian components of h+4xm are 
found from (7) to be 
oy i 

(1+«x)——iv— 
Ox oy 


’ 


‘ ‘ ‘ 


oy 
(1++«)—+ i» 
dy 


—, and —. 
Ox Oz 


The direction cosines of the normal are 
1-9 wy (1—n")! (I-77)! on 
+ -) —— cosh, ————— sin®?, - }. 
a B a a b 


The normal component of h+ 42m is now found from 
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(14) to be 
(h+-44rm) norm 
Qn™(iEo) walt 
Py” (ie) (a8) 
mv 
| 
a 


abe‘? 


+r 
f P,(ikim+ (1+ E.*)4(1—n?)! cosa) cosmada 


(1+«)! 


+9 
(1 J Pa! (ikon + (1+ E:*)*(1 —n?)! cosa) 
ba?— (1+x)o}J_, 


) cosmada | 


and making use of (13), this becomes finally 
Qn™(iko) (a/b)e™*’Pn™(n) 
P.™(iko) (a? —b*)§(E? + n’) 


2 


x (m ~Pam(iko) +itePam (ibd), (1 
a 


b 
1—n’)'- cosa 


a 


x(t ato 


(h+ 44m) norm’ 


7) 


From (16) and (17) the characteristic equation is 
obtained in the form 


— Qn™ (ike). Pa™ (ike) 
—F 


1S0 o~ 
O,™ (1k) P,.™(iko) 


lid 
= mv 
a 


(18) 


mve’, 


SPECTRUM 


The nature of the solutions of (18) is more easily 
examined if the latter is rearranged. The associated 
Legendre polynomials have only real zeros lying in 
(—1, 1) and may then be written in the form’ 


(4(n—|m|)] 
P,™(z)=constantX (1-2)! JT (22— 
r=] 


( 


7 
“ 


r) 


A? ; 
2A+ )=Iml (Gan(a +2 > 
( 


ln 


=A for m>0O 


adios (A+2Qy) for 


Equation (21), in spite of its clumsy appearance, 
permits a straightforward discussion of the behavior 
of the solutions for a given m and m. 

The denominator in F (24+ A?/Q,), considered as a 
function of A, has simple poles at 
A? a (i—z/? 
24,+—*= ; 
Qy a (1—2z,")+2,' 


7It would clearly be better to write the zeros, z,, in a more 
explicit, but cumbersome way, as 2», m,,. It should always be kept 
in mind that the z, depend upon the n and m of any equations in 
which they occur. 


ret a? (1—z,?) —[ 
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taking 0 or 1 asm—|m| is even or odd and [4(n— |m]|) ] 
is the greatest integer in }(m—|m|). We shall write, in 
future, p for [4(n—|m|)]. The 2’s are the zeros of 
P,™(z), other than zero, and we set 1>2,?>2,?>--->0. 
It follows that 

| m| Eo? 


ifoP ,™ (ik) 
Pam if) 


Pp 
—-+(0,1)+2 > - 
1 + £0? oo E+ Ze 


(19) 


From the definitions of &) and &, we have &o?= (14%) £0”, 
(1—Kxko?) = (1+x)e?/[1— (14+«)e®]; substituting this in 
(19), one has 
_ Pa (igs) 
iy - | m| (1+-«)a®+ (0,1) 
P,.™(i&o) 


p 1 
+2(1+x)a? >> ’ 
rel Z,°+ (1+«)a*(1—z,*) 


which may be combined with (18) to give 


(0,1) 


|m| + 


1+ £0? On™ (ik) 
t 
1&9 


|m|«-+-my 


On™ (1&0) a 


p 1 
+2(1 tx) >> 


rl Z, 


24 (1+4+x)a%(1 


o 2 
| he ) 
| m| 0) 
, (2 
Qy—Q sgnm 


where the definitions of x and v have been used. It is 
shown in Appendix I that [ (1+ &?")/ito JL On™ (ito)/ 
OQ,” (ito) | is positive for all a and it then follows im 
mediately that (20) can have no solutions with Qy>. 
For since 2 and Qy are both positive, if 27>, then 
«>O and the right hand side of (20) is negative, whereas 
the left is positive for all m. We, therefore, consider (20) 
in the variables Qy and A=Q2—Q,, where A>O. Intro- 
ducing the notation Gp, »(a) for [ (1+ &0?/its |[On™ (ito) / 
On™(iko) |+- | m! +-[ (0,1) /a? J, rearrange (20) in 


final form: 
) 1 


we 


I~ (20+ A*/2u) 
ty +an(1~2,1) )(24-+A/2n) 


m<(), 


for all a these lie in the interval 0< 2A,+ (A?/Qy) <1; 
as a increases from 0 to ~ (from the disk to the needle), 
each pole moves from A,=0 to 24,+(A/7/Qy)=1, 
while the order of the 4,, which is the reverse of that of 
the z,*, remains unchanged. Each term in the sum is 
easily shown to be steadily increasing with A; it s.arts 
from 1/[ «(1 
through the pole at A=A,, increases from — @ to O at 
2A+ (A?/Qi7) 2e)+s,* | 
*. It follows that the denominator of F also 
0 to 


zr’) |, which is positive, at A=0, runs 
1 and finally tends to 1/[a@(1 
as 4-~ 
increases steadily from a positive value at A 
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Fic. 1. F(244-4*/Qy) as a function of A and the lines 4 and 
(A+ 2Qy) for the case Qy =1, n=8 and m=2[p=3). 


infinity at A,, then runs p—1 times from —* to + 
between the successive poles, 4,, finally increasing from 

*» at A; to a positive value as A—~. Between each 
pair of poles will be a zero which we label A,’, with 
A,>A,'>Ayi>-+-:. Since Gy, m(a) is positive, the 
denominator is positive at 24+ (4?/Qy)=1 and the 
last zero, A)’, must occur for a lower value of A than 
this. F consequently starts positive at A=0, decreases 
steadily everywhere, going through zero at A= A, and 
to + at A=A,’; it finally decreases from + at A,’ 
to a positive value as A-+*, It should be noted that if 
24+ (A*/Qy)=1, then 0<A<4, so that it is always 
true that A,, A,’ <4. 

Equation (21) may now be examined graphically by 
plotting the two sides as functions of A. Figure 1 
illustrates the procedure for the case n=8, m= 2. 
We shall suppose temporarily that p#0 and return 
to the very simple case, p=0, later. Guided by Fig. 1 
and considering first the case, m>0, it is clear that for 
any &y, Eq. (21) has a solution in each of the p+1 
ranges of A in which F is positive and that as Qy 
varies each solution remains in the same positive in- 
terval. We introduce, then, in addition to m and m, a 
third integer, r, to specify these different solutions and 
write (n,m,r) to label any one of the modes. The solu- 
tion with maximum A is called r=0, the others are 
assigned the r value of that zero of F, A,, which lies on 
the boundary of the region in question. Again, for 
m<(, (21) has a solution in each of the p ranges in 
which F is negative, which stays in this range of A as 
{ty varies. Values of r are assigned to these roots in 
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Fic. 2. Variation of the poles, A,’, and zeros, A,, of F(2A+A*/Qu) 
as a function of Qy for the case n=8, m=2[p=3]. 


the same way as for m>0; however, in this case there 
is no r=0 solution. 

It is clear from Fig. 1 that the solutions for positive 
and negative m are, with |m| fixed, always interlaced. 
If the notation, 6,* and 6,-, is introduced to indicate 
the values of A for the rth solution with positive and 
negative m, we have for all Qy 


bot > dy >b,t>6.°>--+>6, >s;", 
and similarly for the corresponding frequencies 
Qot>Q, >Q)t>0, >-°-->0; >2,”. 


Considering now the solutions for m>0, as Qy increases, 
the curve F(2A+A*/Q,) is shifted everywhere to the 
right and the solutions of (21) move to larger A. Q is 
evidently a steadily increasing function of Q,y for all r. 
Since all the A,’ and A, tend to zero with Qy, so must 
all the 6,*, except for r=0. Figure 2 shows the variation 
of A,’ and Ar with Qy for the n=8, m=2 case. It is 
easy to verify that for small Q, the solutions start out 
according to 
a’ (1 —2/)QH y 
at~5r~( :) , 10. 
(1—2,*)a?+2,/? 
The intersection for the r=0 root lies beyond all the 4, 
and A,’ and leads to a finite value as 2, becomes small 


A=F(#) 


Pp 1 “i 
=|m\|Gan(a)+2 ¥(= ———— | =Qot. (22) 
1 \e?(1—2,?)+2/ 


The r=0 modes evidently have a finite frequency even 
when the internal applied field vanishes and only the 
dipolar forces remain. For all modes with m>0, as 
{4 increases, the separation, 6, will tend to a finite 
limit, since 24+ (A*/Qy)-+24. These limiting values 
are the solutions of 


F(26)=6 for m>0O, all r. (23) 


In a similar way, when m<0, the solutions again 
have 6 increasing steadily with Qy, for the F curves 
move to the right and the line —(4+22y) moves 
downward with increasing Q,. The behavior near 
{,,=0 is identical with that of the corresponding solu- 
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tion with m>0O, to terms of order Qy'. When Qy be- 
comes very large, 6, tends to the same limit as A,’, 
given by 

1—26,- 


p 
Gn, m(a) +2 - . — =() 


1 ao (1—2,?)—[a?(1—2,?)+2,? ]26, 


for m<0, r#0. (24) 

Finally, when m=0, (21) has solutions only if the 
denominator in F vanishes. Thus, 6,°= A,’ and, since 
24,'+(A,?/Qy7) is a constant, 6,° again increases 
steadily from zero at Qy=0 to a finite limit in high 
fields. There is no r=0 solution. 

Returning now to the case p=0, in which n=m or 
n=m-+1, the situation is particularly simple since F 
now reduces to the constant, |m|/Gn,m(a). There will 
be no modes with m<0 and the only solution for m>0 
is that with r=0. We have exactly 


2—Qy= |m| /Gn, m(a). (25) 


This solution differs from other r=0 solutions only in 
the respect that 2—Q, is constant rather than steadily 
increasing. For all spheroids the pattern of these modes 
is of the form ~~ (x+ jy)™ with no z variation for the 
(m,m,0) modes and y~2(x+ jy)™ for the (m+-1, m, 0) 
set. This shows that the mode, (1,1,0), is the familiar 
uniform mode and, in fact, (25) becomes in this case the 
usual Kittel formula for a spheroid. This is somewhat 
obscured because the demagnetizing factors are here 
expressed in Legendre functions. It is a consequence of 
(25) that, for either of these two series of modes, the 
separation of the modes in frequency (or field) from the 
uniform mode is field (or frequency) independent and 
directly proportional to the saturation magnetization. 

Summarizing, when p#0, all modes have 2 increasing 
steadily with Qy, with the separation 2—Q, increasing 
steadily to a finite limit in high fields; the positive and 
negative m solutions are interlaced and for fixed |m| 
all solutions except for that m>0, r=0 have Q going to 
zero with Qy. When p=0, only r=0 is admitted and 
the interval 2—Qy is field independent. Consideration 
of Fig. 1 shows that for fixed 2 the modes will be inter- 
laced in Qy for p¥0 and that Q—Qy will also increase 
steadily with Q to a finite limit. The r=0 modes will 
disappear below the frequency given by (22), but all 
others will persist to arbitrarily low frequencies. 

A connection with the rest of the spin wave spectrum 
as given by (1) may be established in the following way. 
The maximum value of 6 which can occur for any Qy, n 
and m is always the largest solution of 


6=F (26). (23) 


It may be shown that this root cannot exceed 4. For 
F(1) is equal to |m|/G,y,m(a) and in Appendix I, 
Gn, m(a) is found to be greater than 2m. Thus, F(1) <1, 
which implies that the root of (23) is less than 4. It 
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follows that for all modes, with any nm, m, and r, 


} 32 Qy S Q. 
If the formula (1) is written in the present notation and 
k® put equal to zero, it becomes 


()? = Q:/ +-Qy sin’é, 


where 6 is the angle made by the direction of propaga- 
tion with the z axis. This gives 


Q—-Qy= (Qy/? { Qy sin’)! Qy 
< (Qy? + Qn)! Qy 
<4. 


Thus all of the magnetostatic 
modes lie within the same limits as do the longest 
spin waves for which the dispersion relation is applicable. 

In Fig. 3, the course of Q—Qy as a function of Qy is 
shown for a number of representative modes for the case 
of a sphere (a= 1, fo= ©). The sphere is a quite typical 
case except for the existence of a permanent degenerace 
between two series of modes which will be discussed in 
the next section. While it has been noted above that 
for a given m the modes of various m and fr preserve 
their order as Qy increases, no such rule can be expected 
to apply to modes of different n. In fact, one sees from 
Fig. 3 that the crossing of modes or their accidental 
frequency degeneracy at particular values of Qy is of 
common occurrence. In particular, the uniform mode, 
(1,1,0), shows such degeneracies. One would expect to 
find this reflected in effects upon the line profile at mag 
netic fields where such degeneracies occur with modes to 
which the coupling of the (1,1,0) mode by nonlinearities 
or by imperfections is appreciable. 


or long-wavelength 


EFFECT OF SHAPE 


A general observation may be made about the effect 
of varying the axial ratio by considering how 
F(2A+-4?/Qy) varies when A, Qy, n, and m are held 
fixed and @ is changed. Consider first any term in the 
sum which occurs in the denominator and write this as 


A? A? 
«1 2,2) -18(23 f )/(: 2A— )| 
Qi Qy 


If 2A+A*/Qy, is greater than 1, this term is always 
positive and decreases steadily with a. This is true of 
every term and it is shown in Appendix I to be true 
also of Gy,m(a), which, in addition, is infinite at a=0; 
it follows that F is positive and increases with a from 
the value zero, at a=0. If 24+ (A?/Qy,)<1 each term 
is negative at A=(, decreases through a simple pole 
and decreases again from infinity to zero for large a. 
Recalling again that G,, »(O) is infinite, the denominator 
will be steadily decreasing, with a pole at a=0 and p 
additional poles, finally tending to G,,,(*) which is 
given by 2m (see Appendix I). F is clearly an increasing 
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Fic. 3. 2—Qy as a func- 
tion of Qy for some typical 
modes in the spherical case. 
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function of a, again starting from 0 at a=0, with p 
poles s and tending to the limit 4 for riggs a. tad to 
Fig. 1 it is clear that, tie any A and Qy, F de- 
creases with a (or the whole F curve is depressed by an 
intersections with the lines A and 
A— 20, must move to higher A. Thus, all modes, 
including those with r=0, start with A=0 when a=0, 
have A steadily increasing with a and tend to A=} 
. In Fig. 4 the course of some of the (m,m,0) 
(m+1,m,0) modes is shown as a function of 
A consideration of (21) for large a shows 


since, 


increase in a) the 


asa ve 
and 
axial ratio, 
that, approximately, 


26,+ (62/Qy7)=1—-O(1/e*) forall m, r¥0. 


Thus the modes of different n, |m| and r differ only in 
order a? and the +m and —m are degenerate to this 
order. For r=0, one finds from the expression given in 
Appendix I for G,, »(a@) with @ large, that 


O(1/a?) for m1 
O(\na/o*) for m=1. 


bo=4 
1 
2 


The singular behavior of the r=0, m=1 mode in very 
prolate spheroids may be ascribed to the presence of 
fields with axial symmetry about the ¢ axis. 

When a is small, all 6’s are also small under all circum- 
stances, but not necessarily of the same order in a. 
A distinction arises between the two cases, n— |m| 
even and odd. The modes with n—|m| even are sym- 
metric in z, those with n—|m| odd are antisymmetric 
in z. Clearly in a very thin disk a splitting of the two 
types is to be expected. One finds the following be- 
havior: for m>0O, r#0, 6 is of order a’; for m>0, 


16 20 22 24 


r=0, n—|m) odd, 6 is of order a*; for m>0, r=0, 
n— |m_ even, 6 is of order a; for m<0, r¥1, 6 is of 
order a’; for m<0, r=1, 5 is of order a? when n—|m/| 
is odd and of order a when n— | m! is even. 

The sphere is distinguished from other shapes by the 
fact that here some of the modes are degenerate at all 
fields. For a=1, Gr,m becomes n+1+m-+-(0,1) and 
thus the expression (25) for the modes with p=0 is 
seen to reduce to the remarkably simple form 


Q—Qy=m/(2m+1) for n=m 
=m/(2m+3) for n=m+1. 


Clearly the modes (m,m,0) and (3m+-1, 3m,0) are 
permanently degenerate. It is interesting to note that 
amongst such pairs are the (1,1,0)-mode, the uniform 
mode usually excited in experiments and the (4,3,0)- 
mode. The latter has z=0 as a nodal plane and three 
nodal planes 120° apart through the z axis. 

It is of occasional interest to know the field configura- 
tion of the modes and this can be readily found from the 
expression (15) for the internal y. For the cases p=0 and 
p=1, the y (not normalized in any way) are given by 


p=0, m=m, or (xt jy)™ 
p=0, n=m+1, yrz(xtjy)™; 
p=l, n=m+2, ~~ (e+jy)™ 


r+ Quy 
: Tae ——e 
2(m+1) Oy? —? 


ar ny 
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n=m-+3, 


y~2(x+ jy)™ 


x+y" ‘( Qa ) 
es — 1 Disa 2 
2(m+ 1) 3 Q1?—-Y? 


Qy 
—| a’?— (: + ye /om+s)}, 
Q,°—-Y 


Plainly the azimuthal symmetry is governed by m; 
functions with p even are even about z=0, those with 
p odd are odd about z=0. Modes with the same n and 
m, but different r will have dissimilar patterns in view 
of the different values of Q for a given Qy. The patterns 
of a mode of given m, m, and r will vary with field or 
frequency. Whether a mode with particular » and m 
is excited by a given external field depends upon the 
presence or absence in the expansions of the latter in 
spherical harmonics of the term ?,"(@)e*!". 


p=l, 


DISCUSSION 


We have examined qualitatively the mode structure 
to be expected when the assumptions hold which would 
put us into a purely magnetostatic regime. Looking 
back to Eq. (8) one sees that the diagonal and off- 
diagonal components of permeability are Qy,/(Qy7?—) 
and %/(Q,’—&%) times the free-space permeability, 
respectively. These factors will be roughly 1/24 when 
A is small. The wavelength in the ferrite is reduced by 
about a factor of (2A/e)!, where e~ 10 is the dielectri: 
constant of the ferrite. If we require that the largest 
dimension of the sample, D, be less than 1/10 of the 
wavelength in the medium we have a crude restriction 
on A, namely, 

A> 500(D/Xo)*. 


As we have seen, A is small in weak fields for r~0 and 
for small axial ratios, The first case causes no trouble 
because A~Q=O(Q,') and 
1/Ay? « Ay, so that the restriction actually becomes less 
acute as the field diminishes. For flat spheroids, how- 
ever, the situation is difficult, for the condition on A is 
restrictive and at the same time the practical problem 
of making small disks of small axial ratio is rather severe. 
In view of this fact, it is somewhat unfortunate that the 
most extensive data available on multiple resonance at 
present have been taken on rather large disks.’ 

Dillon® has studied disks of manganese ferrite single 
crystals with axial ratios of 1/20 and 1/15 in inhomo- 
geneous magnetic fields of various types and has ob- 
served as many as twenty absorption lines at a fixed 
frequency in a given exciting field. These lines are 
spaced in a systematic way in field and clearly represent 
series of modes in which nm, m, and r vary in some 
simple manner. It is consistent with the data to suppose 
that they are the series (m,m,O) and (m+-1, m,0). In 


for small Qy therefore 


§ The author is indebted to Dr. Dillon for permission to discuss 
his results before publication. 


=RROMAGNE ESONANCE 


Fic. 4.Q—Qy as a function of axial ratio for some of the (m,m,0) 
and (m+1,m,0) modes. Q—-Qy is independent of Qy for 
these modes. 


the first place, the separations of the lines are inde- 
pendent of frequency over a wide range and have a 
temperature dependence which suggests that they are 
proportional to saturation magnetization. These were 
the features which, according to (25) characterize 
these series. 

Further, Dillon has used fields with three distinct 
symmetries; (a) even in z, even about a plane through 
the z axis; (b) even in z, odd about a plane through the 
z axis; (c) odd in gz. In the first case, he finds a series of 
modes of which the one with the largest field coincides 
with the value for the uniform mode and all the others 
occur at lower fields. In the second case, a series is 
found which fall between the successive members of 
the first series. These two series may be identified as 
(m,m,O) with m odd and with m even. The nature of 
the exciting field and the fact that the (1,1,0) mode has 
the largest field agree with this interpretation. In the 
third case, a series is found with three members at 
higher fields than the (1,1,0) and several at lower fields. 
This is consistent with (25) for disks of this axial ratio 
and for the series (m+-1, m, 0) which one might expect 
to find excited in a field odd in z. When one attempts to 
compare the actual spacings observed by Dillon with 
those given by the analysis it is found that a fair 
qualitative agreement is found if it is assumed that the 
effective axial ratio of the disk considered as a spheroid 
is substantially greater than the thickness to diameter 
ratio. We observe again that Dillon’s disks are about 
0.100 in. in diameter which is certainly too large for the 
assumptions of this analysis to be valid. 

In spheres, White, Solt, and Mercereau’ have made 
measurements on samples of manganese ferrite and 
manganese-zinc ferrite placed at various positions in a 
rectangular cavity. The saturation was not measured, 
but the positions of the peaks was observed as a fun 
tion of temperature from around room temperature to 
the Curie point. The ratio of the separations of two of 
the lines from the uniform mode remained essentially 


* The writer wishes to thank these authors for permission to 
quote their results. 
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constant with temperature in the case of the manganese 
ferrite (the manganese-zinc data shows some puzzling 
deviations); and the separations themselves were es- 
sentially unchanged between X and K band. This would 
indicate that these two modes belong to the (m,m,0) or 
(m, m+-1, 0) series and if the saturation magnetization 
is taken to be 3300/4m gauss at the lowest temperature 
(about 15°C), the two lines may be identified as (1,2,0) 
and (2,2,0) with an error in the calculated separations 
of about 2%. The presence of these lines is consistent 
with the field symmetry used to excite them. Two other 
modes were excited whose separation was frequency- 
sensitive and apparently not proportional to the mag 
netization. If one uses the same value for the saturation 
at 15°C and assumes that the separation of the two 
earlier modes provides a magnetization curve, the 
extra modes appear to be (1,3,0) and either (0,2,0) or 
(2,5,0) (these are barely resolved in a sphere over the 
range of 2, covered in these experiments). The presence 
of these modes is consistent with the excitation and the 
calculated separations are within 3% of the observed 
values. White ef al. have given a somewhat similar 
identification for their lines. It would be interesting to 
have further data on spheres taken in fields of definite 
symmetry. 

The problem of excitation for the different modes is 
not resolved. The intensities observed by Dillon are such 
that the absorption at resonance falls off by a factor of 
roughly two between successive resonances; this is too 
slow if one simply considers the known inhomogeneity 
of the exciting field and computes the amplitudes which 
should be excited, It is also true that the excitation of 
the modes seems to depend somewhat upon the ma- 
terial examined. This makes it plausible to suppose that 
some internal mechanism, such as inhomogeneities or 
variations in de magnetic field, such as exist in disks, 
may cause excitation. 


APPENDIX I 
The function, Gy, »(a) was defined as 


| t §,? On™ (ike) (0.1) 
+ jm|+-—, 
iko On” (to) a 


Ga. m(a) 


where {’=a®/(1—a*). It is possible, of course, to de- 
duce the properties of Gym by expressing the Q,™ 
explicitly in hypergeometric functions, but enough for 


our purposes can be found directly. We write 
1 + £0? 0,” (ko) 


fn.m(a)= oe 
1ko On™ (tk) 


(Al) 


Using Legendre’s equation and changing the indepen- 
dent variable to a, it is found that /,,, satisfies 


d (f+-n)(f—n—1) 
ie Ale 


a “mm 


da 1—a’ 
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Then, using the properties of 0,” for large values of its 
argument, fn, m(1)=n+-1, which is sufficient to identity 
the solutions of (A2). Near a=1, we put fn, m= (n+1) 
+c,(a®’—1)+--+-, and find that 


c:= —[ (n+1)?—m? }/(2n+3) <0, 


so that fam is less than m+1 and decreasing, for a 
slightly above 1. Since for any a> 1, d{/da changes from 
positive to negative once in going from f=m to f=n-+1, 
then df, m/da remains negative for a>1 and tends to 
masa, For large a, we put 


Sn.m=m+dya~*+ ++: 
in (A2) and obtain, for m#1, 0, 
2(m—1)d;= (n+m)(n—m+1), 
For m= 1, we put 


Sn 1+ Ina{ doa Bafeeee 


and find 
d,=n(n+1), s=2 
while for m=0, 
Sn, (Ina). 


When a is just below 1, fn, m is greater than n-+1 and 
decreasing with a. Again, since df//da changes once 
from negative to positive as f goes from n+1 to @ for 
any a<1, fn, m must always lie below the line on which 
df/da vanishes. It is therefore a steadily decreasing 
function of a. For small a, we put 


fom 


€\a + eee 
and find 


s=I, 


The constant e; cannot be determined in this manner 
but is not essential. 

It is now established that G,, (a) decreases steadily 
with a. It is infinite for a small, going as a7! for n—m 
even, and as a* for n—m odd. Its value is n+-1+ | m| 
+(0,1) at a=1. As a>, Gym tends to 2|m|; for 
m#1,0 it goes as 2|m|+O(a), for m=1 as 2|m| 
+O(a@* |Ina) and for m=0 as (Ina). 
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For some purposes it may be useful to have orthogon- 
ality relations between the different modes. We let the 
subscripts \ and yw refer to two modes with distinct 
frequencies at some field Qy. Then 

V+div4rm, = 0, 
Vt div4rm, = 0, 


and we have 


f avv.—vvner 


space 


+ [Wa div4rm, —y, div4rm, jdr=0, 


spheroid 
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which yields 


f [ grady,-m,—grady,-m, |dr =0. 


spheroid 


Substituting in this expression the components of 
grady found from Eq. (7), one has 


(Q,+2,) mMy2M,y |\dr=0, (B1) 


[ MysMry 


spheroid 


and, therefore, the integral must vanish. The orthogon 
ality relation may equally well be written as 


f [m,-m,+—m,~m,* |dr, 
spheroid 


¢ 


m- 


(B2) 


where 
M+ JMy. 
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If one starts from the complex conjugate equation 
Vy*+div4rm,* = 0, 


and proceeds ina similar manner, a second orthogonality 
relation is found in the form 


J [ myzMyry* — myymyaz* \dr=0, 
spheroid 


f [m,*m,** 


spheroid 


(B4) 


m, m,~* |dr=0. 


One use which can be made of the orthogonality 
relations is to verify that the magnetostatic modes 
actually diagonalize the total magnetic energy of the 
system when the latter is expanded to quadratic terms 
in the deviations from line-up. 
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Nonradiative Transitions of Trapped Electrons in Polar Crystals 


J. J. O'Dwyer anv P. G. Harper 
Division of Flectrotechnology, Commonwealth Scientific and Industrial Research Organization, Sydney, Australia 
(Received October 5, 1956) 


An algebraic formula is derived which represents the integral expression of Huang-Rhys for nonradiative 
transitions of trapped electrons in polar crystals. The formula is a good representation over a very wide 


range of trap depths and coupling constants 


THEORY of nonradiative transitions of trapped 

electrons in polar crystals involving multiphonon 
processes has been given by Huang and Rhys.' Using 
the same physical ideas but a different formal approach, 
Vasileff? has investigated the Huang-Rhys formula in 
some detail and has produced, in the course of his work, 
a relatively simple formula for the probability of 
thermal ionization at the 
purpose of this letter to give a high-temperature ap- 
proximation for the Huang-Rhys formula, and it will 


low temperatures. It is 


be found that the approximation may in fact be valid 
down to very low temperatures depending on the value 
of a certain interaction constant which arises in the 
theory. 

Huang and Rhys find that the probability for a non- 
radiative multiphonon transition involving p phonons 
between a trapped state w which has an energy W 
below the bottom of the conduction band and a state 
in the conduction band which is approximated to a 


1K. Huang and A. Rhys. Proce (London) A204, 406 
(1950). 


2H. D. Vasileff, Phys. Rev. 96, 603 (1954); 97, 891 (1955) 


Roy. Soc 


free-electron state of wave vector k, is given by 


l6n’lw?/1 1 |(k| ex| u)|? 
( yn +) Rip, (1) 
30, Ex €0 (W-+-hk*/2m)?* 


where w, is the circular frequency of longitudinal polari- 
zation waves, v, is the volume of the unit cell of the 
crystal, «9 and ¢, are the static and high-frequency 
dielectric constants, 7 is the average number of phonons 
w, excited at the temperature considered, (k|ex|y) is 
the matrix element of the electric moment between the 
conduction state k and the trapped state wu, and 


h+-1\ ?/? 
Ry=expl — (20-+1)S ( ) 1,(2S(A(i-+1))), (2) 
1] 


where S is an interaction constant and J is the Bessel 
function of imaginary argument. The positive sign of 
p in (1) refers to recombination of the electron into the 
trap with the emission of phonons, and the negative 
sign corresponds to thermal ionization by absorption of 


phonons. 
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Plc. 1, The function log,(P/const) plotted against reciprocal 
of absolute temperature. Comparison between the computa 
tions of Huang and Khys (full line) and values given by the 
formula (8) (shown as solid circles). The argument and order of 
the relevant Bessel functions are also shown. 


The total thermal ionization probability is then 
given by summing (1) over the conduction states. The 
summation over k is written as an integration, and 
using the fact that the matrix element varies slowly 
with |k| compared with the other factors concerned, 
Huang and Rhys obtain the total thermal ionization 
probability as given approximately by 


Sar bie 
P ( )|(Olex|4) *2mn) 


hve \€0  €0 
po ( p 


x (ri+-4) R, 
o p’ 


where poe W/hw,, and they calculate the integral 
numerically for KBr over a range of temperature and 
for various trap depths. The low-temperature approxi 
mation given by Vasileff is valid when the summation 
over k states is adequately represented by its first term. 

It is also possible to evaluate the integral of (3) in a 
manner which amounts to a high-temperature ap- 
proximation. ‘Thus if we write for the argument of the 
Bessel function 


po)! 
dp, (3) 


z= 2S[ n(ni+1) |, 
and remove constant factors, then with the use of (2) 
the integral in (3) becomes 
po ; (— p po)! 
f exp ( phu,/2kT)1,(2) dp. (4) 
P’ 


wo 


AND 
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We have found that for p>1 and z>p the Bessel 
function can be well represented by 


exp(z— p*/2z) 
(2mz)) 


(5) 


I, (2) 


Also for m>>1 it can be shown that 


- (u—my)! 
f exp(—w’) du 
2 


- u 
1 x 
~ Jf exp) (um), (6) 
m* J, 
and 
“ ly «x! 
f ewe ~u*)(u—m)'dum ( ) exp(—m) (7) 
m 2\2m' 


When one uses (5), (6), and (7) in (4), some straight- 
forward algebra gives for the thermal ionization prob- 
ability 


Sriyl 1 
p= ( —_ -) \lex|s)|*Cnho) (A-+3) 


S3hta\€n €0 
exp{z—S(2n+1) — po?/22— pohwi/2kT} 


po(2mz)¥ po/22+hun/4kT}! 


(8) 


It is found that the quantities which are critical for 
assessing the validity of the approximation are the 
order and argument of the Bessel function in Eq. (4). 
The order of the Bessel function is a variable of inte- 
gration and ranges over all values from pp to “©, but 
only from values of p near po do we find any appreciable 
contribution to the integral. We thus consider the 
range of validity of the expression with reference to the 
values of the two parameters po and z. Checking the 
formula (8) against the computed curves of Huang and 
Rhys for KBr with po=5, 10 and 20 and z ranging from 
20 to 170 we find agreement within the limits of com- 
putational error except for the curve po=20 in the 
vicinity of z= 20. This could have been expected since 
it violates the condition of validity of Eq. (5). Although 
the approximation is for high temperatures, it may so 
happen that a large value of S renders it valid over a 
very wide temperature range. Thus in the case calcu- 
lated by Huang and Rhys the approximation is valid 
for all temperatures on the curves for which po<5S. 
This is shown in Fig. 1 in which values from formula 
(8) are plotted against the Huang-Rhys computations. 
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Emission and Excitation Spectra of Thallium-Activated Potassium Chloride 
at Low Temperatures 


Davip A. PATTERSON AND CLIFFORD C. KLICK 
United States Naval Research Laboratory, Washington, D. C 
(Received October 1, 1956) 


Measurements are reported on the emission spectrum and excitation spectrum for emission of thallium 
activated potassium chloride at low temperatures. The emission spectra derived from Williams’ computed 
configuration coordinate curves are not in close agreement with those observed experimentally. It is shown 
that the simple one-dimensional! treatment of the configuration coordinate curves cannot account for all the 
absorption and emission data in a self-consistent way. At 300°K and 77°K the excitation spectra for the 
3050 A emission and the 4750 A emission are found to be different. It is suggested that these two emissions 
may arise from different thallium centers rather than from two excited states of the same center as proposed 


by Johnson and Williams. 


INTRODUCTION 
HE introduction of a small concentration of 
thallium into a potassium chloride crystal 


produces a luminescent material with relatively simple 
properties. This system has been widely investigated 
both experimentally and theoretically and is at present 
probably the most completely understood luminescent 
system in inorganic solids. Efforts are being made in 
various laboratories to enlarge the information available 
about KCI: TI in order to evaluate further the validity 
of the model of this center and the accuracy of the 
theoretical treatment. Experimental results of this type 
are presented in the present paper. 

Measurements of the room temperature absorption 
spectrum have been made by Hilsch' and Forré? who 
found bands peaking at 1950 A and 2475 A. Measure- 
ments on the longer wavelength absorption band have 
been extended to 4°K by Johnson and Studer’; the 
short wavelength band has been measured at 80°K by 
Johnson.‘ A principal emission band is found at 3050 A 
and its spectrum has been measured in the range from 
90°K to 423°K by von Meyeren.® Another emission 
band, of lower intensity, was found by Biinger and 
Flechsig® at 4750 A and was measured at 80°K by 
Johnson.‘ Biinger and Flechsig® also measured the 
phosphorescent decay of this material and concluded 
that the addition of Tl introduced a trap with an 
activation energy of 0.67 ev. 

Seitz’ has proposed a model for thallium-activated 
alkali halides and has discussed the relation of the 
experimental results to this model in considerable detail. 
In the case of Tl in KC] the 1950 A absorption is 
attributed to a 'So—'!P, transition in the thallium ion 
and the 2475 A absorption band to a 'So—*P, transition. 
More recently Williams*® (referred to hereafter as 
1 R. Hilsch, Z. Physik 44, 860 (1927). 
2M. Forré, Z. Physik 56, 534 (1929). 

3 P. D. Johnson and F. J. Studer, Phys. Rev. 82, 976 (1951). 
‘P. D. Johnson, J. Chem. Phys. 22, 1143 (1954). 

*W. von Meyeren, Z. Physik 61, 321 (1930). 

eee Biinger and W. Flechsig, Z. Physik 67, 42 (1931); 69, 637 


7F. Seitz, J. Chem. Phys. 6, 150 (1938). 
* F. E. Williams, J. Chem. Phys. 19, 457 (1951). 


W I) has calculated the energy of the 'S» and *P, states 
of the Tl ion in KCI starting with information about 
the free ions. The terms investigated were those arising 
from the Madelung, repulsive, van der Waals, ion 
dipole, and Coulomb overlap forces. Exchange effects 
were included indirectly. The energies of these two 
states were computed as functions of the distance 
between the thallium ion and its nearest neighbor 
chlorine ions so that quantitative configuration co 
ordinate curves were obtained. The results are given in 
Fig. 1. From these it is possible to compute the peak 
positions and the temperature dependence of the band 
widths of the 2475 A absorption and 3050 A emission 
bands corresponding to transitions between these two 
levels. Williams® (referred to hereafter as W II) 
attempted a further refinement by including effects due 
to the asymmetry of the wave functions in the excited 
state. It is generally agreed" however, that a cubic 
crystal field cannot resolve the degeneracy of p-states 
so that this latter calculation is not applicable. For this 
reason the comparison of experiment with theory in the 
present work will be made using the older theory (W I). 

It is also possible to compute the configuration 
coordinate curves for simple systems from absorption 
and emission data.” A similar scheme was followed by 
Johnson and Williams" who proposed a configuration 
coordinate curve for the 'P; state using experimental 
data as a base; their work assumed among other things 
that the 4750 A emission occurred as a result of transi- 
tions from the 'P; to 4S state. In addition, tentative 
configuration coordinate curves for the *Py and *P, 
states have been proposed to account for observed 
trapping effects. These curves are, however, related to 
the calculations of WIT. The configuration coordinate 
curve for the 'P; state obtained by application of the 

°F. E. Williams, J. Phys. Chem. 57, 780 (1953). 

HH. J. G. Meyer, thesis, University of Amsterdam, 1956 
(unpublished), p. 36. 

4 RS. Knox and D. L. Dexter (to be published). 

#C.C. Klick, Phys. Rev. 85, 154 (1952), 

4’ PD. Johnson and F. EF. Williams, J. Chem. Phys. 20, 124 
(1952). 


“4P. D. Johnson and F. E, Williams, J. Chem. Phys. 21, 125 
(1953). 
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Fic. 1, Configuration coordinate curves for KCI:Tl. The 


ordinate represents the total energy of the system in various 
states; the abscissa gives the variation in the Tl*-Cl~ distance 
about a zero taken as the K-CI distance in the pure lattice, The 
‘So and *P, states were computed from theoretical considerations 
(after reference 8), The 'P; state is derived from experimental 
data using the method of reference 13 and the curves of reference 8 


method of reference 13 to the results of WI is plotted 
in Fig. 1. 

Wave functions for thallium in potassium chloride 
have been published by Douglas, Hartree, and Runci- 
man; they do not, however, include exchange. No 
attempt has as yet been reported to repeat the calcu 
lations of Williams using these wave functions, but 
they have been used by Knox and Dexter'® to investi- 
gate the problem of the oscillator strengths for the 
absorption bands in KCI]: TI. 

Butler’? has made room 
measurements on KCI:TI 
general, by grinding together KC] and TICIl. He 
reported separate excitation peaks at 2600A and 
2450 A for the visible and ultraviolet emissions respec- 
tively. Somewhat similar results had previously been 
reported in the work of Johnson and Williams.” In 
4 


temperature excitation 
phosphors prepared, in 


the model proposed by Johnson and Williams,” see 
Fig. 1, the absorption of light near 2500 A leads to the 
excitation of Tl from its ground state to the *P, state. 
The center then relaxes to the minimum of this state. 
It is assumed that the curves for the 'P; and *P, states 
intersect near their minima so that transitions to the 
'P, state from the *P; state are possible with little or no 
activation energy. As a result both the 'P; and *P,; 
states are populated, leading to two emission bands, 


® Douglas, Hartree, and Runciman, Proc. Cambridge Phil. Sox 
51, 486 (1955). 

'R.S. Knox and D. L. Dexter, Bull. Am. Phys. Soc. Ser. IT, 1, 
112 (1956) 

17K. H, Butler, J. Electrochem. Soc. 103, 508 (1956). 
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although there has been only a single absorption 
transition. Thus the same excitation spectrum should 
be observed in the 2500 A region for both emission 
bands. The experimental results above thus cast some 
doubt on this model. 

Butler has proposed a different set of transitions than 
that assumed by Seitz and extended by Williams and 
Johnson. The excitation peak at 2600 A and the emission 
peak at 4750 A are ascribed to transitions between the 
ground state of the thallium ion and the *P,; excited 
state. Excitation in the 2450 A band and emission at 
3050 A are ascribed to transitions to the 'P, state. 
Absorption and excitation bands at wavelengths less 
than 2000 A are tentatively suggested as being due to 
higher excited states of the thallium ion or possibly due 
to lattice absorption in regions perturbed by the 
thallium ion. 

The purpose of the present work is twofold. First, 
measurements of the emission spectrum of the 3050 A 
band over a range of temperature from 4°K to 300°K 
would provide additional data to check the configuration 
coordinate curves for the 489 and *P, states calculated 
by Williams. Second, the measurement at various 
temperatures of the excitation spectrum of low concen- 
tration KCI:Tl phosphors prepared from the melt 
should give more conclusive evidence concerning the 
'P; state and the curve deduced for it by Johnson and 


Williams. 
EMISSION MEASUREMENTS 


Figure 2 shows schematically the experimental 
arrangement for measuring the emission spectra. An 
H-6 1000-watt mercury arc mounted in fused silica 
was the source of exciting light. This light was passed 
through a quartz double monochromator and into a 
helium Dewar where it excited the KCI: TI phosphor. 
The emitted light was observed by a 1P28 photo- 
multiplier after dispersion of the emission in another 
quartz monochromator. The samples were prepared 
by melting together KCl and TIC! in a helium or HC] 
atmosphere and grinding the resulting solid solution 
to a coarse powder. The KCI was specially purified by 
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Fic. 2. Schematic diagram of apparatus for emission measure- 
ments at low temperatures. The exciting ultraviolet light is 
dispersed through two quartz monochromators M No. 1 and M 
No. 2 and then falls on a sample contained in a double Dewar. 
The emitted light is analyzed by a third quartz monochromator 
and detected by a photomultiplier (P.M.), amplifier, and recorder 
combination. 
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Fic. 3. Ultraviolet emission band of KCI:T! at 300°K, 77°K, 

and 4°K, The dashed curve is computed from the theoretical 

configuration coordinate curves of reference 8; the solid curves are 

the results of experiment. The relative number of emitted photons 

is plotted as a function of energy of the emission. The curves are 

normalized at their peaks. 


extraction with dithizone to remove heavy metal 
impurities. 

The results of emission measurements on KCl with 
0.0004 mole fraction of Tl are given in Fig. 3 for 
temperatures of 300°K, 77°K, and 4°K. Also given are 
the emission spectra computed from the configuration 
coordinate curves of WI. The widths of the emission 
spectra at half maximum at 300°K, 77°K, and 4°K are 
observed to be 0.54, 0.35, and 0,32 ev, respectively ; 
those computed are 0.92, 0.50, and 0.41 ev. At 4°K the 
peak positions of the observed and computed emission 
curves differ by 0.18 ev; for the absorption spectra’ a 
difference of approximately 0.47 ev had previously been 
found. 

The simple theory of configuration coordinate curves 
indicates that both the absorption and emission curves 
should be Gaussian in shape.'* Modifications of this 
theory have been suggested by Dexter’ who concludes 
that simple emission and absorption spectra should be 
of the form 

I= EG, (1) 


where J is the number of absorbed or emitted quanta, 
E is the energy of the quanta, G is a Gaussian function, 
and m is a constant which depends on the system. In 
the KCI:TI1 case, m should be 2 for the emission spec- 


18 F, E. Williams and M. H. Hebb, Phys. Rev. 84, 1181 (1951). 
TD. L. Dexter, Phys. Rev. 96, 615 (1954). 
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trum and zero for the absorption curve. The experi- 
mental_emission data of Fig. 3 have been compared 
with functions of the form of Eq. (1), but the band is so 
0 and n= 2 was not 
possible. For simplicity the emission has been assumed 
to be.a Gaussian of the form 


I =I expl—a(E 


narrow that a decision between n 


Eo)* |, (2) 


and the quantity [logio(Jo/J) }! was plotted as a 
function of £ to test this relation. Figure 4 shows the 
4°K emission data plotted in this way. Except for the 
tails of the band where the precision of the measurement 
is poor, the data are fitted quite well by the equation. 
However, it should be noted that the slopes of the 
two straight lines are not the same; the difference is less 
apparent in the 77°K and 300°K data. A similar failure 
to follow a single Gauss curve has been noted in the 
case of the F-center absorption band.” *! For the 
F-center the steeper slope is on the low-energy side of 
the peak, while for the KCI: Tl emission the steeper 
slope is on the high-energy side. No explanation of 
these effects has as yet been proposed. 


EXCITATION MEASUREMENTS 


The experimental arrangement for measuring exci- 
tation spectra is shown schematically in Fig. 5. Ultra- 
violet light from a hydrogen arc lamp is dispersed in a 
quartz monochromator and allowed to fall on a 
powdered sample of KCI:Tl in a Dewar. A 1P28 
photomultiplier is used to record the intensity of 
emission as the wavelength of the exciting light is 
varied. The 3050 A emission was isolated by placing 
Corning 7740 and 9863 filters before the photo 
multiplier; the 4750A emission was isolated using 
Corning 7740 and 3389 filters. 

As before, a KCl sample with 0.0004 mole fraction 
of Tl was measured, The results are presented in Fig. 6. 
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Fic. 4, Experimental data for the 3050 A emission band of 


KC! with 0.0004 T1 (mole fraction) at 4°K plotted as a Gaussian 
function of the form of Eq. (2). 
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Fic. 5. Schematic arrangement of apparatus for excitation 
measurements at low temperatures, The filters used (see text) 
pass the luminescent emission and exclude the exciting light from 
the photomultiplier 


Excitation data for the visible emission at 4°K have 
been omitted since background luminescence, ap- 
parently from gases adsorbed on the sample, became 
so large as to make the results untrustworthy. The 
77°K and 300°K results of Fig. 6 show quite clearly, 
however, a distinct difference in the excitation spectra 
for the ultraviolet and visible emissions, The excitation 
spectrum for the ultraviolet band peaks at 2470A 
and that for the visible band peaks at 2540 A in the 
77°K data, 


DISCUSSION 


There appears to be reasonably good agreement 
between the measured peak position of the 3050 A 
emission curve and that derived from the computed 
configuration coordinate curves of W I. The half-widths 
of the emission bands are in less satisfactory agree- 
ment. A more specific comparison between theory and 
experiment may be made by using the one-dimensional 
treatment of configuration coordinate curves and 
determining the vibrational frequency which leads to 
the broad emission band at low temperatures through 
a zero-point vibrational energy. The width of the 
emission band at half-maximum, H is of the form'® 


H=C{ (hv/2k) coth(hv/2kT) }, (3) 


where C is a constant, v is the frequency in question, 
T is the absolute temperature, and 4 and k are Planck’s 
and Boltzmann’s constants, respectively. By measuring 
H at various temperatures it is then possible to obtain 


the frequency of vibration characteristic of the system 
in its excited state. This quantity may also be obtained 
from the *P,; curve of WI since it is of the form 


E=KX?/2, 


(4) 


where £ is an energy, X is a distance, and K is a force 
constant. Using this force constant and an appropriate 
mass the vibrational frequency may be obtained. In a 
involving the ground state 


similar computation 


AnD ©. ©. €£1CE 


Williams” takes the mass to be that of the six nearest 
neighbor chlorine ions plus a correction factor for 
second nearest neighbors which amounts to 20% of 
the mass of the chlorine ions. The experimentally 
determined frequency for the system in its excited 
state is 4.6K10" using the 300°K and 4°K data; 
from the *P, curve of W I it is 2.6 10" using the mass 
employed by Williams. A similar comparison may be 
made using the absorption spectra’ and the computed 
‘So curve of W I. For the ground state the experimental 
frequency is 3.6X10" and that from the computed 
curves is 4.0X 10". These results would seem to indicate 
that the ground state curve of W L is in good agreement 
with experiment while that for the first excited state is 
considerably less precise. 

In addition, it is of interest to inquire whether or not 
a one-dimensional configuration coordinate curve 
treatment can account for the full range of optical 
data now available for KCI: TI. To this end, the ratio 
of the frequencies of vibration of the excited and ground 
states may be taken. If one uses the results obtained 
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Fic, 6. Excitation spectra of KC] with 0.0004 T] (mole fraction) 
at 300°K, 77°K, and 4°K. The intensity of emission is plotted as 
a function of the wavelength of exciting light for equal numbers 
of quanta incident on the phosphor. The dashed curve represents 
the excitation spectrum for the 3050 A emission, and the solid 
curve that for the 4750 A emission. The curves are normalized at 
their peaks. 


2. E. Williams, Phys. Rev. 82, 281 (1951). 





SPECTRA OF 
above from an analysis of the temperature variation 
of emission and absorption band widths, this ratio is 


Vexcited/ Vground = 4.6X 10!/3.6X 10= 1.28. (5) 


This ratio may also be obtained from the ratio of the 
low temperature band widths of the absorption and 
emission bands.” This relation is 


Vexcited, '‘Vground = (Habs, Hemis)* . 
= (0.108 ev/0.32 ev)*?/®5=0.65. (6) 


It appears that different sets of data give widely 
different results so that the data themselves are not 
internally self-consistent on a one-dimensional con- 
figuration coordinate curve basis. This may result 
either from the approximations introduced in using 
such a simple model” or it may be due to complications 
in the optical properties of the center, 

In the excitation spectra of Fig. 6 there are well- 
separated peaks for the 3050 A and 4750 A emissions 
at both 300°K and 77°K, thus confirming and extending 
the work of Butler.’ In addition, Johnson and 
Williams® and Butler'’ have found that the ratio of 
the emission peak heights varies with T] concentration, 
These facts appear to be difficult to understand for 
transitions characteristic of a single isolated center, and 
suggest that the 4750A and the 3050A 
emission may not arise in the same center. 

In constructing a configuration coordinate curve for 
the 'P; state, Johnson and Williams used experimental 
data rather than extending the calculations used in 
determining the *P; curve. They assumed that the 
1960 A absorption band is due to a transition from the 
1So to the 'P; state and that the 4750 A emission 
corresponds to the inverse transition. In addition 
they assumed that the observed variation of the ratio 
of the intensity of the 4750 A emission to the 3050 A 
emission as a function of temperature arises from an 
activation energy relating the minima of the 'P; and 
5P, curves. It is possible, however, to postulate other 
explanations of the variation of emission intensities 
with temperature which do not require that both 
emission bands arise from the same center. One such 
explanation is that temperature quenching occurs in 
the center responsible for the 4750 A emission but 
not in the center giving rise to 3050 A emision for 
temperatures below room temperature. The efficiency of 
the 4750A emission would then be given by the 
expression of Gurney and Mott” as 


I 4750> {1 + A exp(— E kT) | ao (7) 


and the efficiency of the 3050 A emission is assumed to 
be independent of temperature so that 


T 3050 = K, (8) 


emission 


Then the ratio is 
T 4750/1 3050 [K+ AK exp(— E kT) } - (9) 
%M. Lax, J. Chem. Phys. 20, 1752 (1952). 


*R. W. Gurney and N. F. Mott, Trans. Faraday Soc. 35, 69 
(1939). 
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Equation (9) is of the same form as that fitted by 
Johnson and Williams to their data. 

Another possible explanation of the temperature 
dependence of the ratio of the two emission bands 
observed by Johnson and Williams” is that thei 
measurements were made with excitation by 2537 A 
light from a low-pressure mercury arc. Reference to 
Fig. 6 will show that at 77°K this wavelength is near 
the peak of the excitation band for the 4750 A emission 
but on the side of the excitation band for the 3050 A 
emission. As the temperature increases, the excitation 
spectra shift and broaden so that the 3050 A emission 
is more efficiently excited. This effect will also change 
the emission ratio in the direction observed. 

Another objection to the proposed 'P; curve has 
been raised by Knox and Dexter."' They point out that 
a computation of the 'P; curve using the same mathe 
matical methods by which Williams obtained the *P, 
curve® would lead to a curve similar in shape to the 
§P;, curve but displaced upward in energy by about 
3 ev. Such a curve would be radically different from 
that proposed by Johnson and Williams."* When one 
uses the 4So and 'P; curves of Fig. 1, the computed 
widths at half-maximum of absorption and emission 
curves at 80°K are 0.27 and 0.64 ev, respectively ; 
Johnson‘ gives experimental values of 0.33 and 0.50 ev 
for the 1960 A absorption and 4750 A emission bands 
at the same temperature. 

The energy level assignments proposed by Bulter 
have a number of attractive features. There appear, 
however, to be two objections that might be raised. 
First, it fails to account for the dependence of the 
ratio of the emission band activator 
concentration ; and second, states which differ by about 
3 ev in the free ion would lead to excitation spectra 
differing by only 0.14 ev in the solid. 

Sample preparations were made incorporating trace 
amounts of Cu and Pb in addition to the Tl in order to 
determine whether the center responsible for the 4750 A 


intensities on 


emission might be due to traces of these activators 
which are common impurities in KCl. No increase in 
the 4750 A emission was observed, It appears, then, 
that which the two 
emission bands arise, both are due to Tl with the type 
responsible for the 3050 A emission probably being the 
more numerous. If this center is assumed to be an 
isolated thallium ion in a realtively perfect part of the 
lattice, then the center responsible for the 4750A 
emission might be due to thallium clusters as is sug 
gested by its dependence on thallium concentration 
or it might be due to a thallium ion in a region where 
crystalline imperfections alter its optical porperties. 


if there are two centers from 


CONCLUSIONS 


The measurements of emission and excitation spectra 
described here yield further evidence concerning the 
1S) and *P; configuration coordinate curves calculated 
by Williams for Tl in KCl. It appears from a com- 
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parison of theory and absorption spectra that the ‘Sy 
curve of WI is fairly accurate. The observed emission 
spectra are in much less satisfactory agreement with 
those computed using the *P; curve WI; nor is it 
possible to derive one-dimensional configuration co- 
ordinate curves which include all the experimental data 
on absorption and emission in a self-consistent manner. 
This may indicate either the presence of unsuspected 
complications in the absorption or emission properties 
of KCI: TI, or it may indicate the limitations in the use 
of a one-dimensional configuration coordinate curve 
model for the center. The excitation spectra also casts 
some doubt as to the validity of the assumptions made 
by Johnson and Williams in obtaining the 'P, con- 
figuration coordinate curve from experimental data. It 
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appears that the experimental results could also be 
interpreted as indicating the presence of two thallium 
centers in slightly different environments. It is probable 
that more certain conclusions concerning this state 
will arise from a detailed investigation of the 1960 A 
absorption band and the emission spectra associated 
with it. 
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Simultaneous measurements of absorption, fluorescence, and 
photoconductivity have been investigated for AgCl as functions 
of exciting radiation and temperature, Excitation in the range of 
250 to 400 millimicrons with temperatures from — 180°C to room 
temperature were employed. Frequency-sensitive apparatus was 
used throughout the measurements with the light beam chopped 
at 37.5 cps. An ac electrometer circuit was employed to measure 
currents in the range 10™ to 10™ ampere. 

The temperature dependence of the absorption edge has been 
extended to lower temperatures and the coefficient of absorption 
observed to be an exponential function of wavelength. It was also 
observed to be an exponential function of 1/7°K in the range 387 
to 400 millimicrons. The fluorescence of AgC! at 175°C was 


I. INTRODUCTION 


ECENT investigations'? on the properties of 

AgCl have made evident the importance of 
measurements on crystals at shorter wavelengths and 
lower temperatures. Limited studies of AgCl have 
previously been reported, both in the edge region and 
at higher absorptions.*-® Many factors enter to make 
such measurements difficult. The steepness of the ab- 
sorption edge requires crystals covering a wide range of 
thicknesses. In absorption measurements, fluorescence 


* This research was supported in part by grants from the 
Research Corporation and from the University of Oregon Gradu 
ate School. 

t Present address: General Electric Company, APED, San Jose, 
California. 

1P, D. Milliman, Master’s thesis, Cornell University, Ithaca, 
New York, 1954 (unpublished). 

2 F, Moser and F. Urbach, Phys. Rev. 102, 1519 (1956). 

*R. Hilsch and R. W. Pohl, Z. Physik 64, 606 (1930). 

4W. Lehfeldt, Nachr. Ges. Wiss. Géttingen 1, 171 (1935). 

*M. A. Gilleo, Phys. Rev. 91, 534 (1953). 


482 millimicrons for an exciting wavelength in the region of 270 
millimicrons. A second weaker fluorescence peak of undetermined 
wavelength was observed at temperatures in the neighborhood of 
150°C for an exciting radiation of 390 millimicrons. Photo 
currents proportional to the intensity of the exciting radiation were 
observed in the saturation current region for low applied voltages. 
Photoconductivity was observed in each of two different regions 
of the temperature range and wavelength range of exciting radia 
tion employed. There were large photocurrents for wavelengths of 
exciting radiation less than 270 millimicrons in the temperature 
region of —175°C and smaller photocurrents at temperatures of 
55°C for exciting radiation of 398 millimicrons. The spectral 
distribution of photoconductivity was also investigated. 


at low temperatures must be corrected for along with 
any fluorescence of the supporting quartz materials 
for thin samples. However, photoconductivity measure- 
ments impose the requirement that thick crystals be 
used in order that as much light be absorbed as possible. 

It appears to be necessary to study simultaneously 
these properties of AgCl before an interpretation of the 
electronic processes can be attempted. 


Il. EXPERIMENTAL 
A. Materials 


The samples used in these experiments ranged in 
thickness from 0.55 cm to 5X10~* cm. Two single 
crystals,*? 0.23 cm and 0.55 cm thick, were used in the 
low-absorption region. Also AgCl, 0.1 cm thick, ob- 


* Obtained from J. W. Davisson, Naval Research Laboratories, 
Washington, D. C 

7 Obtained from F. C. Brown, University of Illinois, Urbana, 
Illinois. 
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Fic. 1. Absorption 
spectra of AgCl as a 
function of tempera- 
ture in the range 
—177°C to 28.5°C. 
Crystal thickness, 
0.23 cm. 
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tained from the Harshaw Chemical Company, was 
used. This material, when etched, shows a surface 
structure which is not visible under polarized light 
before etching. In addition, single crystals were grown 
from chemically pure AgCl by the Kyropoulos 
technique. 
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Fic. 2. Absorption 
spectra of AgCl as a 
function of tempera- 
ture in the range 
—183°C to 28°C. 
Crystal thickness, 8 
microns. 
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The thin single crystals were grown between optically 
polished fused quartz plates from these materials. All 
crystals were supported on cp magnesium oxide powder 
and annealed in air® by heating in the dark to 400°C for 
three hours, and then were cooled to room temperature 
over a period,of three days. After this treatment they 
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hic. 3. Natural log of absorption coefficient vs 108/7°K 
for two different wavelengths 


were etched, washed, and air dried. Subsequently, two 
coats of silver conducting paint’ were applied to op- 
posite edges of the crystals to serve as electrodes. 
The crystals, during manipulations, were exposed only 
to dim red light except during the period of actual 
investigation and the measuring exposure was found not 
to cause a detectable change in the crystals. When 
ready for use, a crystal was mounted in the crystal 
holder behind a slit system with its thin dimension 
perpendicular to the light beam, and silver electrodes 
were placed lightly against the painted electrodes. The 
crystal was then put in a double-wall crystal chamber 
which was flushed with dry nitrogen before the chamber 
was sealed. The crystals were cooled slowly to prevent 
strains and to allow any remaining moisture in the 
crystal chamber to be condensed in the lower chamber 
of the ¢ ryostat,. 


B. Apparatus 


The crystal was maintained in a dry atmosphere 
rather than in vacuum and a circulating stream of dry 
nitrogen flowed past the crystal and through a large 
copper tube submerged in the cooling bath.. The 
temperature of the crystal chamber was controlled by 


* Type SC-12 Silver conducting paint, Micro Circuits Company, 
New Buffalo, Michigan 
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a platinum resistance thermometer sensing element 
above the crystal and a thyratron-operated controlling 
circuit with a heating element below the crystal. A 
copper-constantan thermocouple” placed in the crystal 
holder recorded the actual temperature of the crystal. 

The continuum from a hydrogen discharge tube and 
a mercury arc served as light sources. The exciting 
radiation was passed through a Bausch and Lomb 
Grating monochromator and the beam was given a 
square wave modulation in intensity of 37.5 cps. Meas- 
urement of initial intensity incident on the crystal 
simultaneously with the measurement of the trans- 
mitted light through the crystal was afforded by a 
quartz beam splitter. The two resulting beams were 
measured by 1P28 phototubes whose output was ampli- 
fied by Calibrated 
neutral density screens were placed in the initial 


frequency-sensitive amplifiers."! 


intensity beam during the course of an experiment to 
correct for differences in sensitivity of the two photo- 
tubes due to differences in the intensity of the beams. 
Filters were placed in front of the transmitted intensity 
phototube to remove the fluorescent light emitted by 
AgCl and quartz. Initial intensity measurements were 
corrected for these filters along with the corrections for 
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Fic. 4. Wavelength vs temperature for constant 
absorption coefficient. 


” Calibrated by the National Bureau of Standards, Washington, 
Db: < 
4 J. M. Sturtevant, Rev. Sci. Instr. 18, 124 (1947). 
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5. Exponential dependence of absorption coefficient with 
wavelength for the temperature range —51°C to 28°C, 


differences in intensity incident on the two phototubes 
without a crystal in place. 

The fluorescent light emitted by the crystal at right 
angles to the incident light passed through double 
quartz windows in the cryostat wall, and was analyzed 
by a glass prism spectrometer. This light was measured 
by a 1P21 phototube whose output was amplified by 
a frequency-sensitive amplifier."! 

The intensity falling upon the crystal is modulated 
and the current in the crystal varies, therefore, accord- 
ing to the modulation frequency. An ac electrometer 
circuit was developed to measure currents in the range 
of 10~'* to 10-" ampere. The output of this circuit was 
amplified by a frequency-sensitive amplifier."' All data 
were taken with a positive voltage of 420 v applied to 
the crystal. A negative voltage of equal magnitude was 
applied between each reading. The number of photons 
per second incident on the crystal was determined by 
a 1P28 phototube and the published spectral sensitivity 
curve, 

Ill. EXPERIMENTAL RESULTS 
A. Absorption Coefficients 

Characteristic absorption coefficient vs wavelength 
curves are given in Figs. 1 and 2. In each of these 
figures the absorption curve for the respective sample 
as measured at room temperature with a Beckman 
ultraviolet spectrophotometer is The 
absorption coefficient measured at low temperatures 
was normalized to the value measured at room tempera 
ture at 450 millimicrons. The difference between the 
two methods of measurement was about 15%, which is 


also shown. 


approximately the same error obtained for the absorp 
tion coefficient when measured on two different Beck 


man spectrophotometers. 
The index of refraction for AgCl at 500 millimicrons 
is 2.096." This value was used to apply a constant 


2 Tilton, Plyler, and Stephens, J. Opt. Soc. Am. 40, 540 (1950). 
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correction for reflections at the air AgCl interface. 
Similar corrections were applied to the thin samples 
crystallized between fused quartz plates to account for 
reflections at the air-quartz interface and the quartz 
AgCl interface. The final correction took account of the 
absorption of the fused quartz plates as determined on 
the Beckman spectrophotometer. 

The optical modes of vibration may be expected to 
set up fluctuating electric fields in the lattice which 
will perturb the band edges. The thermal excitation of 
these modes will vary exponentially with temperature 
and hence the absorption coeflicient will be given by 
“? For a wavelength of 400 millimicrons we 
obtain (Fig. 3) from the slope of the lines ¢=1.7 
«1078 °K, while at 387 millimicrons e=0.44X 107% °K. 
For wavelengths shorter than these the absorption 


a aoe 


coefficient does not appear to vary exponentially 
with 1/7 °K. 

Gilleo® found that the wavelength at which a given 
absorption coefficient is reached approaches a constant 
value asymptotically. In the present investigation this 
was not observed, as is shown in Fig. 4 for two widely 
differing absorption coethcients. 

Moser and Urbach* investigated the variation of the 
absorption coeflicient with wavelength and observed 
that it is an exponential function for wavelengths 
greater than 395 millimicrons. In the range 350 to 
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Fic. 6, Fluorescence spectra for the temperature range 
to —100°C with 366-millimicron excitation 
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Fic. 7. Fluorescence spectra at constant temperature for an 
exciting wavelength range 302 to 366 millimicrons. 


395 millimicrons this no longer holds, but in the range 
300 to 350 millimicrons the absorption coefficient was 
observed to vary exponentially with wavelength again. 
Thus if the formula a=aye™ holds well in the absorp- 
tion edge, then we obtain (Fig. 5) at a temperature 
of 28°C, c= 380 cm™, while at a temperature of —51°C, 
c= 220 cm". 


B. Fluorescence Measurements 


The intensity of the fluorescent light emitted by a 
crystal, for a constant wavelength of exciting radiation, 
decreases with increasing temperature (Fig. 6). At 

-100°C only weak fluorescence is observed. At a con- 
stant temperature the fluorescence increases with 
decreasing wavelength (Fig. 7). The fluorescence has a 
maximum at 482 millimicrons. The slit width is different 
in each of these figures. In these curves the fluorescence 


spectrum was corrected for the spectral sensitivity of 
the phototube and for the number of photons per 
second incident on the crystal. 

The intensity of the fluorescent light emitted by the 
crystal changes not only with temperature but with the 
wavelength of the exciting radiation incident on the 
crystal (Figs. 8 and 9). For wavelengths longer than 


400 millimicrons the incident radiation is scattered 
strongly (see Fig. 9). At wavelengths shorter than 400 


millimicrons two bands of fluorescence appear, one in 
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the region of 350-400 millimicrons and a second in the 
region 250-300 millimicrons. Below 250 millimicrons 
there are indications that the fluorescence again in- 
creases. However, this must be verified. At temperatures 
above — 100°C there is possibly only weak fluorescence 
for exciting wavelengths greater than 250 millimicrons. 
The relative intensity in Figs. 8 and 9 is the emitted 
intensity corrected for the spectral distribution of the 
source. 


C. Photoconductivity 


Photocurrents in the saturation region were measured 
with 420 v applied to painted electrodes separated by 
1.2 cm. The photocurrents in these measurements were 
proportional to the light intensity throughout the 
experiments. The photocurrents were of the order of 
10~-* ampere for an intensity of monochromatic light at 
the crystal of the order of 10" photons per second. 
With indium contacts evaporated on a crystal" greatly 
reduced currents were measured, probably due to an 
InCl barrier formed between In and AgCl. 

Bands of photoconductivity were observed in two 
different regions of the temperature and wavelength 
range investigated (see Figs. 10 and 11). In the neigh- 
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borhood of —55°C the photocurrent rises abruptly 
at about 410 millimicrons and drops rapidly for wave- 
lengths shorter than 395 millimicrons. No photocurrents 
were observed for wavelengths shorter than 300 milli- 
microns or longer than 420 millimicrons in this tempera- 
ture region. 

Marked changes take place when photocurrents are 
measured at low temperatures. Although the current 
is erratic, which may be due to trapping and polariza- 
tion, the general trend of Fig. 11 is interesting. The 
curve of fluorescence vs wavelength of incident light 
exhibits a maximum at about 270 millimicrons and 
from Fig. 11 there appears to be a corresponding rise 
in the photocurrent in this region, reaching higher 
values than at any other wavelength or temperature. 
In the region of 390 millimicrons there is another peak 
of lower magnitude in the photocurrent curve which 
corresponds to a second fluorscence maximum in the 
same region, also of lower magnitude. In the vicinity of 
—55°C the photoconductivity and fluorescence vanish 
in the 270-millimicron region, while the photocurrents 
and a possible weak fluorescence persist in the 390- 
millimicron region. 

The spectral distribution of photoconductivity gener- 
ally exhibits a maximum in the region of the absorption 
edge. As one approaches the absorption edge from the 
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Fic. 9. Fluorescence vs exciting wavelength in the 
temperature range —73°C to —157°C. 
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long-wavelength side, photoconductivity rises rapidly 
as the absorption edge is reached, goes through a 
maximum at some moderate value of absorption, and 
falls again while the absorption coefficient is still rising. 

Recently this has been explained" by taking into ac- 
count the recombination of carriers at the surface of 
the photoconductors. If the surface recombination rate 
is high, compared with that in the volume of the photo- 
conductor, the equilibrium concentration of charge 
carriers will be less when these are generated close to the 
surface than when they are distributed through the 
volume of the material. 

A comparison of the predictions of this theory with 
experiment has been carried out for photocurrents 
measured at two different temperatures (Fig. 12). Z 
is the product of the absorption coefficient and the 
thickness of the crystal. \ is proportional to the thick- 
ness of the crystal, while £ is proportional to the ratio 
of surface to volume recombination rates. The experi- 
mental photoconductivity was normalized to 1.0 at its 
peak. Included are the theoretical curves for \= 1 and 
§=10 in one case and £= 100 in the other, which give 
the best fit. The general shapes of the observed photo- 
conductivity spectral distribution curves are in reason- 
able agreement with those predicted by the theory, 


WH. B DeVore, Phys. Rev. 102, 86 (1956) 
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Fic. 11. 270- and 598-millimicron photosensitive bands in the 


temperature range — 148°C to —177°C. 


although photoconductivity was not measured over a 
large enough range of absorption coefficients to make 
any extensive comparison, However, no consideration 
of the variation of photoconductivity with temperature 
was taken into account in the theory. Disagreement 
may arise from the assumption that every photon 
absorbed creates a pair of charge carriers, This means 
that only band-to-band transitions occur. However, it 
appears that in AgCl other types of transitions may 
arise, not all of which give rise to photoconductivity. 


IV. DISCUSSION 


The results in this investigation can be interpreted 
from a consideration of the absorption curve. With 
decreasing temperatures the absorption coefficient be- 
comes smaller for a constant wavelength. Absorption in 
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the 398-millimicron band is possible for temperatures in 
the — 55°C region. When the temperature decreases, the 
absorption in this region decreases and consequently 
the photoconductivity and any small fluorescence 
should also decrease. This may be viewed as a transition 
from the valence states to an intermediate level. In the 
neighborhood of —175°C there are weak photocurrents 
in the 398-millimicron region and larger photocurrents 
in the 270-millimicron region, which corresponds to the 
relative maximum on the absorption curve. At these 
wavelengths the electrons are excited from the valence 
band to a second level of higher energy than the level 
observed with 398-millimicron radiation. 

However, the second level may not be the bottom of 
the conduction band. Because the absorption curve 
rises to larger values below 240 millimicrons and hence 
must reach another maximum, it is felt that the second 
band does not represent the bottom of the conduction 
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Fic. 12. Spectral distribution of photoconductivity. 
band but a second level between the valence and 
conduction bands. 

Further investigations at wavelengths less than 270 
millimicrons are required before the width of the 
forbidden region can be fixed. 
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At breakdown of reverse-biased silicon junctions one often observes not only discrete current pulses, but 
also minute luminous spots. It is postulated that these phenomena represent local discharges which are 
very similar to the gas discharge cathode fall. The mechanism is illustrated for the case of the n-i-p structure 
Approximate calculations show that the ionizing regions of these microplasmas are about 500 A in extent, 


have a current density +2 10° amp/cm?, and a net space charge density 


= 10'*/cm*, Two such regions are 


to be associated with each microplasma, except in such narrow junctions that they cannot properly be 
separated. The finite duration of the microplasmas, as evidenced by the current pulses, may be explainable 
on the basis of a statistical fluctuation, in which a fraction of the carriers fail to ionize. If the fluctuation 
exceeds a critical size, the carrier density rapidly decreases with time, and the microplasma is extinguished 
Initiation of the microplasma in linear gradient and step junctions poses a space charge problem that is at 


present not resolved. 


I, INTRODUCTION 


ARRIERS injected into reverse-biased silicon (and 
germanium) n-p junctions will, if the applied 
electric field E is high enough, produce electron-hole 
pairs by ionization, which themselves produce further 
ionization, and so on.'? If E is not too high, the con- 
sequent charge multiplication M is finite; the situation 
is closely analogous to the Townsend discharge com- 
monly encountered in gaseous electronics. As E is 
increased, M—+« , which state is called breakdown, and 
one might expect some new effect to be manifested. 
In the gas discharge, the manifestation is generally a 
sudden transition to a (relatively) high-current-density 
mode, in which the field and current are determined to 
a large extent by space charge. Such a phenomenon is 
often referred to as a plasma. Arguing by analogy, one 
might expect the same thing to happen in the n-p 
junction; and indeed, it appears that this is the case. 
For want of a better name, the small high-current- 
density discharges will be referred to as microplasmas. 
This paper is concerned with a qualitative description 
of the transition, and some properties of the micro- 
plasma. The analysis is crude. A reasonably exact solu- 
tion appears virtually impossible; even in gaseous 
electronics, exact solutions have been obiained for only 
the simplest plasmas. 
Before describing the transition and the microplasma, 
it will be necessary to review the pertinent data upon 
which the description will be based. 


II. SUMMARY OF DATA 


The ionization coefficient a cm~! has been measured? 
for both electrons and holes in silicon, and the rate 
appeared approximately equal for each. One may write 
empirically 

a~E*, (1) 


where k is itself a function of FE. This coefficient k>1 
at low E, and k<1 at very high E. A theoretical calcu- 


1K. G. McKay and K. B. McAfee, Phys. Rev. 91, 1079 (1953). 
2K. G. McKay, Phys. Rev. 94, 877 (1954) 


lation of a vs E has been made by Wolff.’ It agrees well 
with values of a obtained by McKay from observations 
of charge multiplication in reverse-biased silicon n-p 
junctions. More recently, Miller* has concluded that a is 
larger for electrons than for holes. This fact will affect 
the subsequent discussion in a minor way, which will 
be mentioned below. 

It is well known from gas discharge technology that 
a medium in which k>1, and in which two electrodes 
are immersed, will possess, in the absence of other 
complicating mechanisms, a negative voltage-current 
characteristic over the range of E approximately defined 
by the range for which k>1. But also to be considered® 
are the spreading resistance of the material surrounding 
the high-current ionizing region, and heating of the 
junction, which effects together might be sufficient to 
give a positive characteristic at the contacts to the 
silicon. McKay observes, in fact, that at breakdown 
silicon n-p step and linear gradient junctions do show 
an instability. He notes that the junction breaks down 
sporadically, giving perfectly constant current pulses 
all of the same amplitude, about 50 ya at their onset, 
and increasing with increasing applied current to a 
maximum value of perhaps 100 wa. This increasing 
current is accommodated principally through an in- 
crease in the on-off time ratio, and time superposition 
of pulses. It is important to note that all the junction 
current was carried by these pulses. The check was 
obtained up to 200 wa, where several sets of pulses were 
superposed, as if the junction were breaking down at 
discrete places. The behavior of these current pulses 
appears to be independent of the breakdown voltage of 
the junction, i.e., of junction width and built-in space 
charge. 

Confirming evidence of such a mechanism has been 
provided by the observation of Newman® and co- 


+P. A. Wolff, Phys. Rev. 95, 1415 (1954). 
*S. L. Miller, Bell Telephone Laboratories (private communi 
cation). 

®W. T. Read, Bell Telephone Laboratories (private communi- 
cation). 
* Newman, Dash, Hall, and Burch, Phys. Rev. 98, 1176 (1955). 
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I'16. 1. Diagrams illustrating the mechanism of instability leading 
to a microplasma, for an n-intrinsic-p silicon structure. 


workers that silicon junctions at breakdown emit visible 
light. Further investigation here by Chynoweth and 
McKay’ shows that the light comes from individual 
regions each of which is too small for microscopic resolu- 
tion. It appears reasonable to associate these regions 
with individual microplasmas. 


If. INSTABILITY AND THE STEADY-STATE 
MICROPLASMA 


Consider Fig. 1(a), which shows an n-intrinsic-p 
structure, in which it is assumed that the m and parts 
are heavily doped so that they may be considered as 
metallic boundaries in the subsequent discussion. 
Figure 1(b) indicates the reverse bias field across the 
junction, When the field is low, and no ionization occurs, 
E=constant across it. With increasing E, one begins to 
get ionization. Eventually, at some field Eo, the multi- 
plication M—~, 

This situation is unstable. Consider the current of 
holes which increases to the right, and of electrons which 
increases to the left, as in Fig. 1(c). This gives a negative 
space charge at the left and positive at the right side. 
The result is to distort the field into a slightly parabolic 
shape, as shown by the dotted curve of Fig. 1(b). 
E> Eo at the edges, and E<E, at the center. But 
since a, Fig. 1(d), increases more rapidly than linearly 
with E, the additional ionization near the edges more 
than offsets the reduction in the center. Thus the net 
ionization increases still further, increasing the current, 
distorting the field even more, and so on. 

The rapid transition, with increasing current density, 
will continue until some averaged field near the junction 
edge becomes so high that a increases only linearly with 
field [ £,, Fig. 1(d) |. The field distribution corresponds 
to the dashed curve of Fig. 1(b). At this point, further 
distortion of E produces no increase in ionization; and 
at the same time, another stabilizing effect occurs. The 
ionizing regions are now very narrow, and carriers do 
not reach an equilibrium velocity distribution, Thus one 

7A. G. Chynoweth and K. G. McKay, Phys. Rev. 102, 369 
(1956). 


ROSE 


has an appreciable fraction of the carriers being ac- 
celerated in a high field, but ionizing at the end of the 
region where the field is low. This contribution to the 
space charge prevents the ionizing regions from be- 
coming narrower. Figure 1 assumes equal values of a 
for electrons and holes. Qualitatively, the results are 
the same if a is somewhat different for the two particles. 
The principal effect will be to introduce some asym- 
metry between the positive and negative sides. 

There is a close analogy here to the de gas discharge. 
In the gas, the positive carriers (ions) do not ionize, 
so there is only one high field region where ionization 
occurs, at the negative side, called the cathode fall. 
In the silicon junction there is one at each end, with a 
high net space charge of holes at the negative side, and 
of electrons at the positive side. Joining them there is 
presumably a region of low field and high charge 
density with, however, low net space charge. This 
might correspond crudely to the so-called positive 
column of the gas discharge. 

It is possible to estimate the size of these small 
ionizing regions, which are the most important parts of 
the microplasma. The field £, above which a increases 
linearly with EZ is about 700 kv/cm, as determined from 
McKay’s data. Furthermore, these high-field data are 
obtained with narrow n-p step junctions, about 3000 A 
wide. In these junctions, it has been estimated that 
near breakdown, the ionizing region was only about 
500 A wide, the rest of the junction being in a field too 
low to ionize. Since both this m-p step junction at 
breakdown and the ionizing region of the microplasma 
are self-sustaining with 2~700 kv/cm, one concludes 
that the length of the ionizing regions in the micro- 
plasma are also about 500 A. One thus has a voltage 
drop of about 4 volts across each region, which is a few 
times the ionization potential. 

One may now derive further properties of these 
ionizing regions. From Poisson’s equation, E~eNd/e, 
where N is the net space charge density, d the width 
of the region, e the electronic charge, and ¢ the per- 
mittivity. The dielectric constant of silicon is about 12. 
Thus, using E=0.7X10® v/cm and d=5X10~* cm, 
one obtains V ~10'8/cm*. Let us assume, analogous to 
the gas discharge, that in each region the charges are 
mostly of one sign, so that the carrier density is also 
about 10'*. In order to estimate other gross parameters, 
one must know the drift velocity of the carriers at these 
high fields. Wolff* suggests the value 1.310’ cm/sec, 
derived from his solution of the transport equation in 
silicon. The local current density /= Nev is therefore 
about 2X 10° amp/cm?. The cross-section area A of the 
region is A=J/J, where J is the current, which will 
be taken as 50 wa. One obtains A =2.4X10~-" cm’; if 
the discharge is thought to be cylindrical in shape, one 
obtains a diameter of 5-600 A. The total number of 


*P. A. Wolff, Bell Telephone Laboratories (private communi- 
cation). 
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charges in one of these regions is therefore about 120. 
If the carriers in each region are not mostly of one sign, 
the current density will be increased and the area A 
reduced accordingly, but the total number of carriers 
will remain about the same. 

These order of magnitude results appear reasonable 
on two counts. First, the calculated net space charge 
density is for the most part considerably higher than 
the space charge built into the junction. Thus one finds 
justification for the experimental fact that the behavior 
of the microplasma is substantially independent of the 
doping of the junction: the microplasma properties are 
determined in the main by the properties of the silicon 
itself. To be sure, microplasmas have been observed? in 
a junction with an external breakdown voltage of 
6.5 volts. For this case, the builtin space charge 
density is in some doubt, and might be as high as 
10'*/cm*, But it appears that no great inconsistency 
exists at the moment, for junctions with substantially 
higher doping are observed not to form microplasmas. 
The second reasonable count is that the diameter of 
the ionizing region turns out to be comparable to its 
length. While this is no guarantee that the mechanism 
is correct, it would be difficult to explain away a calcu- 
lation showing that the length/diameter ratio was 
extreme. The result also points out a difficulty in ob- 
taining a very accurate solution: one must solve a non- 
linear space charge problem in three dimensions. 

The temperature rise and the rate of approach to 
temperature equilibrium in the ionizing regions may be 
estimated. If one assumes all the power P to be dis- 
sipated uniformly in a sphere of diameter /, one finds 
that the equilibrium temperature rise at the center is 
given by 

T = 30 (3) P/4n'Rl, (2) 


where k is the heat conductivity, which for silicon is 
().836 joule/sec cm °C. A calculation of Eq. (2) is given 
in Appendix I. For one ionizing region with 50 ya 
current, P=2X10~ watt, and /=500 A; thus T7~12°. 
This number is in fact an absolute lower limit. First, 
the current may be twice as large; and second, heat 
diffusion from the other ionizing region and the sur- 
rounding resistive medium cannot be ignored. A tem- 
perature rise three times as large, i.e., 36°C, may be 
more realistic. 

For either heating or cooling, it is shown in Appendix I 
that a unique time constant cannot be defined. The 
approach to equilibrium is at first very rapid, then 
much slower as equilibrium is approached. The rate is 
a function of sl?/k, where s=1.8 joules/cm’ °C for 
silicon is the heat capacity. The temperature reaches 
50% of the final value in a time of about 0.3s/*/k 
= 1.6 10~" sec, 75% in a time about 7 10~" sec, and 
90% in a time of about 4 10~"° sec. 

One may suppose that, in common with all such 

9A. G. Chynoweth and K. G. McKay, Bell Telephone Labora- 
tories (private communication). 
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Fic. 2. Voltage-current diagrams of the ionizing region of a 
microplasma. The equilibrium characteristic is represented by 
curve AB, Curves AC and AD represent the effect of fluctuations 
which are respectively stable and unstable. 


negative resistance devices, a voltage-current charac- 
teristic exists for the ionizing regions which has the 
general form of Fig. 2. The curve is for the two ionizing 
regions in series. The breakdown voltage of the junction 
is at Vg; as the voltage is raised just above it, a rapid 
transition occurs to a point in the vicinity of A at 
50 wa and 8 volts. At that point, the excess voltage is 
taken up in the resistance drop of the surrounding 
medium. 

In an n-i-p structure at least, an initiation mechanism 
appears at hand. With a slight overvoltage, breakdown 
does not occur immediately, but awaits the entry of a 
chance carrier into the region. Breakdown in step and 
linear gradient junctions presents an additional space 
charge problem which has not yet been resolved, The 
trouble is that with one side (at least) of the junction 
possessing finite built-in space charge, a distortion of 
the field by ionization will act to widen the junction 
and lower the field in it." One might suppose that the 
donors (or acceptors) are distributed in such a way that 
locally intrinsic regions are formed. If they are dis- 
tributed truly at random, a simple calculation shows 
that the number of such regions is much too small 
except for high voltage (lightly doped) junctions. If the 
donors collect in groups (perhaps at dislocations), the 
chance of finding essentially intrinsic regions is of 
course much enhanced. Nothing very definite is known 
about this point at present. 


IV. EXTINCTION OF THE MICROPLASMA 


The duration and extinction of the current pulses is 
of interest. At low average current through the junction, 
the pulses are infrequent, of amplitude 50 wa, and have 
a short average life (~1 ysec, perhaps). Visual observa- 
tion of the pulses on an oscilloscope indicates that the 
distribution of pulse lengths is approximately expo- 
nential, which would indicate that extinction depends 
on some random event independent of pulse duration. 


“W. T. Read, Bell Telephone Laboratories (private com- 
munication). 





416 B. 


Further, McKay notes that increasing the average 
current through the junction results in a relatively small 
increase in pulse current (maximum current ~ 100 ya), 
but a great increase in average duration (as much as 
100:1, with sufficient current increase). Again there is 
an approximately exponential distribution of durations. 

A mechanism, albeit speculative, may be proposed to 
explain these phenomena. It is that by a chance fluctua- 
tion, the current decreases through the microplasma. 
From Fig. 2, the voltage must rise more or less quadrati- 
cally along or above the stable curve A B with decreasing 
current if the discharge is not to extinguish. The local 
capacity and resistance will have this effect of raising 
the voltage with decreasing current, but the actual 
voltage-current curve depends on the magnitude of 
the fluctuation. 

For small or sufficiently slow fluctuations, the voltage 
rises rapidly with current, as in curve AC of Fig. 2, and 
the discharge is stable. For rapid fluctuations of 
sufficient magnitude, however, the voltage will be 
“clamped” by the local capacity and the rise may be 
represented by curve AD. In this case there is insuffi- 
cient ionization to maintain the discharge in its reduced 
circumstances, the current decreases still further, and 
the discharge is extinguished. The charges are swept 
out in a time of the order of 10~'' sec. At this time the 
breakdown region is still heated, and the ionization 


























Fic. 3. Probability Py, ,(k) that N carriers, each with proba 
bility y of ionizing zero or twice, and probability 1-2y of ionizing 
once, will have & ionizations or less. 
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coefficients are reduced by about 5X 10-*% per degree C. 
Thus if the applied voltage is just above breakdown for 
the cold junction (as is experimentally the case if the 
pulses are to be extinguished), the discharge will not 
immediately reignite, but await another chance carrier. 

The plausibility of the mechanism depends on a 
calculation of the frequency of fluctuations large enough 
to produce a voltage-current curve such as AB of 
Fig. 2, and a comparison of this frequency with the 
reciprocal lifetime of the pulses. 

Consider first the ionization statistics, and let the 
probability P,(0) of one carrier failing to ionize be y. 
Now note that P;(3), the probability of three ionizations 
across the 4-volt ionizing region, is negligibly small. 
Since the expectation number of ionizations n=1 for a 
steady state, one must have P,(2)=¥ also, and P,(1) 
=1—2y. The number of practical interest here is 
Fy ,(k), the probability that all N carriers in an ionizing 
region will actually have k ionizations or less. It is 
calculated in Appendix II, and is shown in Fig. 3, for 
N=120, 150, and 180, and for y=} and yy; these 
values of y are shown in the Appendix to be not un- 
reasonable. Note that [Fy(k) |?>>Fy(2k—N) over the 
range / <10~*; in other words, one is much more 
likely to find a 10% (say) fluctuation simultaneously in 
each ionizing region than one 20% fluctuation in one 
region. 

The velocity of the carriers in the 500A ionizing 
regions is about 1.310" cm/sec. The ionization fre- 
quency per carrier is therefore about 2.510! sec~'. 
The pulse duration is observed to be a few micro- 
seconds, so that one must have F?~10~’, or F=3X10™. 
For N=120, this corresponds to a fluctuation of about 
18% if y=}, and 14% if y=. 

One must now estimate the effect of such a fluctuation 
on the voltage across the ionizing region. Figure 4 is a 
crude representation of an equivalent circuit. The 
capacity C must be at least that of a pair of plates 
500 A across and 500 A apart, or C>5X10~"* farad. 
The value of R is more in doubt, but it is only required 
to be large enough that RC>4X10~™ sec, which is the 
transit time of a carrier across the ionizing region. This 
means that R>10° ohms. For high-voltage junctions, 
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Fic. 4. Equivalent circuit diagram of the microplasma. 
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the spreading resistance (calculated from the bulk 
resistivity) and that of the plasma connecting the 
ionizing regions would probably be sufficient; but for 
low-voltage junctions, it is not. But one is dealing here 
with the dynamic resistance, i.e., the rate of change of 
voltage across the element R with current. Relatively 
high-field regions exist not only at the microplasma, 
but also in its vicinity, and at such fields, the drift 
velocity of carriers varies much less than linearly with 
field. One might reasonably suppose, then, that R is 
much greater than that corresponding to the low-field 
bulk resistivity. Since also the microplasma as a whole 
changes dimensions with current, it is evident that any 
representation by equivalent circuit is fraught with 
difficulty. 

If one admits the qualitative picture of Fig. 4, one 
may calculate the voltage change resulting from a 
fluctuation of the sort described, which has occurred 
over one transit time. The voltage rise is approximately 


AV=—Ad/C, (3) 


substantially independent of R, where Aq is the fluctua- 
tion in charge. For a 15% decrease of the 50 wa current 
over a time of 4X10~" sec, one obtains AV =0.6 volt. 
One cannot say whether such a point, plotted on Fig. 4, 
will lie above or below the stable curve; but one can say 
that it is of the right order of magnitude, and that 
therefore the mechanism proposed does not appear 
totally unreasonable. 

The mechanism also explains the strong dependence 
of pulse duration on pulse current. According to this 
picture, one supposes that some fixed value of y exists, 
and that some fixed percent fluctuation will extinguish 
the microplasma. Although neither quantity can be 
experimentally determined with much accuracy, one 
can investigate the dependence of extinction probability 
on N. Consider the curves y=0.1 of Fig. 3 for a 15% 
fluctuation. The ratio (F120/F'150)?= 36, and (F j20/F igo)? 
= 1300. This would imply that the average duration 
increases by such factors as the pulse current increases 
by 25% and 50%, respectively. 

The writer takes pleasure in thanking K. G. McKay, 
A. G. Chynoweth, P. A. Wolff, and W. T. Read for 
many helpful and pleasant discussions in regard to the 
problem. 


APPENDIX I. TEMPERATURE RISE 
IN THE MICROPLASMA 


Consider the power Q/cm*, and an elementary volume 
dV in which the energy Qd Vd’ is generated in a time di’ 
at ¢’. Then at a later time /, this energy is distributed 
throughout the surrounding volume. The contribution 
d’T to the temperature at a distance r from dV is 


expl—r?/4D(t—’) } (4) 


QdV dt’ 
~ s(4eD(t—-’)}! 


2T 


IN Si 417 
where D=k/s is the heat diffusion coefficient. Let the 
microplasma be initiated at time /=0, and let t—¢/=r. 
Then at the later time /, the total contribution dT of 
this volume element dV to the temperature is 


2 


* QdVdr r’ 
r= f exp( ~ ) 
0 s[4xDr }! 4Dr 


OdV f 
4n'kr ay 


The observed current pulses have durations of the 
order 10~® sec. For typical distances of the order 500 A, 
the lower limit of the incomplete gamma function in 
Eq. (5) is «10%, and may be set equal to zero. 
Physically, this means that temperature equilibrium is 
approached very closely in this time. Equation (5) then 


be ‘dz. (5) 


becomes 


dT = (})OdV /4n'tkr. (5a) 


Consider now the temperature 7 at the center of a 
sphere of diameter / heated in this way. From Eq. (Sa) 
one obtains, using the fact that the total power 


P=rOP/6, 


rg)o ci? 
J 4ardr = 30 (4) P/4 RL. (6) 
4a'k 0 


The approach to equilibrium, or conversely the cool- 
ing after cessation of the current, involves integration 
of incomplete gamma functions. A simple approximate 
answer is obtained if one considers all the heat to be 
generated at one point, and calculates the conditions 
at a distance r: the integral of Eq. (5) gives the time 
dependence. The assumption r=1/2= 250 A then leads 
to the results stated in the text. 


APPENDIX II. CALCULATION OF 
PROBABILITY Fy, ,(k) 


Consider first the probability y. An approximate 
value is obtained from the following argument. At 
breakdown, a carrier traveling across the whole region 
has an expectation n=e—11.7, and let us for the 
moment assume this to be true in the microplasma also. 
But the carriers are not produced right at the end of 
the ionizing region; in fact, about half of them must be 
produced in places where 1<n<1.7. Thus for these 
favored carriers, one has some average (n) = (1.74+-1)/2 
«1.35, and for the whole ensemble, y ~ (1.35—1)/2=}. 
It is likely that y<} in the microplasma, because the 
electrons are not in equilibrium with the field, and tend 
to ionize nearer to the ends of the ionizing regions than 
would otherwise be the case. 

If y=4, the quantity Py,14(k) can be simply ex- 
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pressed.’' It is 


2N 
Fy, tt)=( 1‘ )/*. 


Unfortunately, F is not simple for y#}, but one may 
check that Eq. (7) is very close to a normal! distribution 
for F>10~"*. For other values of y, one may therefore 
write with some confidence 


where 
a= (2yN)}. (9) 


For small F, the expansion 


Fy, ,(k)= ‘ 5 ees {1-( fl Jo] 
(N—k)Qn)k  \w—e 


(N—k)? 
x exp| -— 
2 


(7) 








(N-ki le 

Fyt)= [— exp(—3/2)dy/Qn), 8) | ao 
- o 

4 E. N. Gilbert, Bell Telephone Laboratories (private com- 


munication) is convenient. 
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Thermal Expansion of Rare Earth Metals* 
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Thermal expansion measurements at temperatures ranging up to 900°C for polycrystalline samples of 
La, Ce, Pr, Nd, Gd, Tb, Dy, Er, and Yb metals are reported. La, Ce, Pr, and Nd exhibit plastic flow proper- 
ties at temperatures well below their melting points. High-temperature phase transformations are reported 
for Pr, Nd, and Yb. The coefficient of expansion for Yb is found to be three times as large as the coefficients 
for the other metals reported. Negative coefficients are observed near the Curie points of Gd, Tb, and Dy. 





I, INTRODUCTION 


N recent years rare earth metals have become avail- 

able in good purity and in sufficient quantity to 
make possible fairly reliable measurements of their 
intrinsic properties. The present dilatometric study of 
several of these metals was undertaken in an attempt 
to detect possible unknown phase transitions in these 
elements and to clarify certain transitions previously 
indicated by studies of other physical properties. 

Of particular interest were regions of the high-tem- 
perature thermal arrests found by Spedding and 
Daane' in their thermal analyses of lanthanum, cerium, 
praseodymium, neodymium, samarium, and ytterbium. 
Herrmann, Daane, and Spedding? showed that large 
changes in the electrical resistivities of several of these 
metals occurred at corresponding temperatures; they 
were unable to determine the crystal structures of the 
high-temperature forms, however, since x-ray diffrac- 
tion patterns became extremely diffuse above these 
transitions, 

In the cases of gadolinium, terbium, and dysprosium, 
magnetic transitions are known to occur not far below 
room temperature. An extension of dilatometric meas- 

* Contribution No. 483. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

t Now at International Business Machines, Poughkeepsie, 
New York, 


! F. H. Spedding and A. H. Daane, J. Metals 6, 504 (1954). 
* Herrmann, Daane, and Spedding, J. Metals (to be published). 


urements into this region was thus also of interest and 
was included in the present study. 


II. SAMPLES TESTED 


Dilatometric measurements were made on _ poly- 
crystalline samples of lanthanum, cerium, prase- 
odymium, neodymium, gadolinium, terbium, dyspro- 
sium, erbium, and ytterbium. The salts from which 
these metals were produced were separated and purified 
by an ion-exchange process described by Spedding and 
others.** The metals, with the exception of ytterbium, 
were prepared by a reduction of the rare-earth fluorides 
with calcium metal.®:* Excess calcium was removed by 
distillation in a subsequent vacuum casting. In the case 
of ytterbium, however, a reduction of the oxide with 
lanthanum metal was necessary.’ The ytterbium metal, 
with its high vapor pressure, was then distilled off from 
the remaining lanthanum and lanthanum oxide. 

The actual samples used were cast to the approximate 
size required, finished by turning to shape, and annealed 
by a preliminary heating in the apparatus. In all cases 


+ F. H. Spedding and others, J. Am. Chem. Soc. 73, 4840 (1951). 

‘F. H. Spedding and others, Ind. Eng. Chem. 44, 553 (1952). 

*F. H. Spedding and A, H. Daane, J. Am. Chem. Soc. 74, 
2783 (1952). 

*A. H. Daane and F. H. Spedding, J. Electrochem. Soc. 100, 
442 (1953). 

7 Daane, Dennison, and Spedding, J. Am. Chem. Soc. 75, 2272 
(1953). 











THERMAL EXPANSION 


TABLE I. Analysis of samples. 








Metal 
Lanthanum 


Analysis 


C, 0.02%; N, 0.004% ; Ca, 0.04%; Al, Be, 
Ce, Dy, Er, Cu, Fe, Gd, Ho, Lu, Nd, Pr, 
Se, Sm, Ta, Tb, Tm, Y, and Yb,{not 
detected. 

C, 0.02%; N, 0.04%; La, 0.05%; Pr, 
0.05%; Nd, 0.4%; Fe, 0.04%; Si, 0.03%; 
Ca, 0.04%; Ta and Be, not detected 

C, 0.03%; N, 0.05%; Ta, 0.03%; Si, 
0.03%; Fe, 0.006%; Nd, 0.02%; Ce, 
0.1%; La, 0.01%. 

C, 0.02%; N, 0.06%; Pr, 0.08%; Sm, 
0.06%; Ca, 0.01%; Si, 0.025%; Ta, 
0.05%; Fe, 0.006%; La and Ce, not 
detected. 

Ta, 0.3%; Ca, 0.04%; Si, 0.01%; Fe, 
0.01%; Mg, 0.01%. 

Dy, 0.05%; Gd, 0.05%; Ca, 0.04%; Eu, 
Fe, Ho, Si, and Ta, not detected. 

Ca, 0.2%; C, 0.01%; N, 0.003%; Tb, 
0.1%; Ho, 0.05%; Er, 0.02%; Ta, 0.5%; 
Fe, 0.005% ; Si, 0.02%; Gd, not detected. 
C, 0.01%; N, 0.01%; Ca, 0.07%; Dy, 





Cerium 


Praseodymium 


Neodymium 


Gadolinium 


Terbium 


Dysprosium 


Erbium 


0.005%; Fe, 0.03%; Ho, 0.01%; $i 
0.04%; Tm, 0.002%; Yb, 0.01%. 

C, 0.06%; N, 0.01%; Ca, 0.5%; Cu, 
trace; Er, 0.01%; Fe, 0.05% ; Lu, 0.005% ; 
Si, 0.05%; Ta, 0.03%; Tm, 0.01%. 


Ytterbium 


the final samples were in the form of rods about 5 cm 
in length and some 0.6 cm in diameter. 

A spectrographic analysis and an analysis for carbon 
and nitrogen content were made on each of the samples 
used. The results of these analyses are listed in Table I. 

The samples were not analyzed for oxygen because 
reliable analytical methods have not been perfected. 


Ill. EXPERIMENTAL METHOD 


The dilatometer used in the present work consisted 
essentially of a “fused quartz tube and dial-indicator” 
dilatometer® in which increased sensitivity was obtained 
by replacing the dial-indicator with an optical interfer 
ometer. A diagram of the principal parts of the di- 
latometer is shown in Fig. 1. 

The sample holder consisted of a fused-quartz tube 
with a sealed, conical bottom on which the sample 
rested. Resting in turn upon the sample was a fused- 
quartz rod which supported the lower optical flat. The 
upper optical flat was supported by three adjusting 
screws making it possible to obtain interference fringes 
when the flats were illuminated with monochromatic 
light. The mercury green line, \= 5461 A, was employed 
for illumination. Since the expansion of fused quartz 
is well known’ and is quite small compared to that of 
metals, it was possible to calculate the absolute expan- 
sion of the sample from the number of interference 
fringes passing the field of view. 

8 See, for example, the review of dilatometry by P. Hidnert and 
W. Sonder, National Bureau of Standards Circular 486 (U. S 
Government Printing Office, Washington, D. C., 1950). 

® J. B. Saunders, J. Research National Bureau of Standards 28, 
51 (1942). 


RARE EARTH METALS 


PHOTOMULTIPLIER 


TUBE 
sepaaca P 


i | 


GLASS PLATE 





APERTURE 


LENs MERCURY 























WATT as 











OPTICAL 


FLATS Y L_— AOJUSTING 


SCREWS 








KEYway 











—O- RING 


WATER Seat 


JACKET 


y FURNACE 
A 











Fic. 1. Schematic diagram of the apparatus. 


In order to record the number of fringes conveniently, 
a photomultiplier tube was employed in a manner 
similar to that of Work," Peck and Obetz,!! and others. 
As the fringes crossed the field of view, the photo- 
multiplier tube “saw” through a small aperture a 
sinusoidal variation of light. The output of the tube 
was fed to one pen of a two-pen strip chart recorder 
and appeared as a sinusoidal curve whose peaks 
indicated the number of interference fringes passing by. 
The second pen of the recorder was reserved for tem- 
perature indication, continuously recording the emf 
of a calibrated chromel-alumel thermocouple placed 
near the sample in the furnace tube. The resulting strip 
chart thus gave a continuous record which was readily 
interpreted as the change in length of the sample with 
temperature. 

Since the rare-earth samples measured are extremely 
reactive at elevated temperatures, and a few are 
rather volatile as well, certain precautions were neces- 
sary to protect both the samples and the apparatus. 


”R. N. Work, J. Research National Bureau of Standards 47, 
80 (1951). 


4 E. R. Peck and S. W. Obetz, J. Opt. Soc. Am. 43, 505 (1953). 
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The samples were separated from the quartz sample 
holder by a thin sheet of tantalum foil wrapped around 
the samples and by very thin disks of tantalum foil 
at each end of the samples. Provision was also made to 
perform all high-temperature work with an atmosphere 
of purified helium gas within the sample holder. 

In making a run the furnace voltage was auto- 
matically advanced 1 v at the beginning of each hour, 
which brought about a change of nearly 25° by the 
end of the hour. At this time the temperatures of the 
sample, the container, and the thermocouple were 
changing very slowly and were close to thermal equilib- 
rium. Data were read from the charts at the end of each 
hour when these optimum conditions obtained. 

Judging from trial runs with a pure copper sample 
and from the reproducibility of successive runs with 
any given metal, it is believed that the results reported 
below are accurate to about two or three percent in 
the values of the expansion coefficients given and to 
about 1% in the total change in length of each metal 
over the range covered. 


IV. RESULTS} 


Figure 2 shows the expansion of lanthanum and 
cerium metals as a function of temperature. The most 
distinctive feature in the curves for lanthanum was 
the transition at 310°C with considerable hysteresis. 
The transformation corresponds to the hexagonal to 
face-centered cubic transformation, the hexagonal 
form being stable at lower temperatures. In the warming 
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Fic. 2. Relative changes in length of La and Ce vs temperature. 


t Errata: The ordinates in Figs. 2, 4, 6, and 10 should be 
abeled AL/LoX 10 instead of AL/LoX 10°. 
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direction the change was quite sharp and was centered 
at about 310°C. In the cooling direction the transition 
was sluggish and apparently incomplete, occurring 
largely between 200°C and 240°C. This is in rather 
good agreement with the results of Trombe and Foex” 
who reported a hysteresis loop between 150°C and 
350°C, but the volume change of 0.19% found by 
those authors is considerably less than the 0.3% change 
indicated by the present work. It might be noted that 
Bridgman" detected an abrupt volume decrease of 
0.26% under high pressures, a value close enough to 
that found here to suggest that the transformations are 
the same in both cases. 

The first lanthanum run, indicated lanthanum-1 on 
Fig. 2, showed signs of creep or softening at high 
temperatures, a permanent deformation remaining upon 
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lanthanum-2 in Fig. 2, the measurements were extended 
to higher temperatures. The metal became so plastic 
at these higher temperatures that it would not support 
even the slight weight of the quartz rod and lower 
optical flat which rested upon it. Cerium metal ex- 
hibited a similar plastic flow, a permanent deformation 
being indicated in the expansion curve shown, and a 
more extreme effect being observed in subsequent runs 
not shown here. For both of these metals, this effect 
occurred some 50° or 75° below the reported melting 
point and made it impossible to take useful data 
through the region of the anticipated high-temperature 
transition. 

Figure 3 shows the results of a graphical determina- 
tion of coefficients of expansion for lanthanum and 
cerium. The negative coefficient in lanthanum is 
associated with the hexagonal-cubic transformation. 


~ 19 F, Trombe and M. Foex, Compt. rend. 217, 501 (1943). 
4 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 65 (1948). 





THERMAL EXPANSION 
The minimum in the coefficient of expansion of cerium 
is anomalous behavior for a metal and may be attributed 
to the same hexagonal to cubic transformation as in 
lanthanum. 

The expansion data for praseodymium and _neo- 
dymium are displayed graphically in Fig. 4. Again some 
high-temperature deformation occurred, and a_per- 
manent shortening of the sample was observed. In 
these two metals, however, it was possible to extend 
the measurements to include the high-temperature 
anomaly anticipated. The creep was so great and the 
volume change so smal) at the transition, that the effect 
was practically completely masked in the warming 
direction. Upon cooling, however, the creep added to the 
thermal contraction and a slight anomalous contraction 
was observed in both praseodymium and neodymium. 
These contractions are indicated by arrows in Fig. 4. 
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Fic. 4. Relative changes in length of Pr and Nd vs temperature. 


The volume change at these transitions was found to 
be only about 0.1% in each case, an unexpectedly small 
amount in view of the 5 or 6% change in electrical 
resistivity found in each of these metals by Herrmann, 
Daane, and Spedding* and the “isothermal and size 
able” arrests in the thermal analyses reported by 
Spedding and Daane.' The temperature of the volume 
change as here determined was 790°-793°C for prase- 
odymium, a value in excellent agreement with the 790° 
795°C reported in the electrical resistivity measure- 
ments and 798°C as determined in the cooling curves. 
For neodymium the present work indicated a transition 
temperature of 865°-869°C which is once more in good 
agreement with 861°-863°C as found in the electrical 
measurements and 868°C as determined thermally. 
The coefficients of thermal expansion of prase- 
odymium and neodymium are shown in Fig. 5. 
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Gadolinium is known to be ferromagnetic, its Curie 
point being just below room temperature at about 
16°C.'*"'® Hence it was of interest to try to extend the 
range of the dilatometric study to lower temperatures 
to include this region. This was done by plugging the 
bottom of the tube furnace, cooling it with liquid 
nitrogen, and permitting furnace, sample holder, and 
sample to warm slowly by heat conduction and by 
heating with the furnace as needed. ‘Temperature 
control was rather poor by this method in the very-low- 
temperature range, but a trial run with a sample of 
pure copper gave results in good agreement with values 
reported in the literature. It is felt that the results above 

-100°C are of comparable accuracy to the high- 
temperature measurements reported here and_ that 
the results down to —160°C are still at semi- 
quantitatively correct. Terbium and dysprosium metals, 
with their magnetic transitions in the low-temperature 
region, were also run in this manner, and the results for 
these two metals as well as for gadolinium are shown in 


least 


Fig. 6. 

It is seen that the shapes of these curves are all similar 
in the region of the magnetic transformations, a sudden 
break in the expansion curve appearing at about the 
transformation temperature and a region below this 
temperature exhibiting a negative expansion coefficient ; 
that is, the metals expand upon cooling for some 
distance below the transition. 

From x-ray studies on gadolinium and dysprosium, 
Banister ef al.’ have shown that this expansion on 
cooling through the Curie point is associated with an 
abnormal increase in the co parameter of the hexagonal 


4 Urbain, Weiss, and Trombe, Compt. rend. 200, 2132 (1935) 

W. Klemm and H. Z. Bommer, Z. anorg. u. allgem, Chem. 
231, 138 (1937). 

® Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953), 

7 Banister, Legvold, and Spedding, Phys. Rev. 94, 1140 (1954). 
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Fic. 6. Relative changes in length of Gd, 
Tb, and Dy vs temperature. 


close-packed lattice while the a9 parameter contracts 
normally. 

In the case of gadolinium the sharp break in the 
expansion curve occurred at about 28°C, somewhat 
higher than the Curie point as determined mag- 
netically. The coefficient of expansion shown in Fig. 7 
was found to be negative from 28°C down to about 

40°C, The data are in fairly good agreement in this 
region with those of Trombe and Foex,'* who found a 
plateau, or region of zero expansion coefficient, for 
some distance below the Curie point. However, the 
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Fic, 7, Thermal expansion coefficient of Gd vs temperature. 


18 F, Trombe and M. Foex, Compt. rend. 235, 42 (1952). 


LEGVOLD, 


AND SPEDDING 


slight transformation with hysteresis, found by those 
authors at 100° and 200°C, was not confirmed by the 
present investigation. 

For terbium metal, magnetic measurements by 
Thoburn ef al.” indicated a ferromagnetic Curie point 
of about —40°C. The dilatometric work presented here 
seems, by analogy with gadolinium, to be in good agree- 
ment with this Curie point determination. The expan- 
sion with decreasing temperature was even more pro- 
nounced in terbium than in gadolinium. In the high- 
temperature range, terbium showed a slight anomaly 
between about 700° and 850°C. This effect is emphasized 
in the graph of the coefficient of expansion, Fig. 8. It 
was more pronounced in the warming runs than in 
cooling and was reproducible in successive runs. No 
crystalline transformation has previously been re- 
ported for terbium in this range; however, very few 
experiments have been performed on this metal. 
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Fic. 8, Thermal expansion coefficient of Tb vs temperature. 


The expansion of dysprosium metal, shown in Fig. 6, 
followed the pattern of gadolinium and terbium in the 
low temperature region, even though the magnetic 
transition in dysprosium is not a ferromagnetic Curie 
point but rather an antiferromagnetic Néel point.”#! 
The break in the expansion curve as found here at 
—96°C is in excellent agreement with the temperature 
of the transition as determined magnetically at — 97°C. 
The coefficient of expansion in this region, shown in Fig. 


- 9, was found to be negative from —96°C down to about 


—150°C, a region approximating that for which 
Trombe and Foex” found a zero expansion coefficient. 
In the high-temperature region of dysprosium, a slight 
hysteresis loop was observed between about 650°C and 
900°C. The change in volume was only about 0.1 
percent, and the effect was larger in the warming runs 
than in cooling. Again no transformation has been 
reported previously in this range. 


* Thoburn, Rhodes, Legvold, and Spedding, Ames Laboratory, 
I 


Iowa State College, 1956 (unpublished research). 
*” Elliott, Legvold, and Spedding, Phys. Rev. 94, 1143 (1954). 
“1 F, Trombe, Compt. rend. 221, 19 (1945). 
” F, Trombe and M. Foex, Compt. rend. 235, 163 (1952). 
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Fic. 9. Thermal expansion coefficient of Dy vs temperature. 


The expansion of erbium, shown in Fig. 10, was 
smooth and reproducible, with no evidence of any 
transformations appearing in the interval covered. Also 
shown in Fig. 10 are the results for the divalent metal 
ytterbium. The high vapor pressure of this metal and the 
very puzzling loop at high temperatures make the data 
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Fic. 10. Relative changes in length of Er and Yb vs temperature. 
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above 700°C somewhat doubtful, but below this tem 
perature the results on two separate samples were in 
good agreement. There was evidence in both cooling 
runs of a phase transition at 730°C with a small de- 
crease in volume on cooling. 

The coefficients of expansion for erbium and ytter- 
bium are shown in Fig. 11 where it can be seen that 
the coefficient for ytterbium is about three times as 
large as are those for the other rare earth metals 
reported here. This is as might be expected, inasmuch 
as ytterbium is a divalent metal and the others are 
trivalent metals. 


V. DISCUSSION 


The great amount of plastic deformation which 
appeared in several of the lower melting rare earths 
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Fic. 11. Thermal expansion coefficients of Er and Yb 


under a very slight load is unusual at temperatures 
relatively far from the melting point. The strong 
temperature dependence of this effect and the fact 
that it seemed to have a roughly time-independent rate 
of deformation suggest that the phenomenon is similar 
to ordinary quasi-viscous creep on an exaggerated scale. 

A second type of anomaly noted in the rare-earth 
metals studied was, of course, the negative coefficient of 
expansion near the magnetic transitions. A discussion 
of the volume changes at the Curie point is given by 
Bozorth” in terms of Bethe’s interaction curve. This 
curve that if the ferromagnetic exchange 
energy is plotted as a function of R/r, the ratio of 
the atomic radius R to the radius r of the incomplete 


indicates 


™K. M. Bozorth, Ferromagnetism (D. Van Nostrand Com 


pany, Inc,, New York, 1951), p. 444 
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Metal 


Lanthanum 
Cerium 
Praseodymium 
Neodymium 
Gadolinium 
Dysprosium 
Erbium 


shell involved in the ferromagnetism, then, qualita- 
tively at least, there will be a maximum in the interac- 
tion curve. For metals lying to the left of the maximum, 
a decrease of R/r, such as would be caused by compres- 
sion, would decrease the exchange integral and hence 
lower the Curie point. A thermodynamic argument 
indicates that for such metals the thermal expansion 
coefficient would be greater above the Curie point than 
below it. Conversely, metals lying to the right of the 
maximum in Bethe’s curve would have a greater coeffi- 
cient in the ferromagnetic state than in the para- 
magnetic state, 

Bozorth indicates that the ratio R/r for gadolinium, 
where r is the radius of the 4/ shell, is about 3.1. This 
would place the metal far out to the right of the maxi- 
mum in Bethe’s curve and predict a greater expansion 
coefficient below the Curie point than above it. This is 
clearly not the case in the experimental data presented 
in the present paper. If one is to believe the arguments 
based on the rise of Bethe’s curve, then gadolinium 
must lie to the left of the maximum; that is, the 
experimental value of R/r turns out to be much less 
than the calculated value. Perhaps, since the 4/ shell 
is buried rather deeply within the structure of the rare- 
earth atoms, the exchange is indirect and, therefore, 
in this calculation one should use for r the radius of the 
5d shell or some other outer shell. 

Since many other properties of several of the rare 
earth metals have been measured previously, the cal- 
culation of the Griineisen constant™ for these metals 
was thought to be of interest. The Griineisen constant is 
given by the relationship y=3aV/C,k, where a is the 
linear coefficient of expansion, V is the volume, C, the 

“FE. Griineisen, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1926), Vol. 10, Part 1. 
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specific heat, and k the volume compressibility. Specific 
heats were obtained from the results of Parkinson, 
Simon, and Spedding*® by a rather bold extrapolation 
to room temperature, and from the data of Skochdo- 
pole, Griffel, and Spedding.**?’ Compressibilities and 
densities were taken from Bridgman’s work.”* The 
resulting Griineisen constants for several of the rare 
earth metals are indicated as yc, in Table II. They are 
considerably below the usual values of 1.5 to 2.5 for 
most metals. 

As a further check, Bridgman’s compressibility data 
were fitted to curves of the type AV/Vo= —a,P+a,f". 
This was done only approximately by using two widely 
separated points and finding the values of a; and a». 
Slater” has shown that the Griineisen constant can 
be taken as y= (d2/a;*)—% and that this second 
method of calculation is independent of the first. The 
resulting values are shown as yg; in Table II. With the 
exception of cerium, whose compressibility is anomalous 
due to an oncoming transition, the values of y so 
determined are still slightly lower than the usual, but 
are in poor agreement with the values found by the 
first method of calculation. It is inconceivable that the 
experimental values are in error by so large an amount. 
The assumptions made in the calculation of the ex- 
pressions for yg, and yg; are that the modes of vibration 
of the lattice all vary as the inverse y power of the volume 
and that the Poisson ratio is independent of volume 
changes. It may be that one or both of these assump- 
tions is inappropriate for the rare earth metals. 
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A mathematical method is developed which gives fairly generally the density of eigenstates for one 
dimensional disordered systems. The method is applied first to a disordered linear chain of elastically 
coupled masses. The results for the energy spectrum are closely related to those obtained by Dyson 

Then we consider the electronic energy-states in a one-dimensional disordered crystal, represented by a 
series of 6-function potentials of different strengths, randomly distributed 

We solve the resulting functional equation explicitly in that case which corresponds to a uniform crystal 
with a small amount of impurities; that is, we find the shape of the impurity bands 


I. INTRODUCTION 


HE energy levels of an electron in a pure crystal 

can be computed in principle if the crystal po- 
tential is known. In this paper we will study the case 
in which the crystal consists of different atoms, ran- 
domly distributed. 

We restrict our considerations to a one-dimensional 
crystal model and hope that this gives in some respects 
a qualitatively correct description of real three-dimen- 
sional crystals. 

We shall use a general mathematical method which 
also applies to similar problems. One of these is the 
determination of the eigenfrequencies of a linear chain 
which consists of elastically coupled atoms with ran- 
domly varying masses. This problem is interesting in 
itself and most suitable for demonstrating the mathe- 
matical method involved. Therefore, we will consider 
it first. 


II. FREQUENCY SPECTRUM OF A 
DISORDERED CHAIN 


(a) Description of the Model 


Suppose that we have an alloy containing i different 
kinds of atoms A', ---, A‘ with the masses m!, ---, m‘. 
Let p’ be the fraction of atoms A’, >> p’=1. As a one- 
dimensional model of this crystal we choose a chain of 
elastically coupled masses m, m2, m3,---, where the 
nth mass m,, can assume the values m', «--, m‘ with the 
probabilities p', ---, p'. Suppose for the present that 
these probabilities are independent of the nature of the 
atoms which occupy the neighboring places (n—1) and 
(n+1). (The case where a correlation between neigh- 
boring atoms exists will be discussed in Appendix II.) 
Furthermore we will assume that the forces between all 
neighboring atoms can be described by the same elastic 
constant k. 

Now consider such a chain of many, say \, atoms 
and assume as the boundary conditions that the chain 
is fixed at the points which correspond to the place 
numbers n=0 and n=.\V+1. Then the equation of 


* Present address: Department of Physics, University of Cali 
fornia, Berkeley, California. 


motion for this chain may be written as 
R(Ungi ttn (LI, la) 


(II, 1b) 


My ty 2u,,) forn=1,2,---N, 


Uo = UN41 0. 


Here u,:*-uy are the displacements of the masses 
m,::-my from their equilibrium position and 
un,i:=0 are merely introduced to establish the 
validity of (LI, 1a) also for n=1 and n=.\, 
With M,=m,/k, M’=m’/k and iu, 

(II, 1) gives 


M w")=Ungittsn1 for n=1,2,---N, 
Uy = tUny, =O. 


wn, Eq. 


tu, (2 (II, 2) 


The secular equation for the eigenvalues w,’? of w* can 
now be written as 
2 M 
1 


1 2—Myw?| 


We could try to determine the possible eigenvalues w,’ 
from this equation and then by averaging over all 
possible chains find the mean distribution of the eigen- 
values. This way, however, is mathematically difficult. 
We have found a different method which seems con 
siderably simpler. 

(b) New Formulation of the Eigenvalue Problem 


We write Eq. (II, 2) in matrix form: 
e ) ( 0 1 _ 1 
that1 1 2-—M,u/ the ) 


for n=1, 2, 


’ 


Uy=Uny =O 


Irom this it follows that 


ch Sere 
uUn+t —-1 2—Mwnu 
0 1 Uo 
x( )( ) (II, 4) 
—1 2—My?/] \u, 
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Now instead of considering up=0 and uy,,=0 as fixed 
numbers in Eq. (II, 4) for w*, we fix only u)=0. Then 
with m=O and u,=coswt, Eq. (II,4) gives upy; 

un+i(w*) coswt as a function of w and t, and whenever 
un 4i(w*)=0, then both the boundary conditions are 
satisfied and w*=w,* is an eigenvalue of our problem. 

To study the w* dependence of uy,;(w*), we look at 
the two-dimensional vectors 


Un 
v,(w") -( ) 
uy, 


ie 
in an x-y plane; v (7). rhese vectors have a remark- 


(II, 5) 


able property: With increasing w* the vector v,(w*) 
rotates uniformly in the positive direction around the 
zero point in the x-y plane, Le., if y,/2 is the angle 
between the positive x-direction and the vector Vp, 
then ¢,(w*) increases monotonically with w”. 

To prove this we define 


Zn (w*) = U,-1/Un=tan(¢,/2). (II, 6) 


Then (3) implies 


1/(2—M,w’?—2z,) for n=1,2,---N. (II, 7) 


Zn4l 
with the boundary condition 


2=O0, tnyi=@. (II, 8) 


Equations (II,6) and (II, 7) establish a continuous 
connection between ¢, and ¢41. We shall make this 
connection unique by requiring in accordance with 


(II, 6) and (II, 7) that 


¢n=2lrh+n 2ah+2nr. (II, 9) 


implies ¢n41 


(Here and in the following, 4 is any integer.) 

If we furthermore put ¢;=0 (in accordance with the 
boundary condition u=0) then ¢,= ¢,(w*) is a well- 
defined function of w*. The second boundary condition 


un y1=9 is satisfied whenever 


ynyi(w’)=2+2rh (boundary condition). (II, 10) 


Now from (II, 6) and (II, 7) it follows that 


IPnyr 1+2,” a 
= ony ? > 0), 
OGn for constant w* 1 +Zn4 ’ 
IPnti Sn41” 
=2M,, >(), 
Ou” for constant ga 1 + on4 ? 


Therefore with g;=0 the functions g2(w’), ys(w*), «>> 
are monotonic nondecreasing functions of w”. 

Let now w® increase from w,? to w,?. Then gy41(w*) 
increases monotonically from g(w,”) to g(w,?) and 
whenever in this region gwy:(w*)=2+2mrh, then both 
the boundary conditions are satisfied and w*=w,’ is an 
eigenvalue. Therefore the number of eigenvalues in 
the interval w,?<w? <w,? is (with an error smaller than 
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unity) given by 


7c eNt 1 (ws?) — gn41(wa’) | 


T 
= N(M(w2)—M(w,2)], (II, 11) 


where M (w*) is defined as 


M (w*)= (1/N)X {number of eigenvalues w,? 
with w?<w*}. (II, 12) 
Then! 


M (o*) = (1/29N) gw4i1(w*)+const. (II, 13) 


(c) Chains with Randomly Distributed Atoms 


So far we have discussed only one chain with a speci- 
fied distribution of the masses M',---M‘ over the 
places (1), ---(V). Now we consider a large number of 
such chains with different random distributions of the 
masses. For each of these chains the vector 


oo Oe Oe 
Va = eee 
—1 2-M,w —1 2—Myw?*/ \1 


is a different function of w*. 
Let us describe the probability distribution of the 


Un- , Gitte sia 
vector v,(w*) -( ) over the different directions in 
n 


in the x-y plane by means of a distribution function for 
Zn=Un—1/Un. We define: 


w,[2 |dz 


No. of chains for which 2<2z,,(w*) <<z+dz 


total number of chains 


(II, 14) 


Then we can easily obtain a relationship between the 
distribution functions w,[ 2 ]and wa,i[ 2 | for z, and 2n41: 

If in all chains the mth place were occupied by the 
same mass M,=M"’, then z,,; would be a definite 
function of z,: 


Sazi=1/(2—M%?'—2n); tn= 2— Mie? — (1/2041). 


1 Tf all the masses are equal, M,=M, then 


0 1 \%*/0 ; 
vva=(_§ Hy (;): with a=1—Me*/2. 


( 
The eigenvalues of the matrix ( 1 4 ) are \y, =a (a*—1)!. If 
_ Y 


these eigenvalues are real, i.e., |a| >1 or Mw*>4, then for in- 
creasing m, ¥, converges to an eigenvector of the matrix. This 
eigenvector does not satisfy the second boundary condition and 
therefore no eigenvibrations can exist in this region. 

If |a| <1, however, then \;,.=e*” with real 6, and 


( :. a y() =a cos(NB/2)+b sin(N8/2), 


where a and b can be expressed by the eigenvectors of the matrix 
and depend slowly (compared with NV -8) on 8. Therefore gy41:(w*) 
« N-8 and 


M (w*) =F +const = | arc sin{ 1 ~ Mh 
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Therefore, in this special case, the probability of finding 
Zn41 in an interval dz,,;; must be equal to the proba- 
bility of finding z, in the corresponding interval, i.e., 


Wail Zn41 1d2n4 [= Wal Zn ldZn, 


1 
Wasilz |= ~wal 2 — Mie—}], 
V4 


Since actually the mth place can be occupied by all 
masses M'---M* with the probabilities p'---p‘, the 
actual relationship between w,,,[2] and w,[z] is 


1 1 
WayilLz]=>. pi: so 2— Mat | (II, 15) 
] Z Zz 


~~ 


According to the boundary condition z;=0 for all 
chains, we have 
w,[2 ]=4(z). (II, 15a) 


With this the functions w,[z] are completely deter- 
mined. 

If for large n the functions w, {2 ] approach a function 
w[z], then w[z] must satisfy 


(a) wl2)= 2 sp'(1/2*)wl2— Ma? — (1/2) J, 
(b) wlz]>0, 


(c) [tie 1. 


a 


(II, 16) 


(The relations (b) and (c) follow from the definition 
of w,[z] as a probability density.) 

We shall see, however, in Appendix I that w[z] may 
become an extremely singular function. (We shall give 
there an example where w{z] is not continuous in any 
interval of the real axis.) 

Therefore it is convenient to introduce 


W Lz] f waz’ dz’. (II, 17) 


Here we consider W,[z | as a many-valued function 
of z. (This convention is necessary in order to obtain 
the simple Eq. (II, 18) for W,[2].) The main branch 
W,[z] of W,[2] is obtained by integrating /o*w[ 2’ |dz’ 
on the direct way without touching infinity (suppose 
z#«). The other branches are obtained by adding or 
subtracting /o*walz |dz+ /."w.[ 2 \dz=1 several times. 
We see that W,[0]=0 and that for all branches W,[0] 
in an integer. 

Now Eq. (II, 15) can be written as 


W ailz]=D pW al 2— Mie? — (1/2)] 


Here the same branch of W,, has to be taken for all 
values of 7. Then W,,,[0]=W,[.—* ]—W,[—@ ] is 
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an integer and therefore one branch of W,,;, namely 
Wasi vanishes at z=0 in agreement with W,,4,[s] 
= fi'wnsi[2’ \ds’. Instead of (II, 15a), we can write 


W [sz ] 4 for s>0 
0 for 0 


-4 <0. 
Then the functions W,[z] are completely determined 
by (II, 18) and (IT, 18a). Now it can be shown (see 
Appendix I) that 
— Wile)+W.[x]+---+W,[¢] 
lim Wz] 


n—w n 


(II, 18a) 


(II, 19) 


exists (II, 19) and that W[z] is a continuous function. 
This function satisfies the relations: 


(a) W[2]=Xjp'W[2—Me?— (1/z)]—WTL 


(b) W[2] is a monotonic nondecreasing 


» |, 


function of z, (II, 20) 


(c) Wlx]—-W[-«~]=1; W[0]=0. 


[The relations (b) and (c) are satisfied already by each 
W,[.z] and (a) follows from (II, 18) and (II, 19).} It 
can be shown (see Appendix I) that W[z] is uniquely 
determined by (II, 20). 

Differentiating (II, 20), we obtain with wf z]= (d/ds) 
XW[2z] Eqs. (II, 16) for wiz], provided that W[z] is 
a differentiable function. In cases where W'[z | may not 
be differentiable, we shall sometimes say “w{z] is 
given by Eq. (II, 16),” as synonymous to “W[2] 

: forw[ 2’ |dz’ is given by Eq. (II, 20).” 

By means of (II, 18), (II, 18a), and (II, 19) the func- 
tion W[z] can be calculated by iteration.? This iteration 
method can be assumed to converge quite well except 
IV we shall give an 
approximate explicit expression for W[z] in such a 


in some limiting cases. In Sec. 


limiting case. 

As a last step we have to express M (w*) of Eq. (12) 
by means of the distribution functions w[z ]=w{z,w? J, 
or W[z|=W[z,0* | (it is convenient to indicate the w* 
dependence explicitly). 

Let us consider for a specified chain the numbers 


on41(w) > py (w*)> +++ > go(w*)> gi(w*)=0. (II, 21) 


Write gwvy1(w*) = 2r/1+-«, where O<e<2n and H/ isa 
large integer (we assume that .V is very large). Now 
compare with (II, 21) the numbers 


gny1(w") > 2enH>2x(H—1)>-°:: 


(II, 22) 


> 49> 29> oi (w*) = 0. 


Since 27> ¢n41— ¢n>0[ this is seen from (II, 6), (II, 7), 
(II, 9) |, it must occur for 77 different values of n that 
¢n 4nd ¢n41 include an integral multiple of 27, i.e., 
that gny1> 2rh> vp. From (II, 6), (II, 7), and (II, 9) 

2In Sec. IV(b) a different iteration method for ws] is de- 
veloped. 
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it is seen that the latter condition is satisfied if and 
only if —x<¢,—2eh<0 or if — © <2z,<0. Therefore 
i is equal to the number of z,’s with negative sign in 
the series zy, 2n—1, °° On the other hand 

averaging over many chains—this number is given by 


*2,=0. 


N f , w{z \dze= —NW[— ~]. 
Therefore, for large \, 
(1/2eN)ényi=A/N=—-W[-@] 
and with (13) we obtain the final result for M(w*) as 
defined in (II, 12): 
M (u*) = —W— @ , w*]). 


[The additive constant in (II, 13) is seen to be zero 
by checking (II, 23) for w=0. Then 2n4:=1/(2—2,) 
and g,-1 for n Therefore [owl 2n |dzn= 

W,{ — ©, w* }-90. On the other hand, (II, 12) gives 
M (o*) =0 for w* =0, ] 


(II, 23) 


7D, 


(d) Summary 
We define 


Flat,: + +a; ply p] f wz dx, 


£ 


(II, 24) 


where w/z | is uniquely determined by 


1 
wl2z]=> p’—-w[2a’—(1/z) |, 
i 2 


wz |>0, (II, 25) 


« 


fe \dz=1, 


er 


Now the relative number of eigenvalues with w,?<w* 
for a long random chain is 


M (cs*) = Flat, > -a'; p',-> > p'), 


with a’= 1—M’w*/2. Here p’ is the fraction of atoms 
with mass M’. 

Similar results were obtained for the first time by 
Dyson.’ Dyson’s results, though equivalent, are slightly 
more complicated mathematically. In particular the 
relationship (II, 26) is much simpler than Dyson’s 
expression for the distribution function. 


(II, 26) 


Ill. ELECTRONIC ENERGY LEVELS IN 
ONE-DIMENSIONAL DISORDERED 
POTENTIALS 


In this section, we consider the electronic energy 
levels in one-dimensional models of a disordered crystal 
consisting of different atoms A!, ---A‘. We restrict our- 
selves to models which satisfy the following conditions: 


*F, J. Dyson, Phys. Rev. 92, 1331 (1953). 
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1. The atoms Ay, Ao, ---Aw in the one-dimensional 
model shall be equidistant; let the nth atom A, lie at 
x=nl. 

2. The atom A, can be any one of the A!, ---A‘ 
Considering many systems, we assume that the proba- 
bility of A, being an A’ is p’, independent of the neigh- 
boring atoms. (The more general case where correla- 
tions between neighboring atoms exist is discussed in 
Appendix IT.) 

3. The potential V(x) in the interval (n—4)l<x 
<(n-+-4)l shall be determined completely by the nth 
atom, V(x)=Ui(x—n-l) in (n—4)l<x<(n+4)l, if 
A,=Al, 


The general method for calculating the density of 
electronic energy states will be described in (c). As a 
preliminary we shall consider in (a) and (b) two special 
potential types for which the results can be stated more 
explicitly. Here the crystal potential is represented by 
a succession of equidistant 6 functions of different 
strengths: 

V (x)= >), (h?/2m)V ,-6(x—n-l). 
Here V, characterizes the potential of the nth atom 
and can assume the values V', ---V‘ corresponding to 
the different atoms A', ---A*. Now we consider sepa- 
rately the cases 
V»>O0 for all n, 


V,<0 for all n. 


(a) 
(b) 
We shall prove that the density of eigenstates in these 
cases can be expressed by the function F{a'---a‘; 
p': +> p*] of Eq. (II, 24). 
(a) V(x)= Z,(h?/2m) V,6(x—nl); V,>0 


We write the wave function in the interval (n—1)] 
<x<mnl as p=A,e""+B,e°%™, with x,=x—I(n—}4) 
where k=[(2m/h*)E)' and E is the energy. Then 


A, A, ; 
Ant and ( are connected by the relationship 
Bas 1 B, 


‘ —- 
Batt 


y 


Van 
(83) 
2ik 
(- 
2ik 
An 
a ) (III, 1a)‘ 
B,, 


Assuming as boundary conditions the vanishing of 
W(x) at x=1/2 and x=(N+4)l these boundary condi- 


‘If all the potentials are equal: V,=Vo,JM, =o, then the 
regions in which eigenstates exist are given by |A;,2| =1, where 
Ana are the eigenvalues of IMo: ISo—Ax, 2! =), o?— 2d, of coskl 
+ (Vo/2k) sink! }4+1=0. |x, 2| = 1is equivalent to | coskl+ (Vo/2k) 
Xsinkl| <1. 
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tions can be written as 
A it B, as 0, 


III, 11 
Avert Busi=0. Gas, 29) 


Now we introduce 


T.= —1Aq/Ba. (III, 2) 


Then (II, 1) can be written as 


Tnt1= (Catan t1)/(taten*), where 


Cn= if 1+ (2ik/V,) Je*! (IIL, 3a) 


T1=TNy1=t (boundary conditions). (III, 3b) 


To solve this boundary problem we define with 7,=1 
and Eq. (III, 3a) the functions of k: 1:=1, r2(k), 
-++rwyi(k). Then the & values of the electronic eigen- 
states are given by ryyi(k)=1. From (III, 3a) with 
7,=1% it is seen by induction that |7,|=1 for all n 
values. Therefore we can introduce angles y, by 


(III, 4) 


Te e' en 
1 . 


The continuous relation between ¢, and ¢,4; given by 
(III, 3a) and (III,4) can be made unique by the 
auxiliary requirement that 


¢n=4a—hkl+2nrhy shall imply 


Onpi=4athkl+2eho, (III, 5) 


with the same integer Ao in both expressions. If further- 
more we put ¢,;= 2/2 (in accordance with the boundary 
condition 7;=1), then g,= ¢,(k) is a well-defined func- 
tion of & (for given V,,’s) ; and whenever gyy;=4a-+-2nh, 
then ¥(x) vanishes at «= (.V+4)l and both the bound- 
ary conditions are satisfied. From (III, 3), (III, 4), and 
(III, 5) with V,>0 it follows by a short calculation 
that y,(k) is a monotonically nondecreasing function 
of k. Therefore in an interval ki << k<k, the boundary 
condition gy4i(k)=4a-+- 27h is satisfied (with an error 
smaller than 1) [ywyi(k2)— gnyi(hs) |/2m times, i.e., 
the number of eigenstates in the interval kj <<k< ky is 


NEM (ke) — M (ki) )=Lewailhe) — engi) /2e (II, 6) 


with 
M (k')=(1/'N)X{No. of eigenstates with k<k’} 


Cen4i(k’)/2e]+const. (III, 7) 


Suppose now that we have many random chains of 6 
potentials, where V, can assume the values V', ---V' 
with the probabilities p', ---p'. We look at ¢, (for a 
specified large m) in many such chains. We define 
w(y)d¢g as the probability that ¢, lies in any one of the 
intervals 


2arh+ o< ¢n<2rh+ ot+deg, 


with A=0 or +1 or +2:---. For this function w(y) we 
can easily derive a functional equation. In order to 
write this equation most conveniently, we must express 
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¢, as a function of ¢,41. We shall write 


n= Onpi—D (gayi), provided that A,=A’. (III, 8) 


From (III, 3a), (III, 4), and (III, 5) we could easily 
derive an explicit expression for the so defined functions 
Di(g). We shall need, however, in the following only 
two properties of the functions D’(y) which are easily 
verified : 

Di(¢+2r)=D'(¢), 

(ILI, 9) 
Di (4a kl) = 2k. 


Assuming now that w(¢) is the distribution function 
for g, as well as for ¢,,4, (for large enough n), we obtain 
Il for w( y): 


Di(¢)). 


by the same reasoning as in Sec. 
w(y)dy=> ;piw(e—D'(¢))d(¢ 


It is convenient to introduce 


¥ 
W(¢) f wg’ )d¢’, 
jr+kl 


where w(g) is considered as a_ periodic function, 
w(y+2r)=w(¢) [this follows from the above defini- 
tion of w(¢) |. Then W(¢) is a single-valued function 
defined for all real values of yg and satisfies the relations: 
(a) W(¢)= Lip’ W(e—D'(¢)) kl), 

(b) W(e+2r)=W(¢)+1, 

(c) Wr+hkl) =90, 


(d) W(¢) is a monotonically nondecreasing 


(LIT, 10) 


(IIT, 11) 


W (4m 


(III, 12) 


function of ¢. 


{ (ILI, 12)(a) is obtained from (III, 10) by integration; 
note that g=4n-+&l implies that y—D'(y)=4r—Ahl 
and that W(4r+kl)=0. (III, 12)(b) and (d) follow 
from the definition of w(y) as a probability density and 
(IIT, 12)(c) follows from (IIT, 11). ] 

In order to express M(k) of Eq. (ILI, 7) by means of 
W(y), we shall method different from that 
applied in If but more generally applicable. From 
(III, 7) we have 


2aN M (k)+-const = gw41(k) 


[ ov4i(h) — gw (kh) | +L en (hk) 
t+ +> +[y2(k) 


use a 


YN i(k) | 
gi(k) |. (III, 13) 


We see that 2rM(k)+ const equals the average value 
over different chains of ¢n4i(k)—¢n(k) (for large 
enough n). This average value can be written as 


(On4 1 Yn/m 


> Pf (ons Gn) W(yn)dg,. (III, 14) 


r] 


Here the subscript 7 indicates that ¢, and ¢p,4, are re- 
lated by gn=¢nii—D (gayi) as in Eq. (IL, 8), iLe., 
(Gniim On)j CQuals (Yn41— Gn) provided that V,= V?. 
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Integration by parts gives from (III, 14) 


hr—kl+2n 


(Pn4i ~ Pn/m x P?(Pn41 ¢n)jW (Gn) 
; hr—kl 


: 4x kl+2n deny 
a? 2 pf —1) W(¢n)d¢n 
i jx—kl dyn j 


a klt+2e 
= 2kl-+ 


§r—kl 


W (¢n)d¢n 


§rtkl+2r 
-f > PW enyi— D! (ens) dengt 
jr+kl i 


| We could have integrated in (III, 14) over any interval 
of length 2, The present choice of the limits of integra- 
tion is convenient because at these limits (¢n41— ¢n); 
2kl, independent of 7. | 
By means of the functional Eq. (III, 12a) for W(¢), 
the last integral can be written as JS {W(¢) 
+ W (4a—kl)} dg, and we finally obtain 


(1/29) (Gnpi— On)w= —~W(he—kl)=M(k). (LIT, 15) 


[ Note that the additive constant in (III, 13) vanishes 
because for k-»0 W(4x—kl)->W (h9+-kl)=0.] With 
this result our problem is reduced to finding W(¢) 
from (ILI, 12). We could calculate W(¢) directly from 
(III, 12) by an iteration method. We shall see now, 
however, that W(qg) is closely related to W[z] in 
(II, 20) and that consequently M(k) can be expressed 
by means of FLa'---a‘; p'---p*] of (II, 24). We define 


1—ie' ett) = coskl—sing, 


Sy . (III, 16) 
1—ie' eek) 1 ~sin(kl+ ¢,) 


Then (IIT, 3) and (III, 4) imply 
1/(2an—Zn 


Ay 


with 


coskl+ (V ,,/2k) sinkl. 


(boundary conditions), 


(a) Supt 


(III, 17) 


2N+1* 


(b) 2) 


For a better understanding of the transformation 
(III, 16) note that g’=4r—&l and gy” =4r+&l are 
transformed into 2’=® and 2’’=0. Therefore z,= © 
implies that z,4,:=0 because ¢,=¢' implies that gn41 

y’. It follows that the relation between z,,; and 2, 
must have the form 2,,,;=¢/(b—z,) and furthermore c 
can be made unity. From (ILI, 17) we can draw a simple 
interesting conclusion: Consider a region where none of 
the pure A’ crystals (j= 1, 2,---i) has an energy level, 
i.e., a region where |a’| = | coskl+ (V4/2k) sinkl| >1 for 
all 7.4 Now for a mixed crystal we obtain from (III, 17a) 
with z;= —1 successively |z»| 
<1, because |a@,|>1. Therefore the second boundary 
condition zy4,:= —1 cannot be satisfied. That means 
that in this region the mixed crystal has no electronic 
states either. 


| 


= Pe oo = 
| « 1, |z3| < Sg see levy! 
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This result was conjectured first by Saxon and 
Hutner and proved subsequently by Luttinger.® 

Let us now define wiz] by wlz]|dz|=|w(y)do| 
where z and g are connected by Eq. (ILI, 16). (Note 
that dy/dz>0 if 0<kl<_a@ and dg/dz<0 for r<kl< 2m). 
Then Eq. (III, 10) gives for w{z]}: 


1} 1 V) 
w[zJ=d piu 2a! | , with a/=coskl+— sinkl; 
i 23 2 2k 


furthermore 


f wlz|ldx=1 and w[z]>0. 

The same function w[z] which is uniquely determined 
by these relations, occurred in (II, 25), only with a 
different meaning of the a’’s. To express M(k) in terms 
of wiz], we write ki= 2rh+6 with 0<6<2x. Then Eq. 
(III, 15) with W (kl) =0 gives 


M (k) =W (4x+2ah+5) —W (fa—2xh—6) 
= 2h+W (4x+65)—W (4x—8) 


w(y)dy 
hr 4 


0 
md w[z |dz for O0<é<r 


anes f wl2ldz for w<b<2r. 


Therefore we have the final result: If kl=2rh+6 (.e., 
we are in the region of the (24+-1)th and (24+2)th 
band), then 


M(k) 
ah +F{a'- sal: p': A ‘p*) 
| Mh+2—F[al- + -ats ple pe] for rb < 2m. 


for 0<é6<9 
(III, 18) 


Here F{ ] is defined as in (II, 24) and a/=coskl 
+-(V4/2k) sinkl. 


(b) Vix) =— %,(h?/2m) V,6(x—nl); V,>0 


A single one-dimensional potential hole V(x) 
= — (h®/2m)V d(x) with Vo>O has exactly one bound 
electron state with the binding energy (h?/2m)(V0?/4). 
Therefore we expect that for the crystal potential con- 
sidered there exist states with negative total energy. 
We shall consider here these states only. Then the 
wave function in the interval (n—1)l<x<ml can be 
written as 


v(x) =A ,e****+ Be *, 
5 J. M. Luttinger, Philips Research Repts. 6, 303 (1951). 


with x,=x—l(n—}4). 
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Here k is real and E= — (h?/2m)k? is the total energy. 


The relation between A» and Ans is easily found: 
Bp Buss 


() 


An 
=m,( ) (III, 19a) 
B, 


The boundary conditions y=0 at x=1/2 and x= (N+4)/ 
can be written as 


A,+B,=0, 
Anyit Byyi=0. 


(III, 19b) 


If all potentials are equal, V,= Vo, IN,=IM, then the 
regions in which eigenstates exist are given by |Aj,2|=1 
or |ao(k)| = | —cosh(kl)+ (Vo/2k) sinh(kl)| <1, where 
\.2 are the eigenvalues of Mo. In the case where | ao(0) | 
>1 or Vol>4, no eigenstates with k~0 are possible; 
i.e., the energy of all states is negative, and we have a 
band with NV bound states which correspond for very 
large values of Vol to the bound states of N single 
potential holes. For Vol<4 however, the energy band 
will be broadened so as to include some states with 
positive energy. Therefore the number of states with 
negative energy, which we are considering here, will be 
smaller than V. 

In the following, we shall assume that /V,<6 for 
all n. This is a very weak assumption [e.g., for 1=10~* 
cm it means that the binding energy in a single potential 
hole, | £,| = (h?/2m)(V0?/4) is smaller than (h?/8ml*) 
X 36= 28 ev |. However, it simplifies the following con- 
siderations since it implies that da,(k)/dk <0 (for all n 
and k values), where a, = —cosh(kl)+ (V,/2k) sinh(&l). 
Now we apply to (III, 19) the transformation 


tn= — (Ane +B,)/(Ant Bre). (III, 20) 
This gives 


Zn+1= 1/(2an—2n), with 


a,= —cosh(kl)+(V,/2k) sinh(kl), (IIT, 21a) 


Z:=2n41=1 (boundary conditions). (IIT, 21b) 


If we put z,=1, then by (III, 21a) 22(k), 2s(k), 
-++gw41(k) are functions of k and zy,4;(k)=1 is the 
condition for an eigenstate. Furthermore the z,(k) are 
monotonically nondecreasing functions of k for V,/<6 
(because then da,/dk<0). It follows then as in (II) 
that the number of eigenvalues in an interval ki <k< ky 
is given by NL M(k.)—M(k,) |, where 


M(k)=Fl[a'---a'; p'--+p*|+const, with 


ai= —cosh(kl)+(Vi/2k) sinh(kl). (III, 22) 
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(c) General Method 


Now we develop the general method for calculating 
the density of electronic energy levels in a potential 
which satisfies the conditions 1-3.° In the interval 
(n—4)l<x<(n+4)l the wave function ¥(x) is deter- 
mined by the values of ¥(x) and y’ (x) at one point. The 
values of ¥(x),~’(x) at the ends of the interval are 
related by 


¥(x) v(x) 
( ) =am,(4)( ) . (IIT, 23) 
v(x) pm (n+4})l W' (x)7 mn (n—4)t 


Here the matrix S1,(&) is determined by the potential 
in the mth interval. Since we assumed this potential to 
depend on the nature of the mth atom only, we can 
write 


Wa(k)=M(k) provided that A,=A’, 


The matrices SW (k), «+ -91*(k) shall be assumed known. 
They depend on the electron energy. & shall be any 
parameter which characterizes this energy. If we pro- 
ceed from one cell to the next, then ¥(x), ¥/(x) change 
continuously with «. Therefore 


_ ) 
v(x) rm (N+4)1 


My (kM 4) (8) 


W(x) 
) _ (UI, 24) 
v(x) om l/2 


We can assume that (x) is real and therefore define 
¢n by 


v(x) | 


v(x) |. “(n—})l 


tan(}¢,) (III, 25) 


Then (ILI, 23) and (III, 25) imply a relationship be- 
tween gy, and g,;;. This relationship can be made 
unique by an auxiliary requirement [see Eq. (IL, 5) }. 
We write the so-defined unique connection between 9%, 
and Yny41 as 


n= On4i1— A’ (Yny1) provided that A,=A’. (III, 26) 


The functions A’/(g) can be computed from the matrices 
gi and are periodic: A/(y+ 2m) = A/(y). As our bound- 
ary conditions we shall assume ¥(x)=0 at x=//2 and 
x= (N-+-4)/ or, in terms of ¢, 


¢gi=0, gngi=2nh. 


If we define by (III, 26) with y,=0 functions g,;=0, 
g2(k), «**gn4i(k), then the eigenstates of the systems 
are given by gyy4i(k)=2mrh. Considering now many 
random systems, we describe the probability distribu- 
tion of y, by a density function w(y). This function 


*In this section we shall omit some proofs which are obtained 
by the same reasoning as the corresponding proofs in (II) or 


(IfTa). 
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satisfies [see Eq. (III, 10) } 
u(y)dg= > spw(y~—d'(¢))d(y—A'(¢)), 


w(g)20, 


29 
f w(y)dg=1, 


iD) 


(III, 27) 


w(y+2m)=(¢). 


For W(¢) = Ja*w(¢’)dy’, where d is an arbitrary con- 
stant, we obtain 
W(¢) = Lisp/W(e—Ai(¢))+C(R), 
W(g) is monotonic in ¢, 


W (g+2n)=W(¢)+1, 
W (d) =0. 


(IIT, 28) 


The relations (III, 28) determine the function W(¢) 
and the constant C(k) (for fixed k) uniquely. Further- 
more W(g) and C(k) can be calculated from (ITI, 28) 
by an iteration method. We note that C(k) is inde- 
pendent of the choice of d and that C(&) can be written 
as 


0 
Chk) => pf w(y)dy. (III, 29) 
u 4/(0) 


In order to find the mean value of gy41(k), we write 


Pnyilk) Vign4s Pn/m 


N E [ron 1— ¢n)w(¢n)d¢y, (for large NV and n). 
j 


The subscript j indicates that ¢,,; and ¢, are related 
by ¢n=¢n4i— 4’(¢ny1). Integration by parts gives, 
with (IIT, 28), the result 


1 


~Pnyilh) =C(R). (III, 30) 


Qn. 


Let us assume first that for all possible chains gy,,(k) 
increases with k monotonically. Then for & increasing 
from ky to ks, gwyi(k) increases from gwyi(ki) to 
¢wyi(ky) monotonically. Hence in this interval the 
boundary condition ¢gy4i(k)= 2h is satisfied (1/2m) 
 { yw i(ke)— onyi(hi)} times and therefore the aver- 
age number of eigenvalues in ki <k <ky is 


1 
{ Ovyi(ke) — ON4 i(ki)} 


aa 


N{C(kx) —C(h)}. 


This condition that gw4:(&) is monotonic in & for all 
possible chains was satisfied in the special cases con- 
sidered in II, I1I(a), and III(b), and there we used this 
property of gy41(k) for obtaining the results. Now we 
shall extend our theory to cases where this condition 
is not satisfied, i.e., where the functions gy,.(&) for the 
individual chains need not be monotonic. In these 
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cases we can determine (1/2"N)$y4:(k)=C(k) as 
before, but now C(k) also need not be monotonic. 
Assuming however that C(k) is a smooth function of k, 
we can divide the k-values into intervals in each of 
which C(k) is monotonic. 

Let us consider such an interval kj <k <k, where the 
function C(k) is monotonic, assume for example that 
C(k) increases with k in (k,,k2). Now there may be 
chains for which gy4:(k) does not increase with & in 
(ki,k2). We shall show however that the fraction of 
these chains goes to zero when N and the number of 
chains compared approach infinity. 

Let N,m,s be large numbers such that ms=N+1 
and write gy4i(k) as a sum of s terms: 


gnyi(k) = (om— ¢1) + (Com— Ym) + ee 
+ (G(r41)m— Gm) tet (Gem— Pls 1)m) 
=Athte  thyat: +h. 


Averaging over all chains, we obtain 
by41=(P(r41)m— Gym) =mC(k), independent of v. 


Consider now for a moment those of the chains only 
for which ¢m (for one specified v) lies in a certain small 
interval. Then for these chains the numbers gym, gym41, 
¢vm+2 *** Will soon approach the probability distribu- 
tion given by w(¢), independent of the value of gym; 
i.e., almost all of the gyn, Qomit) Grm42) °** Prmem are 
(for large m) distributed according to w(g). Therefore 
the average of (¢(141)m— Gym) taken over the restricted 
class of chains with specified y,, will also be mC(k), in- 
dependent of the value of ¢,,. Now in the sum 


d d d 


gnyilk) . (Om— Gi) +++ + 
Lk dk dk 


(Gom— Ps 1m) 


= hie th, 


averaging over all chains again, each term has a positive 
average value and the average value t,,,’ is independent 
of t,’. Therefore, for large s, the fraction of chains for 
which the sum in negative approaches zero, i.e., for 
almost all chains gw4;(k) increases with k and we have 
the final result : 

In a region ki <k <k, where the mean value gy41(k) 
=2xNC(k) is a monotonic function of k, there the 
number of eigenvalues is given by 


N|\C(k2) —C (Ri) | = (1/2) | Ov 41 (he) — Gyr (hr) |. 


There may be chains for which gy4;(&) has not the 
monotonic character of gy4,(k) but the fraction of 
these chains goes to zero and hence they can be 
neglected. 


IV. IMPURITY BANDS 
Introduction 


Suppose that we have a crystal of A atoms with a 
small amount of B-atoms. Then in an energy region 





DISORDERED 


where the pure A crystal has no allowed electronic 
states, there may occur an “impurity band” of electron 
states due to the B atoms. Impurity bands can occur 
also in the frequency spectrum of an elastic chain: 
Suppose the chain consists of atoms A with mass M 
and a small number of atoms B with a lighter mass m. 
Then above the frequency limit of the pure M chain, 
there appears a band of frequencies due to the masses m. 

If the B atoms in the crystal are far apart from each 
other, then the impurity band will be very narrow and 
for increasing concentration of the B atoms the width 
of the impurity band will increase. 

By means of the general methods developed in the 
previous sections, it is possible in principle to calculate 
the density of eigenstates everywhere and in particular 
in the impurity band. But the iteration method used in 
II and III, though always convergent, converges suffi- 
ciently quickly only so long as the fraction g of B atoms 
is not too small. 

In this section, however, we shall consider the case 
where the concentration of B atoms is very small. 
Therefore we have to apply here a different method. 
We shall approach the problem first, in (a), by a simple 
approximate method. Later, in (b), we shall develop a 
more accurate theory based on the general results of 
Secs. II and III. 

It will be sufficient to consider for the present the 
impurity bands of the elastic chain only. The generaliza- 
tion to electron impurity bands is then straightforward. 


(a) Approximate Method 


Here we calculate the impurity bands in an over- 
simplified model of the elastic chain. We cannot expect 
this calculation to give quantitatively good results. 
The reasons for considering this model however are: 
(1) Since we obtain explicit results here, we can check 
the validity of an approximation method which becomes 
essential in (b). (2) Our over-simplified model can also 
be applied to three-dimensional problems. It is there- 
fore interesting to check the usefulness of this model 
by comparison with the more realistic model of (b). 

Assume that we have a chain of elastically coupled 
masses M (fraction p) with a small number of lighter 
masses m (fraction g). Then each m-mass in the chain 
will generally be embedded in many M-masses and will 
therefore in first approximation behave like a mass m 
when embedded in an infinite chain of M masses. In a 
second approximation which will be studied here, we 
take into account not only one mass m but also the 
next nearest m mass, neglecting all other m-masses in 
the chain. 

Suppose that the two m masses considered are sepa- 
rated by s M masses. Then for calculating the fre- 
quencies due to these two m masses we consider them 
in our simplified model as embedded in an infinite 
chain of M masses, and again separated by s M masses. 

Now we shall calculate the eigenfrequencies due to 
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the two m masses for such a system. Then, by averaging 
over these systems with the correct statistical weight 
for all possible s values, we shall obtain an approximate 
expression for the energy spectrum of a disordered 
chain. 

Looking at one m mass in a random chain, the proba- 
bility that the next m mass in one direction of the chain 
is separated by s M masses is clearly P,(s)=qp* 
(s=0,1,2,---). Likewise the probability that the 
next m mass in the other direction is separated by s M 
masses is P,(s)=gp*. Therefore the probability that 
the next m mass in one or the other direction is sepa- 
rated by s m masses becomes P(s)=P,(s)P2(>5) 
+ Po(s)P\(>s)+P,(s)Po(s), or 


P(s)=2gp**'+q'p™ (=2qp™" for gp). (IV, 1) 


Now we consider a chain consisting successively of : 
Ko masses M, 1 mass m, s masses M, 1 mass m, K 
masses M, where K is very large. As in II, let «, be the 
displacement of the nth mass and define 


a 0 1 0 1 
arf pote? beefs?) 
thy —1 2a 1 28 


with 2a=2—Mo*, 28B=2—moe*. (IV, 2) 


Now the displacement vectors ¥; and VoK4043™ Vena at 
the beginning and the end of the chain are related by 
Vend = 7a TT a*T pl ak Vi. ( IV, 3) 
We want to calculate the eigenfrequencies due to the 
two m masses above the frequency limit of the pure M 
chain. In this region 7, has real eigenvalues: 
a / | am 
TV = \'v', 


Tav"="'v", (IV, 4) 


with 


N=at(a’—1)!, A” =a—(a—1)!, dX”: 


1 I 
. ( ), ve ( ) 
x Dad 


If now the m masses vibrate with a frequency above the 
frequency limit of the M chain, then the amplitude of 
the M masses must decrease exponentially towards the 
ends of the chain, i.e., 


Ta"VK4 ata 
A) for large n. 
i "VK+1 
This is possible only if 
VKie4.a= V Xconst, 
Vx41= Vv Xconst. 
Therefore the eigenfrequencies are given by the relation 


v’ = 747 ,'T gv" X const, (IV, 5) 
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0 
) const; Sv = ( ) X const ; 
( 1 


x? 0 
STS ( ) cons. 
0 1 


We obtain from (IV, 5) 
0 0 
)srys ( ) xcons, 
1 1 


1 x’ 
(()-s79-( 
0 0 
\” 
)x onst, 


and inserting 
1 B-1 


poke aga 1)d” 
‘ oo : 


(a?—1)! 
B=———__, 
B-—a 


(IV, 6) 


with 


we finally obtain as conditions for the eigenfrequencies : 


(1 B)*= d2Ce+1) 
or 
(a? ~1)! 
B 1+ |d’| 
B-a 


(Note that |A’| <1.) (IV, 7) 


It is easily seen that this equation [where a, 8, and }’ 
are given by (IV, 2) and (IV, 4) ] determines exactly 
two eigenfrequencies w,* and w,~ above the limit fre- 
quency of the M chain, provided that m<4M. For 
M>m>4M two such solutions exist only if s is large 
enough. (Consider as an illustration the case s=0 
where the two m masses are neighbors. If m<4M, then 
two vibrations exist where the masses m swing against 
each other or in phase. In the latter case the effective 
swinging mass is 2m and therefore this type of localized 
vibration in the chain is possible only for 2m <M.) 

When we average now over all possible values of s, 
the density of eigenfrequencies in the impurity band 
can be written as 


u(u*) = 4 5. P(s)(5(w*?—w,**) +6(w’—w,*)), (IV, 8) 


where 


No. of frequencies in dw* 
u(w*)da? = haste 2 


No. of m masses in the chain 


Here we have assumed that either m<M/2 and hence 
for each s two frequencies w,* (above the frequency 
limit of the pure M-chain) exist, or that we consider 
only large s values. If m<M/2 is satisfied, then u(w*) =0 
beneath the frequency limit of the M chain and 
Seu (w*)du?=1 [since }P(s)=1] i.e., the number of 
frequencies in the impurity band equals the number of 
m masses. For large values of s, i.e., if the two m masses 
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are far apart, w,+ and w,- approach, according to 
(IV, 7), a frequency &, given by B=1 or 


4 1 


= IV, 9 
M 0(2—8) av, 9) 


This frequency @ is therefore the resonance frequency 
of a single mass m in a long chain of masses M. ['The 
frequency limit of the pure M chain is given by 
w= (4/M) <a. ] 

If the concentration gq of the m masses decreases then 
the probability of finding two m masses close to each 
other (e.g., s<10) decrease with g’. Now only two m 
masses close to each other can give a frequency much 
different from @. Therefore, for low impurity concen- 
tration q, almost all frequencies lie near to @. 

Let us consider this case, where frequencies much 
different from @ can be neglected, in more detail. The 
relation (IV, 6) can be written near w= as 


0(1—0/2)\ fw’ —-a* 
p-1=( an —)( =), (IV, 10) 
(1—#)? a 


with @ and # from (9). Using c= B—1 as our new co- 
ordinate, the eigenfrequencies are determined [see 
Eq. (IV, 7) ] by 


c=B-1=+|a' |, (IV, 11) 


Therefore the density of frequencies yl ¢]=(w?)dw?/dce 
is given by 


lc J=4X P(s){8(c— |v] 4) +8(c+|2"|*)) 
Wa (IV, 12) 
=¥ gp*{8(c—|N|)-+8(c+|N'|9)). 


This function y[c] is highly singular at c~0O (note that 

\’| <1 and that therefore the 5 functions accumulate 
around c=0). In a real chain these 6 functions will be 
smeared out a little by the interactions between more 
than two masses which we have neglected here. There- 
fore it is reasonable to replace ulc] for c~0 by a 
smoothed function fic]. In order to determine y[c] we 
form /ulc dc, replace this by a smoother function, 
and differentiate again: If c= |\’|**, where So is a posi- 
tive integer, then 


oeagy 


f ule’ |de’ = 3 gp =4hpPm=4l cls, 


e=Inp/2 In|)’ | =9/2 In =| (IV, 13) 
v 


[Here \’=a+(a’?—1)! has been replaced by its value 
at w=@: \’=—#/(2—08).] Therefore the most natural 
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way of smoothing /o’u(c’)dc’ is to replace it by 


€ 


f eye =s\c\« for c>0. 


0 
This gives 
plc ]=2e|c| 4. 
The same result is obtained by replacing the s summa- 
tion in (IV, 12) by an integration. This is justified if 
besides p~1 also |\’| 1 is satisfied. A simple calcula- 
tion gives 


f ds gp*{5(c— |d’|*)+5(c+|d'|*)) =2e| oc] 
i (if |c| <|A‘|), 


with ¢ as in (IV, 13). This replacement of the sum by 
an integral can be described quasi-physically as follows: 
Actually the numbers s of M atoms between two nearest 
m atoms is an integer, occurring with the probability 
P(s)=2qp™ (for p~1). We calculate, however, as if s 
could assume any positive value with the probability 
density 2¢p**. This procedure is justified mathematically 
only if |A’| +1. In our example it gives good results, 
however, also if this condition is not satisfied since even 
then the result agrees with the preceding smoothing 
method. The procedure of replacing s by a continuous 
parameter will be used again in (b). We shall assume 
there also that the condition |\’| ~1 is not so essential 
for the result. 

Concluding our discussion of the simplified model— 
in which we take into account only the interaction 
between two nearest masses m at a time—we see that 
the density of eigenfrequencies in the impurity band 
can be described by 


ule ]~fle]=2e|c| 4, (IV, 14) 
with 
8(1—8/2) w’— a? q m 


(i-v)? @& 


= -=——____—, 9=-_,, 

2 In| (2—#) /3 | M 
provided that the following conditions are satisfied: 
(1) g must be small enough such that almost all eigen- 
frequencies lie near w; (2) w must lie near to ® such 
that the approximation (IV,10) is valid and that 
u(c) can be replaced by fic}. 

The previous theory could be improved by consider- 
ing the vibrations of 3, 4,5--- masses m in a chain of 
masses M. This way of approach to the problem is 
troublesome, however. Therefore we shall use in the 
next part (b) a different method based on the results of 
Secs. IT and III. We shall obtain there a better expres- 
sion for u{¢], which is different from (IV, 14). 


(b) More Accurate Method 


In order to calculate the impurity bands of an M 
chain containing some lighter masses m (fraction g<1) 
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we begin here—according to the general theory of Secs. 
II and III—by calculating the distribution function 
w{z]. Equations (II, 16a) and (II, 20a) for w{s] and 
W([2] read now 


o 
” “ 


a 1) 4 I 
(a) w{s]= | 2a [+ wl - | 
oD (IV, 15) 


1 
| +const, 


1 


(b) W[z] pi |2a—-|+9W"| 25 


Z 
7 


where p and gq are the fractions of M- and m-masses in 
the chain and a, 8 are given by (IV, 2). We are con- 
sidering a region above the frequency limit of the M 
chain, i.e., a<—1, Furthermore we can assume —1 <8 
<+1, since for a<—1 an 8B<-—1 no eigenfrequencies 
exist. 

It is convenient to introduce 


x= (2—)’)/(2—X”) 
-wi2ldz; W(x) 


, 


Wz], (IV, 16) 


w(x)dx 


where )’,X”’ are defined as in (IV, 4). Then w(x) is 
determined by [see (IV, 15a) and (II, 16) }: 

OTs '(y) 
(a) w(x)= pr'?w(d'"?x) +9 wl T'5-'(x) J, 


Ox 


(b) w(x)>0, (IV, 17) 


® 


(c) f w(x)dx=1. 


with 
«(B—1)+d” (a’—1)! 
T(x) . B 


: (IV, 18) 
x+(B+1)r” 


B—a 


Before we go into details it is important to obtain a 
qualitative idea of the behavior of w(x): As before, let 
u, be the displacement of the nth mass and define the 
numbers 


Xn= (8n—N’)/(2n—X”), 
where 


Sn = Un—1/ tn. 
Then the relationship between x,,, and x, is 


. 1" i 9 
Xn+l 1 ited A x5, 


T (Xn) =[(B+1)\?x,—d" |/[axn+ (B—1) ], 


Xn+l 


depending on whether the nth mass is M or m. Now 
w(x)dx is the probability that x, (for large n) lies in 
the interval (x, x4+-dx), when we compare either many 
chains at the same m or many different n-values at one 
long random chain. In the case of a pure M chain 
(q=0), the relation between x,,; and x, is always 
Xnyi=A%x,; and since \*<1, x, will go to zero for 
n+, Therefore we have w(x) =4(x) for q=0. 





436 HELMUT 

For very small values of g one might assume w(x) to 
differ only slightly from 6(x) because in the series 
%1, X2, Xs, °°* the relation between successive x values is 
mostly x,4;=Ax,, which tend to push x to zero. Only 
the transformation x,4;= 7'(x,), which occurs with the 
small probability g, may push x out of the neighborhood 
of zero again. But this effect of a transformation 7 
will generally be canceled by the many following 
transformations T,. 

This argument fails, however, if 7(0)~o. Here 
again many of the x,’s will be near to zero, but a 
transformation 7’, now pushes these x,’s near to in- 
finity. An x, near enough to infinity, however, cannot 
be transformed into the neighborhood of zero, even by 
as many as 1/g successive transformations T,. 

Hence in this case the x,’s accumulate around x= 
as well as around x=0 and w(x) differs from zero 
appreciably at x0 and x= «. We see that even a small 
number of lighter masses m in a chain of masses M 
may change w(x) considerably if the “resonance 
condition” 74(0)= is satisfied. From (IV,18) it 
follows that 7'4(0)= or Tg-'(*)=0 is equivalent to 
B=1. Therefore T(0)=« means [see part (a) | that 
w equals the resonance frequency of a single m mass 
in an M chain. [The same result can be obtained easily 
without referring to part (a). | 

We return to Eqs. (IV, 15). In deriving these equa- 
tions in Sec. Il we obtained an iteration method for 
W(2]. Now we derive Eq. (IV, 15) once more in order 
to obtain a new and here more useful iteration method. 

Considering a chain of M and m masses, let us define 
the numbers z, as before. Then for a particular chain 


1/(2a £,)=7.{ 5 |, 2a=2— Mi? 


Z = 
ont 


Zn4i= 1, Tal 2n], 28=2—me?* 


according to whether the nth mass M, is M or m. 
Assume that M,=—m for n=51, $2, °-°+(Spayi>5,) and 
that all other places are occupied by masses M. 
Now consider among the z,’s only 2s), 292, «:» and write 
for convenience Zs, @2:,). Then 


Ten" an OT sf Zin) J. 


o 
~(n+1) 


Let w.,)[ 2] be the distribution function for 2;,) if we 
average over many chains. 

Assuming for a moment that in all chains there would 
be the same number s= (5,,1—5,—1) of M masses 
between the mth m mass and the (m+-1)th m mass, we 
would obtain 
=T.'T s 21m) J, 


2 (m+1) 


and consequently, for 


Weolt]= f wnls’ Ye! 
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we obtain 

W ng) 2 ]=W wl Te "T.*[2 | }+ const. 
Since it occurs, however, with the probability P’(s) 
=qp* that the nth and (n+1)th m masses are separated 
by s M masses, we obtain 
W ney l2J= 20 gP*W em LTT a2) 

oO 
+const. (IV, 19) 


This gives a new iteration method for W[z ], since again 
. - - 1 
lim (W ay [2 ]+W [2 ]+---+W wz ])K-=WEe]. 
nD n 


[This can be proved in the same way as (II,19). | It is 
easily verified that the equation 


W[z]= y gp’WLTg"T.*[z | ]+const 


is equivalent to 
W(2]=pWLT. [2] ]+qw[Ts"[z]]+ const, 


which is Eq. (15b). Introducing x and W(x) as in 
(IV, 16), we can write (IV, 19) as 


> gp*W ony (Te (\'*x) + const. 


ald) 


W cngsy (x) (IV, 20) 


So far our equations are quite general. Now we assume 
that g is very small. Then the number s of M masses 
between successive m masses is mostly very large, 
since the probability for a certain value s is P’(s)=qp*. 
Here we make the following approximation: We calcu- 
late as if s could assume any positive value with the 
probability density gp’. This is equivalent to replacing 
the s-summation in (IV, 20) by an integration. [This is 
mathematically justified if, besides p~1, also |\’’| 1. 
We may assume, however, as explained in (a), that the 
requirement |\’’|~<1 is not very important for the 
result. ] Then we obtain for W(x), from (IV, 20), 


W (x) -f gp'W (Ts (\'"*x))ds+const; (IV, 21) 
and, differentiating, we get 


dT g(x) 
—ds, 


w(x) -f gp*w(T g(X"*x)) 
0 


dx 
or, with 
t=)'x, €=/Ind"”, 


(+o)2 4 dT \(7 


zie ) 
w(e)= f e-|-| w(Ts"(r))- —dr. 
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The last equation can be written as 


“ dT 5"'(r) 
w(s)= f L(1,x) w(Ts '(r))dr 
+: dr (IV, 22) 


D 


-f L(T g(1’),x)w(r')dr’, 


2 
with 


L(r,x)=e|x|*"/|r|* for 


O<x<r r<x<Q (IV, 22’) 


and 


=() otherwise. 


We want to solve Eq. (IV, 22) for w(x) under the 
assumption that g is very small and that the frequency 
considered lies near the resonance frequency of a 
single m mass in an M chain (i.e., B~1). In order to 
do this we note: 


1. For any function g(r) which vanishes in a neigh- 
borhood of r=0, we obtain from (IV, 22’) 
e c|x|*' for x>0 

f L(1,x)g(r)dr= | near x«=(, 


¢2|x|*" for 


x<0 
where c; and ¢» are constants. 

2. We have seen that w(x) is very small except near 
x=Q0 and x=, Therefore, in (22), [dT (r)/dr] 
Xw(Ts"'(r)) is very small near r=0. [ From (TV, 18), 
with B~1, it is seen that 7,~'(O) is neither near to 0 
nor near to #, | 

Looking now at w(x) on the left of Eq. (IV, 22), we 
see that w(x) near x«=0 must be almost equal to a 
function A(x) defined as 


O0<x<l 
—-1<2#<0 


=() otherwise, 


A(x)=aq|x|*"' for 


bq\x\*' for (IV, 23) 


where a and 6 are constants. Inserting into both sides 
of (IV, 22) such a function w(x) with 


w(x)=A(x) for 
=() 


—1<x<1, 


except near x=O and x=, 


where we note that A(x) is very small for «+1, we 
obtain from (IV, 22) near x=0: 


1 
A(x) f L(T g(x’) ,x)A(x’)dx’ 
1 


+f L(T g(x’) ,x)w(x")dx’, 
or 


1 
(x)= f L(T g(x’) ,x)A(2’)dx’+dL(Ts(@),x), (IV, 24) 


1 
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d= f w(x’ )dx’, 
x’ = @ 


[Here we used that L(x,x) depends very slowly on xo 
near xo= 7'3(). | 

Now the constants a, b, and d can be determined as 
follows: from /.,.°w(x)dx=1=f_,'A(x)dx+d, it fol- 


lows that 


with 


(a+b) In\’?+d=1. (IV, 25) 


Two further relations between a, 6, and d are obtained 
from (IV, 24) by comparing both sides for «>0 and 
x <0. These three equations for a, b, and d give us, after 
a short calculation’: 

l 9194 


2 Ind’? + 93> Io 
a Ind\’” 


(IV, 26a) 


1 Ind” —G4 
=2 Ind\’?+9. if 
a Ind’? — 


B>1, (IV, 26b) 


1 
if | (x+e])|*|a| dam 4 Ind/*(1+ [6|*9, 


0 


Ie if | (a+ |c|)|*|a] dx Ind’?! c|**, 
lel 


Je} 


Sy af | (x+-|c|)|*| a] dx 4 Ind’(1—|c|**), 


where |¢ |B—1|. (The approximate expressions for 
the integrals can be used since g1.) 

As the last step in our calculation, we show that 
M (w*) of Eq. (IL, 12) can be expressed by the constant 
a only: 

(IV, 27) 


M (w*) = q(1—a Ind") +const. 


7 Let us consider, for example, the case B<1. In the region 


r>0, Eq. (IV, 24) gives 


f : 
ag|x|*t=e|x|*% d|Ta(~)| +f q vie Tg(x’)| ‘dx’ 
i 


aa 
taf “ale Tale’ -tas'} 
Since 

T(x’) =((B+1)d2x’ —d2)/[ x’ + (B—1) ] ’2/[x’ + (B—1)] 
for x’=0 and B#1, and since furthermore |7,4(#)|* 
|A’*| *e< 1 for g<1, our equation can be written as 


1 and 


i | 
a= (Ind’) {a + ba f |!" | 8 xe” +-| B—1| | “dx’’ 
oT] | 
+aq f |x!” | | x’ +-| B—1| | “dx” >. 
7 _(p-1| f 
Similarly, considering (IV, 24) for x <0, we obtain 


*—|A-1 
b = (Ind’’?) tag { lx|*"le+!]B—1! | ‘dx 
“=<! 


Now, with (IV, 25), the constant a can be calculated. This gives 
us the result (IV, 26a) 
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This result is easily obtained from the relation 


M (w?*) f wz \dz+const 


a 


: -f w(x)dx+-const [see Eq. (IV, 16) ]. 


A 
With w(x) = aq|x|*"' in the region \’? <x <1, we obtain 


M (w*) = const — age"! (1—"*) 


econst—aqin\’* for e=0. 


This derivation of (IV, 27) is questionable, however. 
We know that w(x) equals aq|x|*! for small values of 
«> 0 and we know that w(x) is small like ag|x|*' near 
x=1, but we have not proved that aq|x|*" is a good 
approximation for w(x) near x=1. 

To prove (IV, 27) properly, we use here the same 
ideas which led us in Sec. II to the relation M (w*) 

Sw z \dz+const. We define y, by x,=tan(}y,) 
and make the relation between Way; and ~, (Ways 

TalWn} OF Wny4i= Ts{¥,}) unique by postulating that 
T {0} =0; 2 <T {4x} <204+-42. Now M (w*)+const is 
equal to the prnbability that ¥,,; and y, include a 
multiple of 27. For ~ayi= Tay} this is impossible. 
For Wasim Ta{¥,} it occurs whenever x, lies outside 
the interval 0<x,<T s"'(0)=1/(B+1). Since the 
probability of finding x, outside this interval is 


1 


(B+1) 
1 -f aq|x|*'dx«1—a Ind”, 


and since furthermore the relation ~»,1= Ts{W,} occurs 
with the probability q, the relationship (IV, 27) follows. 
The final result can now be stated explicitly: 
q 


for w'<a 


(IV, 28) 


bel) 


with 
q 
é , d=—<Ii, 
Ind’? 2 In| (2—8)/8| M 


c= B-—1 


(= 0/2) (—") 7 =( 1 ) 
ay a J’ ~ m\ea—0/2)/ 


Comparing the result (IV, 28) with Eq. (IV, 14), we 
note: 

1, Both equations were derived under the conditions 
gi and wa. 
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2. Under these conditions the Eq. (IV, 14) was a 
rough approximation; Eq. (IV, 28), however, can be 
assumed to give very good results. 

3. The density function u{c] of (IV, 14) and the 
corresponding m[_c] = (1/q)(d/dc)M (w*) of (IV, 28) are 
both very sharply increasing functions near c=0 with 
weak long wings in the region of large |c| values. 

4. If gq is very small, then the fraction of eigenvalues 
of the impurity band which lie in these wings [where 
(IV, 14) and (IV, 28) do not hold] is also very small. 

5. Equation (IV, 14) differs essentially from (IV, 28). 
Note in particular that near c=0 ylc] is proportional 
to |c|* while m[c] is there proportional to |¢|*~. 


In cases where g is not quite so small that (IV, 28) 
can be applied, a better solution w(x) of (IV, 22) 
might be useful. Such a solution could furthermore be 
improved by the iteration method (IV, 20). 

The generalization of our results to electronic im- 
purity bands presents no difficulties. Let us consider 
the model of Sec. III(b). Assume that the crystal 
consists of two types of atoms A and B, occurring with 
the probabilities p and q (q¢1), and let the potentials 
of these atoms be determined by V” and V*. If now 
V*>V?”, then below the lowest energy state of the pure 
A crystal there are energy states due to the B atoms. 
As shown in (IIT, b) the number of eigenvalues k, with 
k,<k is 


0 
NM(k) =v f wz \dz+const, 


—D 


where w/z] satisfies Eq. (IV, 15) with 
a= —cosh(kl)+(V"/2k) sinh(kl), 
B= —cosh(kl)+(V4/2k) sinh(kl). 


(IV, 29) 


Starting from Eq. (IV,15), we can now proceed as 
before with (IV, 29) and obtain the result analogous 
to (IV, 28): 


_- a _ 
(§—4] |")? 


1—|c|?* 


B<1 
M(k)=const+ 


where now with a, 8 from (IV, 29), 


c= B-1, B= (a’—1)'/(B—a), 
e=qg/In\’", X”=a—(a?—1 yh 


In the special case V?=0, we obtain 


c= (k—k)/k, 
e=q/kl, 


where k=4V* is the & value at the resonance. 
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In conclusion I would like to thank Professor Lutt- 
inger, who suggested this problem to me, for many 
valuable discussions and help in completing the manu- 
script. Furthermore I am indebted to the American 
Academy of Science and to the Foreign Operations 
Administration for making my temporary stay in the 
United States possible. 


APPENDIX I 


We add some remarks concerning the solution w{z | 
of Eqs. (IT, 16). We write these equations as 


wl2)= Qi pis wT; "Le }], 


wlz]>0, 


f wz |dz=1, 


wn 
with 


T; Tz] =2ai—2", J2ai=2—Mi*. (A, 1a) 


It is sometimes more convenient to consider w(¢), de- 
fined by 

w(y)dg=w{[z |dz, (A, 2) 
with 


z=tan(}¢). (A, 3) 


Then we define the operators Tj acting on ¢ as 


(A, 4a) 


1 
T;"(¢)=2 arc tan| 2a/— =}. 
tan(¢/2) 


and make the continuous relationship g’=T7;"'(¢) 
unique by requiring 

T;1(0) =. (A, 4b) 
Now (A, 1) can be written in terms of w(¢) as 


w(y)=L sp'w(77"(¢)) dT;"(¢)/de, 


w(y)>0, 


Qn 
f w(y)de~1, 
0 


w(g+2r)=w(¢). 
For W(¢) = ferw(¢/)dg’, this gives 
(a) W(¢)=Lip'WLT;"(¢)]—-W(—n), 
(b) W(¢) 


is monotonically non- 
decreasing in ¢, (A, 6) 


(c) W(¢+2r)=W(¢)+1 
(d) W (0) =0. 
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We show first that, provided a solution W(¢) of (A, 6) 
exists, this solution is continuous (a) and unique (§). 

(a) Assume that W(¢) has a jump of height d at 
¢= ¢o and that no higher jump does occur. Then W(¢) 
has a jump d also at all points go+ 2h. From (A, 6a) it 
follows that W(y) must also have a jump d at all 
points 7'~-'(¢o)+-2rh (note that }°p/=1). In the same 
way it is seen that W(¢) must have a jump d at all 
points got+2mrh, Ty"(¢o)+2rh, Te'(T i" (¢0))+ 2h, 
-++, Provided that we have at least two different a/- 
values, there can be found an infinite number of such 
points in the interval 0< ¢<2z at which W(¢) should 
jump by the amount d. This is impossible since W(¢) 
is monotonic and W (27) —W(0)=1. Hence W(¢) must 
be continuous. 

(8) Assume that there are two different functions 
satisfying (A, 6). Then the difference U/(¢) satisfies: 


U(¢)=dL piU(T;"(¢))—U(—f®), 
U(¢g+2r)=U(¢), 

U(0)=0; |U(¢)| <1, 

U(¢) 


(A, 7) 
is continuous. 


Let U(¢) assume its maximum at ¢; and its minimum 
at go. Then, from (A, 7), 


—U(—n) 
-U/(—n) 


U (¢1) 
U(¢2) 


DB pu(T; '(y)) >, 
L piUu(Ts"(¢2)) 9, 


hence U(—7)=0. It follows further that U/(¢) must 
reach its maximum on a whole set .S; of points: 


Si= { ¢1t+-2rh, Tj" (91) +2rh, 
Ty '(T5"(¢1)) + 2mh, «++, 


and its minimum value at a set S»: 


So { got 2rh, Tj 1( oy) + 2rh, 
Tie (T5"" (2) + 2h, +++} 


We can assume that |a'| <1 and a! +a? (the case where 
|a’|>1 for all j has no physical interest). Then it is 
easily seen that for the sets S$; and S, the point g=wisa 
common point of accumulation. [If there exists an 
integer n that T,-"[ z] is the unit transformation, then 
Ty" =T,. From (A,1la) we see that Ty'T [2] 

2+2(a’—a'). Therefore repeated application of the 
operator T,'T;-“-" transforms any 2 to infinity or 
any ¢ to m as near as we want. Therefore g=7 is a 
common point of accumulation of S; and S,. If Ty-"{z] 
is not the unit transformation for any integer n, then 
the points 7;~"[_¢ ]+ 2mh lie dense everywhere (for any 
¢o) and the points of S, and S, lie dense everywhere. | 

Since U(¢) is continuous, it follows that 

U(r) =U(¢;)=U(¢2), ie, Ule)=U(0)=0. 

Now we can construct the solution W(¢) of Eq. 

(A, 6). Let Wo(¢) be any function which satisfies 
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Wool o+ 2) = W o(¢) +1, 
W (0) = 0, 
Wo(¢) 


(A, 8) 


is monotonically nondecreasing in ¢. 


Then define, with Wo(¢y) from (A, 8), the functions 
W,.(¢),W"(¢) by 


W ns sle) = LiP'W (Ti (¢))—-Wa(—*), 


W"(¢)=[Wol¢)+Wil¢)+---+W,(¢) // 
(n+1). 


(A, 9) 


(A, 10) 


The functions W,(¢) and W"(¢) also satisfy (A, 8). 
Furthermore, we see from (A, 9) and (A, 10) that 


We) —-¥ pw (¢))+W"(—2)| 
i 


|W nail¢)—Wo(¢)! 1 
< 
n+1 


(A, 11) 
n+1 


Since the functions W"(¢) are monotonic and bounded 
in O<¢<2m, there exists a convergent subsequence 
W"(¢),W*(¢), «++ converging to a function W(¢). 
From (A, 11), we see that W(¢) satisfies (A, 6). Since 
furthermore no other solution of (A, 6) can exist, the 
series W!(¢), W?(¢), --- must also converge to W(¢). 
Having proved that W[z] exists and is a continuous 
function, we shall now demonstrate as an example that 
w| z | can be highly singular. 

Assume that |a'| <1; |a*|>1. Then z=7y"'[z] has 
two real solutions 2’, 2’ with |2z’| <1, |2’’|>1. Assume 
now further that p®|2’|~*>1 and finally that 7;-" is 
not the unit transformation for any integer n. Now 
wz | provided that it exists, satisfies 


pew Tr [e+ p%2w[ Tz] ]+---, 


. (A, 12) 
w[z]>0, ff ute: i. 


* 


w[z | 


Since all terms in (A, 12) are non-negative, this equa- 
tion with s=2'=7Ty"[2’ ] and p®|2’|~?>1 implies that 


wl 2’ |= o, (A, 13) 


If wf 2’ ]=0, then from (A, 12) it follows that w=0 at 
T, "(2'} for all integers n>0. These points lie dense 
everywhere. Hence w{z] vanishes on some points of 
every interval. But w{z] cannot vanish throughout 
any interval (this would imply wlz]=0 but fw |dz 

1). Therefore w{z] cannot be continuous in any 
interval. The same result is obtained if w[ 2’ ]= 0. Here 
it is seen that w{z] cannot be finite throughout any 
interval. 


wl2’]=0 or 


APPENDIX II 


So far we have assumed that the atoms in our one- 
dimensional crystal are distributed at random. Now we 


HELMUT SCHMIDT 


consider the case where a correlation between neigh- 
boring atoms exists. 

Suppose we have a two-component crystal containing 
A and B atoms occurring with the probabilities p and 
g. Comparing now many one-dimensional crystals, we 
call those crystals which happen to have an A atom 
at the mth place A crystals (n=any fixed number) and 
the crystals with a B atom at the mth place B crystals. 
If there is a correlation between neighboring atoms, 
then among the A crystals the probabilities of finding 
an A or B atom on the (n—1)th place may be different 
from p and gq. We call these probabilities P44 and Paz. 
In the same way we define among the B crystals the 
probabilities of finding on the (n—1)th place an A or 
B atom as Pg, and Paz. It is seen easily that 


PastPas=\, 
Pra + Posr= lL, 
gPpa=pP ap. 


(A, 14) 


We want to determine the electronic energy levels 
for the general crystal model discussed in (III, c). [This 
general formalism applies also to the vibrations of a 
linear chain of atoms]. The numbers ¢, [see (III, c) ] 
for the different crystals depend only on the nature of 
the atoms preceding the nth atom [i.e., on the (n—1)th, 
(n—2)th, ---1st atom]. 

Since now there is an interaction between the mth 
atom and the (n—1)th atom, the distribution functions 
for ¢, may be different among the A crystals and among 
the B crystals. Let wa(¢n) [wal¢n) ] be the distribu- 
tion functions for ¢, in the A [B] crystals, where the 
nth place is occupied by an A [ B] atom. Instead of one 
distribution function w(¢)=wa(¢)=wal¢), we have 
now two such functions. We can easily find a set of 
difference equations for wa(¢) and wa(¢): Let us con- 
sider the A crystals first. Here the distribution of ¢, is 
given by wa(¢,). The distribution of ¢,-1 is wa(¢) or 
wpy(y) according to whether the (n—1)th place is 
occupied by an A or B atom. These two possibilities 
occur with the probability P44 and P4,. Therefore, as 
in (II, 15), we obtain 


wa ( y)dg= Paawaly -- AA( ¢) )d(¢ oe AA( ¢)) 
+ Papwp(y—*(¢))d(e—A*(¢)), 


or with 


v ¢ 
Wale) ff eaterae’ W p(¢) ff vnterae, 


6 0 


Waly)=PaasW a(e—44(¢)) 
+ PanW(e—A?(¢))+Calk). (A, 15a) 


Considering the B crystals we obtain in the same way 


Wal ¢) = PaaW a(e—A4(¢)) 


+ PpeWe(¢e—A*(¢))+Ca(k). (A, 15b) 





DISORDERED ONE-DIMENSIONAL CRYSTALS 


Equations (A, 15), together with the relations eigenstates below k, we obtain 


Wa(e+2m)=Wal(¢)+1, 
W4(0)=0, (A, 16) (1/29) (gn41 Pn) mw pf (ons Yn) Wal Gn)d Gn 


W 4(¢) = monotonically nondecreasing in ¢, 


and the same relations for W,, determine again the taf (ons On) BWal Gnd Gn. 
functions W4 and W x. These functions, as well as the 
constants C4(k) and Cp(k), can be calculated from 
(A, 15) by iteration. Finally, for M(k)+ const = (1/2) 
X (¢nsi-— On), Which gives us the relative number of M (k)+ const = pC 4(k)+qCa(k). 


A short calculation using (A, 15) gives the result 
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Electron Self-Energy and Temperature-Dependent Effective Masses 
in Semiconductors: n-Type Ge and Si 
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The electronic self-energy due to interaction with acoustic phonons is evaluated as a function of the 
electron propagation vector k, and a relation is established connecting the Sommerfeld-Bethe interaction 
constant with the energy band separation and effective masses. For nondegenerate prolate ellipsoidal energy 
surfaces of revolution, the self-energy depends linearly on the temperature 7 at high temperatures and 
quadratically on 7 at low temperatures, this behavior being substantiated by the experimental results of 
Macfarlane and Roberts, The temperature dependence of the principal effective masses m,(7') at high 
temperatures is given by (i=/ or ¢) 

mi(O)/mi(T) = 1+ (1289 /9ph's@ p) mi* (Oey ()(C®) ay T 


thus indicating a decrease in effective mass with rising temperatures. The result does not explain the deviation 
from the 7~4 law for the lattice mobility as observed by Morin and Maita, The percentage decrease at room 
temperature for each of the electron effective masses amounts to less than 1%. These results do not account 
fully for the possible change determined by Lax and Mavroides 


1. INTRODUCTION absorption edge. In addition, the percentage change in 
HE temperature variation of the electronic energy the principal effective masses from liquid helium tem- 
in crystals is usually attributed to radiation peratures to room temperature is computed and found 
damping,' thermal expansion,’ electron self-energy,’ and be much less than the possible change deduced by 
mutual electrostatic interactions of charge carriers.‘ Lax and Mavroides.° 
In the present paper a study is made of the electron 
self-energy in homopolar semiconductors with specific 
reference to n-type Ge and Si. From the self-energy the The total Hamiltonian of the system, electron plus 
temperature dependence of the principal effective masses lattice, may be written as 
is then deduced. At low temperatures the self-energy “R 
exhibits a quadratic behavior with temperature, thus H=H,+V(R,0)+Hn, (2.1) 
substantiating the observations of Mac farlane and where H, is the Hamiltonian of a nonlocalized electron, 
Roberts® on the temperature variation of the infrared Y(R,r) the electron lattice interaction and Hx the 
1 A. Radkowsky, Phys. Rev. 73, 749 (1948); Méglich, Riehl, and Vibrational energy of the lattice. The latter two quanti- 
Rompe, Z. tech. Phys. 21, 6, 128 (1940). ties are given by the relations 
2 R. Seiwert, Ann Physik 6, 241 (1949); F. Méglich and R. 
Rompe, Z. tech. Phys. 119, 472 (1942); J. Bardeen and W. 1 
Shockley, Phys. Rev. 80, 72 (1950); W. Shockley and J. Bardeen, . ’ 
Phys. Rev. 77, 407 (1950). V(R,r) = - 7 E.(o): 9V(r) 
§V. A. Johnson and H. Fan, Phys. Rev. 79, 899 (1950) ; T. Muto 2(MN)* t.« 
and S. Oyama, Progr. Theoret. Phys. Japan 5, 833 (1950); 6, 61 
(1951); H. Fan, Phys. Rev. 78, 808 (1950); 82, 900 (1951). 2h \ 
*F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954); 96, XK {ar (a)e'''+a,* (ale) (2.2) 
28 (1954). w,(a) 
’ G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955); 
98, 1865 (1955). *B. Lax and J. Mavroides, Phys. Rev. 100, 1650 (1955). 


2. HAMILTONIAN AND THE LATTICE FIELD 
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and 


Hr=4h> h(a) {ai(a)a,* (a) +ar*(a)ar(a)}, (2.3) 
tie 


where V(r) is the periodic potential occurring in H, and 
E,(a) are the unit polarization vectors, one longitudinal 
and two transverse, corresponding to the phonon propa- 
gation vector @. In addition, a;(o) and a;,*(a) are the 
familiar annihilation and creation operators satisfying 
the commutation relations 


[ay (a’) a,*(a) ]J= +b, o/b:, t's 


2.4 
[ay (o’) ay(o) ]=0, GA 


the + or — sign occurring according as @ is positive or 
negative, 
We proceed to solve the Schrédinger equation 


HW yun (2.5) 


En, k, NV n, k, Ny 


where V,, x, is the wave function for the complete 
system and £4, the total energy. The quantum 
numbers (n,k) and N specify the electronic state and the 
state of excitation of the lattice respectively. Using the 
Born approximation for V,, yw, we write 


Vn, k, N= Xn, uN, (2.6) 


where {w is the product of normalized single oscillator 
wave functions, 

It has been usual in the literature to regard V(R,r) in 
the total Hamiltonian H, as a perturbing term. How- 
ever, we shall find it convenient for reasons which will 
become clear later, to write (2.5) in the form 


[He+V(R ©) Wyn atv txn, cl tnt xn, tn 
= En NXnu,noNn, (2.7) 
where H’ is now the perturbing term given by 
H' xn abn = rxn, abn Xn, cl vgn. 


The wave function for an electron with propagation 
vector k, may be written 


(2.8) 


Xn, k =al{Wnr + > bn ull’ a’ ar (o’ Ww, ure}, (2.9) 


t'.@ 


where the W,»,, are Bloch functions, the b,, ,(t’,n’,o’) are 
adjustable parameters and a is a normalization constant. 
The xn,x We are using correspond approximately to the 
“superconducting” wave function of Bardeen’; func- 
tions of the same form have also been used by Takano.* 
With this wave function, the perturbing term becomes 


H'x n, k a > 


t’.n’,@’ 


(¥F )bn u(tn',o’) 
Kho (0 lar (a Wn’, were’ (2.10) 


the negative and positive signs occurring as @ is positive 


7 J. Bardeen, Phys. Rev. 80, 567 (1950) ; Revs. Modern Phys. 23, 
261 (1951). 
*F. Takano, J. Phys. Soc. Japan 9, 430 (1954). 
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or negative, respectively. We shall find on evaluating 
the total energy of the system that our perturbing term 
is negligible at ordinary temperatures, thus leading to a 
reformulation of electron-acoustic mobility theory, 
which forms the subject of a subsequent paper. Before 
proceeding to an evaluation of the total energy we shall 
consider briefly the Sommerfeld-Bethe interaction 
constant. 


3. SOMMERFELD-BETHE INTERACTION 
CONSTANTS 


We shall require the matrix elements of V(R,r) with 
respect to the Bloch functions ~,,. These are 


M (nk; n’k’) =>) Mi (nk ; n’k’) 
t 


x {ai(o)bx-", wpe ae* (0b, k’—o} ’ (3.1) 


where 
Me(n” hk”; n’ Jk’) =[(hh/2MMw(o) 17" (kk), 


(3.2) 
1"'™ (kk) = Eo): J ten, w/t, we V (Ede, 
To 


and ro indicates integration over the unit cell. The uy, x 
are the periodic part of ~n,x. Making use of the eigen- 
value equation satisfied by the “,,% we can easily show 
that for intraband transitions 


Ty" (kW) = + (2/3)iC" (ko, (3.3) 


with 


3 
cvs) = (—) 5 (o-pe, )(ErPuw), (34) 


where 8 is a unit vector in the direction of propagation 
of the lattice wave @, and 


Yniue (ih Pw, wd. 


Pan = 


cryst. 
The above result is valid provided the kinetic energy of 
the electron in the initial state k’, is small compared to 
the energy gap between the conduction band and filled 
band. The interaction constant given by (3.4) may be 
evaluated in terms of the energy gap and principal 
effective masses, by making use of the f-sum rule, 
2 Puit*Pine® 
- - —=bap— ——, (3.5) 
m bn’ €1(k) — en (k) h? dkadkg 


For an energy band e,’(k) of the form, 


he? (ka—k,9)? ky ke 
én’(k) = | pat +, 
2 


my Me ms, 


we find 


Cor WZ A ewrk)—ew(h)) E sate(1-—). (3.7) 





ELECTRON SELF-ENERGY 


A considerable simplification is achieved in later calcula- 
tions of the space average of the squares of (3.7) is 
determined at this point. The direction cosines of the 
unit polarization vectors are given by 

E,= (sing, —cos@, 0}, 

&,= {cos8 cos, cos# sing, — sind}, 

&,= {sin# cos@, siné sing, cosb} = s, 


(3.8) 


so that the mean interaction constant, which includes 
the effects of the longitudinal vibrational mode and the 
two transverse modes is given by 


Com y= (ECC Pra 
= Een (kK) — en (k)} 


m $ m m\?*}! 
x ( -1) +4( —-1. Oe 
my, ms mi 
the result being expressed for the case where the energy 


Me (n’, ko’; n, k) 
bax (U'n’ 0’) = 


{e,(k) —€,(k+o’)+5e,(k)4+ hy (a’)) 
En «n= €n(k) +5en(K) +>. hwe(o) (Nt, +4), 
t,o 


443 


surface is a prolate ellipsoid of revolution, having 
m,=m,, and my=ms=m,. As expected, Eq. (3.7) or 
Eq. (3.9) indicate that for spherical energy surfaces, 
only the interaction with the longitudinal mode remains. 
In addition the interaction constant vanishes for free 
electrons. Since the energy difference in (3.9) is seldom 
known with accuracy, (3.9) may be used to determine 
the maximum vertical energy separation between the 
bottom of the conduction band and the top of the 
valence band, if C”’™ (k) is determined from the acoustic 
lattice mobility expression. 


4. ELECTRONIC SELF-ENERGY 


In this section the energy /y, x," is evaluated using a 
variation method following the scheme of Takano. 
Multiplying the Schrédinger equation (3.7) on the left 
by V,,«,"* and integrating, we then minimize the total 
energy with respect to the parameters by, x (t’,n’,o’). The 
results are 


|e (nm, k+-o'; n, k) |?*V ev, o{1— f(k+o’)} 


den(k)=2 > 


t’,n’,a’>0 


where N,, is the phonon occupation number for the 
mode oa, of the ‘th vibrational branch. The above result 
(4.3) differs from that given by Frohlich® and Bardeen,’ 
in that the self-energy de,(k) occurs in the denominator. 
If we omit the perturbing term H’ from the total 
Hamiltonian and repeat the above analysis for the total 
energy En.x.n, We obtain again the expressions (4.1), 
(4.2), and (4.3) with the difference, however, that the 
phonon energy hw;,(o) does not occur in the denomi- 
nators of these expressions. In the following section we 
shall evaluate 6e,(k) approximately and show that at all 
temperatures above the liquid helium range the presence 
of the hw,(o) term in the denominator has a negligible 
effect on the magnitude of the self-energy for the 
particular cases of Ge and Si. 


5. ELECTRON SELF-ENERGY IN Ge AND Si 


The conduction band of Si consists of six equivalent 
prolate ellipsoids of revolution oriented along the six 
equivalent (1,0,0) directions in k space. The conduction 


band of Ge consists of 8 (or 4 if centered at the zone 


boundary) equivalent ellipsoids of revolution oriented 
along the set of eight equivalent (1,1,1) axes in k-space. 


*H. Frohlich, Phys. Rev. 79, 845 (1950). 


én( kk) — en (k+0’) +hwy (0) +6e,,(k) 


|My (n’, k—o'; mn, kk) |?7(N ergs) (1 — f(k 
€»(k) 


a’)} 
» (4.3) 


en (k a’) hw (a) +-be,(k) 


Under a suitable orthogonal transformation each surface 
may be represented by an expression of the form (3.6) 
with m,=m, and mz=m,=m,. In the expression (4.3) 
the occupation number N;,, becomes small for large 
values of o. Since virtual transitions between energy 
minima require o of the order of magnitude of 2m times 
the reciprocal lattice parameter, then intervally transi- 
tions should contribute very little to the self-energy. 
Furthermore, for the case where the states n and n’ have 
large energy separations we may drop the summation 
over n’ in (4.3) and put n=n’, For an approximate 
evaluation of de,(k) we drop the term ée,(k) in the 
denominator of (4.3) and use classical statistics. Thus 
replacing the summation by integration over @ space, 
we find 


4 
be, (k) Zz 
” 9 phsy(2r)* 


4 mC am ae 
> f oda f dp 
” 9 phs »(2mr)* 0 0 


Cy 


[J ,(k) +J_(k) | 


+1 
xf dx[a(1 Ex*) +-2a9 


i 


B(x,o,0) |", (5.1) 
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where 


om 2s 
J (kk) -f Vv, sotdo f dh 
0 u 


+1 


xf dx{.o(1 ~ Ex’) ¥ 2o94- B(x,6,9) |", (5.2) 
1 


and 


B(x,6,0) = 2|dk|((1— 


E)x cos© 


+ (1—2*)! cosp sin® |. (5.3) 
In the foregoing we have put 6 and ¢ as the polar angles 
of @ and © as the angle between Ak (electron propaga- 
tion vector measured from the energy minimum) and 
the longitudinal axis of the energy ellipsoid. The various 
quantities occurring in the above equation are defined as 
follows: om, the maximum phonon wave number; s; 
the velocity of sound for the tth vibrational branch; p, 
the crystal density ; 79= m s/h, the wave number of the 
electron traveling with the velocity of sound in the 
transverse direction, and E=(1—r), where r= (m,/m,) 
is the effective mass ratio. 
The mean phonon occupation number is given by 


x 
L os y Be Cc mre 


n=l 


Nv.o= (exp(hov(a)/«T) 1) (5.4) 


where By =hsy/«T. From (5.3) we obtain the result, 
J 5 (k) +J_(k) 


+1 dx 
[+t s 
n=l HB 2 1 (1 - Ex*) 
nBi'om nBi'om te fdt 
x| f te *dé tn f | (5.5) 
0 0 # —n’§? 


B)/(1— Ex’). 


At the energy band minimum located at k°, the quantity 
B=0, so that from (5.1) and (5.5) 


m AC*) nt mers (E2) 


-}——"—F(@n,N), 
«M (10°) 


108 T \*/x 
F(@p,T)= _|1+4| (. -) ( -—L(e evry) 
Op Op 6 
T 
+(. +) In(l—e on} (5.7) 
Op 


where we have assumed equal phonon velocities and 
employed the relations 


Tm=KO p/hs,= 2x (3/4r) 2-4, 


with 
6 “By (206 = 


(5.6) 


(5.8) 
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In the above it can be easily shown by use of the Euler- 
Maclaurin summation formula that the second term in 
the square brackets of (5.5) is negligible down to liquid 
helium temperatures. The function L2(x) is Euler’s 
dilogarithmic integral defined by 


x” 


Fran, 


n=l n? 


*{ 
L2(x)= -{- In(1—z)dz= 
0 2 


In addition we have taken the principal values of the 
integral leading to 
\1+-4) 


a,(E) = E-4 In| (5.9) 
1 


For spherical energy surfaces, r=1, E=0 and a,(0)=2 
At high temperatures defined by (7./@p)>>1, expression 


(5.7) becomes 
10° T 
(2) 
Op Op 


and at low temperatures defined by (7/@p)<1, 


10 T \! 
reonn="fie(2) | 
Op Op 


The result (5.6) is in agreement with that of Fan and 
Muto and Oyama, except for the introduction of the 
factor a,(Z) and the function F(@,T) which covers 
almost the entire temperature range of interest. For Ge 
and Si, the temperature rate of change of the self-energy 
is deduced from expression (5.7) rather than from 
(5.10), as Fan claims. 


F(@p,7) (5.10) 


(5.11) 


6. TEMPERATURE DEPENDENCE OF 
EFFECTIVE MASSES 


Due to the electron lattice interaction the total 


electron energy é,(k) may be considered as 
én (kK) = en(k)+e,(k), 


where de,(k) is the temperature-dependent term. The 
principal effective masses are then given by the solution 
of the secular determinant 


1 0%, (k) 1 


wp (6.1) 
ht ak Oky mM; (T) "| 

if @,(k) is a quadratic function of the components of k. 
Since ¢,(k) is already in canonical form, it follows from 
expression (5.1) that the off-diagonal elements of the 
effective mass matrix are small in comparison with the 
diagonal elements. Thus diagonalization becomes un- 
necessary and the principal effective masses are given by 


1 82, (k) 


(6.2) 
m n(T) i? ak, 2 
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to a good approximation. At high temperatures we 


obtain from (5.2): 


+(k)+J_(k) 
(2a9- B) 


dx 
-(~ \f of {2 T (1 ; 
hs; (1— Ex?) (1— Ex*) 


lom(1— Ex*) — (209— 
=|]. (6.3) 
B) 


XIn) —— 
lom(1— Ex?) + (2o0— 
Since (B—2a0)/om(1— Ex?) <1 for electrons of average 
|Ak| values, the logarithmic term may be expanded 
into a series, so that the principal effective masses are 
given by 


m (0)/m(T) = 1+ (1289/9ph*)m ?(0)a;(E) 


x(EC4/syOnv)T, (6.4) 
. 


where m,(0) is the electron effective mass at absolute 
zero and includes the effect of the zero-point vibrations 
of the lattice. For the longitudinal direction 


a,(E)= (1—£)*’a(E), 
and for the transverse direction 
a,(E) = 4[a3(E)—a(E) J, 
where the various a@ functions are defined as 
(1+£) 
a(£)=— 
4EL(1—£) 
ag(E) =} (1—E)*+3(1—E)“'+ fai (EZ). 


For spherical energy surfaces, E= 


—_ jor(t)| 


0 and a,(0) 


7. ADIABATIC APPROXIMATION 


The variational method employed in Sec. 4 for the 
derivation of the interaction energy 5e,(k) suffers one 
disadvantage in that the evaluation of the interaction 
energy requires, as a first approximation, the omission 
of the de,(k) term in the denominators of expression 
(4.3). However, one advantage arises in establishing 
immediately a criterion for the validity of the adiabatic 
approximation, which is of importance in scattering 
problems. Seitz’ has shown that if the electronic wave 
function is practically independent of the normal lattice 
coordinates, then the term H’ in the total Hamiltonian 
is negligible. This is evident from the definition of H’. 
Since our trial wave function yq,, involves the normal 
lattice coordinates and their canonically conjugate 
momenta, it is important to determine the effect of 
omitting the H’ term from the Hamiltonian. As men- 
tioned at the end of Sec. 4, the change in the electronic 
energy takes the form of expression (4.3) in which, 
Book 


oF, Seitz, (McGraw-Hill 


Company, Inc., 


Modern Theory of Solids 
New York, 1940), p. 470. 
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however, the hw;(o) term is absent from the denomi- 
nators. Thus a criterion for the validity of the adiabatic 
approximation may be written as 


he (a) <| den (kt) + €n(k) — en (ko) |, 
which must hold for all values of o up to o». The re- 
lationship is satisfied where the bands m and n’ are well 


separated. For the n’, the criterion may be 
expressed as 


case n» 


hu (a)«& | be, (k)|, 


which is satisfied for Ge and Si for sufficiently long 
waves. Since it is precisely the small a, which contribute 
most to the interaction energy, we may conclude that 


the adiabatic approximation is valid." 


8. DISCUSSION 


variation of the energy 
accounted for, 


The temperature gap in 
semiconductors is generally by de- 
termining the electron and hole self-energies at the band 
edges, and the effect of lattice expansion with increasing 
temperature. The high temperature variation for semi- 
conductors having spherical energy surfaces has already 
been considered.’ An adequate analysis of the effect of 
lattice expansion at both high and low temperatures for 
semiconductors with ellipsoidal or degenerate spherical 
energy surfaces has yet to be developed. The quadratic 
behavior with temperature, for the self-energy, as pre- 
dicted by Eq. (5.11) is substantiated by the work of 
Macfarlane and Roberts® who have observed a quadratic 
temperature dependence of the energy gap at low 
temperatures, in both Si and Ge. However, an actual 
comparison of (5.11) with their experimental data must 
await a similar calculation for holes. 

With regard to the temperature dependence of the 
electron effective masses, Eq. (6.4) indicates that there 
is a decrease in effective mass with increasing tempera- 
ture. Lax and Mavroides,® 
valley model for Ge and Si, respectively, have analyzed 
the data of Macfarlane and Roberts and have concluded 
that there is a possible 30% decrease in the density of 
states mass m,=m,'m;' for electrons in Ge at 300°K. 
For Si, however, they deduce a slight increase in the 
combined density of states mass (m,m,)', which ap- 
pears to be in contradiction with the theoretical result 
(6.4), since hole effective are also expected to 
decrease with increasing temperature. The observed 
result in Si, may be due therefore to the greater influence 
of lattice expansion on the curvature of the energy 
surfaces, as well as to the increase with temperature of 


assuming an eight- and six- 


masses 


" K. Huang, Proc. Phys. Soc. (London) A64, 867 (1951). In his 
discussion of Wentzels’ lattice instability, Huang dropped the 
hus ,(o) term in the denominators of (4.3) (which did not contain 
the ée,(k) term), and had, as he remarked, used the adiabatic 
approximation, which he considered as valid for long waves. This 
conclusion is particularly evident from our expressions (5.2) and 
(5.5), where oo { which arises from the hw,(a) term ] occurs only in 
the term which is negligible at temperatures above approximately 


4°K. 
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the statistically derived hole density of states effective 
mass.” The later possibility is definitely operative since 
the spin-orbit splitting A= (0,035 ev) in Si is small. 

An approximate evaluation of the percentage change 
in the principal effective masses in Ge and Si at 300°K 
may be made, by assuming that the phonon velocities 
are isotropic, Expression (6.4) may be written as 


m(O)/mT) 


1+ (1289 /9ph*sO p)m?2(O)a(L)(C 47, (8.1) 


where (C*), is the mean square Sommerfeld-Bethe 
interaction constant, defined by 


« sp Pe i (( ns 
rv 


and determined from the standard expression for 
acoustic lattice mobility 


91 3.2X10 805, m \ 5/2 
{¢ i) ( ) ev. 
4| ul! m* 


Here m* is the mobility effective mass given by 


(8.2) 


13 


* 


m* = (m,*m,*)'/5, 


with 


m,=(m?m,)}, 


1 1 2 
4 ( f ) 
Ma mr My, 


It may be remarked here that Morin and Maita™ have 
observed experimentally a deviation from the 7~! law 
for the lattice mobility as given by (8.2). One possible 
explanation of the deviation, as put forward by Benedek, 
Paul, and Brooks" is that the effective mass m* in (8.2) 


2 In Ge and Si, the valence band is doubly degenerate at k=0 
and characterized by effective masses m, and m2, while a third 
band separated by spin-orbit interaction A is characterized by my. 
In this case 

my = (mi) +-meh +m, exp(—A/xT) }! 

4B, Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954); M. 
Shibuya, Phys. Rev. 95, 1385 (1954). 

“FJ. Morin, Phys, Rev. 93, 62 (1954); F. J. Morin and J. P. 
Maita, Phys. Rev. 96, 28 (1954). 

 Benedek, Paul, and Brooks, Phys. Rev. 100, 1129 (1955). 


VASILEFF 


be temperature dependent. If this be the case, then the 
temperature dependence of m* must arise solely from 
lattice expansion, and is not given by expression (8.1). 
This is most clearly seen by examining the different 
roles played by the electron-lattice interaction term 
V(R,r) in the mobility theory leading to (8.2) and in the 
self energy calculation leading to (8.1). It thus appears 
possible to reformulate mobility theory on the latter 
basis, using H’ as the perturbing term for transition 
probabilities, since, as we have seen, the adiabatic ap- 
proximation is valid. From the above observations we 
conclude, that it is not an entirely consistent procedure 
to use expression (8.2) in conjunction with (8.1). In 
spite of the inconsistency it is hoped that the mobility 
expression (8.2) will give an approximately correct value 
for (C*)4 to be used in determining the temperature 
variation of the effective mass. With the further ap- 
proximation of using the low temperature effective 
masses m,(0) and m,(0), as determined by cyclotron 
resonance experiments,!® in (8.2), we find that for Ge, 
m,=0.12m,m,=0.22m, and m*=0.17m. For Si the same 
quantities are m,=0.26m, m,=0.33m, and m*=0.30m. 
The Morin-Maita electron mobilities at 300°K are 
u (Ge) = 3800 cm? volt~! sec™ and yu (Si) = 1400 cm? volt 
sec™!, From (8.2) we then obtain ((C?),,)'= 22 ev for Ge 
and ((C*),,)4= 20 ev for Si. Substituting for the known 
values of the parameters in (8.1), we find that for Ge at 
300°K, the longitudinal effective mass has decreased by 
(0.26%, and the transverse effective mass by 0.14%. The 
respective changes for Si are 0.23% and 0.12%. From 
these results the decrease in the electron density of 
states mass amounts to 1.0% for Ge and 0.8% for Si. In 
the case of Ge the decrease is considerably less than the 
30% decrease estimated by Lax and Mavroides. The 
value of 22 ev for the interaction constant in Ge does 
not appear unreasonably high since the same value in 
expression (3.9) leads to a maximum vertical energy 
separation of 2.2 ev between the bottom of the conduc- 
tion band and the valence band. We conclude that a 
large part of the effective-mass decrease must be due to 
lattice expansion. 

16 Lax, Zeiger, and Dexter, Physica 20, 818 (1954); C. Kittel, 
Physica 20, 829 (1954); F. Herman, Proc. Inst. Radio Engrs. 43, 
1703 (1955). 
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A detailed solution of the fine-structure splitting of the ground state of the chromium ion is given. This 
solution assumes an electric field of cubic symmetry with a small trigonal distortion and the residual spin 
orbit coupling superposed. The effect of a magnetic field at an arbitrary orientation is calculated 

Absorption positions and relative intensities are calculated and checked with experiment. Lines of char 


acter predominantly AS,=2, 3 are shown to have sufficient AS, 
determined intensities. So-called “forbidden transitions’ 


1 character to give the experimentally 
are accounted for quantitatively by this detailed 


’ 


calculation. Shapes of absorption peaks are Lorentzian for dilute specimens and Gaussian for full-strength 
alum. A small variation of trigonal Stark field from one paramagnetic ion to another is sufficient to account 


for the observed line width 


1, INTRODUCTION 


NE of the classical problems in paramagnetic 

resonance is the problem of the spectrum of the 
chromium alums. Although these materials have been 
studied in great detail and much has been written about 
them, disagreement and somewhat spotty experimental 
checks mark the field. It is the purpose of this paper to 
show that a straightforward quantum-mechanical cal- 
culation based on accepted assumptions! corresponds in 
a gratifying way with experimental results. For example, 
Malvano and Panetti’ were the first to observe some 
small-intensity, low-field lines. These are in positions 
where corresponding “forbidden transitions” might be 
expected to occur, and so they have often been incor- 
rectly interpreted. 

The equipment used in this work is described else- 
where.’ It is suitable for this particular kind of experi- 
ment because it includes a cavity that can be easily and 
accurately oriented. The signal (derivative) obtained 
from a uniformly swept field is recorded continuously. 


2. CRYSTALLINE STARK SPLITTING 


The theory of setting up the crystalline field and of 
determining an effective) Hamiltonian is adequately 
handled elsewhere.* However, it is well to reiterate some 
of the assumptions normally made. These adequately, 
but not uniquely, determine the experimental results 
outlined in Secs. 4, 5, and 6. 

The paramagnetic ion (positive) is surrounded by a 
regular array of water molecules and negative ions. 
These ions, and even to a larger extent the electric 
dipoles of six waters of hydration (chromium’s nearest 
neighbors), profoundly influence the energy-level pat- 


* This work was supported in part by the Army (Signal Corps), 
the Air Force (Office of Scientific Research, Air Research and 
Development Command), and the Navy (Office of Naval Re 
search). 

1J. H. Van Vleck, The Theory of Electric and Magnetic Susce pti 
bilities (Oxford University Press, London, 1932). 

2? R. Malvano and M. Panetti, Nuovo cimento 7, 28 (1950) 

3 Strandberg, Tinkham, Solt, and Davis, Rev. Sci. Instr. 27, 596 
(1956). 

*R. Schlapp and W. G. Penney, Phys. Rev. 42, 666 (1932); P 
H. E. Meijer and H. J. Gerritsen, Phys. Rev. 100, 742 (1956) 


tern of the paramagnetic ion. The unpaired 3d electrons 
are practically unshielded ; consequently, the (‘7’) ground 
state is decomposed by the cubicly symmetrical electric 
environment of the chromium ion into a singlet (I',) and 
two triplets (I'4,I's). The triplets lie much higher than 
the singlet level, giving absorption lines in the visible 
region. The orbital momentum projection, L,, is no 
longer diagonal, nor is it a good quantum number; it 
can be said to be “quenched.” Thus, electron motion is 
“locked” into the field of its neighbors and cannot con- 
tribute to the first-order magnetism. 

The optical absorption spectra of solids usually occur 
as fairly broad bands; however, sharp line spectra can 
be observed in some iron and rare earth group salts. 
Line abosrption is associated with paramagnetic ions 
and is caused by transitions of unpaired electrons of an 
incomplete inner shell.® 

The electron spin is not affected by its electric en- 
vironment except through the mechanism of spin-orbit 
coupling. As we have stated above, the influence of the 
cubic field leaves the space components of orbital angu- 
lar momentum in the I’, singlet ground level with no 
diagonal elements. As long as we restrict ourselves to 
levels coming from the ground state (4/’),*~* it is reason- 
able to expect a satisfactory representation of the spin- 
orbit coupling by the single-parameter form: 


AL'S. 


Hence, the spin-orbit operator, lacking near-degeneracy, 
gives no first-order contribution. 

The excited I'5,I', levels are further split by an electric 
field of symmetry lower than cubic, and the orbitally 


* J. H. Van Vleck, Phys. Rev. 57, 426 (1940) 

* Two doublet levels have been observed by Spedding and 
Nutting’ at about 15 000 cm™ above the ground term. According 
to calculations of Finkelstein and Van Vleck,* these doublet levels 
should lie about 3000 cm™ above the ‘4/T’, first excited quartet 
level. They also demonstrate that Russell-Saunders coupling holds 
well for the quartet states and that calculations for the quartet 
states are not greatly influenced by the proximity of the doublet 
state 

™F. H. Spedding and G. C 
(1935) 

*R. Finkelstein and J. H. Van Vleck, J. Chem. Phys. 8, 790 
(1940) 


Nutting, J. Chem. Phys. 3, 369 
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EXPERIMENTAL 


Fic. 1, Evolution of ion energy levels: (a) free ion without spin- 
orbit interaction; (b) free ion with spin-orbit interaction; (c) 
weak cubic field splitting of total angular momentum by the crys- 
tal field; (d) intermediate cubic field, including spin-orbit inter- 
action; (e) intermediate cubic field splitting of orbital states 
(without spin-orbit); (f) trigonal component added; (g) spin- 
orbit interaction included 


singlet ground state is decomposed by the off-diagonal 
spin-orbit term, Kramer’s theorem shows that in cases 
of odd half-integral spin the electric field cannot dis- 
criminate between equal spin components of opposite 
sign. In the chromium alums there are three unpaired 
electrons giving a spin fourfold-degenerate ground state. 
When the octahedron of water molecules* (the nearest 
neighbors of the chromium ion) is distorted slightly, the 
excited orbital triplets and the ground spin quartet are 
decomposed, the latter becoming two doublets of spin 
+4 and +4, respectively, and separated in energy” by 
tenths of a reciprocal centimeter. The evolution of the 
ion energy levels to this point is illustrated in Fig. 1." 

Line sharpness is dependent upon the isolation of ab- 
sorbing centers and the looseness of coupling between 
paramagnetic electrons of different ions. To a good 
approximation, however, this reduces to a problem of a 
paramagnetic ion in the presence only of its nearest 
(diamagnetic) neighbors. The interaction between spins 
cannot be neglected entirely, since it provides one of the 
mechanisms for spin relaxation and accounts for the line 
shape. 


3. SPIN HAMILTONIAN 


The interaction of next smaller magnitude after the 
trigonal splitting and the spin-orbit coupling is the 
interaction of the ion with a magnetic field that may be 
represented as 
age B(gu'L+g.*S)-H, 

*H. Lipson, Proc. Roy. Soc. (London) A151, 347 (1935). 


” The Jahn-Teller effect, which arises from linear vibration of 
the unit cell, can also supply a mechanism for degeneracy removal 
However, in the chromium alums, this effect has been shown to be 
small compared with the effects of the cubic field. See J. H. Van 
Vleck, J. Chem. Phys. 7, 72 (1939). 

" H. Bethe, Ann. Physik Ser. 5, 3, 133 (1929). 


M. W. P. STRANDBERG 

where g is the magnetogyric factor and £ is the Bohr 
magneton (eh/2mc). Quadratic terms in H are omitted ; 
they give rise to diamagnetism and do not contribute 
to the resonance results. They raise or lower all levels 
without changing the spacing. 

Nuclear terms are very small and the resultant 
effects have not been observed in this work. They have 
been studied in samples of dilution 1:1000 by Bleaney 
and Bowers" to evaluate the nuclear spin of chromium 
53. 

An effective perturbing Hamiltonian can thus be 
written: 


i’ = BH - (g,L+-¢,°S)+AL-S. 


As we have seen, in the ground state the L-S coupling 
is nondiagonal; hence it is minor, since no degeneracy 
with the magnitude of the constant A exists. Thus the 
spin and orbital states are nearly commuting systems, 
and it is convenient to express the perturbation term 3C’ 
in the representation for L, in which the energy, inclu- 
ding the crystalline field contribution is diagonal, and in 
which the spin variable is a commuting system with S? 
and S, diagonal. 

Matrix elements of the first-order perturbation are 


(S,S,,]'2A |H’|.S,S,'T'2A) = (S,S,| ¢.°8H-S|S,S,’) 
+ (TA |e3H ° L T,A) 
+ (S,S,|$|S,S,’) (2A | AL|T2A). 


The energy contribution from the second-order per- 
tubation is 


| (T'2|BH- (gL+g,°S)+AL-S|P)|? 





TI's I's 


E(?)—E(1:) 


where I’, represents the ground state and I’ represents 
the excited state I',,I'y. Since there are only orbital 
matrix elements between states I’, and I’, all terms not 
involving L are zero. 


| (T2|L|1')- (g.°H+AS) |? 


E(T)— E(T2) 

The terms in H? are not associated with a change of 
transition energy within the ground state. The evalua- 
tion of the second-order (off-diagonal) contributions to 
the ground-state energy is essentially the first term in a 
contact transformation (or “Van Vleck transforma- 
tion”) necessary to reduce the off-diagonal term to less 
than second-order importance. The orbital matrix 
elements are constant for this ground-state calculation ; 
hence we are left with an effective “spin-Hamiltonian.” 
The resulting expression gives, with only the spin a 
variable, the properties of these off-diagonal terms of the 
perturbation, with the orbital dependence reduced to 
constant numbers that have only the function of param- 


”B. Bleaney and K. D. Bowers, Proc. Phys. Soc. (London) 
A64, 1135 (1951). 
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The second term in the first bracket shows to what ex- 
tent the spin is coupled with the orbital angular momen- 
tum. The last term together with the direct spin-spin 
interaction (of importance for understanding line shape, 
which has been ignored) describes the behavior of the 
spin in the absence of a magnetic field and in the pres- 
ence of its atomic and crystalline surroundings. The 
symmetry must be the same as that of the crystalline 
field. Bleaney and Stevens" point out that this gives the 
“spin-Hamiltonian,” and thus also the resonance 
spectrum, complete axial symmetry. 

The magnetic field will be considered to be at an 
arbitrary orientation (0,6, in polar coordinates) to the 
crystalline symmetry axis. The angle @ is chosen as the 
polar angle, and ¢ is defined as the azimuthal angle with 
x at @=0. Although ¢ does not affect the line position, 
the intensity will be found to vary with @ for large 0. 
Thus the components of H are 


H,=H cos 
H,=H sinbe**. 
To evaluate the “spin-Hamiltonian” it is necessary 
to recall the spin and orbital angular momentum 
matrix elements: 


(kA1|Ly|k)=(1(14+-1)—k(R+#1) Jt =[12—k(k+1) }}, 
(k| L,|k) =k, 
(m+-1|S,|m)=[S(S+1)—m(m+1) }} 
=[15/4—m(m+1) }}, 
(m|S,|m) =m. 
The unperturbed state functions for this problem are 
linear combinations of the free-ion solution. The only 


nonzero matrix elements from the ground state (I',A) 
are shown below and their values given to the order of 


—(W+1)—§X cosé 


1 a P 
0=(KH—-W)= 4V3X sinBet‘* 


0 0 


The secular equation is thus 
W*—W?L2+ (5/2)X? |+2X?W (3 cos*@—1)+1 
— 3X* cos*0+ 4X?+ (9/16) X*=0. 


A graph showing the energy dependence with field is 
shown in Fig. 2. 
~ 4B, Bleaney and K. W. H. Stevens, Repts. Progr. Phys. 16, 108 
(1953). 
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4V3X sinde~‘* 
—(W—1)—4X cos# 
0 X sinbet'* 
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the trigonal field magnitude divided by that of the cubic 
field. 

(T'5A|L,|I'2A)? 4 


F°(P5A)—E(12A) E(1'sA)— ETA) | 
(Pee |Ly|P2A? 8 
EOD sE*)—B(T,A) E(B) — E(12A) 
(I'£*|L4/T2A)? 
E°(l'E*) — E°(T2A) 


4c*= 


The £* states are degenerate in the absence of a magne- 
tic field, and the magnetic field causes insignificant 
changes compared with their spacing from I',A. 

The matrix elements of the secular determinant of the 
spin-Hamiltonian a,;= (3C;;— H6,;) are 


444,44* EY(T,A)— EA $2.°3H cosé a’ (gi:BH cos0 
+$A)*— (b'+-c*)[2(¢1BH sind)*+ 3A? ] 
444,44= °(1'2A)—EA4g,.BH cosd—a?(gyBH cosd 
+4A)?— (b+-c*)[ 2(¢eBH sind)?+7A? |, 
044,45= 4V3g.8H sinbe* 
2v38¢.°A (b?+-c?)H sinbe*, 
£.°BH sinbe**— 48 ¢,°A (b’+-c*)H sinbe'*. 


P + 
G44,44 * 


a+}, ¥4 


Thus the splitting of the levels with zero magnetic field 


1S 


(045,44 444,44) @b= +20°A*—4A?(b? +c’) 


—8A*HY(I's) — EY) 
[E°(I's)— Els) 


The effective g factor, if one considers trigonal splitting 


to be small compared with the cubic, is" 


g=g.'— 20°g,°A. 

The secular determinant can be written most con 
veniently in terms of a normalized energy and magnetic 
field : 

W=2E/5, X=2¢8H/6; 

0 0 

X sinbe~** 0 
~(W—1) +4X cos WW3X sinte ¢ 

AV3.X sinbet'* ~(W+1)+4X cosb 


The spin state functions 7* can be found by solving 
(H—-W)T*=0 


and the appropriate spin matrix elements can be ob- 
tained by multiplying the spin matrix for a particle of 


“4 W.H. Kleiner, J. Chem. Phys. 20, 1784 (1952), gives experi- 
mental and theoretical evidence that the value of the spin-orbit 
coupling parameter, A, is practically independent of the crystalline 
perturbation. 
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Fic. 3. Normalized transition energy for orientation I. 
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It is well to note that mixing of the state functions 
from the I’,,I, level is 
(1'|L|T,)-(@H+AS) 
——— ——7*(T 


Tt “/T eo ee 
ore ee ay E(l)—E(12) ) 


Since A is in the order of 100cm™ and the denominators 
of the summation are all in excess of 15 000 cm™, the 
mixing will be in the order of 1%, which is negligible as 
far as intensities are concerned. 

The diagonal matrix elements of the 7S,7* matrix 
illustrate the significance of the axial component of spin 
as a quantum number. These values lie fairly close to 
those of a free particle of spin $ for the —} level, and 
also for values of @ close to zero and at high fields 
(Paschen-Back). For other fields and orientations the 
spectral notation becomes more complex, but it can 
still be simply represented in the correct reference 
scheme (see Sec. 5). 


4. EXPERIMENTAL TECHNIQUES 


The apparatus used is described elsewhere.* The 
magnetic field was homogeneous to better than 0.1 


TABLE I. Scale factors.* 


Kittel and 
Luttinger 
2v3x 
2Ae 


This work Weiss 


X 
AW 


Unnormalized 


298H /8 


L 
2aW/s 2hv/s 


* 5 is the zero-field splitting in energy units, H is the static magnetic field, 
and » is the frequency of the rf field. 


gauss over the specimen, and line positions were meas- 
ured by a proton resonance probe and a BC 221 
frequency meter. Crystals of various dilutions (with the 
corresponding aluminum alum) were grown and sub- 
sequently analyzed for chromium and aluminum. 
Dilutions were expressed as mole fraction. These 
crystals with faces perpendicular to (111) axes (orienta- 
tion I) were ground in jigs to show a face perpendicular 
to a (100) axis (orientation II) and to a (110) axis 
(orientation III). The specimens were fastened to the 
rectangular cavity wall with coil cement and the cavity 
was positioned between the magnet pole faces by 
Plexiglas blocks. Monitoring of line shape and line width 
assured accurate orientation. Section 6 indicates that 
the width of the central absorption line is a very strong 
function of orientation. 

Lines of all diluted specimens were found to be 
Lorentzian. Widths were taken as the difference in 
field between maximum and minimum of the differ- 
ential absorption curve. This width multiplied by 
dv/0H gives almost a constant. A notable exception 
is the 3-2 lines in orientation IT. Although these include 
four superposed lines, they are much narrower than 
any other lines of the spectrum. This is reasonable if we 
assume that some of the broadening is the result of a 
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TABLE IT. Orientations. 


Orientation index 


Kittel and 
Luttinger 


Plane normal 
toH This work 


(100) 35” I I 


(111) 0°-70° II IT 
(110) 35°-90° Ill oie 


Weiss 


(001) 


random distribution of trigonal Stark field (responsible 
for the splitting, 6) at the paramagnetic ions, as Meijer'® 
postulated. The 3-2 line widths depend on 6 only in high 
order, whereas all other lines are first order in 6. 

Since field derivative curves were obtained, the total 
absorption could only be found by measuring the area 
under the curve and multiplying it by the width. It can 
be seen from chart 8, which gives the results of electronic 
integration, that it is possible to make a better approxi- 
mation. 

5. CALCULATED VALUES 


The energy levels are designated by 7 values and are 
numbered 1 through 4 from the lowest. This scheme 
permits comparison of energies and matrix elements as 
continuous self-consistent functions of the field, in all 
nondegenerate cases. 

Line positions are found as the differences between 
roots of the secular equation. Graphs of normalized 
transition energy as a function of normalized field are 
given for various orientations of the whole crystal 
(Figs. 3, 4, and 5). These correspond (Tables I, II, and 
III) to calculations made by Weiss and by Kittel and 
Luttinger. All matrix elements for each transition were 
calculated for selected orientations and magnetic fields. 
An example of these matrix elements (r=2-—>4) is 
included (Fig. 6). Note that, at 0=0° and @=90°, the 
S, elements are not continuous. These discontinuities 
result from the choice of nomenclature. At 0=0°, the 
matrix-element discontinuities represent discontinuities 
in energy level slope at degeneracies. These disconti- 
nuities and degeneracies disappear at any other orienta- 
tion and cancel when combined to form any observable 
quantity. At 6= 90°, the choice of orthogonal wave func- 
tions for the degenerate r= 1 and 2 energy levels would 
result in continuity of matrix elements, but in confusion 
in the significance of matrix elements at other angles 
and fields. 


TABLE ITT. Correlation of level identification with 
P. R. Weiss designation. 


Orientation angle 6 
Level 55° 


r=1 - -} 
r=2 . = 
r=3 = 

- 


r=4 


* At fields greater than X =2. 


‘ P_H. E. Meijer, Physica 17, 899 (1951). 
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Fic. 4. Normalized transition energy for orientation II 


The theoretical values of relative line intensities were 
calculated as the square of the matrix element appro 
priate to the direction of the rf magnetic field, These 
values are independent of the azimuthal angle @ (see 
Fig. 7) for two crystal orientations. Since the theoretical 
absorption is of a line observed at constant field as a 


55° IONS 
90° IONS 
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Fic. 6, T =2-+4 matrix 
elements 











J 





X—* 


function of frequency, while the observations were made 
at constant frequency, conversion must be made. This 
is accomplished to a first order by the factor hdv/60H, 
the slope of the transition energy curve as a function of 
magnetic field, 


| 








wTENSITES 








Fic. 7. Theoretical intensities for two orientations: (a) cal- 
culated intensities—orientation I; (b) calculated intensities— 


orientation IT. 


6. DERIVED RESULTS 


The effective g factor, which was isotropic to experi- 
mental accuracy, was measured at several temperatures, 
frequencies, and dilutions, The deviation of the g factor 
from that of the free electron relates the spin-orbit 
coupling parameter A and the magnitude of the cubic 
field (see Table IV) as 

8gi°A 


~ BO(T'sA)— Es) 





b°—8 


The values in Table IV were calculated from g=hv/BH, 
where H is the magnetic field of the zero-orientation 
3-2 transition. 

Calculation of the g factor is dependent upon finding 
the center of the 0° line, which is partly degenerate with 
the 70° lines of the 3-2 transition. For the very dilute 
alum at room temperature, the two are quite degenerate 
at K band (AH=0.085 gauss), degenerate but inter- 
fering at X band (AH = 1.40 gauss), and distinct but not 
entirely separate at S band (AH = 27 gauss). Correction 
was made for this phenomenon at room temperature, 
but it was not required in the low-temperature (80°K) 
case, where the splitting is very small in the diluted 
alums. The limit of accuracy of these values is derived 
from the accuracy of calibration of the cavity wave 


TABLE IV. Measured g¢ factor.* 








Liqu 
Room temperature ae 
Extreme 


lines 


Cr: Al 
Main peak 


1.974 
1.9766(corr) 
1.9737 





Khaad 
X band 
S band 


1:47 
1:47 
1:47 


1,974» 1.9765 


* Probable error of g factor is 0.05%, 
> In this case the average of the g factors for the 1-2 and 3-4 transitions, 
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TABLE V. Comparison of line positions and intensities. 


Very dilute ammonium chrome alum 
(Cr:Al=1:47; g=1.975; 428° =0.09833 cm™) 
Ratio 
(column 
Theoretical Experimental No.) 
Line 
wink,  4x9x10 


Description Orientation Transition aW/ax x H(gauss) Intensity (gauss) Line area (gauss) 7 





S band, Chart 4 3 1.05 2.508 1323 3.29 1320 1.07 28 
A=9.315 cm 0.88 1.642 866 4.00 866 1.61 31 
6=0.09728 cm™ 0.62 0.629 332 2.42 327 0.67 47 
H =527.5 X gauss 1.88 0.115 61 0.61 61 0.15 22 
W =2.207 


X band, Charts 5, 6 1.02 5.955 3245 3.80 3244 1.66 28 
\=3.4261 cm 3- 0.96 5.562 3031 5.90 3033 2.84 31 
6=0,10051 cm™ 1.95 2.832 1543 0.48 1542 0.125 27 
H =545.0 X gauss 2.64 1.656 902 0.08 900 = =0.012 28 
W =5.795 

IT (111) 


S band, Chart 1 0° 
A=9.315 cm 70° 
6=0.09728 cm™ 0° 
H = 527.5 X gauss 70° 
W = 2,207 70° 
0° 

70° 

70° 

70° 


1.00 4.207 2219 0.75 2217 0,52 32 
0.89 2.570 1356 1.88 1356 0.87 57 
1.00 2.207 1164 1,00 1160 0.78 28 
0.90 2.154 1136 2.38 1130 2.33 28 
1.11 1.434 756 2.29 758 1.40 31 
1.00 0,207 109 0.75 107 0.52 40 
0.98 0,903 475 1.04 471 
0.80 0.315 166 0.54 161 

0.148 78 0.47 66 


S he 


! 
WN & WA 


i 


mR Gh he & 


be be 


IT (111) 


X band 0° 
6=0.09068 cm™ 70° 
0° 


8.950 0.75 4400 
7,529 2.22 3702 
6.950 1.00 
6.947 2.94 
6.200 2.24 3053 
4.950 0.75 2433 
3.706 0.10 1820 
3,053 0.01 
2.142 0.02 


> be 


rrr 
WSOwr 


H=491.7 X gauss 
W =6.950 70° 
70° 
0° 
70° 
70° 
70° 


II (111) 


X band, Chart 2 0° 
6=0.10051 cm™ 70° 
H = 545.0 X gauss 0° 
W =5.794 70° 
70° 

0° 

70° 

70° 

70° 


IT(111) 


K band 0° 
= 1.236 cm 70° 
6=0.09885 cm 0° 
H = 536.00 X gauss 70° 
W = 16.364 70° 
0° 

70° 

70° 

70° 


III (110) 


S band, Chart 7 90° 
d=9.315 cm 35° 
5=0.09728 cm™ 35° 
H =526.0 X gauss 90° 
W = 2.207 90° 
35° 
90° 
35° 
35° 
90° 
90° 
33” 


> 


= he GS DO 
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wn 


hh 


7.794 0.75 
6.344 2.20 
5.794 1.00 
5.790 2.93 
5.031 2.24 
3.794 0.75 
3.088 0.16 
2.480 0.00 
1.71 0.04 


= NK KS WN w 
& hwrwhOWNH & 


18.364 0.75 
16,994 2.25 
16.364 1.00 
16.364 3.00 
15.662 2.25 
14.364 0.75 

8.45 

7,80 

5.39 


> 


SP hOnwkhown 


3.170 
2.671 
2.465 
1.774 
1,373 
1.308 
1.200 
0.961 
0.336 177 
0.183 
0.181 
0.104 55 
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TABLE VI. Measured g factors at various dilutions. 


£ ' Cr: Al 


1,9772 1:47 
1.9771 1:17 
1.988 1:0 


meter and, in the case of the g calculated from extreme 
lines, the temperature constancy between the two read- 
ings, since these two lines are strongly temperature 
dependent. 

Misorientation is not a large problem, although"5° 
at X band would move the 70° (3-2) lines by almost 15 
gauss. Since they are moved in opposite directions, 
observation of the main{'peak{line width indicates 
whether or not this has happened; the center of gravity 
of these lines remains in a constant position to a first 
approximation (see Table V). 

Charts giving the experimental data are shown as 
Fig. 8. These data are compared with theory in Table 
V. Charts 1, 2, and 3 give a comparison of the 1 to 47 
dilute alum at three distinct frequencies in orientation 
Il. The zero-degree lines maintain their relative posi- 
tions and amplitudes, but the 70° lines are shown to 
shift and change amplitude in the lower frequency case. 
The 1680-gauss line at X band becomes the 470-gauss 
line at S band. Charts 4, 5, and 6 illustrate the same 
changes in going from X band to S band. Chart 6 is the 
portion of chart 5 that shows the two low-intensity lines 
with a ten times greater instrument gain. At lower fre- 
quencies it is seen that these partly forbidden lines 
attain much greater amplitude. 

The value of the g factor is constant within experi- 
mental error throughout the temperature range (80°K 
to 300°K). For the other specimens, see Table VI. 
Whitmer, Weidner, Hsiang, and Weiss'® give the g value 
of 1.99 for the undiluted alum and 1.97 for the alum 
diluted 1:8.5. 

The zero-field splitting, 6, depends theoretically upon 
the deviation of the g-factor from that of the free elec- 
tron and on the trigonal distortion. This is highly tem- 
perature-dependent and accounts for a large part of 
variation in 6. From experiment, this splitting was 
calculated as g84H, where AH is the separation in the 
zero-orientation spectrum of the main peak (3-2) from 
either of its extreme satellites (2-1, 4-3). For small 
deviations, 0, of the crystal from correct orientation, the 
calculated 6 will be (1—} sin’@) of the correct zero-field 
splitting. 

Zero-field splittings at 25°C were measured as indi- 
cated in Table VII. They decrease at the rate of about 

‘6 Whitmer, Weidner, Hsiang, and Weiss, Phys. Rev. 74, 1478 
(1948). 


AMMONIUM 


CHROMIUM ALUM 


TABLE VII. Zero-field splittings at 25°C. 


4 Cr: Al 


0.135 +0.002 cm™ 1:0 
0.0984+-0.001 em™! 1:17 
0.09804-0.001 cm™! 1:47 


0.0005 cm='/°K to 80°K. These figures indicate a 
decreased trigonal distortion in the aluminum lattice at 
lower temperatures. 

Line shape is determined by the distribution of 
environments of the paramagnetic centers. The en- 
vironmental interactions are normally assumed to be of 
a dipolar type.'” Kittel and Abrahams have calculated,'* 
by the method of Van Vleck, second and fourth moments 
of lines as a function of dilution. They conclude that, 
for a random distribution of nonparamagnetic ions on 
the normally paramagnetic centers, a Gaussian line 
shape should be obtained for paramagnetic concentra- 
tions above 10% and a Lorentizan shape should be ob- 
tained for a concentration of less than 1%, In all diluted 
specimens of this study (paramagnetic concentration 
6% and less) the shapes of all isolated lines corresponded, 
within less than noise, to a Lorentzian shape, but not to 
a Gaussian, within the same criterion. 

Line width is somewhat better accounted for than line 
intensity by combination of two effects. Line width 
multiplied by dv/d0H gives almost a constant. A notable 
exception is found in the 3-2 lines in orientation LI, 
Although these include four superposed lines, they are 
much narrower than the other lines of the spectrum. 
This is reasonable if we assume that some of the line 
broadening is caused by arandom distribution of trigonal 
Stark fields at the paramagnetic ions, as postulated by 
Meijer.'® The 3-2 lines in orientation II depend upon 6 
only in very high order, whereas all other lines are first 
order in 6, 

The theory of the Stark and Zeeman splitting of the 
ground state of the trivalant chromium ion was con- 
sidered in order to illustrate the assumptions involved. 
Experimental results on line positions were found to 
check the theory to 0.2% for the high-intensity lines 
and to 1% for weak lines. Relative line intensities 
checked with theory within a factor of two and for the 
simpler spectra within 20%. Line widths and line shapes 
correspond well to the theories of Meijer and Kittel. 
The identification of low-field lines seems to be con- 
firmed, They are mainly of AS,= 2, 3 character (which 
are zero intensity transitions), although they have 
sufficient AS,=1 give the 
intensities. 


character to observed 


17 J. H. Van Vleck, Phys. Rev. 74, 116% (1946). 
16 C. Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953). 
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Impurity-Induced Localized Modes of Lattice Vibration in a Diatomic Chain 


Rosert L. Byorx* 
The RAND Corporation, Santa Monica, California 
(Received September 7, 1956) 


The normal modes of vibration and their associated frequencies are found for a diatomic chain containing 
an impurity of different mass and force constant than the atom which it replaces. Localized modes are 
found which have appreciable components only near the impurity and whose frequencies are displaced 
from the continua of the optical and acoustic bands into the forbidden gap or above the optical band. 
The number of localized modes, their general position (forbidden gap or above optical), and their symmetry 
(odd or even), engendered by any impurity are presented graphically. It is shown that when a strongly 


localized mode is present, other modes avoid the impurity. 


I. INTRODUCTION 


HE concept of localized modes of lattice vibration 

engendered by an imperfection in a lattice is 
especially interesting in physics today not only for its 
own sake, but also because it is analogous to the 
problems of impurity electron states in solids'* and 
lattice theories of quantum fields.*“ 

The case of localized modes occurring in a one- 
dimensional monatomic lattice in which the mass and 
force constant of one atom has been changed,’ and the 
case of a one-dimensional diatomic lattice in which 
only the mass of one atom (isotopic impurity) has been 
changed* have been previously treated. The following 
treats the more general case of a diatomic chain in 
which both the mass and force constant of one atom 
have been changed. This treatment contains the previ- 
ously cited one-dimensional problems as special cases. 

The localized modes have discrete frequencies which 
are displaced from the frequency continua of the optical 
and acoustic bands, the discrete frequencies lying either 
in the forbidden gap between the optical and acoustic 
bands or above the optical band. The effects of a 
localized mode die out essentially exponentially with 
distance from the defect. 

A single impurity can generate more than one 
localized mode. The number of localized modes and 


Y 





f*, 
+ 


Cell | 


Impurity 
‘ 
Lattice is symmetric about impurity 


their location as a function of the impurity’s mass and 
force constant are calculated and presented graphically. 

It is demonstrated that when a strongly-localized 
mode occurs, other modes “avoid” the impurity, that 
is, have small components at and near the impurity. 
The coupling between the electronic states of the 
impurity and the lattice vibrations is therefore chiefly 
due to the strongly localized mode when one is present. 
In a subsequent paper the absorption and emission 
spectra of impurities which create strongly localized 
modes will be treated. 


II. DESCRIPTION OF THE MODEL 


The linear diatomic chain considered consists of V 
unit cells on either side of the centrally-located impurity 
atom. These cells are indexed by n=1, 2---N on the 
right side of the impurity, and n= —1, —2, ---—N on 
the left. Each unit cell contains two atoms of mass m, 
and mz, disposed as shown in Fig. 1. Only nearest- 
neighbor interactions are considered, and fixed bound- 
ary conditions are used. The imposition of periodic 
boundary conditions would not alter the results 
appreciably. The force constant between atoms of mass 
m, and mz is y, and the impurity is characterized by 
mass, m*, and force constant, y*, between it and 
atom my. 


Fic. 1. Diagram of 
model. 


* This work was undertaken while a graduate student at Cornell University. 
1G, F. Koster and J. C. Slater, Phys. Rev. 95, 1167 (1954); G. F. Koster, Phys. Rev. 95, 1436 (1954). 
21D. S. Saxon and R. A. Hutner, Philips Research Repts. 4, 81 (1949). 


+L. I. Schiff, Phys. Rev. 92, 766 (1953). 

4H. B. Rosenstock, Phys. Rev. 93, 331 (1954). 

* £. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 
* Mazur, Montroll, and Potts, J. Wash. Acad. Sci. 46, 2 (1956). 
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Ill. MATHEMATICAL TREATMENT OF THE MODEL 


Denoting the displacements of atoms m, and mz in 
the mth cell by Un, 1= tn, i(k)e', Un. 2= tn, o(k)e!, the 
equations of motion for the system are readily cast 


into the form 
DV=.*V, (1) 


Do 
D_, 


D, 
Dy D, 
D_; Dy D, 


D_, Do* 








D_,*= || @12* O||, 


a," al 

Do= : 

| Q12 are! 
+ 
ai2 


D,= 








0) 





and 
41,= 2y/m, ay1"= (y+7*)/m, 
a2)* = 2y*/m*, 


—*/(mm*)}, 


a= 2y/m2, 


a12= —y/(mym2)',  ayy* = 


The normal modes of lattice vibration are the eigen- 
vectors of the symmetric matrix, D. ; 

Assuming V,=ve'"* reduces Eq. (1) to the system 
of equations 


(D je **-+- Do+ Die th) y = wv, (4) 
(Sa) 


(5b) 


1 90_), o211*0_1, 1 +012") = w"P_1, 1, 
o a= 
a2 V_1, 1+-22* 09+ 012"), 1= wD, 


042" 09+ 41°04, 1+ 41201, 2= wD), 1. (5c) 


Equation (4) holds in the regions where impurity 
parameters do not appear, and Eqs. (5) may be called 
the matching conditions, insuring that the solutions of 
Eq. (4) join properly across the impurity. 

The characteristic frequencies, which are the solutions 
of the secular determinant of Eq. (4), are 


wo? = $[ a41+ Geet (41:*+429?+ 201422 cosk)*}, (6) 


D_,* 


IN DIATOMIC CHAIN 
where V is a column vector with components 


lv mu, || 
V.= , for #=+1, +2, -:: 


| +N. (2a) 
1Vn, 2] | 


Moth, 2 


o=vo=m* uo, for n=0, (2b) 


and D is the 2V+1 by 2N+1 matrix 
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D* D* Dx 


D, Do 


D, 


D_, 
Do 
D, 


D_, 
Dy 








The condition that w be real restricts the values of k 
to real numbers or the set of complex numbers k=/r 
+i8, where / is any integer. All possible characteristic 
frequencies are obtained if & is restricted to the real 
numbers 0<k<-, or the complex numbers k= if and 
a+ip. 
¥ For real & the frequencies lie in the usual optical and 
acoustic bands (Fig. 2), according to whether the plus 
or minus sign is taken in Eq. (6). Figure 2 has been 
drawn for the case m:>m, which implies a;;> 9. If 
mM <M}, 2; aNd Gq Should be interchanged in the figure. 


Above optical 


} 
| +sign keip 


Optical bond 


| 
| 


Forbidden goo 


i 


[ tion kew +18 


} “sign kewtip 


Acoustic bond 


| 
| 
| 
| 





* ’ 


Fic. 2. Frequency regions for the normal modes 
of a diatomic chain. 





ROBERT 











Fic, 3. Ranges of impurity mass and force constant which lead 
to localized modes in the forbidden gap when mz<my. 


The eigenvectors of Eq. (4) which satisfy the fixed 
boundary condition, Uw41,1=0, are 
~ 41) *2ay2 coshk sin(N +1—mn)k| 


V,. 
A(k) sin(N+1/2—n)k ! 


- 


for n>O, (7) 


where A(k) is a normalizing factor such that 
> a(n, a + Un, 2’) B 


The normal modes will have odd or even symmetry 
about the impurity, which specifies the components 


(8) 


for n<0. 

The allowed values of & are those for which the 
components of V,, as given in Eq. (7), satisfy Eq. (5). 
Thus the allowed & are the solutions of 


2(w* a4;*)/(w* 41) o(k) (9) 


or 


2(w? 4\,*) (w*— ay)" 


x| 1 . 2442**/ (w? 4;*) (w’— Aoo*) ] . o(k), (10) 


where 


o(k)=1—cotNk tangk. 


The solutions of Eq. (9) are associated with odd modes, 
and those of Eq. (10) with even modes. For odd modes, 


vo= 0, and for even modes, 


Vo= 4A (k)ay2* ay. cos}k sin.Vk/ (w*— de2*) (w*— @}). 


L. 


BJORK 


IV. LOCALIZED MODES 
1. Localized Modes in the Forbidden Gap 


If k=w+-i8, the frequencies given by Eq. (6) lie in 
the forbidden gap. Localized modes will exist in the 
forbidden gap only for certain ranges of the parameters 
x=y*/y and y=m*/m2, which represent the ratios of 
the impurity’s characteristics to those of the atom 
which it replaces. The region in which localized modes 
exist in the forbidden gap is shown in Fig. 3 for the 
case m,/m,=r<1, and in Fig. 4 for the case m2/m, 

r>1. In determining these regions, the assumption 
was made that N is large enough to make N6>>1. This 
assumption will also be made in all of the following. 

The condition that w be real restricts the values of B 
to the region 0<B< |In(m2/m,)|. As the absolute value 
of the norma] mode components falls off essentially as 
e'"!® for n<N, the normal mode components cannot 
possibly decrease by a factor greater than the larger of 
m,/m, or m,/m per unit cell. The degree of localization 
of a localized mode in the forbidden gap is therefore 
limited by the character of the lattice. 


2. Localized Modes above the Optical Band 


If k=iB, the frequencies given by Eq. (6) lie above 
the optical band. In order that w be real only the plus 
sign may be used in Eq. (6), so that 


w= 4{ ay:+- 22+ (4) ;°-+@29?+ 24) 1429 coshf)* }. (11) 


2 
— Even, 3 (0,, +02.) <w <0), 
(7) Even, ,,<w <% (9, + 0,2) 
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Fic. 4, Ran es of impurity mass and force constant which lead 
to localized modes in the forbidden gap when m:> my. 
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The frequency increases monotonically with 8 as does 
the degree of localization. There is no inherent limita- 
tion on the values of 8 or the degree of localization in 
this case. 

The regions of the x—y plane in which localized 
modes exist above the optical band are shown in Fig. 5. 


V. MOTION IN PRESENCE OF A STRONGLY 
LOCALIZED MODE 


From the well-known closure property of the eigen- 
vectors of a symmetric matrix, 


> & Un, i(k)? i. 


where i=1 or 2, and the summation is taken over all 
the allowed values of &. If a mode is sharply localized, 
only the normal mode components at and near the 
defect will be of appreciable magnitude, so that 0,, :(k,)* 
at and near the defect must be of the order of unity 
from Eq. (8). The subscript, Z, denotes the localized 
mode. Hence, from Eq. (12), all other modes must 
have small components near the defect. 

Classically, the motion of the ith atom in cell n is 
described by the superposition of the localized mode 
oscillation and the oscillation due to all other modes. 
If all modes have unit amplitude, the root-mean-square 
amplitude due to the localized mode vibration is 
(2m;)~*|0,, «(kx) |, and the rms amplitude of the motion 
due to all other modes is (2m,)~4{1—,, (kz)? }'. If 
Vp, i(k,)* is nearly unity, then the motion of the atom in 
question is chiefly due to the localized mode. Thus the 
coupling of the electronic states of the impurity with the 
lattice is mainly through the localized mode. In such a 
case, the situation is well described by a single-coordi- 
nate model, the coordinate being the amplitude of the 
localized mode. This could well be the basis for the 


(12) 
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Fic. 5. Ranges of impurity mass and force constant which lead 
to localized modes above the optical band. 


success of Williams’ model’ in his calculation of the ab- 
sorption spectrum of thallium impurities in a potassium 
chloride lattice. 

A paper is in preparation in which the emission and 
absorption spectra of an impurity in a diatomic chain 
for which there exists a strongly localized mode are 
calculated. 
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Effective Masses of Electrons in Indium Arsenide and Indium Antimonide 


R. J. SLapexK 
Westinghouse Research Laboratories, Pittsburgh 35, Pennsylvania 
(Received June 13, 1956) 


Measurements of the electrical conductivity and Hall effect of n-type indium arsenide and indium anti- 
monide specimens have been made between 1.5°K and 300°K. The dilute metallic character of these sub- 
stances at low temperatures permits the Fermi level at absolute zero to be obtained from the electrical 
conductivity versus temperature data, From each Fermi level and the respective conduction electron 
concentration determined from the Hall effect, we obtained the following effective electron masses: InAs, 
m* /mo=0.020-+0.005 ; and InSb, m*/mo=0.016+-0.007. 


I. INTRODUCTION 


CCORDING to the electron theory of metals, 

electrical conduction in a metal is due to quasi- 
free electrons in a band containing the Fermi level. 
For ordinary metals the concentration of these electrons 
is of the order of one per lattice atom and is independent 
of temperature, while the Fermi level is of the order of 
electron volts above the band edge and depends only 
slightly on temperature. 

There are substances which are similar to what might 
be called dilute metals. They have fewer conduction 
electrons by orders of magnitude than an ordinary 
metal, and they have a degeneracy temperature that is 
below room temperature. 

In the electron gas approximation, a simple expression 
relates the effective electron mass, m*, to the concen- 
tration of conduction electrons, n, and the absolute 
zero Fermi level, fo. Thus if the latter two are known, 
m* can be calculated, 

For ordinary metals n is readily obtainable from 
electrical measurements (Hall effect), but more elabo- 
rate means are needed to determine fo, e.g., low- 
temperature heat capacity measurements. 

For a dilute metal, temperatures both above and 
below the degeneracy temperature, Tp={o/k, are 
accessible experimentally. By measuring the electrical 
conductivity in this temperature range and fitting a 
calculated conductivity curve to the data, {> can be 
determined under certain conditions as we shall see in 
Sec. IT. 

The dilute metal-like substances studied in this work 
are n-type InAs and n-type InSb. The effective electron 
mass in each of these substances will be determined 
from Hall effect and conductivity data in the extrinsic 
temperature range. 

Electrical conductivity and Hall effect data between 
1.5°K and 300°K were obtained for an n-type InAs 
sample and an n-type InSb sample. Data for another 
n-type InSb sample were taken from the work of 
Rollin and Petford.! The two InSb samples have 
different concentrations of (extrinsic) conduction 
electrons. 


'B. V. Rollin and A. D. Petford, J. Electronics 1, 171 (1955). 


Il. METHOD 


According to the theory of electrical conduction in a 
band of parabolic form, the electrical conductivity, a, 
is given by the relation 


om f de(—eafe/aoer(0, (1) 


where ¢ is the energy of the charge carrier, fo is the 
Fermi function, and r(e) is the relaxation time, assumed 
to be a function of energy alone. 

We shall assume that 7(¢) is independent of temper- 
ature and has the form 


r~Aet+e, (2) 


where A and s will be determined by the best fit of (1) 
to the experimental data at temperatures where only 
extrinsic electrons are important for conduction. s is 
essentially equal to the slope of the experimental logo 
versus logT plot at the high-temperature end of the 
range where scattering by ionized impurities is thought 
to be dominant. The reason for assuming 7 has the 
form indicated in Eq. (2) is to allow the data to be 
fitted with a form having some plausibility in terms of 
available theory for scattering by ionized impurities.” 

For the ¢4 term in 7, the integral in Eq. (1) can be 
evaluated directly, while for the e* term this integral, 
which we denote by o2, can be expressed in terms of 
Fermi-Dirac functions.’ Thus 


o2~ Foiy(n)/LPy(m) JO”, (3) 


© x'dx 
hel 
0 e?-"+1 


where 


Tables of F;,(n) are available for integral‘ and _half- 
integral*:> values of t. To evaluate F;(n) for values of ¢ 


* £. Conwell and V. F. Weisskopf, Phys. Rev. 69, 258 (1946) ; 
77, 388 (1950); V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 
71, 374 (1947); H. Brooks, Phys. Rev. 83, 879 (1951); R. B. 
Dingle, Phil. Mag. 46, 831 (1955). 

* J. MacDougall and E. C. Stoner, Trans. Roy. Soc. (London) 
A237, 67 (1938). 

‘P. Rhodes, Proc. Roy. Soc. (London) A204, 396 (1950). 

* R. B, Dingle, see reference 2; and Beer, Chase, and Choquard, 
Helv. Phys. Acta 28, 529 (1955). 
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for which F;,(m) is not tabulated, we have used numerical 
integration, series approximations,’ or interpolation 
between F;,(n)/'(t+1) functions of different orders 
(¢ values), whichever was appropriate in each case. 

Since we wish to calculate o as a function of kT/fo 
while Eq. (3) gives o2 in terms of n={/kT, with ¢ 
itself varying with temperature, we need to determine 
the value of 7 corresponding to each value chosen for 
kT/fo. This is done by using the fact that when the 
concentration of electrons in the conduction band is 
independent of temperature, Fy(n) = Fy(qo) = 3(f0/kT)!. 
Thus 7 is determined from the value of the function 
F;(n) at each value of kT /fo. 

In order to determine A and the power s to be used 
for a given sample, a curve of o versus kT/{> was 
obtained for each of several values of A and s, Each 
curve was then superposed on a log-log plot of the 
conductivity versus temperature data and was trans- 
lated vertically and horizontally (as required) to see 
how well it could be made to fit the data. The best 
values of A and s to use were thus determined by trial 
and error. 

The degeneracy temperature Tp={o/k was deter- 
mined from the optimum positioning of the curve of 
a versus kT/{ ) as computed from the optimum A and s. 

The effective electron mass was computed from the 
relation 


(4) 


1/3\! hn! 
m* = — -) _—, 
8\r So 
where n, the number of conduction electrons per cc, 


is obtained from the Hall coefficient, Ry, at lowest 
temperatures by the relation, 


n=1/Ryec. 


(5) 


It should be noted that our method of obtaining m* 
is applicable to semiconductors in which conduction is 
due to a constant number of charge carriers in a 
temperature range containing Tp and for which r is 
not an explicit function of temperature. However, r 
must vary rapidly enough with energy so that the 
electron mobility is strongly temperature-dependent, 
since this condition allows Tp and hence m* to be 
determined with a minimum of ambiguity. 

Our method assumes that there is a single conduction 
band responsible for the electrical properties. If there 
are several equivalent bands, it is necessary to divide 
the electron concentration, m, obtained using Eq. (5) 
by the number of equivalent bands. 


Ill. EXPERIMENTAL DETAILS 
A. Specimens 
Specimens approximately 10X2.5X1 mm were cut 
and lapped from polycrystalline n-type indium arsenide 
and single-crystal n-type indium antimonide. The 
indium arsenide was supplied by Dr. H. Welker of the 
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Siemens-Schuckertwerke Research Laboratory and the 
indium antimonide by Dr. S. Kurnick of the Chicago 
Midway Laboratories. Current and potential leads of 
No. 40 copper wire were attached to the specimens 
with tin or indium-tin solder. Both of these solders 
were used on InSb samples with either etched or lapped 
surfaces, and no difference in electrical properties was 
found at the selected temperatures where they were 
measured. A lapped surface and tin solder for contacts 
were used on the InAs specimen. 
The specimens are identified in Table I. 


B. Apparatus and Technique 


Conventional low-temperature technique was used to 
obtain and measure the temperatures employed. For 
the Hall measurements, magnetic fields were provided 
by a large electromagnet or a solenoid and were meas- 
ured with a rotating coil fluxmeter calibrated by proton 
resonance. 

Specimen current, voltage drop, and Hall voltage, 
carbon resistance thermometer current and voltage, 
and thermocouple emf were measured by means of 
conventional de potentiometric methods, 


C. Errors 


The scatter in our data on electrical conductivity and 
Hall effect versus temperature indicate an accuracy of 
+5% for o and of +12% for Ry. Since the precision 
of our conductivity measurements, at any rate, is 
much better than this accuracy, inhomogeneities in the 
samples may be responsible for the scatter. The presence 
of inhomogeneities in the InAs sample was indicated by 
the fact that two separate sets of potential leads yielded 
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Fic. 1. Electrical conductivity versus temperature data (points) 
for InAs and the calculated conductivity curve for the extrinsic 
temperature range (solid line) obtained by using 7™~4émin"/*e" 
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Fic, 2, Electrical conductivity versus temperature data (points) 
for InSb samples A and B and calculated conductivity curves. 
Solid curve drawn through sample B data is calculated by using 
r~é, Tp» = 34°K. Solid curve for sample A is calculated by using 
r~e*”, T p= 14.7°K. Dashed curve for sample A is calculated by 
using r~e, Tp =9.2°K. 


slightly different values for the conductivity at some, 
but not at all, temperatures. 


IV. RESULTS 


The electrical conductivity data are plotted versus 
absolute temperature in Figs. 1 and 2. Note that 
logarithmic scales are used, The data for sample B are 
taken from the work of Rollin and Petford.' The curves 
drawn in these figures are calculated and fitted to the 
data by the method outlined in Sec. II. Two curves 
are included for sample A to show the range of uncer- 
tainty in fitting a simple power law to the relaxation 
time. Clearly the power law which fits best depends on 
which experimental points are weighted most heavily 
in making the fit. 

Hall coefficient versus temperature data are displayed 
in Fig. 3. For sample 1 we used a magnetic field of 
3620 gauss, and for sample A a field of 300 gauss. In 
either case the magnetic field, 7, was weak enough to 
satisfy the condition ».H«10, where yu is the electron 
mobility at the lowest temperatures. However, for 
sample 1, this weak field criterion does not quite apply 
at the higher temperatures. (uH7 reaches a maximum of 
~5 107 at 200°K.) For Hall measurements on sample 
B, Rollin and Petford' used a field of 6000 gauss. Since 
the mobility of their sample was greater than 43 000 
cm*/y sec at all temperatures reported, we can expect 
that they have reached the region in which Ry is 
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Fic. 3, Hall coefficient as a function of absolute temperature 
for indium arsenide and indium antimonide samples. See text for 
magnetic fields used for measurements. 


independent of magnetic field strength. Thus for their 
sample Eq. (5) can be used directly to obtain charge 
carrier concentration throughout the extrinsic temper- 
ature range. 

Table I gives a summary of the quantitative results 
deduced from the conductivity and Hall effect measure- 
ments. The conduction band degeneracy temperature, 
Tp was obtained from the calculated curve fitted to 
the conductivity data in each case. For sample A we 
take Tp to be almost that obtained from the curve 
calculated for r~e**, The concentration of extrinsic 
electrons, n, was calculated from the Hall coefficient at 
lowest temperatures.® Utilizing the tabulated values of 
Tp and n, we obtain the effective mass ratios listed in 
the last column of Table I. The indicated errors for 
m*/my are estimated from the possibility of alternative 
calculated curves fitting the conductivity data. 


TABLE I. Results obtained from electrical conductivity and Hall 
effect measurements for InAs and InSb samples. 


Sample Material 


1 InAs 
A InSb 
Be InSb 


n, ccm! To, °K 


3.010" 46 
3.910" 14 
3.110" 34 


m*/mo 


0.020-+-0,005 
0.016-+0.007 
0.026-40.007 


* Data from Rollin and Petford, reference 1, 
V. DISCUSSION 
A. Electrical Conductivity 


The temperature dependence of the electrical con- 
ductivity of InAs, presented in Fig. 1, can be understood 


* Since Ry for the InAs sample was somewhat field-dependent 
at 3620 gauss, we measured it up to 26000 gauss at 4.2°K. Ry 
reached a constant value above 10000 gauss, so we used this 
value to compute n. 





ELECTRONS IN 
as follows. The increase in ¢ with T up to 140°K is due 
to increasing electron mobility since the constancy of 
the Hall coefficient in this temperature range (see Fig. 
3) indicates no change in the concentration of electrons 
with temperature. We note that an increasing electron 
mobility is in qualitative agreement with that predicted 
by theory when scattering by ionized impurities is 
dominant. 

The continued increase in o with T for InAs above 
140°K is due to an increased concentration of conduc- 
tion electrons. Thus, we must limit our curve fitting 
for InAs to the temperature range below 140°K. 

The relaxation time for best quantitative fit to our 
conductivity results for InAs below 140°K is as indi- 
cated in Fig. 1. 

At lowest temperatures the measured conductivity 
of InAs retains some slight temperature dependence 
which cannot be fitted by the same relaxation time 
which fits the data at higher temperatures. Multiplying 
each measured value of the conductivity by the re- 
spective value measured for the Hall coefficient removes 
most of this temperature dependence in the Hall mo- 
bility indicating that perhaps there is a very slight 
decrease in carrier concentration as the temperature is 
lowered. 

For the InSb samples, the increase in o with T up to 
80°K is due to an increasing electron mobility, as would 
be expected for scattering predominantly by ionized 
impurities. A single-term relaxation time proportional 
to a small positive power of the energy is adequate to 
fit the data in this temperature range (see Fig. 2). 

Above 80°K scattering by lattice waves becomes 
important in the InSb samples, so we have limited our 
analysis to the temperature interval below 80°K. 

It may be noted that the mobility of InSb-A is 
smaller than that of InSb-B at lowest temperatures, 
This we believe is due to the total impurity content of 
sample A being comparable to that of sample B 
although the electron concentration is much smaller in 
the former. Thus sample A, at any rate, would seem to 
be highly compensated, although still very pure chemi- 
cally (say less than 1 part per million), The different 
temperature dependences of the mobilities in the InSb 
samples is due to the different degeneracy temperatures 
of the two samples. 


B. Hall Effect 


The relatively flat portion of the Ry versus T curve 
for each sample (see Fig. 3) indicates the temperature 
range in which the concentration of electrons is inde- 
pendent of temperature. These electrons presumably 
come from excess donor atoms. The sharp drop in Ry 
at temperatures above 150°K for each of the specimens 
is due to the presence of intrinsic electrons in the 
conduction band which have been thermally excited 
from the valence band. 
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When the conduction band is not statistically de- 
generate, a temperature-dependent numerical factor 
must be included in the right-hand side of Eq. (5) when 
Ry is not saturated by the magnetic field used. This 
factor depends on the scattering mechanism and can be 
calculated when the functional form of r is known, 
For sample A, using the r which fits the conductivity 
data, we find that this factor will account approximately 
for the broad maximum in the experimental Ry versus 
T plot. 

No maximum occurs in the Hall goefficient of our 
InAs sample although one might be expected in view 
of the above remarks. We attribute this to the increase 
in wH with temperature causing Ryose20/Ru+0 to 
decrease as the temperature is increased, 


C. Effective Masses 


The two values obtained for the effective electron 
mass in InSb agree with each other to within experi- 
mental error. This is in accord with the curvature of 
the conduction band being constant as is assumed in 
the electron gas approximation utilized in this paper. 
In addition, these values are in reasonable agreement 
with the value for the effective mass obtained from 
cyclotron resonance (0.0134-0.001mp),’ and the values 
obtained from thermoelectric power measurements 
(0.014 * and 0.037mp"). 

The value of the effective electron mass we have 
obtained for InAs is somewhat smaller than 
obtained by other methods, 0.055mo from infrared 


those 


absorption edge data” and 0.064 from thermoelectric 
power measurements in the intrinsic temperature range.’ 
However, it should be noted that for InSb, thermo- 
electric power measurements below the intrinsic range 
yielded the smaller of the values for m* quoted above. 
This value is only about one-third of the value obtained 
in the intrinsic temperature range. 

In view of the above remarks, thermoelectric power 
measurements on n-type InAs below the intrinsic tem- 
perature range would seem desirable. It will be interest- 
ing to see what value cyclotron resonance will yield for 
the effective mass of electrons in InAs. 


VI. CONCLUSIONS 


The concept of a dilute metal and the electron gas 
approximation allow determination of the effective 
masses of electrons in n-type InAs and InSb from 
electrical conductivity and Hall effect measurements, 
For InAs we found m*=0.020mo, and for InSb we 
found m* =0,016mp, 


7 Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

*H. P. R, Frederikse and E. V. Mielczarek, Phys. Rev, 99 
1889 (1955). 

*H. Weiss, Z. Naturforsch. lla, 131 (1956). 

“ F, Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 
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The low-temperature electrical properties of n-type 
InAs, measured for the first time in this work, suggest 
that a pure enough sample of this material should 
exhibit the electron localization effect in the presence 
of a strong magnetic field which has been discovered in 
n-type InSb (sample A)." 


"R. W. Keyes and R. J. Sladek, Phys. Rev. 100, 1262 (A) 
(1955), 


PHYSICAL REVIEW VOLUME 


105, 


SLADEK 


VII. ACKNOWLEDGMENTS 

The stimulating interest of Dr. R. W. Keyes in this 
work is gratefully acknowledged. Thanks are due to 
Dr. E. N. Adams for advice and for reading and 
criticizing the manuscript. 

We are indebted to Dr. H. Welker of the Siemens- 
Schuckertwerke Research Laboratory and to Dr. S. 
Kurhick of the Chicago Midway Laboratories for 
providing the material for the samples. 


NUMBER 2 JANUARY 15, 1957 


Sodium Nuclear Quadrupole Interactions in NaClO, and NaBrO,+ 
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The electric quadrupole splitting of the Na* nuclear magnetic resonance has been measured in single 
crystals as a function of pressure and of temperature for NaClOy and as a function of pressure for NaBrOs. 
The values for (1/P)Av/v are +7.7X10~ and +6.0X10~* kg cm*, respectively, and for (1/T)Av/», 
~4,2X10~ deg. The results suggest that the temperature and pressure dependence of the sodium coup- 
ling results mainly from the change with volume of the crystalline field, which also makes an appreciable 
contribution to the temperature dependence of the chlorine coupling. e*g¢Q/h for sodium is found to be 
779.244 ke/sec in NaClO, and 842.444 kc/sec in NaBrO;. In NaClO; the electric field gradient at the 
sodium nuclei varies with volume approximately as V~* indicating the importance of other than simple 


Coulombic effects. 


I, INTRODUCTION 


YEVERAL earlier investigations of nuclear electric 
quadrupole interactions in crystals are particularly 
pertinent to the present study. Wang ef al.’ found the 
Cl pure quadrupole resonance frequency in NaClOs 
to be 29.920 Mc/sec at 26°C; the temperature coeffi- 
cient of the frequency has also been measured? and 
corresponds to (1/7)Av/v 14x10 deg. There 
have been several studies of the effects of hydrostatic 
pressure, at room temperature, on the Cl* quadrupole 
resonance, Livingston’ has given a value of +0.91 
«10~° kg cm? for (1/P)Av/v in KCIO, and states 
that the results for NaClOs are very similar. This is 
confirmed by specific values of +0.93X10~* and 
(0.9340,01) X 10~* kg~ cm? obtained for NaClO; by 
Wang’ and by Benedek, Bloembergen, and Kushida.‘ 
In addition, the pressure dependence of the chlorine 
pure quadrupole resonance in p-dichlorobenzene has 
been measured by Dautreppe and Dreyfus.® In all 
cases, the frequencies increase with pressure. 

t Assisted by the Office of Naval Research. 

* Now at Department of Physics, Stanford University, Stan- 
ford, California. 

Wang, Townes, Schawlow, and Holden, Phys. Rev. 86, 809 
OTC. Wang, Ph.D. thesis, Columbia University, 1955 (un- 
published). 

* R. Livingston (private communication). 

* Benedek, Bloembergen, and Kushida, Bull. Am. Phys. Soc. 


Ser. II, 1, 11 (1956). 
*D. Dautreppe and B, Dreyfus, Compt. rend. 241, 795 (1955). 


The pressure dependence of the chlorine quadrupole 
coupling in p-dichlorobenzene was ascribed’ to an 
increase in the frequencies of the molecular torsional 
oscillations. Such thermal vibrations were proposed 
earlier®’ as the sole mechanism which decreases the 
coupling upon increasing temperature in molecular 
crystals. The oscillations average out part of the electric 
field gradients and reduce the quadrupole coupling by 
an amount proportional to the mean square displace- 
ments. The latter increase with temperature, and de- 
crease with increasing frequency of oscillation and thus 
with pressure. This model accounts qualitatively for 
the observations. However, the temperature depend- 
ences calculated with the model appear to be invariably 
smaller than those found experimentally,*” particu- 
larly at higher temperatures. It has been suggested? 
that this apparent discrepancy results from the tem- 
perature dependence of the oscillational frequencies, 
at least for p-dichlorobenzene and p-dibromobenzene. 

There is also the possibility that some of the effects 
arise from the contributions of the crystalline field to 
the field gradients. This contribution would be inversely 
proportional to the molar volume of the sample and 
would respond qualitatively to temperature and pres- 

*H. G. Dehmelt and H. Kriiger, Z. Physik 129, 401 (1951). 

7H. Bayer, Z. Physik 130, 227 (1951). 

*D. W. McCall, Ph.D. thesis, University of Illinois, 1953 
(unpublished). 

® B. Dreyfus and D. “| 7 Compt. rend. 239, 1618 (1954). 
” T, C. Wang, Phys. Rev. 99, 566 (1955). 
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sure in the manner observed. There is, however, the 
complication that the thermal vibrations would average 
out part of the gradients in the crystalline field as well 
as part of the intramolecular gradients. In a particular 
solid the relative contributions of the various mech- 
anisms to the temperature and pressure effects 
depend undoubtedly on the relative contributions of 
the crystalline and intramolecular fields to the gradi- 
ents at the nuclei. NaClO; is a composite case in that 
the field gradients at the sodium nuclei result from the 
crystalline fields of the Na* and ClO;~ ions while the 
field gradients at the chlorine nuclei occur mainly be- 
cause of the covalent bonding within the ClO;~ ion. 
This type of crystal, with two different atomic species 
for which the quadrupole coupling can be observed, 
offers certain advantages in the study of quadrupole 
interactions. In this research, a comparison of the 
results for Na* with those for Cl* shows that crystalline 
field effects contribute to the temperature and pressure 
dependence of the quadrupole coupling. 


Il. EXPERIMENTAL 


The sodium quadrupole coupling is small so it was 
observed as a splitting of the Na™ nuclear magnetic 
resonance rather than directly in a pure quadrupole 
resonance experiment such as that used! for chlorine 
in NaClO;. The samples investigated were single 
crystals of NaClO; and NaBrO; furnished, respectively, 
by Dr. Ralph Livingston of the Oak Ridge National 
Laboratory and Dr. D. W. McCall of the Bell Telephone 
Laboratories. The crystals employed in the experiments 
were cubical and about 1 cm an edge. 

The magnetic resonance apparatus and cryostat 
have been described previously"; the permanent mag- 
net with a field of 6300 gauss was used. For Na”, this 
magnetic field requires a radio-frequency of about 7.1 
Mc/sec. The pressure bomb was constructed of austen- 
itic stainless steel with the rf lead introduced through 
a brass cone with an insulating sleeve of Bakelite. The 
design of the bomb is conventional”; details are given 
elsewhere.'* The hydraulic fluid was Welsh Duo-Seal 
pump oil. The pressure was developed with a hand 
pump and was measured with a Bourdon gauge accu- 
rate to +500 psi. 

Two types of experimental procedure were used, one 
to measure the total Na™ quadrupole splitting and the 
other for the small changes produced in the splitting 
by the pressure and temperature changes. Na has a 
spin of $ and therefore the quadrupole coupling splits 
the magnetic resonance into three components." The 
splitting exceeds the range over which the permanent 
magnet can be biased conveniently. The splitting was 


1! Gutowsky, Meyer, and McClure, Rev. Sci. Instr. 24, 644 
(1953). 

2 P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1949). 

4G, A. Williams, Ph.D. thesis, University of Illinois, 1956 
(unpublished). 

“R. V. Pound, Phys. Rev. 79, 685 (1950). 
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measured by recording the absorption from one satellite 
as a function of magnetic field at a fixed radio-frequency, 
and the the other satellite at another frequency. The 
two frequencies were measured and a correction applied 
for the small difference in magnetic field corresponding 
to the center of each satellite. 

In the pressure and temperature dependence runs, 
one satellite was observed. The spectrometer was kept 
at constant frequency by zero-beating with a Collins 
51J receiver, the stability of which had been checked 
against radio station WWV. The absorption of the 
satellite was recorded as a function of magnetic field, 
first three or four times at atmospheric pressure, then 
three or four more at a given high pressure. The atmos- 
pheric pressure measurements were then repeated to 
eliminate any effects of drift in the field of the per- 
manent magnet with changes in room temperature. The 
pressure effect then corresponds to the differences in 
position of the center of the resonance from the start 
of the magnetic field sweep, recorded with an without 
high pressure. The temperature effects were measured 
in a similar fashion between 23° and 63°C. 


Ill, RESULTS 


In our experiments the magnetic energy was much 
larger than the quadrupole energy; moreover the elec- 
tric fields at the sodium nuclei are axially symmetric,'*:' 
The quadrupole splitting of the nuclear magnetic 
energy levels under these conditions was calculated for 
a nucleus with /=4, employing the results of Pound" 
and of Bersohn.'” The transition energies, to second 
order, for a given nucleus are 


Ey — Ey= yh 14+4 (3 cos’0—1)p 
+2 (sin’6 cos*0)p? |, (1) 


yhH of 1+ (gee sin0— } sin0 cos’@)p? |, (2) 


yhH of 1- 1 (3 cos*0—1)p 
+} (sin’6 cos’0)p?}, (3) 


E,-E., 
ER4-E. 


where p= e’gQ/yhHo, 6 is the angle between the sym- 
metry axis of the electric field at the nucleus and the 
direction of applied magnetic field //o, eQ is the nuclear 
electric quadrupole moment in esu cm’, eq is the electric 
field gradient in esu cm™*, and y is the nuclear mag- 
netogyric ratio. 

The magnetic resonance of one nucleus consists of a 
center component, near yhHTo, and two satellites sym- 
metrically placed near yhH+-4e¢Q(3 cos*8—1). There- 
fore, e’g2 can be measured by observing the splitting 
of the satellites, and changes in egQ can be measured 
by measuring shifts in the position of one of the satellite 
lines, providing 6 is known. NaClO,; and NaBrOy are 
isomorphous.'* The unit cell is a cube, containing four 


16 J. Itoh and R. Kusaka, J. Phys. Soc. Japan 9, 434 (1954) 

1 R, Wycoff, Crystal Structures (Interscience Publishers, New 
York, 1951), Vol. 1, Sec. VII. 

17. Bersohn, J. Chem. Phys. 20, 1505 (1952). 
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ion pairs, The edges of the unit cells are 6.55 and 6.69 A, 
respectively. The Na-Cl and Na-Br directions of the 
four ion pairs are parallel to the body diagonals of the 
unit cube and are also the symmetry axes of the electric 
fields. Thus there is a maximum of twelve possible 
transitions, three for each of the four different sodium 
nuclei, for an arbitrary orientation of a single crystal 
with respect to /7». 

The absorption spectrum was used to obtain an 
orientation of the crystals suitable for our measure- 
ments. If a (0,1,1) plane is perpendicular to Hy, two 
of the Na-X axes make angles of 90° with Ho, and two 
make angles of 35°16’ or 144°44’. This reduces the 
spectrum to two sets of lines, each with three com- 
ponents. The field of the magnet is horizontal and the 
bomb was suspended from a vertical rod. The crystal 
was mounted with one face parallel to the bottom of 
the bomb, so the orientation desired could be attained 
simply by rotating the bomb about the mounting axis. 
As the bomb is rotated the splittings, measured from 
yh, go through a maximum. At this point the four 
sets of three lines should coalesce into the two sets 
characteristic of the orientation desired. The outermost 
satellites are the 90° lines. The 35° lines do not always 
coalesce, indicating a small deviation between the 
horizontal face of the crystal and //o, usually less than 
1°. The effect of this upon the splitting of the 90° lines 
is smatler than for the 35° lines; it was calculated to be 
less than 1 part in 1000 which is small compared with 
other experimental errors. 

The 90° satellites are exactly +4e¢Q(3 cos*®—1) 

F je*gQ from the center of the absorption, yh». The 
total separation of the satellites is thus }e’gQ, which 
fact was used to determine e’gQ. The central region of 
the spectrum for the (0,1,1) orientation has two lines, 
one the coalesced 90° pair and the other the 35° pair. 
yhH lies above the lower frequency, 35° line by § of 
the separation between the 35° and the 90° line. The 
values of e’gQ which were obtained are 779.2+-4 kc/sec 
for NaClOy; and 842.444 kc/sec for NaBrOgs. Itoh and 
Kusaka" have reported values of 80148 kc/sec and 
86448 kc/sec. 

The measurements of the pressure dependence of 
the Na quadrupole coupling in the two single crystals 
are plotted in Fig. 1. The values found for (1/P)Av/», 
the fractional change with pressure of the quadrupole 
coupling at room temperature, are 7.7 10~® kg cm? 
and 6.0 10~* kg~ cm? for NaClO; and NaBrOs, re- 
spectively. The temperature dependence of the Na” 
coupling in NaClO; was observed between 23° and 
63°C at atmospheric pressure, giving (1/7)Av/y 

= — (4.24+0.1)K 10 deg". 

Prior to measuring the pressure and temperature 
effects, an unsuccessful attempt was made to change 
the field gradients in NaClO; by applying an external 
electric field. The field gradients necessary to produce 
an observable interaction with a nuclear quadrupole 
moment are considerably larger than any which have 
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been applied in the laboratory. Pound has described 
an unsuccessful effort to product artificially an electric 
quadrupole coupling in a single crystal of KI. NaClO; 
is a more favorable case in that it is piezoelectric and 
undergoes deformation upon application of an electric 
field.'* The deformation produces changes in the field 
gradients of the crystal which are larger than any 
gradients which can be produced directly in the applied 
electric field. However, there was no observable shift 
at fields up to 20 000 volt cm~ in the Cl** pure quadru- 
pole resonance frequency, observed with a super- 
regenerative spectrometer,® nor in the quadrupole 
splitting of the Na magnetic resonance at fields up to 
6000 volt cm™'. The observable limit of shifts was 
about 1 to 2 kc/sec in the Cl*® pure quadrupole reso- 
nance and about 300 cps in the Na* magnetic resonance. 

The piezoelectric effect, at the electric fields we used, 
produces a deformation corresponding to about 100 
atmospheres hydrostatic pressure, so the absence of an 
observable effect is not surprising in view of the later 
measurements of the pressure dependence. It does 
appear that the electric field effects could be detected. 
It should be possible to go to higher electric fields than 
we used and also to measure smaller shifts. The latter 
could be accomplished by plotting the second deriva- 
tive of the absorption. Moreover, other substances have 
larger piezoelectric constants'* and larger quadrupole 
coupling. 


IV. DISCUSSION 


The pressure dependence of the sodium quadrupole 
coupling in NaClO;y is larger than that in the NaBrO; 
by a factor of 1.3. This appears to be associated mainly 
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Fic, 1. The fractional change, Av/v, in the quadrupole splitting 
of the Na® nuclear magnetic resonance observed as a function of 
pressure at room temperature. The slopes of the lines are 0.54 
x 107*/1000 psi and 0.42 107#/1000 psi for NaClO; and NaBrO,, 
respectively. 


18 W. P. Mason, Phys. Rev. 70, 529 (1946). 
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TABLE I. The effects of temperature and pressure upon the Na®™ 
and Cl** quadrupole coupling in NaClO, at 25°C. 


Na™ cs 


~SaaKIO- deg? a X10 deg 
+7.7K10~% kg cm* +0.9310~* kg™ cm?» 
—1.1 X10 deg™ 


Function 


(1/T) (v/v) 
(1/P)(Av/»)r 


(1/T)(Av/v)y* —1.5X10~ deg 


* Calculated from the observed pressure and temperature dependences 
using cubical expansion coefficient'® of 1.32 X10~4 deg™! and compressi 
bility of 3.8 X10~* kg™! cm?, 

» Values taken from references 2 and 4. 


with the difference in the compressibility of the two 
crystals. The compressibility of NaClO; is about" 
4X10-* kg“ cm? while that of NaBrOy; is about!* 
3X 10~* kg cm’, giving a ratio of 1.35. The close agree- 
ment between the ratio of the compressibilities and the 
ratio of the pressure dependences of the sodium quad- 
rupole coupling is good evidence that the changes in 
the latter are caused mainly by changes in the crystal- 
line electric fields with volume. Considerable more 
data are available for NaClO; than for NaBrO and no 
further discussion is given for the latter. 

The various results for NaClOs are summarized in 
Table I. The ratio of the temperature dependence of 
the sodium coupling at constant pressure to that of the 
chlorine is 3 while the ratio of the pressure dependences 
is over 8. This shows that the changes in quadrupole 
coupling do not arise solely from volume changes and 
also that different mechanisms are important for the 
two nuclei. Separation of the contributions from the 
various mechanisms discussed in the Introduction can 
be made by extending the calculations of Dautreppe 
and Dreyfus® to include the effects of volume changes 
on the crystalline field. 

The quadrupole coupling frequency » is written as a 
function of the lattice frequencies, v,, and of the volume 
and temperature. 


v= f(m,V,7). (4) 


At constant pressure, the temperature dependence is 


Ov Ov fon, Ov {OV Ov 
(2) 580), -2(0) C2), 0 
OT/ p tdv\0TJ p OVNOATI p OT y 


The term (0v/d7)y represents the pressure- and volume- 
independent partial averaging out of the field gradients 
by the lattice oscillations, as proposed in the Bayer 
model.*:?7 However, the lattice frequencies themselves 
change with volume and thus with temperature. This 
makes (dv/d7)y different at different volumes; for 
convenience the effect of this is written separately as the 
summation term. The middle term represents the change 
in crystalline fields with volume. The pressure de- 
pendence at constant temperature is 


Ov Ov fdr, Ov OV 
CO), « 
OPJ 7, tdn\0PJF 7 OVN\APJ 


#9 S. S. Sharma, Proc. Indian Acad. Sci. 31A, 83 (1950). 
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Furthermore, for an isotropic crystal, the lattice 
frequencies depend only on volume, so that 


Ov, dv,,OV Ov, dy, fOV 
( ) ( ) and ( ) ( ) . DD 
OT/ p dVNOT/ p OPJ 7, dAVN\OP/J ¢ 


Upon substitution in Eqs. (5) and (6), we have 
Ov Ov dy, dv) fOV Ov 
ae): Baraat): @ 
OT/ p 1dv,dV OVIN\ATZ p OT J y 
Ov _ Ov dy, av OV 
(2) feel), 
OP/ > tdv,dV OAV OPT y 


Comparison of Eqs. (8) and (9) shows that the Bayer 
term (dv/d7T)y may be obtained simply by converting 
the observed constant pressure temperature dependence 
to constant volume, This was done using the observed 
pressure dependence, the cubical thermal expansion 
coefficient and the compressibility.” The resulting 
values for (1/7)(Av/v)y are —1.5X10™ and —1.1 
10~* deg! for sodium and chlorine, respectively. 
Thus, of the temperature dependence at constant 
pressure, 35 and 80% for the sodium and chlorine are 
caused by the temperature dependence of the ampli- 
tudes of the lattice vibrations. 

The dependence of the coupling upon volume is de- 
termined by changes in »; as well as by changes in the 
crystalline field, as stated in Eq. (9). Of the two terms, 
that in »; is the simplest to analyze. If there is a tor- 
sional oscillation about an axis perpendicular to the 
axis of the field gradient, the resulting fractional change 
in the quadrupole coupling is given as**” 


3h 1 1 
| ( f ) (10) 
8m’lv,\2) exp(hv/kT)—1 


vo is the quadrupole coupling at 0°K and / is the mo- 
ment of inertia associated with the torsional oscillation. 
Differentiation of Eq. (10) with respect to » gives, 
upon rearrangement, 


Ov | Ov ; 27 sf dOv 
| »—»—7( ) > ( ) » (11) 
Ov, V1 oT vl Vi OT “1 


where (dv/07)»; is the change in the quadrupole coup- 
ling produced by the one lattice oscillation vy. 

To complete the calculation, we need dv,/dV. This 
can be estimated’ from the Griineisen coefficient. 
Better still, the Raman spectrum and its temperature 
dependence have been observed” for NaClO,. The 
low-frequency lattice oscillations have temperature co- 
efficients (1/v,)(0v,/dT) p of about —2.5K 10 deg™ at 
25°C. The effects of the different oscillations should be 
additive, and to the extent that they have the same 


(y " vo) / Vo 


*C.S. Kumari, Proc. Indian Acad. Sci. 31A, 348 (1950). 
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temperature dependence, we can state that 


1 dv dy, /dV 1/dv 1 /dn, 
C0) IC) C2), 
vtdv,dV\AT/ p v\OT/J y NOT p 


where 
Ov ov 
(°),-20), 
a7 Vv t \a7 ¥l 


The resulting contributions of the temperature depend- 
ence of », to (1/T)(Av/v)p are —0.23K 10 deg and 
0.16 10~ deg™ for sodium and chlorine respectively. 

We are now able to calculate (1/v)(dv/0V)(0V/0T) p, 
the crystalline field contribution to the temperature de- 
pendence. The contribution to (1/7)(Av/v)p of the 
Bayer term was found via Eqs, (8) and (9) to be 
—1.5X10~ and —1.1K10~ deg“ for sodium and 
chlorine respectively. Subtracting the Bayer term and 
the contribution of the temperature dependence of »; 
from the values observed for each nucleus, — 4.2 10 
and —1,4X10~ deg™, the crystalline field contribution 
to (1/T)(Av/v)p is —2.5K10™ and —0.14 10~ deg”! 
for sodium and chlorine, respectively. 

The field gradients at the sodium no doubt arise in 
main from the crystalline fields associated with the 
interionic interactions, even though these fields are 
averaged out to a considerable extent by torsional 
oscillations of the ClOg~ ions and by other lattice 
motions. Therefore (1/v)dv/dV is the fractional change 
with volume of the crystalline fields at the sodium. To 
calculate this quantity for chlorine, we would need to 
know the relative contributions of the crystalline and 
molecular fields to the total coupling; in general these 
will not be the same as their respective contributions 
to the temperature dependence. For sodium, the experi- 
mental data lead to a value for (V/v)dv/OV of —1.9. 
It is encouraging that this value is obtained independ- 
ently of whether the volume change is from thermal 
expansion or hydraulic compression. This requires that 
v«V~*, The dependence of the field gradients upon 
almost exactly the inverse sixth power of the edge of the 
unit cube is probably fortuitous in view of the experi- 
mental errors and the indirect methods used. None the 
less, it is clear that the field gradients at the sodium are 
changed by interactions of fairly high order. The 
Coulombic fields of ions produce field gradients with a 
1/r’ dependence for isotropic changes in interionic 
distances. It thus appears that some other factor is 
important in NaClOg. One possibility is that the inter- 
ionic repulsions may contribute to the field gradient at 
the sodium; this contribution would no doubt have a 
high-order dependence on r. Another possibility is that, 
upon changing volume, the positions of some of the 
atoms in the unit cube may be displaced more than 
others, thereby modifying the 1/r’ dependence of the 
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Coulombic field gradient. This feature of our results will 
not be considered in detail here, but it does appear to 
be sufficiently interesting to merit further study. 

The most unsatisfactory aspect of the separation 
made above of the various contributions to the pressure 
and temperature dependences of the quadrupole coup- 
ling is the lack of an independent, experimental check 
on the results. Similar calculations made for data at 
several different temperatures are desirable. A partial 
check can be made by estimating the Bayer term in the 
temperature dependence of the chlorine coupling from 
the lattice frequencies. The contribution of a single 
torsional mode to the temperature dependence is ob- 
tained from Eq. (10) to be" 


-(~) 3 f exp(hv,/kT) 
waT) 4 2kT Lexp(hyi/kT)—1P 








The moment of inertia of the ClO;~ ion about the axis 
perpendicular to the symmetry axis is calculated from 
the x-ray data'® to be 8.30 10~” g cm’. 

A detailed assignment of the lattice modes has ap- 
parently not been made; but the frequencies have been 
observed and classified as to species. The E species 
vibrations, at 76.5, 127, and 179 cm™, are doubly de- 
generate with respect to the four three-fold axes of the 
crystal and thus appear to be the oscillational modes 
which would be most important in averaging out the 
field gradients. The 76.5-cm™ frequency, when intro- 
duced in Eq. (13), gives more than twice the tempera- 
ture dependence observed, which suggests that this 
frequency corresponds to motions mainly of the Nat 
ions. The other two frequencies give a combined effect 
of —1,.25K10~ deg which compares favorably with 
the observed value of —1.1X 10 deg“. 

Little can be said about the Bayer term for Nat. If 
the field gradient at the sodium is developed by the 
polarization of the ion by interactions with the ClOs~ 
ion the torsional oscillations of the ClO;- would have 
about the same effect on the field gradients at the so- 
dium as those at the chlorine. There would also be a 
contribution from the 76.5 cm™ frequency to make the 
total Bayer term for sodium larger than that for 
chlorine, as observed. This is as good agreement with 
experiment as one could expect without a more detailed 
consideration of the lattice modes. 
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The electrical and photoconductive properties of evaporated films of PbSe have been investigated using 
oxygen, sulfur, selenium, and the halogens as sensitizers. Each sensitizer acts as an acceptor impurity; 
increasing sensitizer concentration causes the film resistance to increase through a maximum and then 
decrease, the film changing from n to p type at the resistance maximum. Photoconductivity at room tem 
perature could be produced only by treatment with oxygen; the time constant r was of the order of 1 usec. 
At —195°C photoconductivity (r= 15 to 30 usec) could be produced by any of the sensitizers, while oxygen 
treatment gave in addition a response with r~5 msec. The spectral response extends to longer wavelengths 
in thick films than in thin films, but is independent of sensitizer used. It is concluded that oxygen introduces 
acceptor levels which are minority carrier traps, while the other sensitizers introduce acceptor levels which 


are not effective minority carrier traps. 


A. INTRODUCTION 


HOTOCONDUCTIVITY was first observed in 
PbSe at liquid nitrogen temperature in Germany 
during World War II, but no reports were published in 
the open literature.!’ Subsequently, British workers 
reported spectral response curves obtained at room 
temperature®* as well as at liquid nitrogen tempera- 
ture.?~* The room-temperature spectral response curves 
showed a knee at about 3.3 yu, followed by a sharp drop 
at longer wavelengths. At —195°C the knee occurred 
variously at 3 to 5 microns. Sensitivity was obtained 
by baking in the presence of oxygen. Maximum 
sensitivity was found to occur when the oxygen treat- 
ment produced a maximum in the cell resistance at 
room temperature, 

Infrared reflectivity measurements at room tempera- 
ture by Avery,’ in the range from 1 to 5 uw, and absorp- 
tion measurements by Paul, Jones, and Jones® and by 
Gibson’ from 4.5 to 94 both showed an absorption edge 
at about 5 microns in PbSe. This indicated that PbSe 
should be photoconductive out to 5 yu instead of only to 
3.3. Following this lead Gibson, Lawson, and Moss* 
prepared a very thick PbSe film, in which the knee was 
found at 5 u as predicted. However, the level of sensi- 

*A portion of a dissertation submitted (by J.N.H.) to the 
University of Maryland in partial fulfillment of the requirements 
of the degree of Doctor of Philosophy. Part of this work was 
reported at the 1955 Washington meeting of the American 
Physical Society [James N. Humphrey, Phys. Rev. 99, 625(A) 
(1955) }. 

1 See O, Simpson, thesis, Oxford University, 1948 (unpublished) 
for a discussion of this. 

2 J. Starkiewicz, J. Opt. Soc. Am. 38, 481 (1948). 

*T. S. Moss, Proc. Phys. Soc. (London) B62, 741 (1949). 

* Blackwell, Simpson, and Sutherland, Nature 160, 793 (1947); 
T. S. Moss and R. P. Chasmar, Nature 161, 244 (1948). 

5D. G. Avery, Proc. Phys. Soc. (London) B67, 2 (1954). 

* Paul, Jones, and Jones, Proc. Phys. Soc. (London) B64, 528 
(1951). 

7A. F. Gibson, Proc. Phys. Soc. (London) B65, 378 (1952). 

* Gibson, Lawson, and Moss, Proc. Phys. Soc. (London) A64, 
1054 (1951). 


tivity achieved in the thick films was far below that in 
thinner films. Thus, one objective of this present work 
was to investigate the relations among film thickness, 
spectral distribution of sensitivity, level of sensitivity, 
and sensitization procedure. 

A second important problem of photoconductivity in 
thin films concerns the sensitization process. It has not 
been understood what specific role oxygen plays in the 
the process, although its effect on the conductivity of 
PbS and PbSe was understood rather well. Hinten- 
berger’ was able to change the resistance and carrier sign 
of PbS films by heat treatment in vacuum, in sulfur 
vapor, or in air. He showed that the conductivity is a 
minimum for stoichiometric proportions, and that 
films containing excess lead were n type, while those 
containing excess sulfur were p type. Baking an n 
type film in air increased the resistivity lo a maxi- 
mum and then reduced it; the film was converted to 
p type at or near the resistivity maximum. He did not 
relate his experiments to photoconductivity, however. 

These experiments together with the conditions for 
producing photocoductivity in PbSe show that oxygen 
acts as an acceptor, converting n-type PbS or PbSe to 
p type and reducing the dark current in the film to a 
minimum by maximizing the film resistance. It has not 
been established whether the important action in 
producing photoconductivity is the increased dark 
resistivity,’ or the conversion from n to p type, or 
possibly some other factor. In this paper the mechanism 
is studied by following the oxygen sensitization in detail, 
measuring resistance, thermal emf, time constant, and 

*H. Hintenberger, Z. Physik 119, 1 (1942); also Z. Naturforsch. 
1, 12 (1946). 

A. Von Hippel and E. S. Rittner, J. Chem, Phys. 14, 370 
(1946). 

1 Sosnowski, Starkiewicz, and Simpson, Nature 159, 818 (1947) ; 
H. James, Science 110, 254 (1949); E. S. Rittner, Science 111, 
685 (1950); Mahlman, Nottingham, and Slater, in Photoconduc- 
tivity Conference, edited by Breckenridge, Russell, and Hahn (John 
Wiley and Sons, Inc., New York, 1956), p. 489; J. C. Slater, Phys. 
Rey. 103, 1631 (1956). 
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Fic, 1, Circuit used for ac photoconductive response measure- 
ments. R, represents the photoconductive element. R,, is the load 
resistance, 


spectral sensitivity in various stages of preparation of 
the film. 

Extending Hintenberger’s work, it should be pos- 
sible to use selenium and perhaps sulfur in place of 
oxygen as a sensitizer, if the function required is to 
increase the film resistivity or convert it from n to p 
type. Also, since the halogens are active oxidizers 
(highly electronegative) it is possible that they might 
serve a similar purpose. Accordingly we have also 
studied the effect of these materials on the various 
electrical properties of PbSe films, to obtain further 
information regarding the sensitization process. 


B. METHOD AND APPARATUS 


For weak illumination the observed photoconductive 
response is exponential in time. Thus the conductivity 
change Ao will satisfy a differential equation of the form 


dAa/dit= JA—Aa/r, (1) 


where A is a constant depending on the film, J is the 
intensity of illumination, and 7 is the observed response 
time. If the illumination is turned on at time /=0, the 
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solution of (1) is 
Ao=JAr(l—e“’). (2) 


If the illumination is chopped at the angular fre- 
quency w, the maximum change in conductivity is 
given by 


Ao(w) =JAr/(1+ (wr)?}}. (3) 
If w<1/r, this reduces to 
Aa| u00=JAr. (4) 


Photoconductive sensitivity may be defined in any 
of a number of ways. The fractional change per unit 
incident radiation flux is called the responsivity, and 
defined as R,= Aa/4oJ. Thus, from Eq. (4) we have 


R,=Ar/4e. (5) 


Another expression for sensitivity is the signal-to- 
noise ratio. This has been normalized in various ways 
in the past. We shall refer to the signal-to-noise voltage 
ratio per unit radiation energy density. The term 
spectral sensitivity will imply the spectral dependence 
of either responsivity or signal-to-noise ratio. 

The PbSe used in this study was prepared by fusion 
of spectroscopically pure lead and selenium. Single 
crystals? were grown by the Stockbarger method. 
Pyrex cell blanks were constructed with Pyrex bubble 
windows transparent to 6.5 uw. Sensitivity, time constant, 
and noise were measured using the circuit of Fig. 1. 
Spectral response was obtained using a Leiss (rock salt) 
monochromator. Carrier sign was determined by 
thermoelectric measurements. A more complete dis- 
cussion of the method and apparatus will be found 
elsewhere.'* A general discussion of the preparation and 
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properties of PbS, PbSe, and PbTe photoconductive 
films and an extensive bibliography has been given 
by Moss." 


C. SENSITIZATION PROCEDURE AND 
EXPERIMENTAL RESULTS—OXYGEN 
TREATMENT 


1. Resistance-Temperature Measurements 


The resistance of a PbSe film depends on the purity of 
the original material, the temperature at which it was 
deposited, its subsequent heat treatment, and its 
thickness and surface dimensions. We have found, 
however, that by suitable choice of starting materials 
and heat treatment a standard initial condition could 
be obtained. A film so prepared exhibits reproducible 
resistance-temperature behavior during subsequent 
treatment. The film is deposited by evaporating in a 
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Fic. 3. Resistance-pressure isotherms for a PbSe film heated in air. 


vacuum small crystallites freshly cleaved from a 
crystal of n-type PbSe. This may produce either 
n- or p-type films. A film can be converted from p to 
n type by repeated short bakes at 350°C to 450°C, at 
pressures of 10-' mm of mercury or less. If this treat- 
ment is continued, the room-temperature resistance 
will be reduced gradually. For the film dimensions used, 
a resistance of 100 to 600 ohms is normally found as 
the limiting value. No photoconductivity is found in a 
film in this condition. 

The effect of heat treatment on the resistance vs 
reciprocal temperature curves of a film originally 
brought into the standard condition is shown in Fig. 2. 
The resistance of a film in this condition is essentially 
independent of temperature, as shown by curve a. 
Curves b-j show the effect of oxygen (dried air) on the 
film. Each curve is obtained by heating the film to 
approximately 400°C, establishing the air pressure (as 


sed T. S. Moss, Proc. Inst. Radio Engrs, 43, 1869 (1955), 
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Fic. 4. Resistance-temperature data for a PbSe film heated to 
400°C in air at pressure P for 15 sec; pressure was reduced to 10~° 
mm before obtaining cooling curve. 


indicated in microns on each curve), and then cooling 
the film under constant pressure. It is seen that succes- 
sive treatments at higher pressures result in a general 
increase of the slope of the curve until some maximum 
room-temperature resistance is attained. Further oxygen 
treatment produces a drop in resistance as shown by 
curves i and j, and a reversal of the sign of the thermo- 
electric power, indicating p-type material. If the 
process is now reversed and the film repeatedly baked at 
400°C in vacuum the resistance changes will reverse 
their course; curves k to g show the effect of successive 
vacuum bakes. 

The data of Fig. 2 have been replotted as isotherms 
in Fig. 3. We see that except at the highest tempera- 
tures the resistance passes through a peak as the 
pressure is increased, dropping off at high pressures. The 
peak resistivity at room temperature was found to be of 
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Fic. 5. Responsivity at 25°C for PbSe films sensitized with air. 
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Fic. 6. Signal/noise at 25°C for PbSe films sensitized with air. 


the order of 3 ohm cm. Intrinsic bulk resistivity at 
room temperature would be about 0.1 ohm cm. 

In Fig. 4, resistance-temperature curves are shown for 
another cell in which the measurements were extended 
down to —195°C. In this case oxygen was introduced 
by 15-sec bakes at 400°C and the cooling curves were 
taken after re-evacuating the cell. 


2. Spectral Sensitivity—Film Thickness 


When the sensitivity of the film is checked after each 
heat treatment it is found that the highest sensitivity is 
achieved only near the condition of the maximum 
resistance; this is the condition where the sign of the 
carrier is found to reverse. Figure 5 shows the results 
obtained for the spectral responsivity of two cells at 
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. 7, Spectral response at — 195°C for PbSe films sensitized with 
air. Curves are normalized at 6 microns. 
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room temperature. Cell 388 is a thin film, estimated to 
be 0.1 uw thick, and cell 311 is a very thick film, estimated 
to be about 5 yu thick. The responsivity at short wave- 
lengths (1 to 3 u) is seen to be considerably greater in a 
sensitized thin film than in a sensitized thick film. How- 
ever, in the thin film (cell 388) the knee occurs at 3.3 y, 
while in the thicker film (cell 311) it occurs at about 44, 
with the result that responsivity at long wavelengths is 
not significantly changed by increasing film thickness. 

Figure 6 shows the signal/noise curves for these two 
cells and another cell, 396, about 0.5 w thick. Since the 
noise level is decreased by increasing the film thickness, 
signal/noise is greater in thick films than in thin ones, 
at long wavelengths. The sensitization procedure was 
found to be the same for thin and thick films. 

In general it is found that the cell becomes more 
sensitive and the knee moves to longer wavelengths as 
it is cooled from room temperature to — 195°C. Many 
cells show no sensitivity at all at 25°C, but are quite 
sensitive at —~78°C and —195°C. The spectral response 
curves at —195°C also show a variation in position of 
the long wavelength limit with thickness (Fig. 7). Cell 
444, a transparent film, has a knee at 5 uw while each of 
the thicker films 311 and 313 has its knee near 6.5 yw. At 
this temperature, just as at room temperature, we find 
that responsivity at short wavelengths decreases with 
increasing film thickness, responsivity at long wave- 
lengths is essentially independent of film thickness, and 
signal/noise at long wavelengths increases with in- 
creasing film thickness. 


3. Time Constants 


At room temperature r was too short to be measured 
accurately with the equipment available. From Eq. (3) 
r is found to be less than 3 psec, since the response was 
flat out to the limit of our frequency measurements, 
16 ke. 

At —195°C response times in three ranges were 
observed. In n-type samples 7 was of the order of 15 
to 30 usec. The square-wave response of one such 
sample is shown in Fig. 8(A) ; the value of + can be ob- 
tained from the variation of response with chopping 
frequency, curve b of Fig. 9. In films which were made 
p type by oxygen treatment, 7 was of the order of 5 msec 
[ Fig. 8(B)]. When a film in this condition is baked in 
vacuum to a condition near maximum resistivity,a 
combination of the above responses is seen. The re- 
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Fic. 8. Square-wave response characteristics at —195°C for 
PbSe films sensitized with air. Chopping frequency is 90 _ 
(A) n type; r=30 usec. (B) p type; r~5 msec. (C) nearly stoichi- 
ometric; r;=20 psec, rr~5 msec. 
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sponse to a 90-cps square wave is shown in Fig. 8(C), 
while the variation of response with chopping frequency 
is shown in curve a of Fig. 9. 

Finally, films showing the 5-msec response frequently 
showed an additional very long recovery time: the 
resistance decreased under illumination with white 
light, and failed to recover significantly within a period 
of hours. Warming the cell and recooling was found to 
re-establish the original high resistance. 


D. EFFECT OF OTHER SENSITIZING AGENTS 
1. Selenium Treatment 


PbSe films were prepared in the standard initial 
condition (low resistance n-type films). Care was taken 
to avoid oxygen contamination. A small quantity of 
selenium in a side arm was kept in liquid nitrogen 
during the preparation. Then the nitrogen was removed 
and the selenium heated until a small quantity of 
selenium vapor entered the cell. The resistance and 
sensitivity to white light were checked at room tempera- 
ture and liquid nitrogen temperature following each 
addition of selenium. The results are shown in Fig. 
10(a). The addition of selenium caused the resistivity 
to increase to a maximum, and then decrease. The peak 
resistivity at room temperature was equal to that found 
by oxygen treatment. The sign of the thermoelectric 
power reversed when the resistance passed through the 
maximum. 

No photoconductivity was found at room tempera- 
ture at any stage of the treatment with selenium. At 
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Fic. 9. Dependence of photoconductive response on chopping 
frequency at —195°C. (a) cell with two time constants; (b) cell 
with single time constant. 


liquid nitrogen temperature, sensitivity (r= 20 psec) 
was found when the resistance was high; the very long 
recovery from white light illumination observed in 
heavily oxidized films also was evident after the sixth 
and seventh selenium vapor addition. 


2. Sulfur Treatment 


The same procedure was followed with sulfur vapor. 
Figure 10(b) shows the effect on resistance over the 
range from —195°C to 400°C. Again, the resistivity 
increased to a maximum comparable to that found with 


oxygen treatment, and ultimately decreased as more 
and more sulfur was added. ‘The sensitivity was too low 
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Fic. 11. Spectral response at —195°C for PbSe films sensitized 


with sulfur (420, 442) and fluorine (413). All curves are normalized 
at 6y. All films were transparent. 


to be measured at room temperature. At —195°C, 
however, sensitivity was obtained, with a time constant 
of about 5 msec. Figure 11 includes the spectral sensi- 
tivity of two such samples, one (442) quite thin 
(<0.1 4), the other (420) somewhat thicker (~0.2 y). 
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3. Halogen Treatment 


Fluorine vapor was obtained by the use of CoF; 
powder. At room temperature a fluorine pressure of 
about 1 mm of mercury is found above the CoF;. 
Chlorine gas (bottled) and bromine and iodine vapors 
were used, Approximate pressure readings were ob- 
tained by using a thermocouple gauge as calibrated 
for air. Pressure readings were not attempted for iodine. 

Figure 12 gives the dependence of resistance of a 
PbSe film on temperature for various chlorine treat- 
ments. Note that the curves are very similar to those 
for oxygen treatment, Fig. 2. A change from n-type to 
p-type conductivity occurs when the film resistance at 
room temperature is near its maximum. One of the 
p-type curves (No. 8) was obtained by pumping on a 
heavily treated film at high temperature, rather than 
by continuing the step-by-step addition of the halogen. 

Figure 13 shows resistance-pressure isotherms for the 
chlorine treatment. The character of this set of curves 
is quite similar to that for oxygen. 

Similar behavior was observed with fluorine, bromine, 
and iodine treatments. 

As in the case of the sulfur and selenium, photo- 
sensitivity at liquid nitrogen temperature was produced 
by the halogens. The spectral sensitivity of a typical 
cell is given in Fig. 14. The response times observed 
were of the order of 20 usec; the very slow response to 
white light (recovery only when warm) was also 
present. 
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When adequate care was taken to exclude oxygen no 
photosensitivity was found at room temperature with 
any of the halogens, in spite of the fact that the maxi- 
mum resistivity in each case was essentially equal to 
that produced by oxygen, and conversion from n type 
to p type took place at the maximum. 


4. Oxygen-Halogen Sensitization 


If the film was first oxidized until photosensitivity 
occurred, then baked in vacuum until the standard 
initial conditions were apparently restored, and finally 
the treatment repeated with the pure halogen, room- 
temperature photoconductivity was found to occur near 
the resistivity maximum. This photoconductivity shows 
essentially the same properties as that produced with 
oxygen alone as regards magnitude, time constant, and 
spectral limit. Spectral response curves for two cells 
treated with air and bromine and one each treated with 
air and fluorine, air and chlorine, and air and iodine are 
shown in Fig. 14. The time constant was found to be too 
short to affect the wave forms of 15-usec pulses in a 
typical cell treated with bromine at 250°C. The long 
wavelength knee is seen at about 3.34 in each case. 
(Because of the wide slits and correspondingly poor 
resolution used with iodine the position of the knee is 
not well defined for cell 349.) The fluorine-sensitized cell 
(392) shows a strong increase of sensitivity at short 
wavelengths. This tendency was noted with all the 
halogens to a limited extent. 


E. DISCUSSION AND CONCLUSIONS 


We have shown that oxygen, selenium, sulfur, and 
the halogens act as acceptor impurities in PbSe, con- 
verting n-type material to p-type and causing the re- 
sistivity to increase to a maximum and then decrease; 
essentially the same maximum of resistivity is found in 
each case. At low temperatures each of these sensitize 
PbSe films, giving in each case a time constant of 20 to 
40 usec and a very long time constant of several hours. 
The oxygen-sensitized films showed the presence of an 
additional time constant of about 5 msec. Sensitivity 
at room temperature could be obtained only if oxygen 
was used, alone or together with another sensitizer. The 
long wavelength limit of sensitivity was independent of 
sensitizer. 

The responsivity at short wavelengths was less in 
thick films than in thin films. However, the knee 
(long-wavelength limit of sensitivity) occurs at longer 
wavelengths in thick films than in thin, with the result 
that the responsivity at long wavelengths was essen- 
tially independent of film thickness. Thus no improve- 
ment in responsivity could be achieved by increasing 
the film thickness. On the other hand, because of the 
lower noise in thick films the signal-to-noise ratio at 
long wavelengths could be improved somewhat by 
increasing film thickness. No difference in method of 
sensitizing was required for thick films as compared to 
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film heated in chlorine, 


thin. The effect of film thickness on sensitivity will be 
further analyzed in a following paper." 

Since the long wavelength limit is independent of 
sensitizer we conclude that we are dealing with an 
intrinsic electron transition. This is in agreement with 
the situation in PbS.'* 

The conversion of a film from m to p type and the 
raising of its resistance to a maximum value is not suf- 
ficient to produce room temperature sensitivity, except 
when oxygen is used. Oxygen must thus play some 
additional role in sensitization. The 5-msec time con- 
stant found at —195°C in films sensitized with oxygen 
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16 J. N. Humphrey and R. L. Petritz (to be published). 
16 W. W. Scanlon, Phys. Rev. 92, 1573 (1953). 
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suggests the presence of trapping levels. Such traps 
could increase the majority carrier lifetime and thereby 
increase the photoconductive sensitivity according to 
Eq. (5). Further details of a model based on this 
mechanism will be discussed in a following paper.” 


1 J. N. Humphrey and R. L. Petritz (to be published). 
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Modified Deformable Potential for Thermal Scattering of Electrons* 


Joun B. Grssont anp JoserpH M. KELLER 
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In order to study thermal scattering of moderately bound electrons in a metal, corrections are considered 
to a deformable scattering potential. A constant multiple of the dilatation is derived that must be added 
to account for the correct zero of potential in a homogeneously deformed crystal. In an inhomogeneously 
deformed crystal (a crystal undergoing thermal vibrations), a function of the strain must be added to 
take care of charge redistribution, The deformable potential must also be modified to treat umklapp processes 
consistently. The modification provides that as the phonon wave vector increases in magnitude, some 
umklapp character must gradually be added to the scattering amplitude. 


1. INTRODUCTION 


N calculating the thermal scattering of electrons in 

a metal, one considers each electron to be approxi- 
mately describable by a Bloch wave function. The 
thermal! distortions of the crystal alter the potential 
felt by the electrons, and thus scatter the electrons 
from one Bloch state to another. A central problem in 
the theory of thermal scattering is to estimate the 
scattering potential V,., which is the difference between 
the actual potential V4 in a thermally deformed crystal 
and the potential V of an undeformed crystal. 


V o(r) = Valr)—V(r). (1.1) 


In a vibrating crystal, the displacement S, of the 
ionic core, whose equilibrium position is at r,, can be 
expanded in normal modes of the lattice (phonons), as 


S,(r,) _ N , > | qj exp(iq Tn) 


ta,;* exp(—iq-r,)]. (1.2) 


Here a,; and a,;* are respectively proportional to the 


destruction and creation operators for the phonon with 
wave vector q and polarization vector e,;; NV is the 
number of unit cells in the crystal. (Discussion is 
limited to the case of a single atom per unit cell.) One 
can also consider Eq. (1.2) as defining a general dis- 
placement function S(r) by replacing r, in that equation 
by the continuous variable r. 

Bloch,' in his early work on the conductivity of 


* Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission 

t Present address: Brookhaven National Laboratory, Upton, 
Long Island, New York 

'F. Bloch, Z. Physik 52, 555 (1928); 59, 208 (1930). 


metals, assumed that the potential deforms along with 
the crystal. That is, 


V Ar+S(r))= V(r). (1.3) 


The potential in the deformed crystal at the displaced 
point is equal to the potential of the undeformed 
crystal at the corresponding equilibrium point. Nord- 
heim? used an alternative assumption that the potential 
in a deformed crystal is the sum of the contributions 
from the several ion cores, and that each contribution 
to the potential moves rigidly with the corresponding 
core. Probably the most satisfactory calculation of the 
scattering potential to date is Bardeen’s self-consistent 
formulation,’ but Bardeen’s method seems limited to 
metals whose conduction electrons are nearly free. 

The object of the present paper is to find a scattering 
potential that would also be applicable to moderately 
tightly bound electrons, such as the d electrons of 
transition metals. We base our work on the deformable 
potential, but we suggest three important modifications. 
(1) In a crystal with a small homogeneous strain, it is 
necessary to add a constant to the deformable potential 
in order to maintain the energy of the crystal inde- 
pendent of the strain (to terms linear in the strain). 
(2) In a crystal with locally varying strain, such as the 
sinusoidal deformation corresponding to a phonon of 
finite wavelength, some redistribution of charge takes 
place to keep the Fermi level constant throughout the 
crystal. The calculation of this second effect follows 
closely the work of Hunter and Nabarro.‘ (Bardeen’s 


*L. Nordheim, Ann. Physik 9, 607 (1931). 

+ J. Bardeen, Phys. Rev. 52, 688 (1937). 

‘S. C. Hunter and F, R. Nabarro, Proc. Roy. Soc. (London) 
A220, 542 (1953). 
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method also involves a redistribution of charge.) 
Finally, (3) it is necessary to modify the description of 
the deformable potential to treat umklapp processes. 


2. HOMOGENEOUSLY STRAINED CRYSTAL 


In this section, we consider the ion cores as rigidly 
fixed at lattice points. In an unstrained crystal, the 
Bloch wave functions for the conduction electrons 
satisfy a Schrédinger equation 


[ — (h?/2m)V?+ V (r)— E(k) Wir,k)=0. = (2.1) 


Now apply a homogeneous deformation S(r) to the 
entire crystal : 
rr =r+S(r) 
=(I+m)-r, 


where I is the identity tensor, and the strain, 
nij=4(0S,/dr;+0S,/dr,), 


is independent of position. Since the crystal is still a 
perfectly periodic structure, the electrons will again be 
described by Bloch functions satisfying the equation 


([—(h2/2m) 0+ V(r’) —Ex(k’) Walt’) =0. (2.3) 


The subscript / is used to emphasize a homogeneous 
strain. 
It is useful to change the independent variable in 
Eq. (2.3) from r’ to r as defined in Eq. (2.2). 
Since 
V2= 02420’ -9-V’, 


the Schrédinger equation for the strained crystal 
becomes 


[ — (h?/2m)(V?—2V -n-V)+Vi(r+S(r)) 


~ E(k’) Wie’ (r),k’)=0. (2.4) 


Terms quadratic in the strain have been neglected. 
We now introduce the fundamental assumption that 
the potential felt by an electron in a uniformly strained 
crystal is the deformed potential of the unstrained 
crystal plus an additive constant (proportional to the 
strain) : 

Vi(r+S(r)) = V(r) +C. (2.5) 
It is an immediate consequence of this assumption and 
of Eqs. (2.1) and (2.4) that, to the first order in the 
strain, the energy of an electron with wave vector k’ 
in a uniformly strained crystal is related to the energy 
of an electron with wave vector k in the unstrained 
crystal by 


Ex(k’)— E(k) =C+ (h2/m)(k|V-n-Vlk) (2.6) 


provided that k and k’ are connected by the relation 


(2.7) 


r -k’=r-(1+n)-k’=r-k. 
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During the process of straining the crystal, as the 
wave vectors of the individual electrons change from k 
to k’, the energies of the electrons will change according 
to Eq. (2.6). So the total change in energy of the 
conduction electrons is obtained by summing the right 
hand side of Eq. (2.6) over all the occupied states of 
the conduction band (in the unstrained crystal). [Since 
all of the electrons do not change energy by the same 
amount, there will be some jumping by electrons near 
the Fermi level into states of different wave vectors. 
But the number of electrons that jump will be small, 
and proportional to the strain. Unless there is a band 
degeneracy in the immediate neighborhood of the 
Fermi level—in which case Eq. (2.6) is itself not valid 

the energy lost by each electron will also be linear in 
the strain. So the effect of electron jumps is quadratic 
in the strain and negligible for the present calculations. | 

If (and only if) the crystal is cubic, then in summing 
the energy changes over the occupied states all shear 
terms will vanish, and only dilatations will contribute 
a net change in energy. Since the dilatation is expressed 
as 


A “Nex TNyyt Nes) (2.8) 


the average change in energy per conduction electron 
can be written as 


(Ex— E) m= C+ (WS/3m)(k| 92 |b) aw 


C— (24/3)(K.E.)z, (2.9) 


where (K.E.), is the electron kinetic energy averaged 
over the occupied states of the conduction band, An 
almost identical argument indicates that strain produces 
a shift in the Fermi level F equal to 


GA=F,—F=C—(24/3)(K.E.)p, (2.10) 


where the kinetic energy is now to be averaged over 
the Fermi surface. 

So far, no attempt has been made to evaluate the 
constant C in the potential. This constant is now 
determined in accord with a stationary property of the 
energy of the crystal. The work of straining a solid is 
proportional to the square of the strain produced. So 
to the first power of strain, the energy of the crystal 
must be independent of the strain. Presumably in a 
correct calculation, this stationary property would 
follow automatically. With an approximate potential 
such as the deformable potential assumed in Eq. (2.5), 
the additive constant C may be so chosen to keep the 
energy constant. 

In order to assign a value to C, it would be necessary 
to know how the separate energy 
(exchange, correlation, and core effects as well as the 
single-particle energies of the valence electrons) vary 
with volume. Lacking this information, we propose to 
determine C so that the direct electronic energy is itself 
stationary. This then gives for C the value 


C= (24/3)(K.E.),. 


components of 


(2.11) 





J. B. GIBSON 


3. THERMALLY VIBRATING CRYSTAL 


Because the lattice motion is slow compared to 
electronic motions, it is reasonable to treat the lattice 
motions as adiabatic. Further, in any particular electron 
scattering process only a single mode of lattice vibration 
is involved. So we assume that there is a slowly varying 
local deformation determined by the particular lattice 
mode doing the scattering. The conduction electrons 
feel the same potential as in a homogeneously deformed 
crystal, deformed to the local deformation. 

Landauer® has pointed out, however, that there is a 
further correction. If a metal is given a hypothetical 
nonuniform deformation, without allowing any redistri- 
bution of charge, the Fermi level will not be uniform 
throughout the metal. Hunter and Nabarro* have 
determined the charge redistribution required to equal- 
ize the Fermi level, if without any flow of charge the 
Fermi level fluctuates by an amount GA. Let the 
density of electrons added to any region be n’(r). If 
this density oscillates with a wave vector q, then it 
gives rise to an additional Coulomb potential 


Vo= —4nn'e/¢. (3.1) 


The extra electrons added locally to the conduction 
band raise by an amount n’/2pr the energy level to 
which states are occupied, where pr indicates density 
of states per energy interval for a particular spin 
direction, at the Fermi energy. The condition that the 
conduction band is everywhere filled to the same energy 
is that 


GA+4an'e/q-+n'/2pr=0. (3.2) 


From this it follows that 
n' = — (¢’GA/4re*)L(q), (3.3) 
and so the added potential energy per electron is 
—eVc= —GAL(q), (3.4) 
where L(q) is an abbreviation for 


L(q)=(1+ (¢/8repr) }". 


The shift in Fermi level without charge redistribution, 
GA, has already been indicated in Eq. (2.10). 

The result of combining Eqs. (1.1), (2.5), and (3.4) 
can be written as 


V oo V(ir—S(r))— V (4) +-J (9) A, 


(3.5) 


(3.6) 


where J(q) stands for 


J (q)= (C/A) —GL(q). (3.7) 


Except in the immediate neighborhood of core positions 
V(r—S(r)) can reasonably be approximated as —S(r) 
-gradV. If for a particular phonon the displacement is 
written as 

S(r) = Nel a exp(iq-r)+a* exp(—iq-r)], (3.8) 


*R. Landauer, Phys. Rev. 82, 520 (1951). 
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and the dilatation as 

A(r)=iN-4(q-e)[a exp(iq-r)—a* exp(—iq-r) ], 

then in terms of Bloch functions of the form 
¥(r,k) = N~ exp(ik-r)u,(r), 


(3.9) 


the scattering amplitude between an initial state 1 and 
a final state f takes the form 


(f| Vseli)=N-9 f u/"{[—e-gradV +4J (q)(q-e) Jo 


Xexp(iK,-r)+[—e-gradV —iJ(q)(q-e) Ja* 


Xexp(iK_-r)}udr. (3.10) 


The integration is over a unit cell of the crystal, and 
the K vectors, defined by 


K,=k:+q—ky,, (3.11) 


must be equal to 2x times a reciprocal lattice vector, 
or zero. 


4. NORMAL AND UMKLAPP SCATTERING 


A complete set of the wave vectors k and q is obtained 
by using reduced vectors, which are required to lie in 
some selected unit cell in reciprocal lattice space. This 
cell is conveniently (but not necessarily) chosen as the 
first Brillouin zone. Then processes in which K,=0 
are called normal, and those in which Ky, is equal to 
2m times a small reciprocal lattice vector are called 
umklapp. 

As the quantity |ky—k,| gradually increases, a point 
is generally reached at which the scattering changes 
from normal to umklapp. There is no physical reason 
why the scattering amplitude should change markedly. 
In fact, which processes are called normal and which 
umklapp is essentially a matter of bookkeeping. (These 
remarks have no bearing on questions of the importance 
of umklapp processes in maintaining phonon equi- 
librium.) But Eq. (3.10) does predict a sudden change. 

The difficulty arises in the expression (3.8) for the 
displacement of a general point (r) While Eq. (3.8), 
or Eq. (1.2), describes the same displacement of ion 
cores if q is replaced by q-+k, this is not true for the 
displacement of a general point in the crystal. But it is 
possible—and evidently necessary—to generalize the 
displacement to a form 


S(r)=NAD ait €gsX fq; expli(q+ K,) -r] 
+a,;* exp[—i(q+K,) -r)}. 
Provided only that for every mode 
wr X= 1, 


Eq. (4.1) gives the same displacement for ion cores as 
the previous expressions for displacement. 
The coefficients X, can now be adjusted so that the 


(4.1) 


(4.2) 
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scattering potential of Eq. (3.6) is unaffected by 
replacing the phonon reduced wave vector q by an 
equivalent ‘“expanded”’ wave vector q’=q+K, where 
as usual K is 2m times a reciprocal lattice vector. A 
suggestion in line with the spirit of the deformable 
potential would be to require that X, be a function of 
the magnitude of |q+K,|, for example, 


X,= |q+ K, | a 


In calculating scattering amplitudes, it now becomes 
necessary to sum the contributions due to the various 
X,’s. For small g’s, Xo~1 and all other coefficients are 
small. On the other hand, when g approaches a zone 
boundary, and | q| ~ | q+K,| for some particular /, then 
Xo~X,~4. The character of the scattering—whether 
normal or umklapp—changes gradually as the magni- 
tude of g changes. 


5. DISCUSSION 


Although the scattering potential developed in this 
paper is intended to be valid for any metal, it is of 
interest to examine the case of nearly free electrons, 
and to compare our results with those of Bardeen.* 
The potential V, which appears explicitly in expression 
(3.10) for the scattering amplitude, can be eliminated 
by use of the Schrédinger equation.* We write the 
resulting expression for that part of the scattering 
amplitude corresponding to phonon absorption : 


(f | Vac|i)=iN- al (a-e)1(@) fu" exp(iK, -r)udr 


+i{ Ey— E;— (h?/2m)( (ky + K,)?—k?2]} 


x f me: gradiu,* exp(iK,-r) |dr—2(h?/2m) 


X f(a: gradu,)e-gradLuj* exp(iK, hr (5.1) 


If we consider normal scattering, and neglect any 
dependence of the u’s on &, then the first integral in 
Eq. (5.1) is just the normalization integral, and equal 
to unity. With the same approximation, the second 
integral vanishes, and the third integral is [2m(q-e)/3h? ] 


6 A. Sommerfeld and H. A. Bethe, Wandbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 512 
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times the kinetic energy of an electron with k=0. So 
the normal scattering amplitude is 


(f| Vso i)=iN-Va(q-e)3{ (K.E.)p—(K.E.)o 
+L(q){ (K.E.)r—(K.E.)p)}). 


Of the subscripts on the several kinetic energies, B 
indicates an average over the occupied states of the 
band, F implies the average over the Fermi surface, 
and 0 refers to the k=O state. For nearly free electrons, 
the band should have standard energy dependence, 
for which 


(K.E. \p— (K.E.)o 


(5.2) 


#( (K.E.) r— (K.E.)o =f. (5.3) 


The bracket in Eq. (5.2) reduces to 
[8+48L(q) If. 


A comparison with Bardeen’s work now leads to the 
following conclusions. (1) Our expressions (5.2) and 
(5.4) agree precisely with Bardeen’s result for forward 
scattering (q=0). They decrease with increasing 4, 
but less rapidly than Bardeen’s work indicates, (2) 
There are minor differences in the g dependence of the 
correction L(q) due to the potential of the redistributed 
charge. The constant pr of our expression (5.4) replaces 
a slowly varying function [.V/W(K) ] of g in Bardeen’s 
paper. And this potential correction applies to the entire 
scattering potential in his work, instead of only { of it, 
as in our expression (5.4). (3) But there is an essential 
difference in g dependence, which arises from our use of 
a deformable potential, in contrast to the use of a 
rigid-core potential as the basis of Bardeen’s calculation. 
The rigid core introduces a phase factor exp(-+-iq-r) 
into the integrals corresponding to our Eqs. (3.10) or 
(5.1) even for normal scattering, and gives rise to a 
coefficient [g(u)] in the scattering amplitude that 
decreases rapidly with g. Neither the deformable 
potential nor the rigid-core potential can be rigorously 
justified as correct starting points, and it is not obvious 
how to make an a priori choice between them. 

The importance of J(qg) to Eqs. (5.1) and (5.2) 
should be pointed out. In the absence of J(q), the 
bracket in Eq. (5.2) would become — (K.E.)». Rapid 
oscillations of the wave functions of the conduction 
electrons close to the nucleus, particularly for the larger 
principal quantum numbers, can make (K.E.)o several 
times as great as the Fermi energy ¢ of Eqs. (5.3) and 


(5.4). 


(5.4) 
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Thermodynamic Theory of Ferroelectric Ceramics 
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Clevite Research Center, Division of Clevite Cor poration, Cleveland, Ohio 
(Received June 4, 1956) 


A review of theories of ferroelectricity and of experimental data on ferroelectric ceramics leads to the 
conclusion that an analytic theory of such ceramics on microscopic basis does not seem feasible. A thermo- 
dynamic continuum theory is developed here, which is based on the postulated isomorphism, relevant to 
small signals only, between a polarized ceramic and one under bias fields near the limit of its nonpolar state; 
this bears analogy to Mueller’s classical theory of Rochelle salt. The results of the theory include an elastic 
relation, which supplements existing experimental data, and a piezoelectric one, which relates to retained 


polarization and which agrees with measurements. 


INTRODUCTION 

AJOR advances in ferroelectricity have been made 

recently, particularly, in structure exploration 
(for a recent comprehensive review, see Shirane et al.') ; 
but a definitive atomic theory is not yet extant. The 
most comprehensive treatments are thermodynamic?™; 
model and special mechanism theories*:*~* tend to cover 
particular aspects and are in part mutually conflicting. 
(A critical review is presented by Jaynes.) Even the 
thermodynamic approaches, where the intrinsic parame- 
ters are adjusted to fit experimental data, are not 
entirely satisfactory. When thermodynamic potentials 
are expanded in terms of polarization P, at least the 
terms O(P*) and corresponding thermo- and elasto- 
dielectric terms must be included in view of the number 
of energetically competing states; it has been shown"! 
that otherwise the theory will not accommodate all 
sequences of ferro- and antiferroelectric transitions and 
types of upper transitions”. possible in pervoskite-type 
ferroelectrics."®'® An apparent consequence of incom- 
pleteness due to omission of significant terms in 
Devonshire’s theory® is the observed rapid variation 
with temperature of one of the thermodynamic “con- 


'Shirane, Jona, and Pepinsky, Proc. Inst. Radio Engrs. 43, 
1738 (1955). 

2A. F. Devonshire, Phil. Mag. 40, 1040 (1949) ; 42, 1065 (1951). 

+A. F. Devonshire, Phil. Mag. Quart. Suppl. 3, 85 (1954). 

*C. Kittel, Phys. Rev. 82, 729 (1951). 

*W. P. Mason and B. T. Matthias, Phys. Rev. 74, 1622 (1948); 
H. J. Wellard, Phys. Rev. 76, 565 (1949). 
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stants”: B.!’ Thermodynamic theory should be able to 
account for the rapid changes in the transition regions 
solely through the cooperative effect of the different 
slowly varying intrinsic parameters if all of them are 
suitably adjusted; but existing data are often insuff- 
cient for this purpose.":?.!8 Other disagreements relating 
to Curie shifts under stress” are still in doubt.” 

The present concern is with polycrystalline ferro- 
electric ceramics. It is well known that these are 
permanently polarizable by means of externally applied 
fields; this makes them useful as electromechanical 
transducers in complex shapes, not possible with single 
crystals. Even if a definitive theory of ferroelectrics 
existed, derivation of the macroscopic properties of 
ceramics with acceptable precision would still be a 
formidable task. The inadequacy of known averaging 
methods was early recognized.2 Even such simple 
quantities as dielectric constants of isotropic mixtures 
depend intrinsically on microscopic detail," and the 
simplest elastic moduli are intractable except for grossly 
simplified geometries.” In regard to electromechanical 
properties the task is still more complex due to their 
more intimate connection with the ferroelectric domains. 
The patterns present in single crystals*~** are also found 
in ceramics?’:**; but while application of a poling field 
can convert multidomain crystals into single domains 
through nucleation and growth phenomena whose dy- 
namics are fairly well understood,”** this is not the case 
in ceramics. Domain switching mechanisms in ceramic 
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grains leading to the right order of magnitude for 
aging and fast relaxation*® have been proposed, but 
they do not bear on the macroscopic piezoelectric 
coefficients. These can be expressed in terms of polariza- 
tion and electrostriction.** Some pertinent experimental 
data,*”** to which reference is made, are available. 

Considering polarization, the simpler item, let us 
assume temporarily that under a strong poling field each 
randomly oriented crystallite became a single domain 
polarized in the closest of 6, 12, or 8 directions possible 
in the tetragonal, orthorhombic, or rhombohedral state, 
respectively ; this is certainly a gross oversimplification, 
but gives an upper bound for P. The associated statistic 
is elementary® and leads to the respective percentages: 
$v2 arctan(1/V2)=0.831, (3/m) arctanv2=0,912, and 
4V3=0.866 of single domain polarization: ~0.3 
coul/m?.**! Actually, at most ~50% can be reached 
with strong maintained poling fields and only 20-35% is 
retained permanently.*”** As to electrostriction, the 
lateral coefficient in ceramics*? amounts to about 25% of 
the single crystal value?***“ or about 30% of its 
orientational average.*” 

Qualitatively, the causes of such deficiency are well 
understood : Though 99% of theoretical density may be 
achieved in ceramics,” there are interstices”’; if a poling 
field is applied their presence and the misorientations 
between adjacent grains lead to local intergranular 
charges which counteract alignment: not even the 
simple head-to-tail arrangement™*® will exist across 
grain boundaries. These are the loci of high local stresses 
engendered electrostrictively upon cooling, which like- 
wise counteract permanent alignment. Impurities inter- 
fering with dislocation movements will play a part. The 
complexity of these and related effects defies analytical 
approach. 

While prospects for a theory on microscopic basis thus 
seem remote, electromechanical applications of ferro- 
electric ceramics call for numerical data of considerable 
precision on the adiabatic elastodielectric coefficients 
relating to small-signal ac phenomena. Not all of these 
parameters lend themselves readily to measurement®; 
considerable errors accrue, in particular, for elastic 
cross-ratios as a consequence of local inhomogeneities. A 
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dynamic method in which Poisson ratios are obtained in 
terms of frequency ratios“ overcomes this difficulty, but 
has not yet been developed to the point of general 
applicability. The large anisotropy of recently developed 
lead zirconate-titanate ceramics®* makes determina- 
tion of the complete set of coefficients particularly timely. 
Any pertinent theoretical contribution would thus be 
welcome. This motivated the present approach, which 
was the subject of a previous preliminary communica- 
tion.” It is straight continuum theory, not based on any 
mechanism, but on mildly speculative inferences from 
the general macroscopic properties of poled ferroelectric 
ceramics, which transcend the relations inherent in axial 
isotropy. Its most relevant result is an elastic relation 
which fills the gap in experimental data, Another pre- 
diction relates to piezoelectric coefficients; this lends 
itself to experimental test and has been verified re- 
cently.” 

SKETCH OF THE THEORY 


The basic assumption is an isomorphism, pertinent to 
small-signal phenomena, between a ferroelectric ceramic 
in a polar state, permanently poled, and one in the non- 
polar state, but under an externally applied field Zo, 
slightly above the temperature 6,{ = 09+ (3B°/5AC), 
according to Merz** |; 6; is the upper limit of that region 
above the Curie point @, in which the polar (tetragonal) 
state can be induced (see reference 3, Fig. 8; reference 
48, Fig. 3). behaves sub- 
stantially conservatively for small signals, that is, dis 
regarding dielectric®* and elastic losses” and piezo- 
electric phase angles,” which are O(10~*) or less, and 
conductivity, thermal and electrical, which would set a 
lower limit to the frequency range considered, The 
neglect is a mere matter of convenience, as such dissi- 
pative phenomena obey reciprocity relations”; their 
consideration would make the otherwise real constant 
matrix elements complex relation-type functions of 
frequency (these may be obtained readily following, 
e.g., Biot’s ideas®), but would not affect interrelations, 
which are the present objective. 

One may then describe ceramics above 6, in terms of 
positive definite thermodynamic potentials, which must 
be invariant under the group J; of three-dimensional 
rotations. Sets of linear small-signal equations for the 


In either case the ceramic 
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variables of state are obtained by differentiation with 
the material parameters as coefficients. Though keeping 
to the continuum concept, appeal to a molecular scale of 
magnitude must be made at this point: It is well known 
that an ordinary material breaks down (electrically or 
mechanically) whenever one of the variables such as 
electric field or strain reaches values about three orders 
of magnitude below the “molecular scale,” characterized 
by elementary distortions or displacements of the order 
of molecular diameters; in a ferroelectric, however, one 
variable, the dielectric polarization P, may approach 
this scale: electronic charge/(lattice constant)? ~1 
coul/m?*, For instance, in case of BaTiO,, the polariza- 
tion of single domain crystals is Py~0.3 coul/m?,”*' of 
ceramics under bias: ~}P» and in remanence; (} to 
4)Po,*7** while remanent charge densities of ~0.5 
coul/m* are observed in some lead titanate-zirconate 
ceramics.” 

This difference bears directly on the thermodynamics : 
In ordinary continua, thermodynamic potential changes 
are adequately approximated by homogeneous positive 
quadratic forms in the state variables; terms of higher 
order are negligible below breakdown. Invariance under 
7, then means reduction of the number of independent 
thermo-elasto-dielectric invariants to five; they are re- 
lated to specific heat, dielectric constant, Young’s and 
shear modulus, and the coefficient of thermal expansion. 
In case of a ferroelectric ceramic near @,, however, a 
thermodynamic potential involves all seven isotropic 
invariants as general functions of P*, though terms of 
higher than second order, not counting P, may again be 
neglected. In particular, the dielectric behavior under, 
for instance, stress-free isothermal conditions depends 
on the single invariant P*; differentiation with respect 
to P gives the associated electric field Z. As P can reach 
molecular scale, but not #, the dielectric behavior is 
generally nonlinear, but hysteresis-free with effective 
numerical dielectric constants K~10*: P~10~! coul/m? 
for E~10% v/m. For E~0 such that P<10~ and small 
signals in general, isotropy in the usual sense obtains; 
this condition will be called “O-state.” Similarly, the 
“Eo-state” relates to a bias field Ho producing large- 
scale polarization Po, and to superposed small thermo- 
elasto-dielectric signals. With respect to these, the 
continuum is no longer three-dimensionally, but only 
axially isotropic (invariance under the group J, of 
rotations about one axis) ; symmetry-wise, it is equiva- 
lent to the crystallographic classes 4 mm and 6 mm, as 
the highest tensor rank involved is four. The analysis 
then shows that the Eo-state does not possess the full 
generality of invariance under 7, which admits 14 inde- 
pendent parameters, but satisfies additional relations. 
In the sense of Mueller’s classical theory of Rochelle 


® Unpublished measurements by D. A. Berlincourt, Clevite 
Research Center. 
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salt, these express the “morphic” character of the 
Epstate.® 

What is the extent of relevancy of these morphic 
relations to a poled ceramic below @,? It is readily 
shown? that assumption of complete isomorphism 
between the two cases, justifiable for weak polarization 
where terms of higher than third order may be neglected, 
leads to the relation 


£15> £33 821; (1) 


the gm» denote the adiabatic piezoelectric field-stress 
constants (the notations are in accord with the LR.E. 
Standards on Piezoelectric Crystals, 1949,°* and with 
Mason”; mks-units are used). Measurements show 
that under slight poling (1) is substantially correct, but 
that for fully polarized ceramics consistently : 


£15> £28 £a1- (2) 


The relation (1) corresponds to the morphic expressions 
of Mueller and is a direct consequence of the fact that 
invariance under J; reduces the number of independent 
elements of the electrostriction tensor to two, 

(2) Indicates that complete isomorphism as assumed 
in reference 56 does not exist for strong poling. This is 
not surprising, as the thermodynamic approach implies 
conservative behavior; relevance to those aspects of 
poled ceramics which are grossly irreversible, in particu- 
lar, associated with hysteresis, cannot be expected. At 
subaudio frequencies, these aspects come to the fore 
even at small signals as high dielectric loss (see reference 
38, Fig. 1), mechanical creep™ and aging,®* large excess 
of static over dynamic values of piezoelectric moduli," 
etc., all typical of the polar state and absent above 6,. 
The large-signal behavior in this range is entirely non- 
conservative: during the poling process, virtually all 
electrical energy is converted into heat, and only a 
negligible part of the charge is recoverable pyroelec- 
trically or piezoelectrically by stress application.“* Thus 
such quantities as Zo or the entropy change associated 
with isothermal application of Zo are certainly not 
relevant and hardly meaningful in regard to poled 
ceramics. They are, accordingly, called “fictitious.” 
Considering a poled ceramic below 0, as the “object” of 
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the theory and one near 6;>8, as its “morphic analog,” 
we then postulate our basic assumption: 

Small-signal thermo-elasto-dielectric properties of the 
morphic analog in the Eo-state are relevant to those of the 
object, with complete isomorphism ; large-signal properties 
of the analog are fictitious. 


ANALYSIS 


The pertinent extensive variables of state are: ac- 
cretion of entropy density Ac, P, and strain dyadic 
||.S||5° and the associated intensive ones: accretion of 
temperature Ad, electric field E, and stress dyadic || 7'|}.° 
P and dielectric displacement D are used interchangeably 
as in the mks system their relative difference is 
K-'~10~ to 10~; in order to accommodate usages in 
physics’ and engineering,®* D will be used in the signal 
equations and P, to indicate the state of polarization. 
The matrix scheme of material parameters is 


thermoelectric (1X1;0) pyroelectric (1X3; 1) 
thermoelastic (16; 2) 
dielectric (3X3; 2) (3) 
piezoelectric (3X6; 3) 
piezoelectric (6X3; 3) 
elastic (6X6; 4), 


pyroelectric (3X1; 1) 
thermoelastic (6X1; 2) 


with the orders of the submatrices and tensor ranks 
written parenthetically ; the tensors in the diagonal are 
symmetric. As Eo is applied to the morphic analog under 
isothermal stress-free conditions, corresponding to 
poling, the appropriate thermodynamic potential is the 
elastic Gibbs function G,(A0; D; ||7||). It is related to 
the densities of accretion of energy and free energy, U 
and A, respectively, by™ 


G,= U—Achd—S j,T j= A —SjuT ja; 
Ou; Ou, 
wife) rm 


OX, OX; 


(u displacement), using the summation convention with 
(i,j,k) running from 1 to 3. Invariance under /; requires 
that G, depend on the isotropic invariants only. These 
are homogeneous and isobaric,” and the easiest way to 
find the complete set is to try such polynomial combina- 
tions of D? and the well-known stress invariants; it is 
sufficient to do this for the infinitesimal elements of 
1;. One has, in addition to the scalar Aé, 


one dielectric invariant: D*, 


three stress invariants: 


T= Tis; T2= Tu, 73= det (T jx), (5) 


two electrostrictive invariants: 


~ 


0;= Di)DiT jr, O4= DDT i; J 


®M. Bocher, /ntroduction to Higher Algebra (The Macmillan 
Company, New York, 1907), Chap. XVII. 

% —. L. Ince, Ordinary Differential Equations (Dover Publica- 
tions, New York, 1944), Chap. IV. 
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here 7j,=minor of Tj, in the determinant: det (Ts). 
The subscripts indicate the degree of the polynomial. 
Thus, 

G,.=G,(d0; D*; 71,72,73; 03,004,). (6) 


It is preferable to substitute the technical strain and 
stress components: 


SiS, Sa 2S jr, Tye Ti, T.@T jr, (7) 


where 
(i,j,k) - (1,2,3), (a,B,y) -_ (4,5,6), jtk+a= +++ =Q 


and 
(l,m, 5 ‘)= (1,2,- 6), 
which leaves the strain energy density 
SyeT jr=SaT (7a) 


invariant. The direction of Po is taken as z or 3 axis; 
orientation of the 1 and 2 axes in the z plane is arbi- 
trary. If Roman letters denote the order of magnitude in 
terms of small-signal quantities and terms of order 
higher than the second (h.o.t.), Py aside, are neglected, 
one obtains from (5) 


DP = P#+2P Dat (Di+D2)= (0) +(1)+(1), 
m= T+ (T1+72) = (D+(D, 


TitT1f Trt Ts 
n= (14) 
2 2 


T\-T1\" 
-|( : ) +reere+re} = a-+-an, 
‘ (8) 


T3=h.o.t., 
03= PPT 34+-2Po(DsT3+-Dils + DoT) 
+h.o.t.= (I)+(II)+:+:, 


| T1+-7T2\? 7:—-T2\? f 
wml LCS) 


th.o.t.= (II)+---. 
Appreciable simplification accrues from the definitions: 
(T:+7T2)/2=T,V, (T1—T2)/2= 14; 
Si+5S.=S,, S:—S 85, (9) 

with 
SaTn=(SsTst+S pT > |] 

+[(SsTo+5676)+ (SsTs+SsTs)]. (7b) 
T, and S, represent “planar” (two-dimensionally iso- 
tropic) stress and strain in the z plane, 7, and $, shear 
in this plane (“face shear”) relative to axes bisecting 
those to which 7, S¢ refer. The first two terms of (7b) 


represent the contributioa of the normal components: 
axial and planar; the last four, the distortion com- 





484 B.C. 
ponents, with two face shear and two meridianal shear 
terms. Each normal term and each shear term in 
parentheses is invariant under J. 

If (8), (9) are substituted in (6) and the terms are 
arranged according to order of magnitude: 


G,.=(0]+[1]+[I1}+h.o.t., 


they may be written with complete generality in the 
following form, where the integrals are all taken from 
0 to P?: 


(6a) 
[0]= sour f (re—ayast(ayae], (10a) 
(1)= [ont favreayas|p.-v, 
<4 f rit(ayde- a4 fyat(adds-T, 
— f (at(a)—rals))de-Ty, (100) 


cir)=3} fant fosrcayae| 


‘(DP+D?P+D7)+2P F817 (Po?) Di 


3] {s+ fsurnceyas 


+| (45no’— S40) tf s?*(a)de 


‘T? 
‘T,? 
| (2s sat f (6a) —Smi(X) 


+45 912-"(x))dx arstvt|sot f sa(adar} 


(Té+ TY) + sort fsai2(a)de| (Té+ ré)| 


-3] rer f rP(syds| (0)? 


= aw forcae| . (Ts+ T ,) 40 


- Por," (P?) 7 D,;A0 
— Polyar’(Po?): T at2(yar"(Po?) —va(Po))-T 5} 


*Dyt+Po *fvalayae: (Di T5+DyT,). (10c) 
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The subscript 0 refers to the isotropic state (Po~0) and 
1 implies: incremental with P,; subscripts m and s refer 
to the isotropic normal and shear elastic parameters, 
a, p, and f, m to axial, planar normal, and face, meridi- 
anal shear, respectively; the superscripts denote non- 
variation, i.e., T: stress-free, 6: isothermal, D: open- 
circuit, and their omission connotes absence of the 
corresponding coupling in the second-order approxima- 
tion; finally, 8 denotes dielectric stiffness, s—elastic 
compliance, [!—incremental specific heat times mass 
density, *—pyroelectric, y—electrostrictive, and a— 
thermoelastic parameters, essentially in accord with 
I.R.E. Standards.” 

According to Eq. (4), the signal equations are, 
symbolically : 
Ao=—dG,/d40, E=+0G,/aD, 

|| S|] =—90G./a||T|]. (11) 


The term (10a) contributes nothing. The term (10b) 
yields the biased Ep state alone: 


(Ao)e=3 f rst(a)dr; 


box [vt fo.r yar] ro 
(12a-c) 


Sao=h | Va1"(x)dx; 


Sa J Cv er"() —Y0(2) ex; 


where as before the integrals are all taken from 0 to P,. 
Equations (12a-c) thus give the free accretion of 
entropy density, the free bias field, and the isothermal 
axial and planar electrostrictive strains in terms of Po. 
The small-signal equations of the Ey state are obtained 
from (10c), (11): 


E3=B3s""D:— gaa’T s— g3p’T p— 47 0, 
Ss= B33°Dst-593? °T 3453p? °T p+-013" 0, 
Sn=Sap'Dit Sap? "TatSpp?"T p+a" 0, 
Ao=27D;+03?T3+a,°T,+T? 70, 

(Ei; Ex) =Bu"- (Di; Dz)—gis- (Ts; Ts), 

(Ss; Ss) = gis: (D1; Dr) +508 - (Ts; Ts), 

(Se; Se) =5e0- (To; 1), 

with 
Bu? But [6:7 (2), 


(13) 


Bas? =B 7 +2P eB" (Pe?) ; 


5o6= swt f salads, suP=sut f sai?(a)de, 
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P= sual + f sai? "(x) dx, 
age ee 


Sap?" =25no° —sut f (su? *(%) — Sr? (x) 
+45 pi? "(x) +45 y1(x) dx; 
ponerse 10 (ads; T= Poms" (Pe); 


Sap? = 2Po° (Ya (Po) — a1 (Po*)), 
1 
£15= P, fratarae; 


0 


33° = Po-Va1" (Po), 


ai? =avt f a?(a)d, ap? =2a;3?, 


the integrals being taken from 0 to P,. 

We compare the system (13) with the corresponding 
equations relating toa crystal of class 4 mm or 6 mm," 
noting that retraction of (9) yields the identities: 


Spp= 2(si+512), 566= 2(S11— S12), S3ip= 2531; 


sp= 2651; a (15) 


p= 2a. 


As related to the crystal, (13) involves 14 independent 
constant parameters. As related to the morphic analog, 
one notes that aside from being functions of P,? with 8, 
s, I’, and a finite for Py=0, but g and w of O( Po), the 
parameters are not mutually independent; there are 
four relations, identities in P,: 


-dielectric; (16a) 


; F ; dB, 
Bas? (Pi) = B17 (Po) +2P | 
dP, 

33” OP v)+ 4555”: *(P?) — Sap?" (Po?) 


— $65" (Po?) +4 506(Po?) =0, 
(16b) 


9° 9 +541? 9 — 259? 9 $55?— elastic ; 


a s” ( P() = a3? (P°?) ’ 


ay? ( az”) =a;?—thermoelastic ; 


d(Pogis) 
—4gs9'(Pe)]=—— 
dP? 


1 
—[gas' (Po? 
Po 


£33" — gar" m d(Pogis) 
Py dP? 


% See reference 59, pp. 41-45. 
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According to the basic postulate, (12) is irrelevant: 
(Ao)o and Ep are fictitious; strain gauge measurements® 
show that the spontaneous electrostrictive strains So, 
So in ceramics are only about 10% of the x-ray values. 
By the same token, the small-signal relations (16) are 
relevant. (16c) states that open-circuit thermal ex- 
pansion is isotropic, and (16b) connotes elastic quasi- 
isotropy under isothermal open-circuit conditions. 

Ac phenomena involve the adiabatic rather than the 
isothermal elastodielectric parameters. This transition 
affects (16a) only: (16b) and (16d) remain unchanged 
because in the second-order approximation the right 
sides are not thermally coupled. The adiabatic dielectric 
relation follows from elimination of A@, setting Ao=0 
in (13): 

dpi," 
Bas? =B1,"+2P? 
dP? 


[Py-n?(Pe)} 
r.7(P.) 
$33? +51? (17a-d) 
a? Sa? =a,?, 


(gsa— £31) /Po=@d(Pogis)/dP ee. 


APPLICATION AND COMPARISON 
WITH MEASUREMENTS 


_ D = ¢..D 
25319 = S55 ’ 


The relation (17a) has scant practical significance. 
The last term, which is positive, involves a pyroelectric 
function which is associated with entropy accretion 
(12a) and thus not relevant. As an inequality: 


Bas"? > Bu? + 2P 0 (dpi17/dP*), (17a’) 


(17a’) is relevant, but hardly useful as it involves both 
the value and the derivative of 8,,"; measurement of Po 
in poled ceramics over an extended range under re- 
versible conditions is difficult and inaccurate. (16c) is 
likewise relevant, but not useful as it would be hard to 
maintain isothermal and open-circuit conditions simul- 
taneously. Avoidance of charge leakage would also be a 
serious problem in verifying (17c); the corresponding 
short-circuit relation [ Z;=0 in (13) ] again involves wr’. 

The elastic relation (17b) represents a result of prac- 
tical significance, as S,; is difficult to measure whereas 
the other three compliances can be readily and accu- 
rately determined by resonance methods.“ There 
are indirect ways of obtaining sj, but they involve 
cascaded errors. A recent collation” of data thus derived 
from different commercial batches of BaTiO, ceramics 
shows agreement with (17b) within less than 3% for 
both open- and short-circuit. For isotropy: 53:=5u, 
(17b) is an identity; it connotes “quasi-isotropy”’ if 
4 (5334-511) is considered as “mean” normal compliance. 

Products of polarization and _ electrostriction,**™ 
piezoelectric coefficients are odd functions of Po, as (14) 
shows. By formal expansion 


Bmn Po(gmn'+ Ema Pi? + Ema Po: ' “de (18) 


67 R, Bechmann, J. Acoust. Soc. Am. 28, 347 (1956). 
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{ m?/ 
oo Vs / coul) 
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Fic. 1. Excess-g ratio versus gis. 


and substitution in (17d) one obtains for small Po: 


(1re) 


£18' = £33'—ga' (first approximation) : 


this is known to hold for weakly polarized ceramics or 
unpolarized ones under weak bias fields. In order of 
magnitude, the first term of (18) corresponds in G,(6) to 
the term Po which produces the lowest order of dielectric 
nonlinearity ; the two are considered jointly in. Corre- 
spondingly, the terms with gmn"(18) parallel those O( P*) 
in (6). For the single crystal, the latter are positive 
definite due to stability requirements, whereas those 
O(P*) are in the main negative because 0, is a first-order 
transition.?* One would, therefore, expect 


Bae'/ fan <0, (19) 


which is also in line with the expected saturation 
character of the y functions [ (10), (14) ]. Noting that 
gis>0, ga<O, gos>O, this means: gis— (gs3—gs1) 
- | gis?| P(: ies >0, Le., 


£is> £3 Bo, (2re) 


confirmed experimentally for well-polarized specimens, 
or rewritten 


[gis— (ga-ga) | 


- (20) 


« gis’ « Pi (second approximation). 
The factors of proportionality would depend on the 
particular ceramic material; for a given material, 
the relative excess of gis over (gss—gs1) would repre- 
sent a comparative measure of the effective polarization 
squared. Some experimental results®* from a batch of 


** The writer is indebted to Mr. D.' Berlincourt who performed 
these rather intricate measurements. 
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commercial BaTiO, (“Brush Ceramic A”) of good 
reproducibility are shown in Fig. 1. They were obtained 
with bars about 3X3X8 mm polarized to various 
degrees in the long dimension; g3; is obtained from 
longitudinal resonance, gs; by means of the open-circuit 
response under low-frequency hydrostatic pressure, with 
electrodes on the end faces, while gis is measured by 
means of an ac force applicator producing simple shear 
with the samples mounted on one long face and elec- 
troded on this and the opposite face. As electrodes must 
be changed without disturbing remanent polarization 
and close temperature control is required, the probable 
accuracy of the single measurements is at best +2%, 
which accounts for the comparatively large estimated 
error limits of the difference (20) indicated in Fig. 1. 
One may rewrite (17d) in the form 


d = 
1-——"|, 
dinP 


£16 


£16 (Ssa— a1) _ (21) 


which indicates that 4 would represent an upper bound 
as gis “saturates.” Noticeably weaker than parabolic 
growth may then be expected starting at values half an 
order of magnitude below 4 due to the third-order terms 
in (18) or those O(Po*) in (6), which have the same sign 
as O(P,°).'* The two highest points of Fig. 1 indicates 
this tendency. 

The following table“ represents averages over four 
samples each of laboratory-made BaTiO, ceramic (I) 
and one with 5 molar % CaTiO, (II) as well as over two 
samples of an experimental lead zirconate-titanate (III). 


Ceramic: I Il lll 
1—(gss—gs1)/g18: 0.12 0.09 0.04 


According to the present theory, this would indicate 
that I shows the highest retained polarization relative 
to its saturation. Measurements of the relative increase 
of electromechanical coupling under an applied bias 
field confirm that the relative remanence of I is some- 
what higher than II. 

III represents a material basically different from I 
and II; the respective factors of proportionality thus 
cannot be compared, as pointed out following (20). As 
the relative difference given in the table is small and 
based on the only two samples available, its relative 
accuracy is bound to be low. Comparison of composi- 
tional variations and examination of the validity and 
range of (20) for this type of ceramic material are 
planned. 

The writer wishes to express his thanks to Mr. D. 
Berlincourt for undertaking the piezoelectric measure- 
ments, to Dr. H. Jaffe for helpful discussions, and to 
The Clevite Research Center for support of this work. 
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Hall Effect and Resistance of Dilute Gold-Chromium Alloys at Low Temperatures* 


Werner B. Teutscut anp Wititam F. Lovet 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received September 17, 1956) 


The temperature dependence of the Hall effect and of the electrical resistance has been investigated in 
pure gold and in gold containing 0.03 and 0.05 atomic percent chromium, principally at temperatures in 
the liquid helium region. For these compositions the temperature dependence of the resistance is abnormal 
at low temperatures, exhibiting a resistance minimum. No corresponding anomaly was observed in the 
Hall effect, but neither was it constant as one might expect in terms of a simple theory. Instead, a monotonic 
increase of the Hall constant with decrease in temperature was obtained below room temperature. This 
behavior is not influenced by the presence of a resistivity minimum to any appreciable extent. The experi- 
mental results favor the interpretation of the resistance minimum as a scattering phenomenon. The speci- 
mens were in the form of annealed foils, approximately 20 100.04 mm. A special circuit permitted 
measurement of the Hall voltages to 0.01 uv, or about 1 part in 1000. 


I. INTRODUCTION 


HE theory of electrical resistance of metals 
indicates that the resistance should decrease 
monotonically with decrease in temperature. In many 
(nonsuperconducting) metals and dilute alloys this is 
found not to be the case, and below about 10°K the 
resistance is found to increase with decreasing temper- 
ature giving rise to the well-known resistance minimum. 
Much work has been done to indicate that this phe- 
nomenon is indeed a bulk effect and to show the role of 
impurities.! All of this has been done by using strictly 
resistance measurements. Since the resistance depends 
both on the density of electrons and their mobility, 
these measurements cannot clearly determine which 
one of these factors is responsible for the anomalous be- 
havior, though the latter one is indicated. Evidently, the 
study of another electronic parameter with a different 
dependence on these factors would be helpful. In partic- 
ular, the Hall effect should depend only on the density 
of electrons and not on their mobility. This report 
deals with the determination of the temperature de- 
pendence of the Hall constant (measured to about 1 
part in 1000) in pure gold and in gold containing 0.03 
and 0.05 atomic percent chromium. For these compo- 
sitions the variation with temperature of the resistivity 
exhibits a minimum of the order of a few percent.? Most 
of the measurements were carried out at temperatures 
attainable by pumping on liquid helium, but the 0.03% 
composition was also investigated at liquid hydrogen 

and liquid nitrogen temperatures. 

Il, EXPERIMENTAL 
A. Sample Preparation 


The samples were prepared from J. Bishop and 
Company gold powder (99.99% purity) and ordinary 


* This work was supported by a contract with the U. S. Atomic 
Energy Commission. 

t National Science Foundation Predoctoral Fellow; now at 
The Institute for Advanced Study, Princeton, New Jersey. 

t Now at the Physics Department of the University of Colorado, 
Boulder, Colorado. 

1 See, e.g., D. K. C. MacDonald, Phys. Rev. 88, 148 (1952); 
H. E. Rorschach and M. A. Herlin, Phys. Rev. 81, 467 (1951). 

2A. N. Gerritsen and J. O. Linde, Physica 18, 877 (1952). 


cp chromium. The metals were combined at first in an 
alloy containing two atomic percent chromium. The 
desired dilute compositions were obtained from appro- 
priate quantities of this alloy and the pure gold. In 
each case the constituents were melted together in 
Vycor tubing under vacuum, accompanied by vigorous 
mechanical agitation to assure homogenization. The 
resulting slugs were swaged into wires about 1 mm in 
diameter, which in turn were rolled into foil about 
0.06 mm thick and 10 mm wide. At each step of this 
procedure, the specimens were put into aqua regia for 
about five minutes. This removed any surface impurities 
and in the final steps also reduced the thickness of the 
sample to about 0.04 mm. A section 20 mm long was 
cut off, annealed at 500°C for at least 24 hours, and 
then mounted in the sample holder for measurement. 


B. Apparatus 


All experiments were carried out in a double Dewar 
flask arrangement suspended between the poles of an 
electromagnet. A brass “head” provided mechanical 
support, a pumping line connection to the inner Dewar 
flask, etc. The various temperatures were obtained by 
pumping on the liquid in the inner Dewar. The vapor 
pressure was regulated by a Cartesian manostat and 
measured with an absolute manometer, from which the 
corresponding temperatures were obtained. A field of 
about 8000 gauss was used in these measurements. The 
electromagnet had 4-in. pole faces with a 2-in. gap and 
could be rotated in the horizontal plane. The current 
supply for it was electronically regulated to better 
than 0.1%, with corresponding stability in the field.’ 


C. Sample Mounting 


Each sample under investigation was kept in direct 
contact with the liquid in the inner Dewar flask. It 
was mounted in a Plexiglass holder which was suspended 
from above by a thin stainless steel rod and supported 
on the sides by the walls of the inner Dewar flask. All 
electrical connections to the sample were made with 


8 Croft, Donahoe, and Love, Rev. Sci. Instr. 26, 360 (1955), 
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Fi, 1, Schematic diagram of the measuring circuit. In some of 
the measurements a Rubicon portable precision potentiometer 
was used instead of the Leeds and Northrup Type K potentiometer 
ndicated in the diagram, The adjustable voltage supply in the 
upper right hand corner is shown in more detail in Fig. 2. 





pressure contacts. Each end of the sample was sand- 
wiched between two copper strips. Current leads were 
brought through the “head” through Kovar seals and 
connected to these strips. Special care was taken with 
the Hall leads and the conductivity leads to avoid the 
introduction of any undesirable electrical noise. Number 
25 Formex-coated copper wire was used. The ends were 
stripped and pressed onto the sample in the positions 
indicated schematically in Fig. 1. The wires, in pairs, 
were twisted together and otherwise carefully arranged, 
particularly in the region of strong magnetic field, to 
minimize flux linkage, and brought out through the 
“head” by means of a vacuum tight seal utilizing two 
rubber stoppers. This seal consisted of a number 6 
stopper drilled out to accommodate snugly a number O 
rubber stopper, with the wires placed between the two. 
By using vacuum grease between the two stoppers a 
perfectly adequate vacuum seal was obtained without 
the thermal noise which Kovar feed-through seals were 
found to introduce. 


D. Measuring Circuit 


The measuring circuit is depicted schematically in 
Fig. 1. Current was supplied to the sample by a 6-v 
heavy duty storage battery through a bank of 6-v 
lamps and a fixed resistor. The current was adjusted by 
varying the number of lamps in the circuit and meas- 
ured by means of a potentiometer across the fixed 
resistor. Usually about 7 amp were employed. The 
potential at the Hall probes (or at the conductivity 
probes) was measured by balancing it against the 
potential across a special 0.1-ohm (nominal) copper 
resistor, utilizing as null detector a Liston-Becker 
Model 14 amplifier (20 ohms input impedance) driving 
a Brown recording potentiometer. The potential across 
the copper resistor was obtained by passing through it 
current from an adjustable supply (shown in detail in 
Fig. 2). The same current also passed through a 100-ohm 
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standard resistor, the voltage across which was meas- 
ured with a potentiometer. Thus at balance the potenti- 
ometer reading in millivolts was equal to the potential 
at the Hall probes (or at the conductivity probes) in 
microvolts. Occasionally, the potential at the conduc- 
tivity probes was determined directly with a Leeds and 
Northrup Type K Potentiometer. The arrangement 
used for measuring the small voltages in this experi- 
ment possesses the main advantages of a Wenner 
bridge, but utilizes more conventional laboratory 
equipment. 

To obtain the necessary sensitivity, care had to be 
taken to keep noise in the measuring circuit at a 
minimum. In particular, this involved the low-imped- 
ance circuit seen by the input of the amplifier. For this 
reason this circuit was wholly constructed of copper. 
The arrangement of the sample leads is indicated in the 
previous section. The switch to select either the Hall 
leads or the current leads was an ordinary Trumbull 
switch (all copper, catalog number 710). The special 
resistor was made by winding the appropriate length 
of number 25 Formex-coated copper wire on a bobbin 
and sealing it in oil in a copper can. Connections were 
made inside the can using low thermal solder. During 
a run, it was kept in a stirred ice bath to assure constant 
resistance. Wherever possible, leads were shielded 
or at least twisted to minimize noise by pickup, 
and miscellaneous metal parts in the vicinity of the 
measuring circuit were grounded. Under usual operating 
conditions, the amplifier gain was adjusted that full 
scale on the recorder corresponded to 1 wv. The recorder 
was adjusted to give a reasonable compromise between 
noise and speed of response, and was zeroed at center 
position. Usually, the noise was about 0.01 uv, or about 
twice what was obtained with a shorted amplifier input. 
Measurements were made to 0.01 vv. Since the Hall 
voltages ranged about 10 uv, they could be determined 
with a precision of about 1 part in 1000. 


III. RESULTS AND DISCUSSION 
The electrical quantities involved in this experiment 
could be measured quite accurately, but the geometrical 
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Fic. 2. Detailed circuit of the adjustable voltage supply used 
in the measuring circuit. 
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quantities could be determined only crudely. Hence, 
instead of absolute values of the resistivity and Hall 
constant, quantities which were proportional to these 
were obtained. These quantities were the voltage at 
the conductivity probes divided by the current, ie., 
the resistance and the Hall voltage divided by the 
current and the magnetic field. The Hall voltage was 
taken as half the difference between the potential at 
the Hall probes with the field in one direction and that 
with the field reversed. The results of these measure- 
ments are shown in Figs. 3 to 6. The observed behavior 
of the resistance in the compositions investigated is in 
good agreement with the study of Gerritsen and Linde.’ 
For the 0.03 atomic percent composition the magneto- 
resistance was also determined at several temperatures, 
but these results are essentially the same as those of 
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Fic. 3. Hall effect and resistance versus temperature for pure 
gold normalized to unity at room temperature. The absolute 
values of the resistivity and Hall constant at room temperature, 
as well as these could be determined, are in agreement with the 
accepted values. 


Gerrittsen and Linde,‘ so that their inclusion here is 
not warranted. 

The experimental results for pure gold at liquid 
helium temperatures are shown in Fig. 3.° The relatively 
high residual resistance and the existence of a resistance 
minimum are probably caused by the 0.01% impurity 
present in the pure gold used. The typical behavior of 
the Hall effect and the resistance of all the compositions 
studied is illustrated by the results on Au+-0.03 atomic 
percent Cr. The specimen of this composition was 
studied more thoroughly than the rest in an attempt 


‘A. N. Gerritsen and J. O. Linde, Physica 19, 61 (1953) 

5H. K. Onnes and B. Beckman [Leiden Comm. No. 129, 1 
(1912) ] measured the Hall effect down to liquid hydrogen temper- 
atures on gold purified from a Dutch florin coin. Our results are 
consistent with theirs. 
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Fic. 4. Hall effect versus temperature of Au+-0.03 atomic 
percent Cr below room temperature, The values are normalized 
to unity at room temperature. 


to get very accurate data. The dependence of the Hall 
effect on temperature over the entire region below 
300°K is shown in Fig. 4 for this sample. Figure 5 
shows the Hall effect results in more detail, together 
with the resistance, in the liquid hydrogen and liquid 
helium region. It may be seen that there is no simple 
correlation between the resistance and the Hall effect. 
At most one might infer the existence of a slight 
inflection point in the Hall effect in the region of the 
resistance minimum, but this remains speculative be- 
cause of the lack of data in this region. The results for 
Au-+0.05 atomic percent Cr are shown in Fig. 6, This 
sample apparently has a resistance maximum at about 
1°K. Although the resistance of this sample behaves 
differently from that of Au+-0.03 atomic percent Cr, 
the Hall effect shows the same behavior as before. In 
addition to the results shown, some less accurate 
measurements were made on a Au-+-0.1 atomic percent 
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Fic. 5, Hall effect and resistance versus temperature of Au+-0,03 
atomic percent Cr in the liquid hydrogen and liquid helium region, 
The values are normalized to unity at room temperature. 
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Fic. 6, Hall effect and resistance versus temperature for Au 
+0.05 atomic percent Cr in the liquid helium region. The data 
are plotted in arbitrary units. 


Cr specimen. This sample showed clearly a slight 
resistance maximum at about 3°K, but the Hall effect 
again showed a uniform increase with decreasing 
temperature. 

It appears from these measurements that in the region 
of temperatures where the resistance anomalies occur 
in Au-Cr alloys, there are no associated anomalies in 
the Hall effect. If the resistance anomalies are caused 
by a change in concentration of carriers (e.g., by a 
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trapping process), this would cause a corresponding 
anomalous behavior of the Hall effect. On the other 
hand, if they are caused by a scattering mechanism 
there would be no simple influence on the Hall effect. 
The experimental results favor the latter interpretation. 

Since the alloys studied are paramagnetic, the temper- 
ature dependence of the Hall effect can be understood 
at least partly in terms of an extraordinary Hall effect.* 
Attempts were made to fit the data on Au+0.03 
atomic percent Cr with a formula of the type 


R=Ryo+C/(T-8), 


where Ro, C, 6 are constants and 7 is the absolute 
temperature.’ An accurate fit to this curve can be 
obtained down to liquid nitrogen temperatures. How- 
ever, a deviation from this fit occurs in the liquid 
hydrogen and liquid helium region. This deviation is 
qualitatively of the type found in ferromagnetic ma- 
terials, and corresponds to a value of C which decreases 
with decreasing temperature. Although it appears 
feasible to explain the temperature dependence of the 
Hall effect in these alloys by means of an extraordinary 
Hall effect, the data are insufficient to exclude other 
possible explanations. 
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Oxides grown on germanium by heating in oxygen are shown to inhibit interaction between the ger- 
manium and the ambient atmosphere. The decay time of the dc field effect increases with increasing thick 
ness of the oxide formed. This indicates that the states associated with the oxide lie principally on its outer 
surface. The decay time decreases, however, in the presence of water vapor, iodine, or ammonia in the 
ambient. This may be explained as being due to an increase in the density of states on the outer surface of 
the oxide layer. Desiccation lengthens the decay time greatly. If the oxide layers are of the order of 0.25 
in thickness, the de field effect displays no measurable decay, and the electrical properties of the underlying 
germanium are unaffected by a vapor as active as iodine. The surface underneath a thick oxide is shown 
to be strongly m type and has a low value of surface recombination velocity. 


INTRODUCTION 


HEN an electric field is applied normal to the 

face of a thin germanium or silicon sample, a 
change in conductance is observed that has been shown! 
to depend strongly on the surface properties of the 
semiconductor. The application of a dc field to a 
freshly etched sample causes the conductance to change 
to a new value in a time of the order of microseconds; 
then the change decays asymptotically to zero with a 
time constant of about one second. The effect is known 
as the de field effect. It has been postulated that the 
relatively long time decay is the result of a charge 
interchange between the semiconductor space-charge 
region and the states in or on the surface oxide layer.’ 
If this explanation is correct, and if the states are on 
the outer surface of the oxide, it would be expected 
that as the oxide thickness increased, the decay time 
would correspondingly increase. It would also be ex- 
pected that the decay time would be affected by the 
density of the outer states, an increase in their density 
causing the decay time to decrease. The growth of a 
thick oxide may also reduce the effects of ambient 
changes on the underlying semiconductor space-charge 
region and, thereby, stabilize a semiconductor device. 
For these reasons oxide formation and its effects were 
studied. The oxides were formed by baking at high 
temperatures. 

The dc field was applied to the semiconductor surface 
by means of a metal plate placed parallel to the thin 
flat sample to form a. capacitor. A battery voltage 
applied to the capacitor yielded a field of about 10 000 
v/cm between the surface of the semiconductor and 
the metal plate. The plate was generally charged posi- 
tively with respect to the germanium sample. The 
application of the field to the germanium surface can 
cause the conductance to either increase or decrease. 
The sign of the change depends on the value of the 
surface potential, ®,. The latter quantity, illustrated 

* The work described here was supported in part by the Bureau 
of Ships. 

1 W. Shockley and G. L. Pearson, Phys. Rev. 74, 232 (1948). 


*R. H. Kingston, Phys. Rev. 98, 1766 (1955); J. Bardeen and 
S. R. Morrison, Physica 20, 873 (1954). 


in Fig. 1, is the difference between the Fermi potential 
and intrinsic potential at the surface. The surface 
conductance is a function of #,, and this function is 
characterized by a minimum in the conductance.’ Since 
the field effect senses the derivative of this function, 
the change in conductance with respect to the polarity 
of the applied field described above will be an increase 
if the surface potential is on the m side of the minimum. 
This effect shall be referred to below as an n-type field 
effect. If the surface potential were on the p side of,the 
minimum and the applied charge within certain limits, 
the conductance would decrease for the same polarity 
of applied field. 


EXPERIMENTAL PROCEDURE 


Samples were fabricated from both n- and p-type 
single-crystal germanium. The resistivities ranged from 
2 ohm cm to 14 ohm cm. The samples consisted of 
rectangular filaments 0.125 in. wide and 0.625 in. long 
which had been lapped to an initial thickness of 0.010 
in. The filaments were plated with rhodium at the ends 
so that nickel tabs could be soldered after the baking 
process. 

The samples were first etched in a (7 HNO; 4 HF) 
mixture and then placed in a quartz boat in a high- 
temperature furnace for some given length of time at a 
known temperature. To grow oxides, oxygen gas was 
allowed to flow slowly over the sample during the 
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Fic. 1, Schematic of energy band structure of semiconductor 
surface region, The symbol, ®, represents the potential in the 
region, i.e., the difference of potential between the Fermi level 
and the intrinsic level. The symbols, , and %», are the values of 
the potential at the surface and in the bulk material, respectively. 
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Fic. 2. (a) Experimental arrangement for dc field effect meas- 
urements. (b) Typical de recorder trace. AG, is the wafer conduct- 
ance change, which is considered to occur within the surface region. 


baking. The ambient gas was generally dried with a 
dry-ice-and-acetone trap. 

The apparatus used for measuring the field-effect 
decay times is illustrated in Fig. 2(a). The conductance 
change of the germanium filament following the appli- 
cation of the de field to its surface produced an imbal- 
ance of a Wheatstone bridge, one arm of which was the 
sample. Voltage changes reflecting variations in the 
sample’s conductance, therefore, appeared at the bridge 
detector terminals and were recorded on a 0-to-10-mv 
Leeds and Northrup de recorder. The voltage changes 
observed were in the range of 1 to 2 mv. The decay 
curves appearing on the recorder rarely were completed 
in less than one second, and since the full-scale response 
time of the recorder was 0.8 sec, it was able to follow 
the particular decay times of interest in these investi- 
gations. A typical trace on the dc recorder is shown in 
Fig. 2(b). The field-effect decay-time constant was 
taken to be the time required for the initial observed 
conductance change to decay by 60% of itself. 

The field-effect capacitor used in the measurements 
consisted of the germanium sample mounted between 
two parallel metal plates, the latter being electrically 
connected, This assembly was kept in a large sealed 
test tube which was protected from light and in which 
a desired level of humidity could be maintained by the 
presence of either desiccating material or of saturated 
aqueous solutions of appropriate salts. A gas-flow 
system had been used at first for establishing ambients 
but was later discarded due to the erratic and non- 
reproducible results obtained. In particular, it had been 
observed that flow about the sample could produce a 
change in the sign of the field effect. This could be 
explained by some sort of electrification phenomenon 
induced by the flow of the gas over the oxide surface of 
the sample or past the bounding surface of the system. 


RESULTS 


The general plan of a major part of the experiment 
was to subject germanium filaments to various degrees 
of oxidation, measure the resulting dc field-effect 
decay-time constants (as previously defined); then 
subject the samples to given humidity conditions for a 
given period of time and redetermine the decay-time 
constants. The results obtained from the above series 
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of experiments are given in Table I. A few explanatory 
remarks can be made about the table. The earlier set 
of decay-time constants (in the column to the left) 
were all measured in room air, except for the samples 
baked at 140°C in which case the ambient was desic- 
cated air. The later set of decay constants (to the right) 
were all measured in the ambient the sample had been 
subjected to, as indicated in the column headed 
“Subsequent exposure .. .”. The decay times which 
exceed several minutes are extrapolation estimates. 
The decay times marked “infinite” indicate that there 
was no observable decay of the field-effect conductance 
change within a period of several minutes. All the field 
effects listed in the table were n type in sign. The only 
p-type field effect observed in the entire experiment 
was on a 4-ohm-cm p-type sample after fresh etching. 
The results in the table did not appear to depend at 
all on the bulk resistivity of the sample, and this 
information has, therefore, been omitted from the 
tabulation. 

It is seen that oxidation of the germanium surface 
could greatly lengthen the dc field-effect decay-time 
constant over the value in evidence on a freshly etched 
surface. The decay time increased with increased oxi- 


Taste I. de field-effect decay times as a function of oxidation 
and exposure to water vapor. 


Treatment of 
sample after 
etching 
Storage in 
room air 
for 1 mo. 


Bake in O, 
for 20 hr 
at 100°C 


Bake in O» 
for 16 hr 
at 140°C 


Bake in O» 
for 30 min 
at 300°C 


Bake in O, 
for 30 min 
at 500°C 


Bake in O, 
for 6 hr 
at 500°C 


Bake in O, 
for 70 hr 
at 500°C 


freshly 
etched 


Decay-time 
constant 
following 
treatment 


20 sec 


several 
hours 


several 
minutes 


several 


hours 


infinite 


infinite 


Subsequent exposure to 
water vapor or 
desiccant 


etched 


100% relative humidity 
for few minutes 


room air for 30 min 
room air for 6 hr 
desiccation 


dipped in distilled H,O 
for 2 seconds 


room air for 1 mo. 
88% r.h. for sev. hr 
100% r.h. for 1 hr 
desiccation for sev. hr 
room air for 30 days 


desiccation for 2 hr 
desiccation for 2 hr more 
room air of average 
humidity for 45 min 
desiccation for 65 hr 
room air for 2 hr 


Decay-time 
constant 
following 
treatment 


1 sec 


48 sec 

10 sec 

long decay 
time 


30 sec . 


infinite 
slow decay 
7 seconds 
infinite 
infinite 


10 sec 
15-20 sec 


2 sec 
5-10 min 
4 sec 
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dation, which corresponded to thicker oxide layers. 
The oxide on the 6-hour baked sample was barely 
discernible, and it disappeared following the water dip 
(confirming the water solubility of the oxide). The 
oxides on the 70-hr baked samples showed interference 
colors which, when compared with those of a General 
Electric film gauge, placed the oxide thickness in the 
0.25-to-0.40 4 range, assuming a refractive index of 
1.65 for germanium dioxide. 

The results show that the presence of sufficient water 
vapor in the ambient reduced the decay time on the 
oxidized samples. This effect increased with increased 
time of exposure to the water vapor and could be 
reversed by desiccating the ambient. The more thickly 
oxidized samples proved to be more resistant to the 
effect of water vapor; i.e., the reduction of their field- 
effect decay time was less for the same humidity 
exposure. Thus, room air humidity had no effect over 
extended periods of time on the 70-hr baked samples, 
though it did lessen considerably the decay times on 
samples with thinner oxides. A series of decay curves 
under different conditions for a heavily oxidized sample 
is given in Fig. 3. 

The heavily oxidized samples showed a markedly 
stronger reduction in the decay time on exposure to 
100% humidity than to 88% humidity. This may be 
associated with the high solubility of the oxide in 
water, making possible a closer proximity of water 
molecules to the germanium surface when bulk water 
can form on the oxide. The subsequent complete 
recovery by the sample, though, of its previous field- 
effect decay time on desiccating its ambient shows that 
the oxide structure suffered no permanent damage. 

It is quite interesting to note that keeping freshly 
etched samples in desiccated air for several days was 
sufficient to greatly increase their field-effect decay- 
time constants. These did not become as long as those 
on thickly oxidized samples, though, and they also 
declined much more rapidly on exposure to water 
vapor than did the time constants of oxidized samples. 

The question arose during the above experiments as 
to whether the changes of field-effect decay time 
following the growth of oxides might be ascribed to an 
effect of the heating, e.g., loss of water vapor. Several 
tests were made to resolve the point. Time-constant 
measurements were made on two freshly etched ger- 
manium samples after they had been heated for 2 hr 
at 100°C in dry argon and, again, after they had been 
similarly heated in dry oxygen. The measurements 
were made with the sample in room air. The time 
constants did not change following the heating in argon 
from their original values of 0.5 sec and 1 sec. However, 
the time constants following the oxygen heating showed 
increases to 3 seconds and 5 seconds, respectively. As 
a further check, a sample was heated for 85 hours at 
500°C in an argon atmosphere into which some air 
may have leaked. The surface did show some evidence 
of oxidation. The field-effect decay time following this 
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Fic. 3. Field-effect decays on a sample which had been heavily 
oxidized. AG, is as defined in Fig. 2. 


treatment was 4 min which was very much less than 
that obtained after similar baking in oxygen. 

The effect of water vapor in reducing the time 
constants on oxidized samples has already been stated, 
Since this was believed to be due to an increased 
density of outer surface states produced by the water 
vapor, it was of interest to test the effects of other 
ambients expected to do the same. Ammonia and iodine 
vapors have strong effects on the surface potential of 
germanium and must, therefore, set up a high density 
of outer surface states. Samples which had been moder- 
ately oxidized and had decay times of about 20 sec 
were exposed to the above vapors for about an hour, 
and their decay times were observed to have fallen to 
about 5 sec, 

The protective property of the thick oxide layer was 
next investigated. Iodine vapor is known to drive a 
freshly etched surface very strongly p type. One of the 
germanium samples which had been oxidized at 500°C 
for 70 hr, and had the characteristic n-type field effect 
with infinite decay time, was exposed to iodine vapor 
for 24 hours. There was no change following this treat- 
ment in the sign, magnitude, or decay time of the 
sample’s de field effect. After further exposure of the 
sample to iodine vapor for a total period of 34 days, 
the field effect still remained m type and of unchanged 
magnitude but did show evidence of a long decay time. 
This protection of the germanium surface from the 
iodine by the thick oxide layer was, indeed, striking. 

An additional experiment to check protection con- 
sisted of subjecting a thickly oxidized sample to wet 
and dry nitrogen cycling. The resulting variation in the 
surface conductance of the sample was 1/10 to 1/20 of 
the variation which occurred when no oxide layer was 
present, the latter value having been about 0.2 10~ 
mho/square. The surface recombination velocity on the 
thickly oxidized sample was 120 cm/sec, and it re- 
mained constant during the ambient cycling. 

All of the samples displayed an n-type field effect 
after oxidation. It was of interest to determine how 
strongly n type the surface potential underlying a 
thick oxide was. The field effect is known to change 
sign, i.e., the conductance vs surface potential curve 
goes through a minimum, at a surface potential about 
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equal in magnitude but opposite in sign to the bulk 
potential, By trying a series of heavily oxidized p-type 
samples of sufficiently low resistivities, then a sample 
displaying a p-type field effect should be discovered. 

For more precise observation of the sign of the field 
effect, an ac field at 600 cps was applied to the sample, 
and the field-effect signal was plotted against the applied 
signal to yield a Lissajous figure on an oscilloscope. The 
balanced circuit of Low‘ was used. The field effect was 
observed to be n-type even on p-type material as low 
in resistivity as 1 ohm-cm. This indicates that strong 
oxidation of the germanium results in a surface po- 
tential corresponding to a resistivity at least as low as 
1 ohm cm n type. The inversion layer on a 1-ohm-cm 
p-type sample would then have a space charge® of 
1.8 10~* coulomb/cm’, indicating a minimum density 
of 1.110" states per cm? establishing the inversion 
layer. 

CONCLUSIONS 


It has been postulated? that the relatively long decay 
times associated with the dc field effect are the result 
of the slow charge interchange between the semicon- 
ductor space-charge region at the surface and the states 
lying in the oxide layer or on its outer surface. The 
semiconductor space-charge region has a charge applied 
to it by the battery, which charge causes the energy 
bands at the surface to bend, thereby displacing the 
energy levels of the outer states with respect to the 
Fermi level. The charge then moves slowly to the outer 
states to restore their equilibrium with the Fermi level. 
The outer states are generally dense enough to absorb 
practically all of the applied charge with little change 
in their percentage of occupancy. Therefore, the semi- 
conductor surface potential and conductance return to 
their original values at equilibrium, i.e., the field effect 
decays. The decay times should: (a) increase with 
longer oxide paths traversed by the charge, and (b) 
decrease with an increasing density of the outer states 
which increases the probability of charge transfer. 

The increasingly long field-effect decay time observed 
with increasing thickness of the oxide layer strongly 
substantiates the first part of the above hypothesis and 
indicates that the outer states lie principally on the 
outer surface of the oxide, except perhaps in the 
presence of a saturated water-vapor ambient. The 
decay times were also observed to become shorter with 
an increasing density of outer surface states induced 
by water vapor, iodine, or ammonia, thus substantiating 
the second part of the above hypothesis. The effect of a 
humid ambient was reversible; removing the water 
vapor with a desiccant restored the original decay times. 

The effect of desiccation alone in greatly lengthening 


*R. H, Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 
(1955). 
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the decay-time constants of freshly etched samples is 
rather striking. It indicates that water vapor may 
account for most of the outer surface states on ger- 
manium in air ambient. 

The thick oxide layer, which removes the outer 
ambient-induced states to a greater distance from the 
germanium surface, was demonstrated to diminish 
markedly the influence of the ambient on the surface 
potential. The protective action of the oxide layer 
probably results from a combination of two factors: 
(1) an increase in the time required for ambient-induced 
states on the oxide surface to reach equilibrium with 
the space-charge region just under the germanium 
surface, and (2) a lessening of the shift in the equilibrium 
value of the germanium surface potential with a given 
change in the ambient. 

The former effect is evidenced by the long or appar- 
ently infinite field-effect. decay times seen for thickly 
oxidized samples; i.e., the usual transfer of applied 
charge from the germanium surface region to the states 
outside the oxide was observed to suffer increasing 
delay with increasing oxide thickness. The second effect 
is deduced in the following manner. A change of ambient 
alters the levels and distribution of the outer states, 
and an interchange of charge, therefore, must take 
place between the outer states and the semiconductor 
space-charge region to bring the former into equilibrium 
with the Fermi level in the semiconductor. The charge 
interchange bends the semiconductor energy bands at 
the surface, changing the surface potential, and also 
produces a potential difference across the oxide layer. 
These effects are additive in moving the outer state 
energy levels to an equilibrium position with respect 
to the Fermi level. Thicker oxide layers increase the 
potential difference produced across the oxide by a 
given charge interchange and minimize, thereby, the 
amount of the charge interchange required to bring 
the outer states to equilibrium with the Fermi level. 
The resulting change in surface potential is thereby 
minimized. This problem has been studied by Pratt 
and Neustadter.® 

The two aspects of the protective mechanism of the 
thick oxide layer are, thus, long or indefinite delaying 
of the effect of outer ambient changes on the inner 
semiconductor surface and strong lessening of the final 
equilibrium changes of the inner surface. Both of these 
aspects should offer promise of stabilizing semiconductor 
devices. 
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A classical Boltzmann model of cyclotron resonance with an energy-independent collision time is devel 
oped. An approximate solution of the Boltzmann equation is obtained by expanding the perturbed dis 
tribution function ©(p,0,@), in a Fourier series in ¢, where the spherical coordinates are defined with the 
polar axis along the magnetic field direction, The solution yields a fundamental cyclotron resonance ab 
sorption line, which shows line shape anisotropy, as well as a shift in resonance peak with magnetic field 
direction. The theory also indicates resonance absorption at harmonics of the fundamental cyclotron reso 
nance frequency, due to the warping of the constant-energy surfaces. The results are applied to a calculation 
of line shapes and harmonic intensities for heavy holes in silicon and germanium. 


INTRODUCTION 


YCLOTRON resonance experiments in semicon- 

ductors'~’ have indicated that a classical descrip- 
tion of most of the observed phenomena is reasonable. 
Electrons in the conduction bands of germanium and 
silicon can be treated as particles moving in classical 
orbits, described by constant energy surfaces consisting 
of ellipsoids of revolution.?* Two kinds of holes occur 
for the valence bands of both germanium and silicon. 
Each kind of hole can be treated as a classical particle, 
whose motion can be described in terms of warped 
spherical constant energy surfaces.*:* These models for 
the energy surfaces have been used to calculate the 
frequencies of cyclotron resonance motion in a de mag- 
netic field. By fitting the theoretical expressions for the 
frequencies to the experimental results, the shapes of 
the constant-energy surfaces for carriers in germanium 
and silicon have been determined.'~’ 

In this paper, we shall consider a perturbation treat- 
ment of the classical model of cyclotron resonance for 
warped surfaces, using the Boltzmann transport equa- 
tion. The application of the Boltzmann equation to dc 
galvanomagnetic effects in metals and semiconductors 
has a long history.* Jones and Zener,’ Blochinzev and 
Nordheim,” Davis," and others have discussed the 
theory of magnetoresistance and Hall effect for ellip- 
soidal energy surfaces. Jones’? and Blackman” have 

* The research reported in this document was supported jointly 
by the U. S. Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

t Now at the Physics Department of the University of Wis- 
consin, Madison, Wisconsin. 
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used such calculations to explain the anisotropy of the 
de Haas-Van Alphen effect in bismuth. More recently, 
Meiboom and Abeles'* and Shibuya'® used an ellip- 
soidal model to explain the anisotropy of de Hall effect 
and magnetoresistance in n-type germanium. 

Margenau,'* Allis,’ and others have developed the 
general Boltzmann theory of rf conductivity and applied 
it to ionized gases. London,'* Pippard,” and Reuter 
and Sondheimer® have developed Boltzmann theories 
of rf conductivity for superconductors and metals. 
More recently, Luttinger and Goodman® and McClure”* 
have considered the general theory of conductivity for 
warped surfaces. We shall discuss a Boltzmann treat- 
ment of cyclotron resonant absorption of energy, for 
slightly warped spherical energy surfaces, assuming an 
energy-independent collision time. The expressions ob- 
tained will be applied to the valence bands of ger- 
manium and silicon. The results have been compared 
with experimental data in a previous paper.” 


I, BOLTZMANN EQUATION 


The Boltzmann equation is written in a slightly 
modified version of the notation of Wilson”: 


‘TeE+(e/c)vXH lV f+v-V.f+0f/at (f—fo)/r. (A) 


Here, f is the distribution function, f(p,r,/; H,E), nor- 
malized so that {'fdp=n, the number of carriers per 
cc; V, and V, are, respectively, the gradients in mo- 
mentum space and coordinate space; v@V,&5(p); and 
fo is the distribution function in the absence of E and 
H. + is the collision time, which may in general be a 
function of 6. 
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We will assume a uniform distribution of carriers in 
coordinate space, so that V,f=0. H is assumed constant, 
f is written in the form f= fo—®- (0/0/06), and E and 
# are assumed to have an e/*' dependence. 

If these are substituted in Eq. (1), and a term of 
order E{ 4(df,/88)] is neglected compared to one of 
order EJ fo), we obtain 


reE- v—r(e/c)(vKH)-V@—(1+jor)@=0. (2) 


The assumption that the perturbed part of the dis- 
tribution function, &(4fo/0&), is small compared to fo, 
holds only if E is small. This means, physically, that 
Eq. (2) holds at resonance, only if carriers gain little 
energy between collisions, and remain on essentially 
the same constant-energy surface in momentum space. 

The current due to the perturbed distribution func- 
tion is given by an integral over momentum space : 


J=eff fvap- ~e f (afo/a8)ovip (3) 


Equations (2) and (3) form the basis for the discussion 
of cyclotron resonance for warped spherical constant- 
energy surfaces. 


Il. WARPED SURFACES 


‘The energy-momentum relation for a warped con- 
stant-energy surface is taken to be of the form 


S= (p*/2m)[1+8(p/p) J, (4) 


where m is an average effective mass, and g(p/p) is a 
small, nonspherical term, which is a function of angle 
only. We introduce spherical coordinates (p,0,@) in 
momentum space, with the direction of H as the z 
direction. If we now assume r independent of energy, 
and write = x(©,¢)per/m, then substitution into 
Eq. (2) yields 


u- E+wr[ (14+-R)Do+ODe ]x—(1+jwr)x=0, (5) 
where 
u(O,p)=(m/p)V,S=(m/p)v, w'=eH/me, 
w(O,¢)=u—p=[gpt+4pV 6], Ds=d/d9, 


O(0,¢) = (w, sind—w, cosp)(1/sin@), 
De= sin@(sin®+cosd/d0), 


R(0,o) = (w, cosp+wy sind)(1/sin®), p= p/p. 


An approximate solution of Eq. (5) is obtained, by 
expanding x in a Fourier series in ¢, as 
x= D> xn(Q) cosnp+x~n(@) sinnd. 


This leads to a set of linear equations, in which only 
x, and x, are coupled, to first order in g. Substitution 
of x into Eq. (3) gives the current, and an approximate 
expression for the power absorption per unit volume: 
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P=} Re(J-E) 
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8 m 
(1+ jwr)(S,u,+S_,u_,) sinOd@ 
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(1+ jwr)*+[nw(1+Ro) Pr? 


where N is the number of carriers per cc, and 


1 


1 - 
S= utter] — fate sinddedo | : 


In this expression, the subscripts (m) and (—n) refer, 
respectively, to cosnp and sinn@ harmonic components, 
and n=O refers to a constant term. The quantities 
appearing under the integral sign are functions of 0, 
and of magnetic field direction. 

For wr1, resonance occurs for the fundamental 
cyclotron current (n=1), when 


w= (1+ Ro). (7) 


To first order in the warping, this resonance condition 
is the same as that obtained from the Shockley integral 
for the cyclotron frequency.”® 

Equation (6) also contains contributions to the cur- 
rent for n=2,3,-+-. These correspond to resonant 
absorption of energy at harmonics of the fundamental 
cyclotron frequency.” 


Ill. HOLES IN GERMANIUM AND SILICON 
(a) Energy Surfaces 


The expression of Eq. (6) for cyclotron resonance in 
the case of slightly warped spherical energy surfaces, 
does not depend on the explicit form of the energy- 
momentum relationship for carriers. However, theo- 
retical considerations of Dresselhaus, Kip and Kittel,’ 
Shockley,?’ and others and experimental observations®? 
indicate that the top of the valence band in both ger- 
manium and silicon consists of a pair of warped 
spherical energy surfaces, degenerate at k=0, and 
given by an expression of the form 


h? 
, ll 
2mo 


K {APL BR +A (kk +hke+kek.*) }}, (8) 


in the cubic axis system, where the (+) sign refers to 
the two different bands. 
For purposes of a Boltzmann calculation, we shall 


write 
&=— (p*/2m)(1+8(p/p)], (9) 


2° W. Shockley, Phys. Rev. 79, 191 (1950). 
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CLASSICAL 


p=hk, 
m= mol A+ (B°+3C%)'}", 
8(p/p) = + (B+éC*) [A+ (B+3C)'} 
C (pat py'+ps'— Fp") 
x{{1-___ =| -'} 
2(BP+3C*) p* 

The energy-momentum relation has been artificially 
written in this form, to reduce the problem to the 
general form we have considered, with g(p/p) as small 
as possible. From these expressions, it is clear that the 
(+) and (—) sign refer, respectively, to the light and 
heavy holes. 

On the basis of experimental results,’’* we may ex- 
pand the square root in Eq. (9) to first order, with a 
maximum error of approximately 0.9% for germanium 
and 7% for silicon. This maximum error occurs only 
over very small regions on a constant-energy surface, 
and produces a much smaller effect on the averages 
appearing in the Boltzmann theory. Then, g(p/p) in 
the cubic frame of reference may be reduced to 


(p/p) =«L (ps/p)*+ (py/p)*+(p./p)*—F], (10) 
where 
FC? 


, 4(B+AC) ILA + (BAC) 4) 





Our task in analyzing the cyclotron resonance of holes 
is now to evaluate the terms appearing in the expres- 
sions for the cyclotron resonance current in spherical 
coordinates, with the polar axis along H, making use 
of Eq. (10). 

The situation for the light holes is rather simple in 


Coos}. 
aa | : 





/ 
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Fic. 1. Coordinate systems used in analyzing cyclotron reso- 
nance in germanium and silicon. The crystal axes are labeled 
[100], [010], and (001). (2, 9,2) are “magnetic” coordinate axes, 
with x and y respectively symmetrical to P00) and [010]. 
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Fic. 2. Schematic, showing the intersection of a plane normal 
to H, with the warped constant energy surfaces in germanium or 
silicon. (#4, 9, and @), with 2 out of the paper, are magnetic 
coordinates. 


both germanium and silicon. In both these materials, 
x is small for the light holes (~0.16 for germanium, 
0.32 for silicon)* so that there is a very slight anisotropy 
of the cyclotron resonant frequency and line shape. 
Harmonic cyclotron resonance is much too small to 
observe experimentally. 

We shall consider two cases of cyclotron resonance of 
heavy holes in germanium and silicon: Case (1) trans- 
verse cyclotron resonance: E along the [110] direction, 
and H in the plane normal to E (see Fig. 1); Case (2) 
longitudinal cyclotron resonance: E in the (110) plane 
and H parallel to E. We shall discuss line shapes of the 
fundamental high-mass-hole resonance, for Case (1), 
and the relative intensities of fundamental and har- 
monic cyclotron resonance for both Cases (1) and (2). 


(b) Fundamental Cyclotron Resonance Line Shapes 


The magnetic frame of reference (#92) is chosen, as 
shown in Fig. 1, with the unit vectors # and § sym- 
metrical with respect to the (110) plane. In this frame 
of reference, E=(E/v2)(#— 9). (See Fig. 2.) Using 
Eq. (6) for the cyclotron power absorption and making 
use of simple relations which follow from mirror plane 
symmetry with respect to the (110) plane, expressions 
for the power absorbed in transverse cyclotron reso- 
nance have been obtained. For the fundamental and 
first 2 harmonics, 
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The expressions for longitudinal cyclotron resonance 
absorption are 
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Higher harmonics also appear, but are of very low 
intensity. 

In the appendix, we discuss the approximate evalua- 
tion of the quantities appearing in the integrals of Eq. 
(11) and Eq. (12), as a function of the angle ©, and of 
the angle @ in the (110) plane, made by the magnetic 
field with respect to the [001 ] direction. The expression 
for the fundamental cyclotron resonant frequency, to 
first order in the warping, is 


wes(1 4+ Ro) = (eH /mc) {1+ pyx 3(—5/9— 2a?+ 3a) 
4+7(14+10a?—15a4)A*]}, (13) 


where a= cosé, A = cos. 

Dresselhaus, Kip, and Kittel,’ show curves of m* 
versus ky, for H along [100], [111], and [110]. Their 
curves seem consistent with Eq. (13). 

It is interesting to note that, for @~29.5°, the first 
order cyclotron frequency is independent of ©, so that 
the resonance line should be most nearly Lorentzian 
in this case. 

It should be pointed out that the assumption of 
slight warping, made in developing the present cyclo- 
tron expressions, does not hold too well for regions on a 
constant energy surface far from the center contour for 
heavy holes in germanium and silicon. However, the 
integration over © favors the region of the constant- 
energy surface near the center, where the approxima- 
tions are more valid. McClure” and Luttinger and 
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Goodman® have developed more general theories of 
conductivity for warped constant-energy surfaces. 
Luttinger and Goodman have been carrying out ac- 
curate calculations of cyclotron resonance line shapes 
for holes in germanium, and our results seem to be in 
reasonable agreement with theirs. 

By using the results of the appendix, the relative line 
intensities of the fundamental cyclotron resonance ab- 
sorption of heavy holes as a function of magnetic field 
have been calculated for H along the [001], [111], 
and [110]. The parameters chosen for the calculation 
were wr=5.5, and x=0.854. The resulting curves are 
shown in Fig. 3. Lorentzian lines with wr=5.5, for the 
center contour frequency (cos@=0) are shown for 
purposes of comparison. 

These computations were begun before the best 
possible experimental determination of « had been made 
for either germanium or silicon. However, the experi- 
mental values of x for germanium and silicon are not 
very much different from 0.854, (~1.15 for germanium, 
~0.95 for silicon) so that an approximate comparison 
of line shapes should be possible. Experimental curves 
are shown in a previous paper.” 

In the limit of large wr, an approximate expression 
can be obtained for the fractional shift, AH/H, of the 
absorption peak from the center slice peak, due to the 
warping. The result for H along the [001 ] direction is a 
fractional shift of ~0.22/wr, toward higher fields. For 
H along the [110] and [111] directions, the fractional 
shift is ~0.22/wr toward lower fields. This result is 
consistent with the curves of Fig. 3, and is useful in 
determining the constants A, B, and C from the experi- 
mental data.” 

The value of wr can be determined from the heavy- 
mass-hole resonances, for wr>>1. The method is appli- 
cable for H along the [001], the [111], and the [110] 
directions. Let H’ be the value of the magnetic field on 
the steeper side of the resonance such that (H’— Ho)/Ho 
=1/wr, where Ho is the value of the field at the peak. 
Then, an approximate expression can be obtained for 
the ratio of the power absorption, P’, at H’, to the 
power absorption, Po, at Ho. The result is P’/ Po0.55 
for H along the [001] direction, and P’/P 0.51 for 
H along the [111] and [110] directions. 


(c) Harmonic Intensities 


Integrated harmonic intensities have been calculated 
for second and third harmonic cyclotron resonance lines, 
for Case (1) and Case (2), using the first-order expres- 
sions of the appendix. Detailed line shape calculations 
were not made for the harmonics, since experimentally 
they are of low intensity, and are obscured by the 
presence of other, larger, resonances. The integrated 
intensity is an approximate measure of peak intensity, 
if the anisotropy spread in resonant frequency is less 
than the line width, 2/r. 

Certain simple relations hold for the cyclotron reso- 
nance harmonic intensities. For transverse cyclotron 
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resonance [Case (1)] the second harmonic intensity 
should be identically zero for H along the [001] and 
the [110] directions; and the third harmonic intensity 
should be zero for H along the [111] direction. The 
contribution of the center contour to the transverse 
second harmonic cyclotron resonance intensity is zero 
for H anywhere in the (110) plane; however, the con- 
tribution of the remainder of the constant energy sur- 
face is considerable. 

For longitudinal cyclotron resonance [Case (2) ], 
the intensity of the fundamental should be zero for H 
along the [001], [111], and [110] directions. The 
second harmonic intensity should be zero for H along 
[001 ] and [111]. The third harmonic intensity should 
be zero for H along [001 } and [110]. 

Figure 4 shows the integrated intensity of second and 
third harmonic cyclotron resonance, both transverse 
and longitudinal, as a function of the angle 6. The ex- 
perimental line intensities of harmonics” show only 
partial agreement between theory and experiment. 


IV. DISCUSSION 


The agreement between cyclotron resonance ob- 
servations, and the classical Boltzmann models with r 


THEORY 

















Fic, 3. Cyclotron resonance of heavy holes for H along 
(a) [001], (b) [111], and (c) [110]. Curves show power ab 
sorption (arbitrary scale) versus magnetic field, in units of 
w!/w=ell/mcw. Parameters chosen were wr=5.5, K 0.854, 
Curves of the center contour Lorentz lines are shown for 
comparison. 


independent of energy, discussed in this paper, are on 
the whole fairly good. Both resonant frequencies and 
general features of the line shapes are reproduced by 
the theories. The occurrence of harmonics of the cyclo- 
tron resonance lines for heavy holes in Ge and Si is 
explained, although the observed intensities are not 
completely consistent with theory. However, in experi- 
mental configurations where the rf electric field is pre- 
sumed to be perpendicular to the de magnetic field, 
there may also be some parallel rf electric field present. 
This would make the comparison of observed harmonic 
intensities with the theory very inaccurate. 

Cyclotron resonance may also be considered from the 
quantum-mechanical point of view.2* Carriers exist in 
Ge and Si, in quantized levels (Landau levels) in the 
magnetic field. The rf electric field produces electric 
dipole transitions between levels, and the resonant fre- 
quencies are given by the same expressions as the 
classical ones. For the case of warped surfaces, the 
warping produces a mixing of Landau levels and a 
violation of the usual selection rules, giving rise to 


J. M. Luttinger, Phys. Rev. 98, 1560(A) (1955); J. M 
Luttinger, Phys. Rev. 102, 1030 (1956) 

*R. B. Dingle, Proc. Roy. Soc. (London) A212, 38 (1952). 

* J. G. Dorfman, Doklady Akad. Nauk S.S.S.R. $1, 765 (1951). 
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Fic, 4. Integrated harmonic intensities of heavy-mass-hole 
resonances, as a function of the angle 6, between the [001] and 
H. The intensities are given in units of «, relative to the funda 
mental transverse cyclotron resonance of heavy holes. (a) Shows 
the intensities for second and third harmonic transverse cyclotron 
resonance; (b) shows the intensities for fundamental second and 
third harmonic longitudinal cyclotron resonance. 


harmonic cyclotron resonance absorption. All of the 
quantum results are the same as those of the classical 
theory, except at very low quantum numbers for the 
case of bands degenerate at k= 0 (see reference 28). The 
theory then predicts a change in resonant frequencies. 
Observations by Fletcher et al." of cyclotron resonance 
of holes in germanium at 4.2°K to 1.3°K, and very low 
power levels, probably indicate the occurrence of such 
low quantum number effects. 

Fletcher et al." have also observed line narrowing at 
very low power levels, (10~* mw). This perhaps indi- 
cates that, at higher power levels (10~* mw) and liquid 
helium temperatures, the electrons and holes are at 
temperatures higher than the lattice because the lattice- 
electron relaxation, through the mechanism of phonon 
creation and annihilation, is less effective at such low 
temperatures.” 

The assumption of energy-independent relaxation 
time r, for the calculations in this paper, was mainly 
for the purpose of simplifying the results. The fact that 
the main features of the line shapes can be explained 
by an energy-independent r should not be considered 
as very strong confirmation of this particular assump- 
tion. The general results are probably rather insensitive 
to the energy dependence of r. The theory of cyclotron 


* Fletcher, Yager, and Merritt, Phys. Rev. 100, 747 (1955). 
# A. Overhauser (private communication). 
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resonance for warped energy surfaces can be modified 
to take into account the energy dependence of 1, by 
using the more general theory of Luttinger and Good- 
man” and McClure.” A careful measurement of the 
temperature dependence of cyclotron resonance line 
widths at low rf powers, as a function of such variables 
as impurity concentration, crystal prefection, and dis- 
location density, could help toward a better under- 
standing of scattering mechanisms and the energy 
dependence of r. 
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APPENDIX. EVALUATION OF CYCLOTRON 
RESONANCE EXPRESSIONS 

To evaluate the quantities appearing in the expres- 
sions for the cyclotron resonance of holes in germanium 
and silicon, it is necessary to write the quantity (g/x) 
= (p+ py'+pA—Fp')/p* in terms of spherical co- 
ordinates (p,0,) in the “magnetic” frame of refer- 
ences (#,9,2). (See Fig. 2.) The expression is 


(g/k) = gotgi(cosh+sing)+¢_2 sin2p 
+ gs(cos3p— sin3@) + g4(cos4), 
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£4= py BY(— 34-1002 — 3a’), 
A=cos0, a=cos#, and @ is the angle made by the 


magnetic field direction B=sin®, 8=sin@, with respect 
to the [001 } axis. 
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From these relations, the quantities appearing in 
Eqs. (11) and (12) for cyclotron resonance power ab- 
sorption have been obtained, to first order in the warp- 
ing. The resulting expressions are 
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The power absorption for the fundamental or any of 
the harmonics, may be written in the form 


! O(A*)dA 
P=Re(1+ jr) f — , 
1 (1+ jwr)? +10? (a+bA‘*) 


where Q(A*) is a polynomial in A’, and a and 6 are 
functions of the magnetic field direction. These inte- 
grals may be evaluated exactly. However, the final 
evaluation of the power absorption as a function of H 
still requires a numerical calculation, since the result 
contains a term which is the real part of the logarithm 
of a complex argument. 
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Noise, Time-Constant, and Hall Studies on Lead Sulfide Photoconductive Films 


Frances L, Lummis anv Ricnarp L, Perrirz 
United States Naval Ordnance Laboratory, White Oak, Maryland 
(Received October 4, 1956) 


Measurements of the noise in seven lead sulfide photocon 
ductive films over the frequency range 20-16 000 cps show that 
the noise consists mainly of a 1/f component at frequencies 
below 100 cps, a generation-recombination component between 
100 and 10000 cps and a Nyquist component at higher fre- 
quencies. The data are analyzed to give the magnitude, No(G-R), 
and the time constant, r,, of the generation-recombination noise. 
The signal time constant, 7,, is found by measuring the frequency 
dependence of the photoconductive response. The product of the 
majority carrier density and the film thickness, pd, is found from 
measurement of the Hall voltage. Representative values are 


I, INTRODUCTION 


THEORY of photoconductivity in semiconductor 

films of the lead salt family was recently de- 
veloped! which considers the primary photoeffect to 
be a change in the number of majority carriers in the 
crystallites, Secondary amplification can occur from 
the lowering of intercrystalline barrier potentials. It 
was shown that the noise in such a detector should 
have four components: 1//, generation-recombination, 
Nyquist, and shot noise. The intercrystalline barriers 
give rise to a Nyquist and a shot component of noise 
while the crystallites give rise to a Nyquist and a 
generation-recombination component. The 1/f com- 
ponent is believed to be associated with surfaces and 
intercrystalline barriers. The Nyquist terms are inde- 
pendent of current, the shot term is proportional to 
current, and the generation-recombination and 1/f 
terms are proportional to the square of the current. For 
biasing currents normally used in photoconductors, the 
1/f component dominates at low frequencies, and the 
Nyquist and shot components at high frequencies. 
Generation-recombination noise, which establishes the 
fundamental limit of sensitivity, should be observable 
in sensitive detectors at intermediate frequencies. 


WEWLETT 
PACKARD 
AMPLIFIER 

MODEL 4504 


GENERAL 
RADIO 
ATTENUATOR 


vielen 


GENERAL 
RADIO 
wave 
ANALYZER 


I 
Par 


TEKTRON Ix 
PREAMPLIFIER ba 
TYPE 122 


TEKTRONIx 
OSCILLOSCOPE 
TYPE Si2 


_ 


Are 


b— Tec ecrrove ot ee cE } 


RECORDER | 


Fic. 1. Block diagram of the apparatus for noise measurements 
including a schematic diagram of the cell biasing circuit; sketch 
defining dimensions of a photoconductive film deposited on glass; 
and a sample recorder trace of noise voltage. 


1R. L. Petritz, Phys. Rev. 104, 1508 (1956) (called I in text). 


Nw(G-R)=4.5X10 rms noise volts/[(de bias volt (A/)*], 
Tn= 230 usec, r,= 280 microseconds, and pd= 3.0 10"/cm?. 
From r, and pd, a theoretical value of No(G-R) is calculated 
and found to be in good agreement with the experimental value. 
From this and the reasonable agreement between 7, and rp» it 
is concluded that these measurements furnish a verification of the 
theory of photoconductivity in semiconductor films recently 
published by one of us. Calculation shows that the generation- 
recombination noise is mainly due to lattice processes; less than 
% is due to radiation fluctuations. It is also shown that noise 
can be used in place of Hall measurements to evaluate certain 
semiconductor parameters. 


The primary generation-recombination noise is a 
fluctuation in the number of charge carriers (holes) in 
the crystallites; it will be amplified if barrier modula- 
tion occurs. The number of holes fluctuates because of 
fluctuations in the rate of absorption and emission of 
background radiation, and because of fluctuations in 
the rate of absorption and emission of lattice phonons. 
The generation-recombination noise spectrum is of the 
form 1/[1+(wr,)?], where 7, is the photoconductive 
time constant. This spectrum is the same as the fre- 
quency dependence of the signal response to pulsed 
radiation.? 

Prior to 1951, semiconductors showed* a noise 
spectrum having an inverse frequency dependence, 
called a 1/f spectrum. We began noise experiments at 
that time with the hope of finding a generation-recom- 
bination component in the spectrum. The chemically 
deposited lead sulfide film of Eastman Kodak was 
chosen for study because it was known to be a very 
sensitive detector. Photoconductive measurements‘ 
showed 17,2280 microseconds. Noise measurements‘ 
made over the audio-frequency range (20-16 000 cps) 
showed a clear deviation from the 1/f law which was 
identified as generation-recombination noise. The time 
constant obtained from the noise data was in reasonably 
good agreement with that of the signal response. This 
was the first experimental verification of the predicted 
relation? between the frequency dependence of the 
photoconductive response and the spectrum of the 
noise. It was also one of the first observations of a 
generation-recombination component of noise in semi- 
conductors. Herzog and van der Ziel observed such a 


*R. L, Petritz, Phys. Rev. 86, 660(A) (1952). 

§ Extensive references to papers on noise in semiconductors will 
be found in A. van der Ziel, Noise (Prentice-Hall, Inc., New York, 
1955); A. van der Ziel in Advances in Electronics (Academic Press, 
Inc., New York, 1952), Vol. 4; and R. L. Petritz, Proc. Inst. Radio 
Engrs. 40, 1440 (1952). Reference to papers on noise in the lead 
salt photoconductors will be found in T. S. Moss, Proc. Inst. 
Radio. Engrs. 43, 1869 (1955). 

‘F. L. Lummis and R. L. Petritz, Phys. Rev. 86, 660(A) (1952). 
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spectrum in germanium filaments at about the same 
time.® 

Having observed a generation-recombination com- 
ponent in the noise, it then became possible to check 
the magnitude with predictions of the theory developed 
in I, To make the comparison one needs independent 
measurements of time constant and Hall voltage, along 
with noise measurements. In this paper we report such 
measurements and compare theory with experiment. 


Il. NOISE MEASUREMENTS 
A. Apparatus 


A block diagram of the apparatus for making the 
noise measurements is shown in Fig. 1. The cell, of 
resistance R, is biased with the voltage, Vac, in series 
with the load resistor, R,. The input resistance of the 
amplifier is Ra=1 megohm. For noise measurements 
R:=R. The General Radio wave analyzer was used 
both as a variable-frequency filter and as a detector. An 
R-C filter with a time constant of 1 second was used to 
smooth the fluctuations before recording the noise 


GIR\) = 4KT/R,, 
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Fic. 2, Equivalent ac circuit for noise analysis given in Sec. ITB. 


voltage. The noise voltage at each frequency was 
recorded for about five minutes; a typical recorder 
trace is included in Fig. 1. As evident from the trace, 
readings accurate to within 4 db were easily obtained. 
The attenuator made it possible to keep the recorder 
deflection near its most sensitive position, thus mini- 
mizing calibration errors. 


B. Measurement Procedure and Data Analysis 


To compare experiment and theory we need to 
separate the G-R (generation-recombination) com- 
ponent of noise from Nyquist, shot and 1/f noise. The 
excess cell noise is represented by an equivalent short- 
circuit noise current generator G(/,2) as shown in 
Fig. 2. This generator includes the 1/f, G-R, and shot 
components of the cell noise. The Nyquist noise of the 
cell is grouped with that of the load and amplifier 
resistors and is represented by G(R,,) in Fig. 2. For the 
circuit of Fig. 1 and Fig. 2, with Va.=0, the mean- 
square noise voltage in a band width Af at the grid of 


5G. B. Herzog and A. van der Ziel, Phys. Rev. 84, 1249 (1951). 
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Fic, 3. Noise and signal data for cell A7-4: solid circles indicate 
Nyquist noise data, triangles indicate noise voltage with matched 
load (erect triangles for Jae=46ya, inverted triangles for 
Tae 23 ua), %’s indicate corrected noise voltage data for 
Tae = 46 ya. All of the noise voltage curves are plotted on the same 
relative scale. The noise data, when read on the right-hand ordi 
nate, is discussed in Sec. ITC. Diamonds indicate signal voltage 
for R,=50000 ohms, and squares indicate signal voltage for 
matched load; no relation is implied for the magnitude of the 
signal from one curve to another. 


the preamplifier is 
(e*)=G(Ry)| Z| 2A f, 


G(Ry) =4kT/Ry, G(T?) 0, 


R,? 


|Zy|?= - ’ 
1+ (wry)? 


Tu RC ‘Wy 


Pom 2 1 
—=—}+-—+—. 
Ry R Ri Ra 


C,, is the total shunt capacitance of the input circuit. 

The detector in the General Radio wave analyzer is 
a linear detector. Theory shows*® that the average 
output voltage, as taken from the recorder, is related 
to the spectrum of the input noise by 


(V(Ry))=CART/Ry) |Z) |?X4e | K(f) 24h}, (4) 


where K(f) is the gain of the amplifier-attenuator-filter 
system at the tuning frequency, f/, and A/ is the band 
width of the filter (Af=5 cps). Except at very low 
frequencies, |K(f)*|A/f is independent of /. Therefore 
the plot of (V(R,,)) can be expected to show a drop at 
high frequencies where |Z,,(f)|? decreases. The solid 
circle data points of Figs. 3 and 4 are the Nyquist 
noise voltage for two representative cells and show 
this behavior. 

When a de voltage is applied across the cell and 
load resistor, the excess cell noise is no longer zero. 
The average recorder voltage is now 


(V (Rye) = {(GU2)44RT/Ry | Zy(f)|? 
K4r|K(f)|?A fy. (5) 


$J. L. Lawson and G. E. Uhkenbeck, Threshold Signals 
(McGraw-Hill Book Company, Inc., New York, 1950), Chap. 3. 
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The triangular points of Figs. 3 and 4 are plots of 
(V(R,,1.)). 

We find (V(J,)), the spectral shape of G(/?), by 
solving Eqs. (4) and (5); 


(V(I.))=(GU2)hr| K(f) |? f PR, 
= (L(V (Rye)? (V(R,)P JU + (wr,)* }}'. (6) 


That is, first the square root of the difference in the 
squares of the total noise data (erect triangles) and the 
Nyquist data (solid circles) is calculated. Then curve B, 
which is a plot of [1+ (wr,,)*}-' is used to make the 
frequency correction in Eq. (6). The method of ob- 
taining curve B will be described in Sec, ITIC. Finally, 
there is a small correction at low frequencies because 
K(f) decreases in the amplifiers. The crosses (X’s) 
are the data after being corrected. 

The magnitude of the gain*-band-width factor, 
hw| K(f) |*Af, is found by calibration with the Nyquist 
noise. From Eq. (4) we have, at low frequencies, 


hn |K |*2Af=(V(R,,))*/4kTR,,. (7) 


Substituting Eq. (7) into Eq. (6) we have for the 
absolute magnitude of the spectrum, 


((V(Ry,T.))*—(V (Ry) ART 


( V (RW) PR 
(V (Rul)? 4kT 


G(I,) 


~ (V(Ry)) Ru 
wK1/Ty. 


(C) Dependence of G(J,*) on Biasing Current 


As shown in I [ Eqs. (59) and (60) ], G(2) should be 
of the form 


G12) = NP(161 a6?/ A) + 2g ao/nL, (9) 


where \, is independent of current and represents the 
G-R and 1/f components of noise, A is the cell area, 
2qlac/nL is the shot noise of the barriers, nm is the 
number of barriers in series per unit length of film, and 
L is the length of the film. 

The dependence of G(/,?) on Ja was explored. The 
inverted triangles of Fig. 3 are data for J4.=23 ya, 
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while the erect triangles are for J4¢= 46 wa. Examination 
shows G(/ 2) « Ia, from which we conclude that there 
is no shot component of noise in the region of bias 
current used in this study. 

N, normalizes G(/,?) to unit biasing current and unit 
sensitive area and is called the specific noise. We cal- 
culate V, from our data; this is a numerical operation 
on the corrected data (X’s) of Figs. 3 and 4 and does 
not change the frequency dependence. The right-hand 
ordinates of the figures are in terms of N,. 


D. Discussion 


The above corrections do not change the original 
data appreciably at low and intermediate frequencies. 
However, at frequencies above 1000 cps the corrections 
are needed to get an accurate slope for the spectrum. 
The net corrections depend on the load resistor; a 
small value makes the capacitance correction small but 
increases the Nyquist noise relative to the excess cell 
noise as shown by Eq. (5). It was found that the matched 
condition, Rp= R, was a good compromise. Note that 
at high frequencies the net correction is to raise the 
data in Fig. 4 while in Fig. 3 it is to lower the data. 

By the above analysis we have separated the excess 
cell noise, G(/,?), from the Nyquist noise of the cell 
and load resistors; that is, we have obtained the correct 
frequency dependence of G(/,*) and its absolute mag- 
nitude. Our next step in the noise analysis is to separate 
G(I2) into its G-R and 1/f components, but before 
doing this we discuss the measurement of the photo- 
conductive time constant. 


III. PHOTOCONDUCTIVE RESPONSE 
MEASUREMENTS 


A. Apparatus 


The radiation signal source was a neon bulb pulsed 
by a square wave generator. The cell was biased in the 
same manner as for the noise measurements as shown 
in Fig. 1, except that R,=50 000 ohms to minimize the 
effect of circuit capacitance. The same basic ampli- 
fication setup was used, but since less gain was needed 
the Hewlett-Packard amplifier and the attenuator 
could be eliminated. Signal voltage was read directly 
on the wave analyzer, so the filter and recorder were 
not used. 


B. Procedure for Measuring «, 


The neon bulb was pulsed at frequencies ranging from 
20 to 16.000 cps, and the corresponding signal voltage 
was read from the wave analyzer tuned to the funda- 
mental frequency of the pulse. The diamond symbols on 
Figs. 3 and 4 show the signal voltage versus frequency. 
The data are fitted by curve A according to the equa- 


tion, 
V.= V o/[1+ (f/f.)*}', i pas 1/2nf,. (10) 


The characteristic frequency f, is marked on each 
curve; we calculate r, and include it in Table I. 





NOISE, TIME-CONSTANT, AND 


HALL STUDIES 


TABLE I. Cell parameters, noise, time constant, and Hall data on seven lead sulfide photoconductive films.* 


Noise values on first line; Hall values on second line. 








«108 
/d 
R = Rw/ L 
megohms megohms 
0.30 
0.39 


0.45 32 
0.72 2.05 


0,40 18 
0.45 3.2 6.6 


0.47 16 1/30 = 3.6 
0.44 2.5 4.5 


0.43 46 1/30 4.55 
0.33 7.8 4.8 


0.92 22 1/100 
0.92 


0.415 135 
0.30 21 


* H =9.4 X10 gauss except for cell 15-2 where H «3,7 X10 gauss. 


Ide 
“ua x 


41 ‘1/30 
3.75 


1,2 
2.15 
1.8 
5.0 
1.6 
2.9 
3.0 
3.95 
0.52 
0.57 
A 
1.3 
0.415 
0.30 


3.75 
5.1 
6.15 
6.95 
3.8 


1/100 


1/30 


A7-4 3.0 


A1S-4 3.0 2.5 


2.5 
3.0 
3.0 


15-2 3.0 


5.2 

5.5 4.1 
1/30 34 

4.7 


C. Determination of Circuit Capacitance 
Correction 


As mentioned in Sec. ITB, it was necessary to use a 
load resistance approximately equal to the cell resistance 
for the noise measurements. Our method of determining 
the frequency correction of the R,,C,, effect was to 
make a second signal run with Ry, equal to the value 
used in the noise run. These data are plotted in Figs. 3 
and 4 using square symbols. Curve B illustrates the 
difference in frequency dependence of the two signal 
curves (diamonds and squares) and gives directly a plot 
of [1+ (w7,,)?}-4, which was used in Eq. (6). 


IV. ANALYSIS OF EXCESS NOISE INTO 
GENERATION-RECOMBINATION 
AND 1/f COMPONENTS 


From Eq. (60) of I, we write 
N= Nw? (G-R)/[L1+ (f/f)? JAN 2 (1/f)/ S/S), 
Na=Nwo(G-R){(1/1+ (f/ fa)? J+-X/(f/ fn), 


where 
fn=1/2a7,, X=Nw(1/f)/Nwo(G-R), 


and the subscript 0 indicates frequency independence 
of the coefficients. 

From the theory of I, /, should be equal to /,, but 
we did not assume this to be the case in the following 
analysis. To find V,o(G-R), X, and f, from the cor- 
rected data (X’s) of Figs. 3 and 4, the family of curves 
shown in Fig. 5 were calculated from Eq. (11). An over- 
lay was drawn from which the best fit was obtained; 
curves C of Figs. 3 and 4 were obtained in this way. X, 
fn and N,o(G-R) are shown on the figures and are listed 
in Table I; V,(f=90) is also tabulated. 

In Fig. 3, curve C fits the data over the whole fre- 
quency range, while in Fig. 4 the curve deviates from 
the data at high frequencies. In fitting the data, prefer- 


(11) 


Nw(G-R) Ni(f =90) 
10° 
rms noise volts 

“de bias volts’ 


x (ase 


Ru/d pd 

x10-* K1O0"" »* 
cm!* No, cm! 
coul cm? V-#ec 
47 44 
29 5.6 
2.6 3.4 
2.1 4.2 
45 3A 
is i 
42 $15 
2.6 54 
34 4.25 
30 63 
2.1 3.2 
3.5 2.0 
56 2.7 
30 ©6500 


Nw*(G-R) Neit(G-R) 
NA(G-R) NA(G-R) 


0.006 0,994 


Te Va 
weec mV 


300 
0.45 


400 
0.34 


coul 
4.0 
2.6 
6.15 0.007 0,993 
3.55 
0.985 


4.3 0.015 


0.73 49 


4.6 0.004 0.996 


0.33 2.8 


0.004 0.996 


5.1 
2.45 


5.5 0,001 0,999 


2.1 


4.0 0.005 0.995 


2.5 


ence was given to the knee of the curve since this is the 
region where the G-R term is most pronounced. 

Table I lists the significant parameters of seven 
different cells. The amount of 1/f noise present relative 
to G-R noise is shown by the value of X; X=1/100 
indicates very little 1/f noise. Noisy cells in which 
X> 1/30 are not included. 

While theory indicates that f, should equal f,, it 
was found that the best fit could not be obtained with 
this assumption; rather it was obtained with /, 20-30% 
greater than /, as is shown on the figures and in the 
table. This is discussed further in Sec. VI. 


V. HALL VOLTAGE MEASUREMENTS 
A. Apparatus 


The experimental apparatus is a modification of that 
described by Woods’ and is shown in Fig. 6. The 4-y/f 
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Fic. 5. Theoretical curves for determining the ratio, X, of 1/f to 
generation-recombination noise, as given by Eq. (11). 


1 J. F. Woods in Photoconductivity Conference, edited by Brecken 
ridge, Russell, and Hahn (John Wiley and Sons, Inc., ew York, 
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Fic. 6. Block diagram 
of apparatus for Hall 
measurements; constant 
current source shown in 
top of diagram; and 
sample recorder traces 
of Hall and calibration 
voltage. 


condenser is used to filter out dc and very-low-frequency 
drift. The magnetic field is reversed at a frequency of 
1/14 cps. Provision is made to insert a calibrating 
voltage in series with the Hall circuit. 

An improvement of Woods’ system was the use of 
the constant current supply shown in Fig. 6. The 
photocell has a nearly infinite impedance whose current 
can be controlled by the light intensity. Thus drift in 
the Hall voltage due to changes in cell resistance is 
reduced because the current is held constant by the 
phototube. 


B. Procedure 


Measurements of the Hall coefficient were made on 
the same cells used in the noise studies. Hall contacts 
made by painting a small Aquadag electrode on the cell 
as shown in Fig. 7(a) proved to be very noisy. A Hall 
voltage reading was possible on only two of the seven 
films. Montgomery* has pointed out that such a contact 
could be quite noisy even though no current flows out 
of the contact. This is because current flows through the 
contact as shown in Fig. 7(a). The configuration shown 
in Fig. 7(b) minimizes such contact noise as first shown 
by Montgomery. The films were therefore scraped to 
this shape and the noise was considerably reduced. 
Easily measurable Hall voltages were then obtained on 
all the films. Figure 6 includes a typical recorder trace 
of the Hall and calibration voltages; the Hall voltage, 
Vw, is given in Table I, 

We calculate 


Ry/d=2V 4X 108/H1 4 cm*/coulomb, (12) 


where H is the magnetic field, Ja. is the total current 
through the cell, and d is the thickness of the film. The 


1956), p. 636; Phys. Rev. 99, 658(A) (1955); and thesis, The 
Catholic University of America, Washington, D. C., 1956 (to be 
published), 

*H., C, Montgomery, Bell System Tech. J. 31, 950 (1952). 
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CURRENT FLOW LINES 
L 


I 


ELECTRODE 
Fic. 7. Illustration of 
current flow lines in a 
thin film; (a) Hall probe 
extending into film, and 
(b) film scraped away 
from sides of Hall probe. 


HALL PROBE 


(a) 


FILM SCRAPED AWAY 


(b) 


factor two is necessary because of the one probe con- 
figuration. We did not attempt to measure d since it is 
combined with Ry in the theoretical expressions. 


VI. INTERPRETATION 
We now compare our data with the predictions of the 

theory developed in I. There we find as an expression 
for the specific G-R noise, 

N,.(G-R)= No(G-R)/[1+ (r,)*}!, 

No(G-R)= (14+ B)X4(1./pd)). 
A normalized expression for the signal response, called 
the specific responsivity, is 


(1 +B)nu7. 


R,=— 
4pdhv,[1+ (wr,)* }* 


(13) 


(14) 


B represents barrier modulation effects; if no barrier 
modulation occurs, B=0, while for large barrier modu- 
lation B>>1. n, is the quantum efficiency at the spectral 
frequency, v,, of the signal radiation, 4 is Planck’s 
constant, and p is the density of majority carriers in the 
crystallites. 


A. Comparison of Time Constants Obtained from 
Signal and Noise Measurements 


Comparison of Eq. (13) with Eq. (14) shows that 
the G-R noise should have the same frequency de- 
pendence as the signal response. Comparison of curve 
A of Fig. 3 with curve C shows the similarity between 
the signal and noise curves. A more precise comparison 
is made by comparing 7,, the time constant found from 
the noise analysis, with 7,, the time constant of the 
signal response. These quantities are listed in Table I 
and are seen to be in qualitative agreement. However, 
rT, is consistently 20-30% less than r,. This discrepancy 
may arise because the best fit of the curves of Fig. 5 to 
the data depends on the shape of the noise spectrum 
in the high-frequency range. As discussed in Sec. IIB, 
this range must be corrected for both circuit capacitance 
and Nyquist noise. It is therefore possible that we 
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cannot expect better than 20% accuracy in our value 
for r,. However, since r, is consistently less than r, 
the difference appears to be real, indicating that the 
theory may need extension. For example, the noise 
associated with minority carriers has been neglected in 
the model. 


B. Comparison of the Theoretical and Experimental 
Magnitude of Noise 


A second comparison of theory and experiment can 
be made in the magnitude of the noise. Equation (13) 
shows that we need independent measurements of pd, 
r, and B to predict a theoretical value of V,o(G-R). We 
obtain pd from our Hall measurements, 


pd=3nd/8qRu, (15) 
where R,/d was found by Eq. (12); pd is given in 
Table I (second line of data for each film). 7, was 
measured by signal response as described in Sec. IIIB. 
Woods has found B to be zero in this type of film by 
measuring the change in Hall coefficients and _ resis- 
tivity under illumination.’ 

Using B=0 and our values for pd and 7,, we use 
Eq. (13) to calculate a theoretical value of V4o(G-R) 
for each film. This is also listed in the second line of 
data for each film. The corresponding experimental 
value of V.o(G-R), as found directly by noise measure- 
ments, is given on the first line. Inspection shows 
generally good agreement between the two values. We 
do not expect exact agreement because the noise and 
Hall data were taken at different times and the charac- 
teristics of these cells change somewhat from day to 
day. Furthermore, the cells had to be scraped to obtain 
satisfactory Hall measurements as mentioned above. 
This scraping was done after the noise measurements 
had been completed. In the table we list the resistance 
per unit area, 

p/d=Rw/L, (16) 
when the noise data were taken (first lines) and when 
Hall measurements were made (second lines). It is 
seen that while no radical change resulted from scraping 
and aging, some changes had occurred. 


C. Conclusion 


In summary, the general agreement between \V ,o(G-R, 
theory) and \V,9(G-R, expt) and between 7, and 7, 
constitutes a verification of the theory of photocon- 
ductivity developed in I. Further investigation is 
required to explain the 20-30%, difference between r, 
and 7,. 


Vil. IS THE PbS DETECTOR SEEING 
RADIATION NOISE? 


In I we show that the G-R noise arises from fluctu- 
ations in radiative and lattice processes. The noise 
expression which explicitly shows these two sources is 


TIME-CONSTANT, 


AND HALL STUDIES 
Eq. (53) of I: 


(1+ B)r,(nJ-+nJ 1)! 
2pd(1+(wr,)?}) 


nyJ, and J; are respectively the mean background 
radiation flux in photons/cm* sec and the mean flux 
of the lattice vibrations in phonons/cm* sec absorbed 
by the electronic system of the detector. Formal expres- 
sions for n,J, and n,J; are given by Eqs. (37) to (42) of I. 

In order to determine whether these PbS cells are 
limited by radiation noise, we set J;=0 and calculate 


V .»(G-R)=N,(G-R, J,=0). (18) 


N,(G-R)= (17) 


An exact expression for n,J, is 


a 
Nd + ref n(v)n,(v)dv quanta/cm? sec, 
0 
(19) 


n,(v) = 8av?/c?(e/*T —1), 


where n(v) is the quantum efficiency at a spectral 
frequency v and n,(v) is the density of photons in the 
background radiation field. The wavelength dependence 
of the quantum efficiency can be derived from the 
spectral dependence of the responsivity according to 
Eq. (14). The absolute value of 7 can be estimated from 
crystal absorption data as discussed in I, Sec. VI. With 
such data, a graphical integration of Eq. (19) can be 
performed. Moss has done approximately this for PbS.’ 
He has graphically integrated the product of the re- 
sponsivity curve and the blackbody formula, obtaining 
the flux in watts/cm? absorbed by the detector. He 
assumes n—*1 at short wavelengths. To find the quanta/ 
cm’ sec he divides his power expression by Ac/A,, where 
A,= 2.9u. His result for n,J, is 2.9 10" quanta/cm*-sec. 

A simple approximation for n,J, is to use for n, the 
value of the quantum efficiency in the spectral region 
of maximum photoresponse, and for J,, 


a 


DP tf n,(v)dv, 
Bilh 


where £; is the intrinsic energy gap of the semicon- 
ductor. J, has been evaluated by Eq. (20), neglecting 
the minus one in the denominator of n,(v). This ap- 
proximation is valid for infrared photoconductive de- 
tectors. The resulting values of J, for some detectors 
of current interest are listed in Table I of Petritz’s 
work." For lead sulfide we used ;=0.41 ev and found 
J,=3.5X10" quanta/cm* sec. The agreement of this 
with Moss’s value indicates that the approximation is 
reasonably good. We shall use his value here but 
mention the approximate method because it may find 
use when spectral data are not available, or when a 


(20) 


rough estimate is sufficient. 
£ 


*T. S. Moss, J. Opt. Soc, Am. 40, 602 (1950), 

“RR, L. Petritz in Photoconductivity Conference, edited by 
Breckenridge, Russell, and Hahn (John Wiley and Sons, Inc., 
New York, 1956), p. 49. 
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We calculate N,,(G-R) from Eqs. (17) and (18) 
using Moss’s value for »,J,, our measured values of r, 
and pd, and B=0. The results are expressed as the ratio 
[Nr(G-R)/N,(G-R) in Table I; the experimental 
noise value is used for V,(G-R). 

Lacking independent information concerning 9,/1, 
we cannot directly calculate the lattice contribution to 
the noise, However, we can calculate 


N,#(G-R)=N?(G-R)—N,7(G-R) 


=N?(G-R){1—[N,,(G-R)/N,(G-R) F}, (21) 


using the experimental noise value for V,(G-R) and 
the calculated value of [NV,,(G-R)/N,(G-R) }. The 
results are tabulated as [N,.(G-R)/N,(G-R)F in 
Table I. 

Comparison of 


[Vu(G-R)/N.(G-R)? with [V,,(G-R)/N,(G-R) } 


shows that the noise is principally due to interaction 
with the lattice. J, would have to be at least 100 times 
larger for the observed noise to be due to radiation 
fluctuations. Thus, we do not agree with Wolfe’s" con- 
clusion that Eastman-Kodak PbS cells are limited by 
radiation noise at room temperature. It should be pos- 
sible to decrease J; by cooling and thereby reach the 
radiative limit. 


VIIL USE OF NOISE INSTEAD OF HALL 
MEASUREMENTS TO EVALUATE 
SEMICONDUCTOR PARAMETERS 

It is not always desirable or convenient to place a 
Hall probe on a film. When this is the case, the G-R 
noise provides a method of evaluating semiconductor 
parameters.’ On the basis of the above theory, we can 
use the noise data to calculate pd from Eq. (13). Table 
I (first lines) lists pd calculated this way; they are seen 
to be in reasonable agreement with the Hall values 
(second lines). 

The effective mobility can be found from the defining 
equation, 


u*=[q(p/d)(pd) J, 


where we use pd as found by the noise data and p/d 
from Eq. (16). The values of u* thus calculated are 
listed in Table I (first lines) for comparison with those 
calculated from Hall values (second lines), 


(22) 


(23) 
(24) 


pe = bran, 
un = (Ru/d)(d/p). 


It is of interest to note that we calculated u* from 
noise data as described above at the time of our first 
measurements*; we assumed B=0. The values found 
were in reasonable agreement with values found by 
Lothrup,” who obtained yw* on evaporated films. of 

" B. Wolfe, Rev. Sci. Instr. 27, 60 (1956). 


4 EF, W. Lothrup, Jr., thesis, Northwestern University, Evans- 
ton, Illinois, 1949 (unpublished). 
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PbS from Hall and resistivity measurements. Thus our 
noise measurements and their interpretation were the 
first indication that no appreciable barrier modulation 
occurs in these films. The Hall and resistivity studies 
of Woods’ were of course necessary to establish directly 
that B=0. 

Another use of the noise measurements is to evaluate 
the quantum efficiency. Substituting Eq. (13) into Eq. 
(14) and solving for n,, we obtain 


n= Rv, A+B)/N2(G-R). (25) 


Thus responsivity and noise measurements can be used 
to evaluate the quantum efficiency without Hall 
measurements, if we assume that B is known. 

In conclusion, we emphasize that Hall measurements 
are preferable to noise measurements as a method of 
finding pd and related quantities. The noise should 
be considered as a supplemental method, useful when 
it is not desirable or convenient to place a Hall probe 
on the film. It is obviously necessary that the noise 
spectrum show the presence of G-R noise for this 
procedure to be valid. Unfortunately in most semicon- 
ducting films, 1/f noise still dominates the G-R noise.” 


IX. CONCLUSIONS 


This study has shown that the noise in chemically 
deposited lead sulfide films is dominated by a 1/f term 
below 100 cps, a generation-recombination component 
between 100 and 10000 cps, and finally by Nyquist 
noise at higher frequencies. The data have been 
analyzed to give a magnitude and time constant for 
the generation-recombination component and a mag- 
nitude for the 1/f component. The values of time 
constant as found by noise measurements are in reason- 
ably good agreement with those measured by photo- 
conductive response, although somewhat lower. The 
magnitude of the noise is in general agreement with 
values predicted from theory. This constitutes a veri- 
fication of the theory of photoconductivity in semi- 
conductor films developed in I and outlined in the 
introduction of this paper. The generation-recombina- 
tion noise is due mainly to interactions with the lattice ; 
radiation noise accounts for less than 1% of the 
observed noise. Furthermore, noise measurements are 
shown to be a useful supplement to Hall measurements 
for evaluating semiconductor parameters when the 
generation-recombination noise is observable. 
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Effective-mass equations for electrons and holes in solids are usually derived by means of the independent 
. particle model. It is shown in the present paper that for the case of an extra electron or a hole in an insulator, 
or semiconductor, moving under the action of a weak Coulomb field, an effective-mass equation, 


h? w) 
a 7 = EF 
( 2m* wr had 


can be derived from some very general properties of the entire many-particle system (m*= effective mass, 
q= external charge, «= static dielectric constant). The effects of exchange and correlation are automati 
cally included without approximation. It is suggested that the same type of result can be derived for the 
motion of electrons and holes in arbitrary slowly varying and weak electromagnetic fields 


1. INTRODUCTION 


HE notion of “effective mass” is widely used by 

solid state physicists. It offers a convenient and 

often suggestive way of describing experimental results: 

Suppose a physical quantity Q (specific heat, cyclotron 
resonance frequency, etc.) is given by the expression 


Q= f(m) (1.1) 


for free electrons (m= electron mass). Then if for some 
real solid it is found empirically to have the value Q*, 
the corresponding effective mass m* is defined by 


QO*= f(m*); 


i.e., m* is that value which, when introduced into the 
free-electron formula, gives agreement with experiment. 

From the theoretical side, the effective-mass concept 
can be made plausible by the model which treats the 
electrons as independent and satisfying a Schrédinger 
equation of the form 


(1.2) 


(1.3) 


Wh 
( -—V+ v(t) = BY, 


2m 


where V(r) is an effective periodic potential. The 
solutions of this equation are the familiar Bloch waves 


u(r) =e 'u,(r), (1.4) 
whose eigenvalues are! 


Ey= Eot Exk* (1.5) 


for sufficiently small values of k. Comparison with the 
free electron expression for the energy, (h?/2m)k?, leads 
to the following definition of m*: 


h?/2m* = E>. (1.6) 

* Supported in part by the Office of Naval Research. 

t Permanent address: Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania. 

1 For the sake of simplicity we assume here, and in the rest of 
this paper, that the solid has cubic symmetry, that the band in 
question is nondegenerate, and that there are no spin-dependent 
forces. 


With the same model one can then show that, at least 
for small values of k, the behavior of the electrons in 
solids is equivalent to that of free electr ns with an 
altered effective mass m*. 

Now clearly the usefulness of the concept of effective 
mass depends entirely on whether, for a given material, 
the same value of m* describes correctly several different 
empirical properties. Many instances can be cited where 
this is found to be approximately true. Let us take 
one—donor states in silicon. 

Consider a perfect crystal of Si at the absolute zero 
of temperature. Add a charge +e to one of the nuclei, 
converting it into a P nucleus. This extra charge will 
produce an additional mean potential 


(1.7) 


U=e/xr, 


at large distances, where x is the static dielectric con- 
stant of Si. Now add an extra electron. This may be 
caught in a bound state. If the orbit is large enough 
one can show 
that this state can be described by the Schrédinger 


equation 
h? é 
( —-—V"— yr = EF, 
2m* Kr 


where m* is the effective mass of the conduction band.? 
But m* can be independently measured by a cyclotron 
resonance experiment’ where, again on the basis of the 
one-particle model, the resonance frequency is given by 


on the basis of the one-particle model 


(1.8) 


(1.9) 


w= eH /m*c; 


here H is the static magnetic field. Also « can be 
independently measured. When these empirical values 
of m* and x are used in (1.8) to compute the energy 
spectrum of the donors, excellent agreement with 

* This type of equation was first obtained by G. H. Wannier, 
Phys. Rev. 52, 191 (1937). 

* Dresselhaus, Kip, and Kittel, Phys. Rev. 95, 568 (1954); 
B. Lax et al., Phys. Rev. 93, 1418 (1954) 
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experiment is found for sufficiently large orbits‘—a 
success of the effective-mass equation (1.8). 

This surprisingly good agreement suggests that the 
validity of Eq. (1.8) may be better than the rather 
crude independent-particle model by which it is theo- 
retically justified. In the present paper we shall in fact 
show that this equation can be derived from some very 
general properties of the entire many-electron wave 
function, without any recourse to the one-particle 
picture, 

More precisely, we shall derive the following theorem : 
Consider a perfect insulating crystal, with nuclei held 
rigidly in place, and at T=0, Now introduce a small 
point charge g and an additional electron into the 
crystal. Then all low-lying energy states of the system 
are described rigorously by the one-particle equation 
(1.8), where m* is an effective mass and x is the static 
dielectric constant.' In other words, all the complicated 
effects of the interactions of electrons with the nuclei 
and with each other are completely represented by the 
two phenomenological constants m* and x. 

The nature of the derivation of this result leads one 
to believe that it is a special case of the following more 
Take again the above-described 
insulating crystal. Add one electron and consider the 


general theorem: 
response of the entire system to an external electro- 
magnetic field A,(r,), which varies slowly in the fol- 
lowing senses : 


| aA, | 1 |@A,| AE 
[\al«-, | / Al , (1.10) 
Ox, oo Te h 


| ' 


where a is the lattice parameter and AZ is a character- 
istic energy of the order of electron volts. For motions 
in which the energy of the system is changed from its 
unperturbed ground state energy by an amount <AF, 
its response to the field can be rigorously described by 
a one-particle equation involving the three phenomeno- 
logical constants m*, x, and x; here x is the static 
magnetic susceptibility, and m* and «x are as defined 
above. We hope to come back to this conjecture at a 
later time. 

The entire situation is completely analogous for the 
where an electron has been 


” 


case of a so-called “hole 
removed from a perfect insulating crystal. 

In any actual physical situation the conditions which 
we have imposed will be more or less violated. But in 
many cases the actual state of affairs differs only very 
slightly from our idealized one and our conclusions are 
then of real significance. The most important fact is 
that our results do not depend on the quite unrealistic 
assumption of a weak electron-electron interaction. 


‘Picus, Burstein, and Henvis, Bull. Am. Phys. Soc. Ser. II, 
1, 126 (1956). W. Kohn, Phys. Rev. 98, 1856 (1955). Actually, 
in Si, the mass is anisotropic and appropriate modifications have 
to be made to interpret the experimental data. 
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2. EFFECTIVE MASS AND DIELECTRIC CONSTANT 


We consider our perfect insulating crystal plus one 
electron, a total of N+1 electrons. We choose atomic 
units, ¢, h, and m equal to 1. The Hamiltonian of our 
system is 


N+1 Zi 


1 
H=—- 5 497-L mg ape 


, 
i |r—15| 


(2.1) 


rad ot \r.—Ry| 


where R; and Z, are the position vector and charge of 
the /th nucleus and r; is the position vector of the ith 
electron. 

This Hamiltonian commutes with the total transla- 
tion operators T,, which are defined by 
Lal Gy fo, *** Fn4i) 

= f (t+ Za, lot ta, iat. 
where the t, are the fundamental translation vectors of 
the lattice. Hence the (normalized) eigenfunctions of 


H can be chosen to be also eigenfunctions of T,. It is 
convenient to write them in the form 


Y,, = ek "®,, K; 


tvyitte), a=1,2,3, (2.2) 


(2.3) 


where ®,,x is a strictly periodic function in the sense 
that 


T Pn, x=Pp, x. (2.4) 


The vector K is restricted to lie in the first Brillouin 
zone, and n denotes the set of quantum numbers which, 
besides K, specify the state. We denote the eigenvalues 
of H by En,x«: 


AW 5 x= En, KV nx. (2.5) 


We shall now characterize our system by a certain 
property of the energy spectrum £,,x. Let us assume 
for simplicity that the ground state of our system 
corresponds to K= 0 and let us denote the corresponding 
n by n=0.° The property in question is then that 


En, o— Eo, o> AE, n#0, (2.6) 


where AZ is a finite energy, independent of the size of 
the crystal, if sufficiently large. Figure 1 illustrates the 
meaning of (2.6) by means of the one-particle model. 
Evidently the usual independent-particle model of an 
insulator satisfies (2.6); that of a metal, however, does 
not. That a real insulator (with electron-electron inter- 
actions) also has this property, is evidenced most 
directly by the following empirical fact: When only a 
few extra electrons are present, optical radiation, which 
causes transitions between states of the same K, is not 
absorbed, until the quantum of energy reaches a certain 
threshold.* For our purposes we shall define an insulator 
by the requirement that (2.6) is satisfied. 


5 Actually the ground state has a double degeneracy due to spin, 
However, since we have assumed spin-independent forces this is 
of no consequence, and we may for definiteness assume that the 
z component of the total spin is +4. 

6 Of cows, due to imperfections, slight absorption does in fact 
take place even for very small photon energies. 
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Near K=0, the energy Eo,x can be expanded as 
Fo, x= Eo, ot+aij;K K i+ soe, (2.7) 


Linear terms in K; are absent since /o,9 was taken to 
be the absolute minimum of energy. For simplicity, we 
consider a cubic crystal where by symmetry we may 
write (2.7) in the form 
Eo, z= Eo, ot (1 2m*) K?; (2.8) 

m* is by definition the effective mass. We plan in a 
future publication to show that this m* is what one 
measures in a cyclotron resonance experiment. 

We now turn to the effective dielectric constant x*. 
Let us consider the inner product 


(Vo, Ké iK 1 Wo, K’é iK’-r, )= (Dy K,Po, K’). (2.9) 


For K=K’ it has the value 1. One might expect that 
for |K—K’|a<1 (a=lattice parameter), it would have 
a value close to 1. This is not so. In the independent- 
particle model it has the value (V+1), where N+1 
is the total number of electrons, and when the Coulomb 
interaction is treated by perturbation methods (see 
Appendix) one finds the value [(N+1)« }', where « is 
the static dielectric constant of the perfect insulator 
(N electrons). Clearly, the V dependence of this product 
is not altered when the Coulomb interaction is strong. 
Also this scalar product must tend to a definite limit 
when K and K’ are <a“, so that we are led to introduce 
the effective dielectric constant x* by the equation, 


+ 


1 
=(N+1) lim (#o,x,®o,x’). (2.10) 
«* K, K’—0 
K ~K’ 
INSULATOR 

















Kee 











K- 


Fic. 1. One-particle spectra of insulators and metals. (a) is the 
insulator ground-state with K=0. All excited states with K=0, 
such as (b) and (c), exceed it in energy by at least AF. (d) is the 
metallic ground state; some excited states, such as (e), exceed 
it in energy by infinitesimal amounts. 
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We shall show in Sec. 4 that this x* is in fact the static 
dielectric constant « of the perfect insulator (NV elec- 
trons). 


3. IMPURITY STATE PROBLEM 
We now introduce into our V+1 electron system a 


small point charge q at the origin producing a pertur 
bation potential 


U q>., +q> ; (3.1) 


What are the eigenfunctions and eigenvalues of the 
new Hamiltonian? 

We expand the new eigenfunctions in terms of the 
VK: 


W= FF An wVnx, (3.2) 
n,K 
and substitute into the Schrédinger equation 
(H+U—E)¥=0, (3.3) 
This gives the system of equations: 
(Ko, K- E)Ao, K t > (OK) U OK’) Ao K’ 
= 
+> ¥ (OK U \n'K’))Aw,x =0, (3.4a) 
K’ n’'#0 
(En w—E)Anxt>d, (nK|U\OK’)Ao x: 
= 
+> > (nK| U\n'K’)Aw xn =0 
K’ nx#’0 
(n#0), (3.4b) 


where we have explicitly displayed the terms with n=0, 
Since g is infinitesimal we expect solutions for which 


E—Eo,o\ KSEE, and Ay, «#0 only if Kal. (3,5) 


We can then solve (3.4b) for A,, x to first order in q: 


1 
Anx > (nK| U\OK’)Ao«w, n#¥0. (3.6) 
Ko, 0 En,o ®’ 
Substitution into (3.4a) gives 
(Ko, x hh )Ao kt } (OK U \OK’) 
=z 
— —. (OK) U |n" KR’) (n' K"| U OK’) 
ss & Ao,x’ 
K’’ n’’#0 Eo. Ky 0 
0. (3.7) 


As the second term in the square bracket is of order ¢, 
it can be neglected in comparison with the first, so that 
we finally obtain 


(Ex—E)Agt+>(K\U| K’)Ay =0; (3.8) 
K’ 
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here and in what follows we suppress the common 
quantum number n=0, to simplify the notation. 

We now study the matrix elements of U. By (3.1), 
the diagonal elements are 


1 Zi 
(K|U| K)= ~4(N+1)(%;-x) +4 > R (3.9) 
1 1 Ry 


r 


Let us denote the operation of performing, in an inner 
product, all spin sums and all integrations except that 
over m by (_ )’; and let us define 


px (ts) (N+1)(Ox,%x)’. 


This is the charge density in the state Vx. Clearly 


(3.10) 


1 
px(ts) =polts)+—'x(t1), (3.11) 


where po(r,) is the charge density of the perfect insulator 
(N electrons), and (1/N)px’(r,) is the additional charge 
density due to the extra electron. With these definitions 
(3.9) becomes 


Z (r ‘x(r 
(K|U|K)=9( 5 -- {= ‘ar +4 f= ae. (3.12) 
LR, r N r 


The term in parentheses is the potential at r=0 in the 
perfect insulator, independent of K and of the same 
order of magnitude as AF, namely, electron volts. Let 
us denote it by W. As the second term vanishes for 
large N, we have simply 


(K|U|K)=9W. (3.13) 


For K¥ K’, 
(K|U|K’)= <9 f exe) 


where 


ei (K’ K)-r 


dr;, (3.14) 


r\ 


px, x (11) = (N+1)(@x,%x-)’, 


Since px,x’ is a completely periodic function of r, it 
can be expanded as follows: 


(3.15) 


px, x (t1)= >. px, x” exp(iK,-r;), (3.16) 


where the K, are the reciprocal lattice vectors. Substi- 
tution into (3.14) gives the series 


1 
(K|U|K’)=—4 ~ ox x” . (3.17 
|U|K’) 7] px.x \K’—K+K,|? 


For small K and K’ we need retain only the term with 
y=() and can replace px,x’ by its limiting value for 
small K and K’, which by (2.10) is just 1/V«*, V being 
the volume of the crystal. Thus, finally 


q 4r 1 
(K|U|K’)=— - , K#K’. (3.18) 
x* V |K’—K/? 
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With these matrix elements (3.13), (3.18), and the 
definition of our effective mass, (2.8), we now go back 
to the Schrédinger equation (3.8) which becomes 


( K? Be) ee x A (3.19 
it -—— > ——Arzr =0, (3. 
2m* eet Veo |K-K’? ) 


where 


E*= E- Eoo—qw. (3.20) 


To transform this into a Schrédinger equation in 
coordinate space, we define 


1 
F(r)=— > Axge™*. (3.21) 
Vix 


Multiplying (3.19) by e*** and summing over K gives 


1 
(me) 
2m* 


q 1 
~- , fac- r’)—F(r’)dr’=0, (3.22) 
x* r’ 


(3.23) 


1 
A(r—r’)=— > e'® nr). 
V «K 


A(r—r’) is a “spread-out 5 function” extending over 
dimensions of the order of a.’ Therefore, if F does not 
vary appreciably over a lattice spacing—as we can 
verify at once—we can replace (3.22) by 


=. 
(- aaililles «ire =E*F(t), (3.24) 


2m* r*r 


which is of course the familiar hydrogen-like effective- 
mass equation. 

It remains to verify that the conditions (3.5) under 
which these equations were derived are indeed satisfied. 
Consider first the negative-energy solutions of (3.24). 
For these, ‘ 4 
m*? 1 m 
E*= EA —, es : (3.25) 

2x*? n? x* 


so that, for small enough q, (3.4) is fulfilled. It remains 
fulfilled for positive energy solutions of (3.24) for 
which E*KAE. 

It is obvious that an identical derivation leads to an 
effective-mass equation for a hole. 


4. DISCUSSION OF DIELECTRIC CONSTANT 


As our theory deals with the entire system it is not 
surprising that, in contrast to the more elementary 
discussions, the effective dielectric constant «* is not 
introduced through intuitive considerations but rather 


"If the summation in (3.23) were carried out over all K, instead 
of the first Brillouin zone only, (3.23) would be a sharp 4 function. . 
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emerges quite naturally from the equations themselves. 
In Eq. (2.10) we defined the effective dielectric constant 


by 


1 
—=(N+1) lim (,,%x-). (4.1) 
_K’0 


x* 


We shall now show that this «* is equal to the static 
dielectric constant «x of the medium. 

The most natural definition of x would refer to the 
perfect insulator (N electrons) and be as follows: 
Consider two small point charges q; and g2 in the 
medium, at a distance R>a from each other. The 
energy of the entire system will then contain a term 
proportional to q; and q2 of the form 


Eqs, q2= 9192/KR. (4,2) 


The constant « is the dielectric constant. In the ap- 
pendix we verify explicitly that, in the case of weak 
electron-electron interactions, the constant «* in Eq. 
(4.1) is identical with the static dielectric constant x 
defined by Eq. (4.2). 

However, when the electron-electron interactions are 
not weak, it is difficult to identify the effective dielectric 
constant «*, defined by (4.1) in terms of V+1 particle 
functions, with the static dielectric constant « as defined 
in (4.2) in terms of the N-electron system. We therefore 
use instead of (4.2) the following definition of « which 
enables us to prove in general its equality with x*. We 
consider the N+ 1 electron system with two infinitesimal 
point charges q,>0 and q2<0 at a large distance R. 
This system has discrete energy states (electron bound 
to qi). We then expect on physical grounds that the 
energy of the system will contain a term falling off as 
1/R and given by 


E= (q:—1)q2/xR, (4.3) 


where « is the same dielectric constant as that defined 
by (4.2). We may therefore define the dielectric 
constant « by the following relation: 


E-+—qo/kR, for 41, qx0. (4.4) 


We shall now show that the «*, Eq. (4.1), is equal to 
x as defined by (4.4). 

Begin by setting g2=0 and take g, at R=0. The 
wave function of the N+1 electron system is then 


W=> Axx, (4.5) 
K 


where we neglect terms proportional to q;. The first- 
order perturbation energy due to qo, located at R, is 


EV = (VU), (4.6) 


* No formal proof for (4.3) has been found so far, except for the 
case of weak electron-electron interaction, where the identity of 
« and «* can be explicitly demonstrated (see Appendix). However 
in the author’s opinion, there is no reasonable doubt that (4.3) is 
in fact strictly correct. It simply expresses the fact that the 
long-range field around the electron trapped by the charge qi is 
(qi —1)/«R. 
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where 


1 
U»= — 2 2 lr, R| +42 2 


vt 
(R,—R} 


(We can neglect the term qig2/R because of its propor- 
tionality to q,.) Therefore 


EV = 3° | Ax|?(Wx, Ux) 
K 


+ Do Axg*Au (Vx,UN x’). 
K»K’ 


(4.8) 


Now, as in the discussion following (3.8), we find that 
(Wx,U2Vx) is gz times the electrostatic potential W(R) 
existing at R in the perfect insulator (N electrons). 
W(R) is of course a periodic function of R. The first 
term in (4.8) is then just g,W(R). It describes the 
interaction of g: with its surroundings in the perfect 
insulator (NV electrons) and is of no further interest. 
We now calculate the second term in (4.8): 


1 
p Ante (Ye —g2 > vx) 
Ir, — R} 


KK’ 


= —qi(N +1) > A x*Ay: 


KK’ 


1 
x (Pe a. Py ¢'®' “) 
in—R| 


(N+1) —— evio® 
4e > ——G(p), 


pro 


= —q2 


where 


G(p)= pe A x* Ax: (Pxe™ ret? riby e'®' a) 
KyK’ 


(4.10) 
For large R, we require Go=limG(p): 
po 


Go = lim + A x*A xox p+ x’ (Py, pyPx’) 
p-+0 KK’ 
1 


lim 3) Ax‘yp*A 


p10 "(N+ A) 
1 
(N+ ADA 
Substituting into (4.9) gives, for large R, 
qi4ew ete 


«* V pro 


i 
EY = ao( WOR) - ), 
K*R 


Comparison with (4.4) gives the required equality, 


w*= 4K, 


q2 
p’ eR 
Thus, finally, 


(4.13) 
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5. CONCLUDING REMARKS 


In this paper we have proved the effective mass 
equation for a very special case, namely that of a weak 
Coulomb field. Evidently generalizations are called for, 
e.g., to the actual motion in excited impurity states, 
where the trapped electron moves in a very large orbit 
about a finile external charge; or to motions in other 
kinds of weak external fields, 

But the simple case studied here already exhibits a 
characteristic feature. The motion of the electrons is 
highly correlated. Loosely speaking we can say that 
the conduction band electron carries with itself a 
polarization cloud, which partially cancels its charge. 
Because of this high degree of correlation, a solution of 
the Hartree-Fock equations would lead to qualitatively 
wrong results. However, in spite of the complete 
inapplicability of this method, which is usually em- 
ployed to derive approximate one-particle equations, 
we have seen that the low-lying states of our system 
are nevertheless strictly described by a single-electron 
type of equation, 

A brief comment should be made on deviations from 
the effective-mass equation. It would seem that they 
can be conveniently studied by means of Eq. (3.7), 
which for a finite external charge q represents a much 
better approximation than the effective-mass equation 


(3,24). 


APPENDIX. EXPLICIT EVALUATION OF « AND «* FOR 
THE CASE OF WEAK ELECTRON-ELECTRON 
INTERACTION 


In the systems of interest in the present paper, a 
weak Coulomb interaction between the electrons can 
be treated by perturbation theory, because a finite 
energy is required to excite a pair of electrons, This 
enables us to verify explicitly, to zeroth and second 
order in the charge of the electrons, the equality of x*, 
2, and «x, the 


the effective dielectric constant of Sec. 


usual static dielectric constant (see Sec. 4). 


No Electron-Electron Interaction 


We begin with the trivial case of no Coulomb inter- 
actions between the electrons. For consistency the 
potential due to the ions must then also be made short 
range. Thus we may consider the following zero-order 
Hamiltonian : 

hi? Z) 
Ho > —Vv?7- > 


ty € alr Ril 
i 2m if |ry—R,| 


(A.1) 


where a is some artificial screening constant. 
Since in this approximation the electrons are un- 
charged, the static dielectric constant of the medium 


is obviously 


(A.2) 


Next we calculate x* according to its definition by 
Eq. (2.10). The appropriate eigenfunctions of Ho are 
Slater determinants of Bloch waves. Let x(a) be the 
normalized determinant describing the perfect insulator 
(full bands) with the N electrons, other than the ath, 
and let Wo, x(a) =o, x(a) exp(iK-r,) be the normalized 
Bloch waves in the lowest conduction band. With an 
appropriate choice of the phases of x(a), the normalized 
wave function Wo, of the (N+1)-electron system is 
then 


1 N+l1 
Vox«= -¥ x (a) Ho, x (a) exp(iK-r,). 


A.3 
(N+1)! a= ion 


By (2.10), we have 
1/x* = (V+1) lim (Po, x,Po, x’) 
= (N+1) lim (Wo, xe KWo we +n) 


= lim[ (wo, x(1),t0, x (1))+20’Oc (abo, x(a)""*", 
ap 


x(8)ho, x (Ble), (A.4) 


where “lim” denotes the limit defined in (2.10) and }0’ 
means that a=8=1 is excluded. Clearly the first term 
in the square bracket of (A.4) gives 1; the others give 
() by integration over rq or rg. This establishes the 
required value for x*, 


«*=1, 


(A.5) 


equal to x. 


Weak Electron-Electron Interaction 


We now discuss the explicit calculation of « and «* 
in the case of the weak electron-electron interactions. 
We begin with x. Let V,,x be the wave functions of the 
perfect insulator, with the ground state denoted by 
n=(0, K=0. If two point charges q; and q2 are immersed 
in the medium, at r=0 and R, respectively, they 
produce a perturbation 


V=-g0—-eo——. (A) 


. Ve ry 


€ 
| R—r;| 


Here the electronic charge € is regarded as small, and 
the interaction with the nuclei which is irrelevant for 
what follows has been omitted. The second-order 
perturbation energy, proportional to q, and qz, is 
Ea.a® = Ngee ss 
n’ K’ 
i | 1 
(00 7 -\n' KY (WK ~— -|00 )+c.c. 
Fr. | | R—r,|| 
$$ ——, (A.7) 


Eoo— En’, x’ 





EFFECTIVE MASS 
To evaluate (A.7), let us begin by Fourier analyzing 
the partial scalar product (Wo,0,¥w,x’)’: 


1 
(Wo, 0,Vn, x’) = . x (re* 


| 
N » 


(A.8) 


where o,’,x’(r;) is some periodic function of r which is 
Fourier-expanded in the following step. Therefore 


a 1 
00/>° v'k’) =49 Yow.” , (A9) 
( ra 7 KAR’? 


and similarly 


| 1 | 
n'K'\S ae a w) 
( 7 \r;—R|| 
oxpL—i(K,+K’)- R] 


=4 = nN ,) . 
7D owe Kak? 


Therefore (A.7) becomes 


r) 


On’. x’ (»’)* 


ue — 
Enos? = queer + + nan 
n/K! oe Eo, o— En, x’ 
exp[—i(K,’+K’)-R] 
x- “comers anes - +C Cc 
| K,+K’|?| K,,+K’|? 


ri 
’ 


We shall show below that, for small K 


(0) (0)* 


On’ K’ On’, K’ 


im (—8rV) >> 


= (A.12) 
K’-+0 n’ (K’)*(Eo,o— Ew,x’) 


sit 


where y is a characteristic constant. Then for large R, 
we obtain from (A.11) 

eK RR piKOR 

V 2Le (K’)? (K’)? 


7 —qigrey(1/R). 


4r 1 
Eq 42 = —qgey [= 


(A.13) 


When this is added to the direct Coulomb interaction 
between g; and gz, one finds for the total interaction 
energy, 
Fai a2" (qige RR) —v7ye’), (A.14) 
so that the dielectric constant is 
1/x=1-—ye, (A.15) 


where 7¥ is defined in (A.12). 
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We now evaluate y explicitly for the case of weak 
Coulomb interactions. As (A.11) contains an explicit 
factor e, it is permissible to evaluate the ow, «x with 
the independent-particle eigenfunctions of Ho. Clearly 
on,x will vanish unless Vy,x- differs from Wo, by 
the excitation of a single electron from a previously 
occupied state, m, k to a previously unoccupied state 
m’', k’. Neglecting the states near the zone boundary, 
which in the limit where K’—0 play no role, we have 
of course k’=k+ K’, so that for small K’ 


1 


77 (tim bate x’) 


F 0 
= i (Ha tw.) Ke! (A.16) 
V a= Oka 


Therefore, by (A.12) 
— 1 1 1 
y=8aV VD 


m,k m’ (K’)* €m’, k ~~ €m, kk y? 


: 0 0 S 
XE (ta tw.) (tm tw.) Ka’ Kg’ 
a,p Oka Ok, 


9 


a] |2 
(ns uw.x) 
| Ok; 


(€m’, k ~~ €m, «) 


1 
=—) > | dk (A.17) 

g? = a 
where m and m’ run, respectively, over the occupied 
and unoccupied bands, Cubic symmetry has been used 
in the last step. 

Next we calculate the effective dielectric constant x* 
to second order in e. According to (2.10), it is defined 
in terms of the (V+1)-particle functions Vo, «% by 


1/x*= (N+1) lim(Wo, x, Wo, ne *'"), — (A.18) 


For weak electron-electron interaction, we have 


Vo n Vo K” + EV 5 x! { ’ ’ (A,19) 


where Vox” is a Slater determinant of Bloch waves 
and &Wo ," 


due to the perturbation 


is the first-order perturbation function 


l 1 
eH!’ =| ->! 
2 ti lr, -f;| 
Zi 
a (1- 


goalté Ril) ; 
it |ry— Ry| 


(A.20) 


Substituting (A.19) into (A.18) gives 


+ 


1/x*=1— ey", 
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where 


y*= = (N+ 1) lim[ (Wo, x” Wo, gn YeX® K’)-r1) 
+ (Wo, x Wop MEE 11) ] 


= —2(N+1) lim(Wo, 0 Wow MeKE-E9'™), = (A.22) 


Our object is to show that this y* is equal to the y of 
Eq. (A.17). 
The function Vox is, by (A.3), 


1 N+1 
Vox =———.  x(a)o, x(a). 
(N+1)ha=1 


(A.23) 


The first-order perturbation function Wo,x can be 
evaluated from the usual expression 


- (Vn, x’, Vo, x’) 
Von =) V.2——— 
n Eo, x: — En, x’ 


(A.24) 


To evaluate the matrix elements in (A.24), we Fourier 
analyze H’, Apart from an irrelevant additive constant, 
we obtain 


4n 1 
H'= Sy (4 yo eiv (rs )-> Zyeiv (es Ri) 
V »p i,t ‘7 
.M Z ( R | 
+X —Z e's 
i,t +a 


on st i , 4nNZ,__ ——_* 
= 7 e 00°68) as ae = a 
V p ‘7 P K,* 


4nNZ, 
doqeeeen 
,. 


where > ,’ means that p=0 is omitted ;>°, / meansthat 
ix 7; +.’ means that v=0 is omitted. The last two 
terms in (A.21) represent a periodic potential and do 
not contribute to y*. The remaining term causes the 
scattering of two electrons. A little consideration shows 
that the only states which contribute to y* are those 
V,.x Which differ from Wo, in that one electron has 
been scattered from Wo, x: to Wo, x while another electron 
is scattered from Wm,% tO Wm',n4x-—x, Where m and m’ 
denote occupied and unoccupied bands, respectively. 


W. KOHN 


For such a state, the expansion coefficient of (A.24) is 


(Vn, x’, H'Vo,x’) 


“Fy ROK pe er nett) 
1 


€0, K+ €m, ik €0, K— €m’, kh K’—K 


4n 1 (= )— 
> — ———[ —4aw, um,» }———-, 
V |\K’—K/?\dk, €m, k— €m’, 





(A.26) 


where in the last line we have used the fact that K and 
K’ are small. 
The contribution of one such state to y* is, by (A.26), 


1 
—2(N+1) limC,, x ——Wo, x (2) Wo, x(2)) 
N+1 


K (Wm, (1) Wom’, op e—e (108 -E-1) 


7] 
=— 2 limC », x (m ky Um’, .) (K,’— Kz) 
Oke 


C7] |2 
( ww) 
Ok, 
— ; (A.23) 


V €m’, k —~ €m, k 





8a 


Summing over all appropriate m and m’ and integrating 


over k gives 
a cE 
(= ky Um’, & 


1 1 
+=— dk - 


€m’, k ~~ €m, ke 


which is identical with y. 
This completes the demonstration that up to second 
order in €, k=k"*. 


Note added in proof.—A paper by T. I. Liberberg and K. B. 
Tolpygo (Zhur. Eksptl. i Teort. Fiz. 26, 35 (1954) has been 
brought to my attention, which deals with the impurity state 
problem from a many electron point of view. This paper is based 
on the approximation of tightly bound polarizable ions and con- 
duction electrons which are localizable on a single ion. Exchange 
and correlation effects are, of course, only partly included in such 
a treatment. 
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Total Neutron Scattering in Vitreous Silica* 


R. J. Breen,t R. M. Devaney, P. J. Perstani, anp A. H. WEBER 
Physics Department, Saint Louis University, St. Louis, Missouri and Argonne National Laboratory, Lemont, Illinois 


(Received October 25, 1955; revised version received April 6, 1956) 


The structure of Corning superpure vitreous silica glass has been investigated with neutrons. A new 
method of analysis using variable neutron wavelengths and the measurement of total scattering cross 
sections from transmission experiments is developed and the results are compared with those from differential 
x-ray scattering. The total neutron scattering method permits a simple and direct structure analysis with 
resolution apparently superior to x-rays. The preliminary results compare well in a first approximation 
analysis with the basic structure model of Warren and others and in addition the neutron-determined 
atomic radia] distribution curve exhibits some finer details than the x-ray results. Thermal inelastic scattering 


of neutrons was corrected for in an approximate way. 


I. INTRODUCTION 


“HE investigation of structure of liquids by x-ray 
diffraction has been reviewed by Gingrich.! He 
develops the Zernike-Prins method for differential scat- 
tering by liquid elements which leads to the distribution 
function determining the number of atoms between r 
and r+dr from any arbitrary (origin) atom within the 
sample. 

With large neutron flux densities available in reactors 
structure studies using neutron diffraction as a tool 
have become practicable. Chamberlain? investigated the 
structures of liquid sulfur, lead, and bismuth by meas- 
uring the differential scattering cross section as a func- 
tion of (siné)/A. In his work, an essentially constant 
neutron wavelength was obtained with a crystal spec- 
trometer while the scattering angle was varied to 
achieve good resolution in (sin@)/X. 

In the present work the Chamberlain neutron spec- 
trometer? originally was used at the Argonne National 
Laboratory for measuring the differential scattering in 
vitreous silica. The preliminary, exploratory experi- 
ments indicated some desirable features of neutron 
scattering for glass structure analysis. Because of the 
complicated corrections and difficulty of normalization 
of experimental scattering curves inherent in the differ- 
ential scattering measurements, an alternative method 
of structure analysis suitable for glasses was developed 
employing the slow-neutron velocity selector (chopper).’ 
The neutron wavelength rather than the scattering 
angle is varied and the structure analysis is made from 
the fotal scattering cross section which in turn is ob- 
tained from the total (capture plus scattering) cross 
section directly measured by the transmission method. 
The results are compared with the x-ray diffraction 
work of Warren.‘ 


* Investigation assisted by the Owens-Illinois Glass Company 
of Toledo, Ohio, and the U. S. Office of Ordnance Research. 

t Now at Westinghouse Electric and Manufacturing Company, 
Pittsburgh, Pennsylvania. 

1N. S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 

20, Chamberlain, Phys. Rev. 77, 305 (1950). 

*T. Brill and H. Lichtenberger, Phys. Rev. 72, 585 (1947). 

4B. E. Warren, J. Am. Ceram. Soc. 17, 249 (1934); J. Appl. 
Phys. 8, 645 (1937). 


Il, THEORY® 


The total neutron scattering analysis may be de- 
veloped by first expressing the theory for structure 
analysis by x-rays in terms of differential neutron 
scattering. The radial density distribution for x-ray 
scattering is! 


«Z 


4ar*[p(r) — po |= (2r of si(s) sinrsds; (1) 


where p(r) is the atomic density as a function of r, 
po is the average atomic density of the sample, 
s = 49(siné)/A= 4x, 6 is half the scattering angle, and 
1(S)= (Leu/Nf*) —1 where J, is the differential intensity 
of scattering in electron units (the ratio of scattered 
intensity to the intensity scattered by a single electron), 
N is the number of scattering centers in the sample, 
and / is the atomic structure factor. 

For neutrons N(do,/dw) replaces 7,4, and a (nuclear 
scattering length) replaces f; also*.’ 49a? =,’, where a,° 
is the coherent scattering cross section for an isolated, 
bound scattering center. Hence, for differential scat- 
tering of neutrons, 


i(s)=[(49/oa,")do,/dw |—1, (2) 


so that Eq. (1) becomes 


4nr’[p(r) — po |= (2r/m) 


£ 


xf sL(49/0,")(da,/dw)—1)} sinrsds; (3) 


0 
where the Debye-Waller factor has been neglected as 
in Eq. (1). 
The Fourier transform of Eq. (3) is 


“ 


si(s) f seo po | sinsrdr, 


(3a) 


Integrating the differential scattering cross section 
over the total solid angle and using dw = 2 sin26d(20) 


* The analytical development in this section was suggested by 
M. Hamermesh. 

* A. H. Weber, Nucleonics 7, 31 (1950). 

7C, G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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yields 
4 
0,= f dw(da,/dw), 


) 


M=r 


. f 2m sin26d(20)do,/dw, 
2A) 


i) 
== Sard? f (da,/dw)xdx, (4) 


0 
where x = (sin) /X. 

Transmission experiments were conducted with the 
slow neutron velocity selector* to measure a7, the total 
cross section for neutrons. The intensity (« flux) J of a 
neutron beam measured after it passes through a sample 
(441414 in. with the 14-in. dimension parallel to 
the neutron beam) of N, scattering units per cm? is 
related to the initial beam intensity Jo by 


[=Jpo exp, —Ner), (5) 
whence 
OT = N, In(1/T), (6) 


where the transmission T is the ratio of J to Jo. 

The determination of atomic radial density distribu- 
tion using transmission data requires the integration of 
the differential scattering cross section by way of 
Eq. (4), yielding the total scattering cross section which 
is then experimentally evaluated by using Eq. (6). 
Substituting Eq. (2) in Eq. (4) and using s=4ay yields 
(writing o,,, the total liquid sample scattering cross 
section, for a,) 


o,'? 4a/a 4n/a 
(f sdst f si(s)ds), (7) 
rr? 0 0 


Integrating the first term and using Eq. (3a) in the 
second term of the right-hand side of Eq. (7) yields 


Ths \? 
all 
o,’ Sr? 0 


Integration with respect to s yields 


Ths 


An/d 


f 4n[_p(r)—pi | sinsrdrrds. (8) 


Ole 


? . 
1+ f [p(r)—po |[1—cos(4mr/d) |dr. (9) 
dr J 


f [p(r)—po ldr=0, 


4 /X and i(a)=1- 


a? 2” 
( Jive J [ p(r) — po | cosardr. (11) 
dn rvy 


*If by definition p= lim (/i" p(r)dr/f* dr), it can be shown 
R-+« 


o > 


Taking*® 
(10) 


setting a o,,/o,°, and rearranging, 


yields 


that p=po to a close approximation for R large compared to 
interatomic distances. 
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Multiplying both sides of Eq. (11) by cosa’ and 
integrating with respect to a over the range 0 to 
yields 


i 
4r? 0 


gw 


2 «@ 
a’i(a) cosar’da =~ f cosar’ da 
nT #9 


xf [p(r)—po]cosardr. (12) 


Since the right-hand side of Eq. (12) is the Fourier 
integral representation of [p(r)—po |, the radial density 
distribution is given by the corresponding transform 


r? 


4nr*{p(r) —po | =— f ai (a) cosarda, (13) 


T 0 


If the analysis is extended to a diatomic substance 
such as vitreous silica, four radial densities, instead of 
the single p(r) of (13), must be considered: p*‘(r), the 
radial density of i-type atoms about an i-type origin 
atom; p’/(r), of j-type atoms about a j-type atom; 
p''(r), of j-type atoms about an i-type atom; and p’‘(r), 
of i-type atoms about a j-type atom. In the present 
work it is assumed that of the four distributions in- 
volved in the radial densities, the first two and the third 
and fourth together are independent of one another; 
that is, they do not overlap. This assumption is sub- 
stantiated by the ultimate experimental results. 

Hence, for vitreous silica, Eq. (13) (for a monatomic 
substance) is replaced by the following three expressions. 

(1) For the i—i system (i-type atoms about an i-type 
atom) 


dar fi{p'(r) — pi} = 


r? Lh 


ff eine cosarda; (14) 


T 0 


(2) for the j—j system (j-type atoms about a j-type 
atom) 
” a 

4ar’g fi{p?'(r)—py} = ~ f a*i;(a) cosarda; (15) 


wT #5 
(3) for the i—7 and j—i systems 


4orr* Qh fj{0!*(r) —pi} + filo (r) —p3} 
rr? ® 
= — rf ai;(a@) cosarda. (16) 
el) 


In Eqs. (14) to (16) 
(17) 


i; (a) _ [ Ore— (Gove Oa) ] Vi, 


where gs. is the bound isolated scattering cross section 
for the molecule, oop, is the total experimentally meas- 
ured (chopper) cross section, o, is the capture cross 
section for the molecule [thus ooi.—o4 replaces a1, of 
Eqs. (7) to (13) ] and o; is the bound coherent scattering 
cross section for the i-type atom. Also, f; and f; are the 
fractions of i- and j-type atoms in the diatomic sub- 
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Fic. 1. Neutron cross sec- 
tions for superpure Corning 
vitreous silica. The observed 
total (capture plus scattering) 
cross section gobs curve is 
plotted directly from data 
obtained with the chopper. 
Counting statistics: probable 
error 5% or smaller. Reso- 
lution; A(1/A) at half-maxi- 
mum is 0.012A™ at 1/d 
=(.625 A, 


SECTION 


ss 
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stance; g is o;/o;; p; and p; are the average radial 
densities of the i-type atoms in the i—i system and 
the j-type atoms in the 7—j systems, respectively, and 
are defined by 


R Kk 
n= f anrp(r)dr | f 4rr°dr, 
0 0 
kK K 
w= | taripii(rydr | f 4nr'dr. 


0 


(18) 


(19) 


It is emphasized that Eqs. (14) to (16) constitute a 
“separate-systems” analysis and may be used only 
when the separate radial densities present act inde- 
pendently. This means, for example, that the i—i 
system alone produces a peak at distance r in the radial 
density distribution curve, the effect of the j—j, i—j, 
and j—i in phase scattering being negligible at the 
same distance 7; and so on. If such is not the case, 
Eqs. (14) to (16) must be modified which can be done. 


Ill. ANALYTICAL PROCEDURE 


The measurement of the total cross section of Eq. (6) 
with the chopper is straightforward. The transmission 
coefficient is calculated by the ratio of the cadmium 
difference reading with the sample in the beam to the 
cadmium difference reading without the sample. Figure 1 
shows the total cross section gop. $0 obtained for super- 
pure Corning vitreous silica. This observed total cross 
section includes the coherent liquid scattering (the 
interferent part), capture (designated by o,), incoherent 
elastic scattering (spin and isotope effects), thermal 
incoherent scattering (decreased coherent scattering 


\— CAPTURE, O; 


SS —————— 


0.4 0.6 


THERMAL 
INELAST IC 


_ — 


TO TAL, Ooes 








[a= 


0.8 1.0 1.2 
1, (A") 
4 


calculated by the Debye-Waller factor), and thermal 
inelastic scattering. 

The capture cross section is readily subtracted [as 
indicated by Eq. (17) | from the total cross section on a 
a vs X plot since a, is linear with \.* Since the capture 
cross section is zero for \=0, one other point" was 
used to determine the o, vs \ straight line. 

The incoherent elastic part of the scattering is zero, 
since for vitreous silica the nuclei involved are mono- 
isotopic and of spin zero. The thermal decreased co- 
herency is small for vitreous silica and so was neglected, 
The thermal inelastic scattering cross section was 
evaluated approximately by assuming it to be pro- 
portional to the reciprocal Debye temperature and 
using the curves given by Cassels.'' The resulting curve 
was fitted to the experimental curve in the region 
1.1 A~'<1/A <2 A™'! as is indicated by Fig. 1 and was 
used aS o@ in Eq. (17). This means that oot.—a 
approaches the thermal inelastic cross section at the 
shorter neutron wavelengths here employed. Also, the 
resulting correction is a one-phonon correction at large 
wavelength and a Debye-Waller type correction at small 
wavelength and is an approximation. Incidentally, the 
value of o,, at the maximum value of 1/A in Fig. 1 is 
a,’ of Eqs. (7) to (13). 

The integrals of Eqs. (14) to (17) were evaluated 
a 128-point 
analysis (using an electronic digital computer) was 


by representing them as finite sums'!?; 


*P. J. Bendt and I. W. Ruderman, Phys. Rev. 77, 575 (1950) 

” Nuclear Data, National Bureau of Standards Circular No. 499 
(U. S, Government Printing Office, Washington, D. C., 1950) 

"Q, R. Frisch, Progress in Nuclear Physics (Academic Press, 
Inc., New York, 1950), Vol. 1, p. 206. 

#G, C. Danielson and C, Lanczos, J. Franklin Inst. 223, 365 
(1942) ; 233, 435 (1942). 
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employed to obtain the radial density distribution 
curves of Fig. 2."% 

“ The ordinates in Fig, 2 are defined as follows: 
Ro, 0-8, si (9) @4er*[¢ fop? ? + faip™ ™ ] = 4ar"¢ fopo + Saipai } 


rf 
+ i; (a)a® cosarda; 
wv" 


27 
r . 

Rai ai (p) #407? faip™ ® = 47 /sipait | i: (a)a*® cosarda ; 
vr* 0 


nr : 
Ro, o(p) @4ar'g op? ? = 4rr¢ fopo t+ I, i; (a)a?® cosarda ; 
—_ 


Ro ai (p) se 4ar?g'l fop®? e+ faip™ 0} = dar pi[ fopait faipo ] 


rf 
+— I, i; (a)a® cosarda. 
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4 vr’ fi, Dui 
‘ 

Fic. 2. Atomic radial den- 
sity distribution for superpure 
Corning vitreous silica obtained 
by a 128-point analysis of the 
data of Fig. 1. The peaks are 
numbered 1-6 in order of in- 
creasing radial distance r: peak 
1 is for O atoms about a Si 
origin atom or for Si atoms 
about an O origin atom; peak 2 
is for O atoms about an O origin 
atom; peak 3 is for Si atoms 
about a Si origin atom; peak 4 
is for 2nd Si atoms about an O 
origin atom or for 2nd O atoms 
about a Si origin atom; peak 5 
is for 2nd O atoms about an O 
origin atom; peak 6 is for 2nd 
Si atoms about a Si origin atom 
and 3rd O atoms about an O 
origin atom. 


4.8 56 6.4 


IV. RESULTS AND DISCUSSION 


The areas under the peaks of the radial density distri- 
bution curves (Fig. 2) yield the number of atoms 
(O or Si) located about an origin atom (O or Si) at the 
average distance given by the r value of the peak. In 
calculating these numbers of atoms the basic unit 
structure of Warren‘ was used as a working model. In 
this structure each Si atom is tetrahedrally surrounded 
by four O atoms; the vertices of the first tetrahedron 
are at the same time vertices of four other tetrahedra 
so that each O atom is bound to two Si atoms, (In the 
glassy state this structure is not repeated at regular 
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intervals; there are distortions so that some features of 
a random network are produced.) 

Thus if the first definite peak of Fig. 2 (at r=1.6A 
approximately, labeled 1) is considered to be produced 
by the smallest Si—O distances, then from Eq. (16) 


G(r) = 4ar*gh{ fop-8i(r) +fs p-0(7)} 
=4argh{ fopsitfsipo} 


r? © 
+ - f a*i,(a) cosarda, (20) 
wo 


and 


r2 
f G(r)dr=area under Si—O peak 
v1 


= gl{ foN® Bi+ fy,NS! 0}, (21) 
where N°-8i=2 is the number of Si atoms about an 
O atom near r= 1.6 A. Using the triangle approximation 
method for measuring the area under the peak yields 
N°, the number of O atoms about a Si atom at a 
distance near 1.6A. The bound-isolated scattering 
cross-section values used were 2.25 barns (silicon) and 
3.6 barns (oxygen)." 

This procedure was followed for the first 6 peaks as 
shown by Fig. 2, and the results of the analysis are 
listed in Table I. The experimental total neutron 
scattering values for the number of atoms at the various 
distances are approximate only since the triangle form 
of the peaks is determined by a few points only. 

Satisfactory agreement of the experimental values, 
both of interatomic distances and numbers of atoms 
located at these approximate distances, with corre- 
sponding values calculated from the Warren model is 
found. Actually, the total neutron scattering results are 
better and more informative than are Warren’s x-ray 
determinations‘ in several ways, as follows: (1) The 
neutron scattering yields better resolution than the 
x-rays for the O—O (2.65A) and Si—Si (3.20 A) 
distances; these peaks are smeared into a single broad 
peak for x-rays. (2) A peak appears clearly at the 
O— 2nd O distance (4.50 A) for neutrons; a minimum 
actually is found with x-rays. (3) The Si—2nd O dis- 
tance (4.00 A) is found somewhat more precisely with 
neutrons (3.9A) than with x-rays (4.2 A). (4) The 


4 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952). 
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TABLE I. Atomic radial density distribution results for Corning 
superpure vitreous silica (Fig. 2) compared with Warren’s 
model." 


Total neutron scattering 


No. of atoms 
(exptl. values, 
from areas 
under peaks 
of Fig. 2) 


40 1.6 4.3 
60 2.6 6.6 
4 Si 3.3 2.7 
120 39 13.8 
60\» 

18 0/ 4.5 6.9 
12 Si 5.1 12.0 


Proposed inter Warren model 

atomic distance Dis- Dis- 
(first-noted atom tance No. of tance 
is origin atom) (A) atoms (A) 


Si-O 1.60 
O-—O 2.65 
Si—Si 3.20 
Si—2nd O 4.00 
O-—2nd O 4.50 


Si— 2nd Si 5.20 


® See reference 4. 

» A 3-dimensional model of SiOs tetrahedral units yields a total of 18 
O atoms at the Si —2nd O spacing if a rigid radial orientation is followed; 
deviations from strict radial orientation, permitting a more compact filling 
of space, probably causes one O atom of each 3 basal O atoms to be nearer 
to the origin atom, yielding 6 as the number of O atoms at the O—2nd O 
distance. : 


neutron scattering indicates that the number of second 
oxygens about an oxygen atom is six, suggesting that 
outlying SiO, tetrahedra (the four tetrahedra which are 
joined at their vertices to a central “origin” tetra- 
hedron) are oriented in such a way as to bring one 
O atom of each three O atoms in the triangular base 
plane of the SiO, tetrahedra somewhat closer to an 
O origin atom than the remaining two O atoms. 

Thus the total neutron scattering results confirm, as 
a first approximation, Warren’s vitreous silica structure 
model, As noted, neutron diffraction appears superior 
in resolution to x-rays and permits some refinements in 
the Warren model and in addition much larger values 
of 1/A can be achieved, thus permitting accurate 
evaluation of data in the region beyond interference 
effects. It is clear that the thermal inelastic scattering 
correction is of importance in the neutron work. 


V. ACKNOWLEDGMENTS 


It is a distinct pleasure to acknowledge the abiding 
interest and cooperation of O. G. Burch and H. H. 
Holscher of the Owens-Illinois Glass Company (Toledo) 
and of J. C. Boyce and L. A. Turner of the Argonne 
National Laboratory. Many of the regular staff of the 
Argonne National Laboratory contributed scientifically 
including especially M. Hamermesh, A. Wattenberg, 
O, Chamberlain, and R. Ringo; D. Meneghetti gave 
assistance in collecting the data. More recently the 
U. S. Office of Ordnance Research has aided materially 
in continuing this necessarily long-range research, 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 2 JANUARY 15, 


Hall and Drift Mobility in High-Resistivity Single-Crystal Silicon 
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Electronics Laboratory, General Electric Company, Syracuse, New York 


(Received September 21, 1956) 


Room-temperature Hall and drift mobilities have been measured for samples of single-crystal silicon 
ranging in resistivity from about 10°? ohm cm to nearly intrinsic. The Hall mobility figures indicated for 
lattice scattering are 1560 and 345 cm?*/volt sec for electrons and holes respectively, whereas drift mobility 
values of 1360 and 510 cm*/volt sec for electrons and holes, respectively, are found. 


INTRODUCTION 


INCE no data have appeared in the literature con- 

cerning Hall or drift mobilities for charge carriers 
in single-crystal silicon of resistivity greater than 200 
ohm cm, it seems worthwhile to publish the results 
obtained at our Laboratory for these parameters. This 
information may contribute to settling the question 
which is posed by many concerning a historical rise in 
mobility in silicon analogous to that observed in 
germanium. ! 


SAMPLES 


The single-crystal silicon samples investigated here 
were obtained by the Czochralski technique utilizing a 
quartz crucible and argon plus 10% hydrogen atmos- 
phere. The lower resistivity samples were doped with 
either phosphorus (m type) or boron (p type). Many of 
the higher resistivity crystals were undoped. Very high 
resistivity samples could sometimes be cut from the 
neighborhood of p-n junctions in undoped crystals. 

Hall samples were generally in the form of rectangular 
thin plates with dimensions approximately 0.5 4x 10 
mm with lapped surfaces. Drift mobility specimens were 
generally in the form of small bars of dimensions 
0.50.5 10 mm with etched surfaces. 
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Fic. 1. Plot of Hall mobility (8/39)(R/p) (cm*/volt sec) versus 
resistivity p(ohm cm) for n-type single-crystal silicon at room 
temperature (25°C), 
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1W. Shockley, Holes and Electrons in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 338. 


EXPERIMENTAL PROCEDURES 


Hall mobility was obtained by combining potential 
traverse measurements of resistivity with Hall coeffi- 
cient measurements utilizing a permanent magnet with 
a field strength of 3000 gauss. The voltages and currents 
in each case were obtained from the trace of a Brown 
vibrating-reed recording electrometer having a 10!'- 
ohm input resistor, Correction for “end shorting” was 
made using the calculations of Isenberg et al.? 

Drift mobility values were obtained using the 


Lawrance’ modification of the Haynes-Shockley‘ drift 
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Fic. 2. Plot of Hall mobility (8/3m)(R/p) (cm*/volt sec) versus 
resistivity p(ohm cm) for p-type single-crystal silicon at room 
temperature (25°C). 
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mobility experiment utilizing a Tektronix 514D oscillo- 
scope to determine both drift velocity and electric field 
strength. An Electropulse double pulse generator was 
used to pulse the sweeping field (and in some cases the 
emitter whisker). Emitter and collector whiskers were 
electropointed tungsten. The collector whisker was 
supplied with a constant bias and the signal observed 
across the collector load resistor. The collector signal 
pip was extrapolated to zero injection level by reduction 
of emitter current. Each point on the curves corre- 
sponds to an average of six measurements with varying 
emitter-collector separation and reversal of pulse travel 


2 Isenberg, Russel, and Greene, Rev. Sci. Instr. 19, 685 (1948). 

5 R. Lawrance and A. F. Gibson, Proc. Phys. Soc. (London) 
B65, 994 (1952). 

‘J. R. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951). 
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direction. Correction for diffusion and drift® as well as 
pulse/group® difference was made. 


RESULTS 


At room temperature (25°C), the results (Figs. 1 to 4) 
of Hall and drift mobility measurements agree reason- 
ably well with the literature,*~"’ all of which refers to 
crystals having a resistivity less than 200 ohm centi- 
meters. The indicated lattice scattering mobilities would 
seem to be as shown in Table I. 


TABLE I. 


Hall mobility (u = (8/3r)(R/p)) Drift mobility 


Prince D-K* 
1500 1610 
500 360 


D-K* 
1610 
360 


M-M> 


1450 
298 


L-We 


1350 
480 


Author 


1360 
510 


Author 


Mn 1560 
Mp 345 


* See reference 8. 
b See reference 7. 
¢ See reference 9. 
4 See reference 10. 


The electron Hall mobility corresponding to lattice 
scattering (1560 cm?/volt sec) is somewhat higher than 
that obtained by Morin and Maita’ but somewhat lower 
than found by Debye and Kohane.* The same relation- 
ship holds for the hole Hall mobility corresponding to 
lattice scattering except there is a more serious dis- 
crepancy with Morin and Maita’s value. 

The drift mobility results are quite close to those 
obtained by Ludwig and Watters’ who used crystals 
with resistivity less than 200 ohm centimeters. The 
electron mobility is somewhat lower than Prince" 
extrapolated for material with resistivity less than 30 
ohm cm, although the measured values are in sub- 
stantial agreement with the values which he quotes, 
namely, 1200 and 500 cm*/volt sec. 

The values disagree widely with those quoted by 
Debye and Kohane.* 


5H. N. Leifer and R. L. Watters (private communication). 

®M. B. Prince, Phys. Rev. 91, 271 (1953). 

™F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

*P. P. Debye and T. Kohane, Phys. Rev. 94, 724 (1954). 

9G. W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 
(1956). 

1M. B. Prince, Phys. Rev. 93, 1204 (1954). 
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Fic. 3. Plot of drift mobility ua(cm*/volt sec) versus resistivity 
p(ohm cm) for n-type single-crystal silicon at room tempera 
ture (25°C), 
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Fic. 4. Plot of drift mobility wa(cm*/volt sec) versus resistivity 
p(ohm cm) for p-type single-crystal silicon at room tempera 
ture (25°C). 


A statistical study between Hall and drift mobilities 
for adjacent specimens cut from the crystals yielded 
only doubtful correlation (correlation coefficient ~0). 
Most of the observed scatter of the values probably 
results from either sample inhomogeneities or random 
experimental error. 
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Carrier Lifetime in Semiconductors for Transient Conditions 


D. J. SANDIFORD 
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On the basis of the trap model, previously used in the analysis of steady-state recombination, the solution 
is given for the transient recombination of holes and electrons in semiconductors such as is encountered in 
photoconductive decay experiments. The solution contains two time-constants: 7;, that associated with the 
readjustment in concentration of the recombination centers, and 7;, the main recombination term. For low 
concentrations of recombination centers, r; and the Shockley-Read expression for steady-state lifetime are 


equivalent. 


T has been shown by several authors'* that the 
behavior of excess carriers in a nondegenerate 
semiconductor where recombination is governed by the 
trap model is represented by simultaneous equations of 
the form 


—d(Ap)/di=a,(N + pot pi)Ap—ay( pot pi)An, (1) 
d(An)/dt=a,(N*+no+m)dn—a,(no+m dp, (2) 


where Ap and An are small changes in the thermal equi- 
librium concentrations po and mo of holes and electrons 
respectively, V is the concentration of recombination 
centers, V~ and V™ are the concentrations of filled and 
unfilled recombination centers, and a, and a, are the 
probabilities for capture of holes and electrons by a 
filled center and an unfilled center, respectively. When 
the occupation of the centers obeys simple Fermi sta- 
tistics, p, and m, are equal to the values of mo and po 
for the Fermi level lying at the recombination center 
energy level. 

For the steady-state case these equations lead to the 
Shockley-Read equation for the lifetime of holes in 


n-type material. 


_(a,N)- ‘(bot pr) + (ap) *Lnot m+ N( 1+1o/m)- ‘J 


no+ pot N (1+ M0/m) 1(1-+ms/no) 


(3) 


This is the lifetime that is measured in the steady- 
state diffusion length experiment on n-type material. 
For the case of a photoconductive decay measurement 
it is necessary to solve Eqs. (1) and (2) for the more 
general case. 

The solution for both Ap and An is of the form 


Ap= Ae~# "4 Bem", (4) 


where A and B are determined by the initial conditions. 
For 


[ay(N-+ pot pr)+an(N%+no+m) P 
>4a pon N-N*+N~(not+m)+N*(pot pr) ], (5) 


which is nearly always the case, 


T= {a,[ po + pit N (1+ po/ pi) |+a,[mo+m+N (1 +no/n) }}, (6) 


(anNV)“"[ pot pitN (1+ po/p 


Tt 


1] + (a,N) [nomi +N (1+0/m1) 4 


(7) 


not pot N (1+-no/my)"(14+-n'/no)™ 


Thus the decay of Ap and An is not exactly expressed 
by a simple exponential decay but shows a departure in 
times of the order of 7; from the initial conditions. 
For a particular example: a,= 10 cm* sec, a,= 1077 
cm’® sec, N=10" cm™, no=10" cm™, pi=3X 10" 
cm™, other values being negligible, 7,=400 usec and 
7,= 0.025 psec. 

Since both Ap and An are particular forms of the 

''W. Shockley and W. T. Read, Jr., 

*A. Hoffmann, Halbleiterprobleme (¥. 
Braunschweig, 1955), Vol. 2. 


+ F. W. G. Rose and D. J. Sandiford, Proc. 
B68, 894 (1955). 


Phys. Rev. 87, 835 (1952). 
Vieweg und Sohn, 


Phys. Soc. (London) 


), its follows that r;, the lifetime under tran- 


solution (4 
sient conditions, is equal for both holes and electrons, 
even for N large. This is not the case for steady-state 
lifetimes. 

For N small, Eqs. (3) and (7) have the same value. 
When N is large, this is not so and Eq. (7) must be used 


for the interpretation of photoconductive decay 


measurements. 
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Temperature Dependence of the Piezoresistance of High-Purity Silicon and Germanium 
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(Received September 28, 1956) 


The change of resistance in uniaxial compression has been 
measured for a number of single-crystal specimens of high-re- 
resistivity m- and p-type germanium and silicon over the ranges 
5° to 350°K (Ge) and 20° to 350°K (Si). For n-type material in 
the orientations giving the large effect--[110] for n-Ge and [100] 
for n-Si—the piezoresistance is, as predicted by theory, linear in 
T~ over most of the temperature range and with a small intercept. 
It is rather insensitive to impurity scattering. The departure from 
linearity in J due to the onset of intervalley scattering near 
room temperature is estimated theoretically; it appears to be just 
barely detectable for n-Ge. The small piezoresistance of [100]- 
oriented n-Ge varies little with temperature over most of the 
extrinsic range, again in accordance with theory. For p-Ge the 
results suggest that ideally pure material would show a piezo- 
resistance dominated by a 7 term for both [110] and [100] 
orientations. It is shown that this is to be expected theoretically, 


1, INTRODUCTION 


HE discovery by Smith' of the large effect of 

elastic strain on the resistivity of some semi- 
conductors opened up interesting possibilities for learn- 
ing useful things about the conduction process. As was 
pointed out by Smith, the anisotropy of this “piezo- 
resistance” effect can indicate the orientations of the 
band-edge points of a “many-valley” semiconductor. 
Also, the effect is directly proportional to the value of a 
deformation-potential constant which occurs in the 
theory of mobility.?~* For this reason, and because a 
careful study of piezoresistance seemed likely either to 
strengthen our present picture of conduction in silicon 
and germanium or else to uncover important defects in 
it, the present study was undertaken. It differs from 
the work of Smith primarily in covering as wide a 
temperature range as can conveniently be studied for 
high-resistivity extrinsic material, namely, from 5° to 
350°K for n and p germanium, and from 20° to 350°K 
for n and p silicon. 

The piezoresistance phenomenon relates the change 
dp of the resistivity tensor to the stress x or the strain 
u. If we designate components of all symmetric tensors 
with an index r which runs from 1 to 6, as is customary 
in the theory of elasticity, we can define a piezo- 
resistance tensor II or an elastoresistance tensor m by 


5p,/po= Vl xs = D Mratty. (1) 


For a cubic substance I or m can be described in terms 
of its 11, 12, and 44 components referred to coordinate 
axes chosen along the cube directions. For silicon and 
germanium some of these components are very much 

1C, §. Smith, Phys. Rev. 94, 42 (1954). 

1. Herring, Bell System Tech. J. 34, 237 (1955). 

+E. N. Adams, Chicago Midway Laboratories Technical Re- 


port CML-TN-P8 (unpublished). 
*C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 


although the mechanism of piezoresistance for a degenerate band 
is more complicated than for a many-valley model. However, the 
results for p-type material are, as they should be, much more 
sensitive to impurity scattering, even the sign of the effect varying 
with the purity for [100] specimens. For p-Si no simple tempera 
ture dependence is found, presumably because the spin-orbit 
splitting of the bands is comparable with kT. At temperatures low 
enough to condense most of the carriers onto impurity centers, the 
piezoresistance departs from linearity in 7 and varies from 
specimen to specimen. This behavior appears not to be due to 
impurity scattering; it may be caused in part by inhomogeneities. 
Surface conduction effects have been observed, but can be elimi 
nated by etching. Neither Hall nor piezoresistance measurements 
reveal any detectable variation of the ionization energy of donors 
with strain. No departure of the piezoresistance from linearity 
in the applied stress has been observed. 


larger than the others. As we shall discuss later on, 
theory? * makes fairly detailed predictions about the 
behavior of these large components, and it is to them 
that we have devoted the greatest attention, One of 
the principal predictions is that the large components 
should be nearly proportional to 1/7 over a wide range 
of temperature. This has recently been confirmed by 
Keyes.® Fortunately, these large components—unlike 
some of the others—can be measured by measuring the 
resistance of a rod in simple longitudinal tension or 
compression, and we have used this method in nearly 
all of our work. Details are given in the next section, 
After presentation of the raw results, we shall discuss 
the relation of theory to the many interesting features 
of the data. 


2. EXPERIMENT 


Our measurements covered the isothermal piezo- 
resistance, electrical conductivity, and Hall coefficient 
of silicon and germanium as functions of temperature, 
Temperatures over the desired range—5° to 350°K for 
germanium and 20° to 350°K for silicon —were achieved 
with a three-wall cryostat having a nitrogen-cooled 
radiation shield. For thermal control, a brass can con- 
taining charcoal and wound with a heater was located 
at the bottom of the inner Dewar. The sample was 
mounted on the holder shown in Fig. 1 as it would 
appear with the cryostat removed, The thermal capacity 
of the holder and of the refrigerant adsorbed on the 
charcoal gave sufficient thermal stability to allow a 
complete set of measurements to be made at any inter- 
mediate temperature. For example, the temperature 
drift at 10°K without pumping was about 0.2° per 
hour. Temperature below 20°K was measured with a 
carbon resistance thermometer calibrated against a 


*R. W. Keyes, Phys, Rev, 100, 1104 (1955). 
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Fic. 1, Sample 
holder, showing 
method of loading 
the sample and the 
charcoal thermal 
mass. 


CHARCOAL POT 


vapor pressure thermometer and above 20°K with a 
copper-constantan thermocouple. 

The piezoresistance effect was produced with com- 
pressive stress, ‘The effect was taken to be positive when 
compression increased the resistance of the specimen. 
Thus, our effects are opposite in sign to the corre- 
sponding effects of Smith who used tension. The method 
of loading and unloading the sample is shown in Fig. 1. 
The loading rod was a thin-wall stainless steel tube 
terminated with a fiber plug for electrical insulation. 
‘To minimize thermal fluctuations, the rod was kept in 
contact with the sample and only the weight raised or 
lowered on the platform. The loading weight was varied 
from 100 to 1500 g to check the linearity of the effect 
with load. In general, the measurements were made 
using a load of 1000 g. This produced a stress of 5.5 10’ 
dynes/cm? on the samples where stress is parallel to 
current and 1,010" dynes/cm? on the samples where 


CARBON THERMOMETER 


TEFLON 
INSULATION 
TEFLON SUPPORT 


i) 


TEFLON INSULATOR 

COPPER Ors 

CURRENT LEADS 
TAMPLe 


FOR STRESS 
4 CURRENT 


SAMPLE FOR 
STALSS | CURRENT 


POTENTIAL LEADS 
WALL LEADS 


Fic. 2. Details of the mounting of the sample at the lower end 
of the sample holder, 
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stress is perpendicular to current. After each change in 
load sufficient time was allowed for the sample to regain 
thermal equilibrium. This was especially important 
when measuring the small piezoresistance effect since 
the effect itself was often of the same order as the 
difference between adiabatic and isothermal readings. 

Sample shapes and the methods of mounting are 
shown in Fig. 2. Samples were oriented to within five 
minutes of arc on an x-ray goniometer modified for the 
purpose by W. L. Bond. All surfaces were initially sand- 
blasted. Later on, a few samples were etched as a 
check on surface conduction. Lead wires were spot 
welded to the contact areas. The sample was loosely 
held in place by Teflon supports on a copper disk which 
was rotated and locked into place to align the sample 
with the loading rod. 

When the sample resistance was below about 10° 
ohms, voltages were measured with a simple dc potenti- 
ometer circuit, a Leeds and Northrup microvolt ampli- 
fier as galvanometer with its output displayed on a 
strip chart recorder. Circuit unbalance produced by 
loading the sample was recorded on the chart. Measure- 
ments were made with constant sample current. This 
system was capable of detecting about +0.01% change 
in sample resistance when measuring the large effect 
and about +0.002% change when measuring the small 
effect. When sample resistance was above 10° ohms, a 
cathode-follower and high resistance galvanometer sys- 
tem were used in place of amplifier and recorder. 
Sample current could not be kept constant so change 
in current with loading was also measured. Contact 
resistance sometimes became serious and detector 
sensitivity was reduced. When contact resistance 
changed appreciably with load, results were discarded, 
Near the extreme of the high-resistance range the 


TABLE I. Characteristics of the samples used. 


Na 10°" Orien- 
cm™* tation 


Major 
impurity 


Sample Crystal 
No. No. 


No X10°% cm" 
n-type germanium 
1012 VIII-532 Sb 16.5 0.5 110 
1046 Z-169-A = Sb 5.9 1.2 110 

135 VIII-129_ --- 0.78 0.03 [110 
1008 VIII-343 As 9.6 0.3 110 
1043 IV-194 As 170 2.0 110 
1047 VIII-532 Sb 13.0 0.4 100 
1048 Z-169-A Sb 5.9 1.2 100 

p-type germanium 

Vac. 32 B 04 ; 110 
ZL-510 In 1.6 A 110 
IV-319 Ga ee ‘ 110 
ZL-510 In 1.1 5. 100 
IV-319 tee 100 


n-type silicon 


VI-1273 13 tee it 


1051 
1052 
1056 
1055 
1057 


1049 
1020 
1058 


VI-1115D 15 100 
A-529 99 78 100 


p-type silicon 


1053 A-388 30 6 = [110] 
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Fic. 3. Isothermal piezoresistance, Ap/px = 4 (Mii +Ti2+ 44), as a function of reciprocal temperature for 
n-germanium oriented [110]. The line is that drawn in Fig. 4 


change in resistance was measured to about +10% 
with this system. The two systems were equivalent at 
a sample resistance around 10° ohms. 

In general, Hall coefficient was measured using a 
magnetic field of 1000 oersteds. Linearity with electric 
and magnetic field was checked for an indication of 
surface and impurity band conductivity. The applied 
electric field in all measurements was kept below one 
volt per cm to avoid other nonlinear effects. 

A summary of information concerning the samples 
used is given in Table I. For identification, the sample 
number and the number of the crystal from which it was 
cut are given. The identity of the major impurity, 


donor concentration Np, and acceptor concentration 
Na, were determined from Hall data. 


3. RESULTS 


Some of the results which have been obtained are 
not reported in this paper because they were insuffi 
ciently precise for our purposes. For example, all data 
taken on silicon samples from crystals grown by the 
floating zone method have been discarded. The tem 
perature dependence of the large piezoresistance effect 
of these samples differed greatly among samples and 
also differed from results obtained with crystals grown 
by the pulled method, This may have been due to the 
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Fic, 4, An expanded plot of the high-temperature region of Fig. 3. The line was drawn to fit the 
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unusually high concentration of dislocations in these 
floating zone silicon crystals. Results on samples where 
stress is perpendicular to current were not sufficiently 
reproducible, This may have been a result of the ge- 
ometry of the samples (shown in Fig. 2) and the diffi- 
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Fic. 5. Isothermal piezoresistance, Ap/py=TII,;, as a function of 
temperature for m-germanium oriented [100]. 


culty of achieving a uniform stress over the large area 
of the sample. All of the piezoresistance data to follow 
were taken with longitudinal compression. 

The piezoresistance effect is reported as fractional 
change in resistivity per unit stress. This was obtained 
in the case of the small effects from the measured frac- 
tional change in resistance by correcting for the dimen- 
sional change. This small correction was neglected in 
the case of the large effects. 


3.1 Germanium Piezoresistance 


General curves of the large piezoresistance effect in 
n-germanium are shown in Fig. 3. A linear dependence 
on reciprocal temperature is evident in the high-tem- 
perature portion of the curves and is shown in detail 
in Fig. 4. The straight lines represent the temperature 
dependence of piezoresistance due primarily to the 
population effect described in Sec. 4.1 below. The slight 
change of slope above 100°K, shown in Fig. 4, if real, 
is due to the onset of intervalley scattering (Sec. 4.1). 
The unexpectedly large departures from linearity at 
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Fic. 6. Isothermal piezoresistance as a function of reciprocal temperature for p germanium. The upper set of data shows 
Ap/px = 4 (I1i:+1112+-M44), orientation [110]. The lower set of data shows Ap/px = II,;, orientation [100]. 


low temperatures are believed due to mechanisms other 
than impurity scattering (Sec. 4.3). 

The small piezoresistance effect is represented by the 
central portion of the data in Fig. 5. The low-tempera- 
ture rise is probably due to a small admixture of the 
large effect and the high-temperature rise to intrinsic 
conduction (Sec. 4.1). This measurement was par- 
ticularly sensitive to sample misorientation but the 
agreement of the two samples suggests that this factor 
was below experimental error. 

Data for two orientations of p germanium are shown 
in Fig. 6. Both orientations show a large effect with 
some tendency to depend linearly on reciprocal 
temperature. 


3.2 Silicon Piezoresistance 


Data for the large direction of nm silicon and for p 
silicon are shown in Fig. 7 (crystals grown by the pull 
technique only). The large direction of the piezo- 
resistance effect follows very well a linear dependence 
on reciprocal temperature, but the data are not precise 
enough to allow the intervalley scattering effect to be 
separated out. Two sets of data are shown for sample 
1020, Actually four sets of data were taken on this 
sample, each successive set showing an additional de- 
crease in the over-all piezoresistance. Sample 1058 
represents a more recent crystal. It reproduces very 
well the earlier results and did not show a significant 
decrease in the piezoresistance effect with repeated 
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measurements at 50°K. The behavior of 1020 is un- 
explained, but may be connected with dissolved oxygen 
or dislocations, both of which are known to be present 
in amounts which vary from one crystal to another. 


3.3 Hall Mobility 


Mobilities for » germanium, p germanium, and n 
and p silicon are plotted in Figs. 8, 9, and 10, respec- 
tively. These results will be used to estimate the relative 
amounts of lattice and impurity scattering in the range 
above 10°K. 


4. THEORY AND DISCUSSION 


Since one of the principal reasons for undertaking 
these experiments was to obtain values of deformation 
potentials to use in the theory of mobility, we shall first 
discuss the relation of the results to the deformation- 
potential effect, the extent to which this relation may 
be influenced by impurity and intervalley scattering, 
and the evidence for the smallness of all other effects 
contributing to the piezoresistance. We shall see that 
useful conclusions about the nature of ionized-impurity 
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scattering can be drawn from the data. Our discussion 
for the p-type samples will include a description of the 
ay in which deformation-potential effects influence 
the resistivity when the band edge is degenerate, as 
the existing literature® does not treat this explicitly. 
Next, we shall discuss the departure from 1/T be- 
havior which all the data (shown in most detail in 
Fig. 3) manifest at temperatures low enough to freeze 
out most of the carriers onto the impurity centers. We 
have not been able to establish the cause of this with 
certainty ; macroscopic and microscopic inhomogenieties 
seem the most likely culprits. In any event, one can 
show that several conceivable causes are not adequate 
to explain the fall-off. This part of the discussion may 
help to draw attention to some of the difficulties beset- 
ting the interpretation of all kinds of electrical measure- 
ments on semiconductors at low temperature. 


4.1 N-Type Specimens, Donors Mostly Ionized 
Formulas for the Major Effects 


For a many-valley semiconductor such as n-type 
germanium or silicon, theory? predicts that the elasto- 
resistance tensor should be a sum of several terms, of 
which the predominant one at moderately low tem- 
peratures is that due to the strain-induced change in 
the relative populations of the different valleys. This 
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*E. N. Adams, Phys. Rev. 96, 803 (1954). 
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for n germanium, and 
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ye 


my =0, mye?) =—}m yy, (5) 
for n silicon, where yu,, and yw, are the mobilities of elec- 
trons in a single valley parallel and perpendicular, 
respectively, to the symmetry axis of the valley, u is 
the macroscopic mobility 4(u,,+2u,), and Z, is the 
deformation-potential constant for uniaxial shear, de- 
fined by the statement that Zu is the band-edge shift 
due to a stretch of amount wu along the valley axis 
combined with a compression of amount 4u in each of 
the two perpendicular directions. At high tempera- 
tures, where intervalley lattice scattering is important, 
a term m,,“ must be added to m,,‘”’, representing the 
effect of the deformation-potential shifts of energy on 
the probabilities for scattering from one valley to 
another.? This term goes as 1/T at high T, but becomes 
exponentially negligible at low; explicit formulas for it 
are given in Appendix A. It obeys the same symmetry 
relations (3), (5), as m,,”?. 
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Fic. 9. Hall mobility as a function of temperature 
for p germanium. 


FURTIF: Si 


Ge 


AND 





10° 
et 





nn 














3 
. 





HALL MOBILITY IN Cm? PER VOLT SEC 
eo 











; 


| | | 











| | | 
2 | 
ee ee a ee | — 
10 20 40 60 100 200 400 600 


TEMPERATURE IN DEGREES KELVIN 


1000 


Fic. 10. Hall mobility as a function of temperature for n silicon 
(upper data) and p silicon (lower data). 


Discussion of the Minor Effects 


Additional contributions to the elastoresistance can 
arise from the alterations, due to strain, of the intrinsic 
band gap, the energies of impurity levels, the effective 
masses, and the matrix elements for scattering. For 
n-type germanium and silicon, at least, all these 
(except the first at high temperatures) should be small 
compared with the value at room temperature of the 
dominant term (2) or (4). However, these minor effects 
are not expected to have the symmetry property (3) or 
(5), so they can, and must, be responsible for the entire 
values of the minor components of m,,. Over the tem- 
perature range in which pure acoustic scattering pre 
dominates, the effective-mass and matrix-element ef 
fects should be nearly independent of temperature. 
This expectation may be compared with the observa 
tions of Fig. 5 on [100]-oriented n germanium. Both 
specimens behave as expected, —II,; decreasing rapidly 
as intrinsic carriers cease to be important just below 
room temperature, remaining nearly constant over 
quite a range of temperatures, and finally rising rapidly 
at low temperatures, The latter rise could well be due 
to a slight admixture of the large coefficient II44 in the 
measured dp/dx, since II4,«1/7. Such an admixture 
would occur if anywhere in the sample the stress field 
and the current both departed from [100] orientation, 
Such departures are to be expected near the side arms. 
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TABLY IT. Population-effect contributions to the isothermal piezoresistance constants of n-type germanium and silicon. 


vein panes 
Substance and constant as 


Ge, 40+) 40-120" 
Mas const — 30 400/T* 


Si, Ms (°-250° 
mi) const —21 500/T* 


Ftting line 


const —22 00x 10° /T cm? dyne ‘a 


const ~21 000% 10~"/T cm? dyne 


Estimate of amount attributable to intervalley 
scattering contribution 


None, in this range 


Slope of I1,,°” perhaps 15% greater than that given 


* Based on assumption that small components are independent of temperature. 


Misorientation of the specimen may also contribute, 
especially if aided by inhomogeneities in conductivity. 
The side-arm effect predicts the sign of the low-tem- 
perature effect correctly, and the rise is in fact roughly 
like a 1/T term. The other rise, near room temperature, 
is consistent with a roughly constant variation of elec- 
tron mobility with strain, combined with an effect of 
strain on the intrinsic band gap. It is tempting to try 
to analyze the data for the two specimens simultane- 
ously for the constants describing these two effects. 
However, to do this one must assume a value for the 
effect of strain on the mobility of holes, and this is not 
accurately known for material of this purity. About all 
that can be said is that the data are reasonably com- 
patible with the known’ change of conductivity under 
hydrostatic pressure, but suggest that either the change 
of electron mobility with strain is slightly larger at 
"300° than at 200°, or else the change of hole mobility 
is two or three times the change of electron mobility. 


Numerical Values of the Population Effect 


We shall now analyze the data on IIq(Ge) and 
I1,,(Si) in a manner suggested by this evidence on the 
smallness and probable insensitivity to temperature of 
the elastoresistance contributions due to other than 
deformation-potential effects. If the contributions of 
these minor effects to these major components are 
comparably small and insensitive to temperature, a 
plot of the major component against 1/7 should, by 
(2) or (4), yield a straight line over any temperature 
range where intervalley scattering is negligible and the 
mobility anisotropy is constant, at least if any variation 
of Z, with T in this range can be taken as linear in T. 
This is the reason for presenting the data of Figs. 3 
and 7 in plots of this type. The slope of such a straight 
line portion measures the product of Z, by the mobility 
anisotropy; since w,“<y, for m germanium and n 
silicon, the factor in parentheses in (2) and (4) is not 
very uncertain, being slightly >—j. The intercept of 
the straight portion of Fig. 3 or Fig. 7 should measure 
the effective-mass and matrix-element contributions to 
the component of I in question, plus any effect from a 
temperature variation of Z,, and a contribution from 
the intervalley effect discussed in the next paragraph, 
if this is appreciable over the fitting range. The straight 
lines drawn on Figs. 3 and 7 were fitted to the ranges 


7 W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954). 


shown; they give the (uncorrected) population shift 
contributions listed in the next to the last column of 
Table II, and intercepts which are of the same order 
as the directly measured II,,(Ge) of Fig. 5 or the 
IT 44(Si) of Smith.! 


Intervalley Scattering Effect 


Near room-temperature intervalley scattering should 
be considerable for n silicon, and perceptible, though 
not large, for m germanium. We therefore need to ask 
how much of the piezoresistance observed in this range 
should be attributed to the intervalley term m,,“ 
mentioned above. Since this term, present at high tem- 
perature but not at low, should cause curvature in the 
plots of II against 1/7, we must decide whether the 
absence of perceptible curvature violates reasonable 
expectations, and, if not, whether the interpretation of 
the slopes of Figs. 3 and 7 in terms of Eqs. (2) and (4) 
needs to be modified because of the effect of the inter- 
valley term. Although the theory of this term has been 
worked out,’ quantitative predictions are hard to make 
because the parameters describing the intervalley scat- 
tering are not known, and because for any assumed set 
of parameters numerical integrations would be re- 
quired. However, it is not hard to evaluate m,,“’) for 
the limiting cases of very small intervalley scattering 
(compared with intravalley) at any temperature, or of 
arbitrary intervalley scattering at high temperature. 
This is done in Appendix A. For germanium it appears 
that even if the departure of the mobility slope from 3 
is attributed entirely to intervalley scattering, the inter- 
valley contribution my“ for germanium at room 
temperature is only of the order of 15% of the popula- 
tion-shift term m4y‘”). The curvature introduced into 
the plot of p™'dp/dx against 1/T by a term of this size 
could easily be overlooked; a straight line fitted to the 
data over a range like 80°-300°K would then have a 
slope a few percent lower than the slope of the popula- 
tion term alone. The present data show no curvature 
on the scale of Fig. 3, but the expanded plot of Fig. 4 
shows that the points at higher temperatures appear to 
be perceptibly above the straight line fitted to the 
range 40°-120°K. This may well be due to the term 
my. For silicon my,“ might be of the order of a 
third of mi‘. This would probably not introduce 
perceptible curvature in the range 100°-300°, but would 
make the observed slope 15% or so lower than that of 
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the population term. This rather uncertain correction 
is recorded in the last column of Table II. 


Insensitivity to Impurity Scattering 


Figures 8 and 10 show evidence of appreciable im- 
purity scattering below liquid air temperature for some 
of the n-germanium samples, and at rather higher 
temperatures for the n-silicon specimens. However, 
even a sizeable amount of impurity scattering seems to 
have very little effect on II: the germanium specimen 
1043, for example, has a mobility at 30° only about a 
third the ideal lattice scattering value, yet its (IT 
+1I2+TI44) differs by no more than a few percent at 
most from that of the purer specimens. Although the 
fact that 4, >>yp,, makes m4, insensitive to variations in 
the mobilities, a reduction of u, by a factor 3 without 
a comparable reduction in u,, would, by (2), reduce my, 
by 15% or 20%. Thus we may conclude that a moderate 
amount of ionized impurity scattering reduces y,, and 
u, in comparable ratios, or else reduces u,, more. This 
is a significant conclusion, as it has not been obvious 
a priori that this should be so. 


4.2 P-Type Specimens, Acceptors Mostly Ionized 
Generality of the Relation 1 «= T™ 


For a degenerate band structure, just as for a many- 
valley model, we expect the shifts 5e(K) of the elec- 
tronic energy levels with strain to give elastoresistance 
contributions of order 5«/k7T, while all other effects 
should give much smaller contributions. The situation 
is now more complicated, however, since a shearing 
strain will in general lift the degeneracy of the band 
edge and warp the energy surfaces.* Through these 
effects the strain influences the current not only by 
changing the equilibrium populations of the states of 
the carriers, but also by changing the group velocities 
and the wave functions which enter into the matrix 
elements for scattering. 

We can nevertheless show that for a large class of 
cases the predominant effects go as 7~'. Let us assume 
that for any small strain u the dependence of energy on 
wave vector K in each band is of the form 


e(K,u) =a(direction) K?+ 8 (direction). (6) 


a and 6 being unspecified functions of the direction of 
K, and independent of temperature. Let us also assume 
that the squared matrix element for scattering is of 
the form 


| M(K,K’) |?= F(7)[Go(directions) 
+ (u/K*)G,(directions) |, (7) 


where Go, G; are functions of the directions of K, K’, 
and K—K’, and of the bands in which states K, K’ lie. 
The dependence of u/K? is of the proper form to take 
account of mixing of the wave functions of the de- 
generate bands by the strain. The assumptions (6) 
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and (7) should be good approximations if the width kT 
of the occupied energy range is much less than the 
separation of the degenerate band edge in question 
from other bands, if the effective-mass constants are 
temperature-independent, and provided M(K,K’) is 
dominated by acoustic scattering. For very small K, 
of course, aK? and uf will become comparable, and (6) 
and (7) will break down; however, the number of 
states in this range is of order u!, hence too small to 
affect the first derivative of conductivity with respect 
to 4. 

Now consider the Boltzmann transport equation, an 
integral equation for the first-order change in the dis- 
tribution function due to an applied electric field. The 
kernel is the scattering function S(K-—-K’), while the 
inhomogeneous term is proportional to the gradient of 
the equilibrium distribution function /®. For Max- 
wellian statistics let 


f%=f exp(—er/kT) 


exp(—¢/kT). 
Then for any \ our assumptions give the scaling laws 
f(K; wT) =f (AK; u,?7), (8) 
S(K-K’; u,7) = BS(AK—)AK’; \"u,\"7), (9) 


where B depends on T and "7, but not on u, K, K’. 
If u is a shearing strain, so that der/Ou=0, both the 
kernel and the inhomogeneous term in the transport 
equation for strain A’w at temperature \*7 will scale 
from those for u, 7 with factors that depend on the 
temperatures but not on u. Therefore a strain \*u pro 
duces as much fractional change of current at tempera- 
ture \?7' as does a strain u at temperature 7, i.e., 


elastoresistance coeff. for shear « 7™', (10) 


The most important causes for departures from (10) 
are, as we shall see, impurity and optical mode scatter- 
ing, proximity of other bands which cause departures 
from the parabolic law (6), and, possibly, temperature- 
dependence of the masses. 


Data for p Germanium: Sensitivity to 
Impurity Scattering 


Whereas for m germanium and » silicon the sym- 
metry of the band-edge points causes the population 
effect from certain types of shear to vanish, there are 
no such symmetry restrictions on the major elasto- 
resistance coefficients for p germanium. The fact that 
Smith' found $(m—my.)<my at room temperature 
has therefore occasioned comment.* ‘The data of Fig. 6 
show that there are indeed two piezoresistance coeffi- 
cients which, as T decreases, become much larger than 
anything that could be attributed to the “minor” 
effects. With allowance for impurity scattering (see 
below) and for partial cancellation of the major and 
minor effects near room temperature, the difference in 
the magnitudes of the two coefficients does not seem 
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preposterously large. ‘Thus ideally one should be able 
to extract from piezoresistance data the values of two 
deformation-potential constants. However, to do this 
even with ideal data one would need a more detailed 
theory than has yet been worked out, 

Actually, as Fig. 6 shows, T~' behavior does not hold 
very well, but one can argue that this departure from 
ideality is probably to be expected. There are at least 
three effects which can make the elastoresistance more 
sensitive to impurity scattering and optical mode 
scattering in p-type than in n-type material. The first 
of these is that the piezoresistance of light and heavy 
holes may be quite different, and the light holes are 
notoriously sensitive to impurity scattering. The second 
point is that, according to (6), the anisotropy intro- 
duced into the energy surfaces by strain becomes 
larger and larger the lower the kinetic energy Ae of the 
holes. The effect of strain on certain components of 
group velocity therefore gets very large at small Ae, 
and so the low-energy holes may contribute a very 
large share of the elastoresistance. But it is the low- 
energy holes that are most susceptible to impurity 
scattering. The third effect is that the strain may also 
alter the anisotropy of the scattering processes, and 
may alter it differently depending on the relative 
amounts of different kinds of scattering, 

The room-temperature data of Smith’ seem to con- 
firm this expected sensitivity to impurity scattering, 
as they show a marked dependence of I),;—IIi2 on 
purity. For a further confirmation the measurements on 
specimen 1057, shown in Fig. 6, were taken. The dif- 
ference between these points and those for the purer 
specimens is striking, and contrasts with the almost 
imperceptible difference between specimen 1043 and 
the purer specimens in Fig. 3. 

Some measurements of the effect of a magnetic field 
were made on sample 1055 at 78°K to test the specula- 
tion that the sensitivity to impurity content arises from 
the current contribution of the light holes, or from that 
of very low-energy holes. A reversal of the sign of 
Op/dx was found in a field of only 250 oersteds; this 


seems to confirm the speculation. 


Data for p Silicon 


For silicon it is known that the spin-orbit splitting 
separating the two levels at K=0 is no more than, and 
probably of the order of, 0.03 ev.* Thus equations such 
as (6) to (10) should not be applicable above liquid air 
temperature. Although the points of Fig. 7 fit a straight 
line fairly well down to 200° or 150°K, this recti- 
linearity must be regarded as accidental, and the line 
is doubtless not related in any very simple way to any 
single constant of the material. Near and below liquid 
air temperature, on the other hand, impurity scattering 
is surely a major factor, so there is no part of the tem- 


*A.H. Kahn, Phys. Rev. 97, 1467 (1954). 
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perature range where there seems to be much hope of 
interpreting the data quantitatively. 


4.3 Apparent Decrease of II as Carriers 
Freeze Out 


All the data of Figs. 3, 6, and 7 show that for each 
material the large piezoresistance coefficient fails to 
increase as rapidly as T~' when the temperature is 
lowered into the range where most of the carriers are 
freezing out onto donors and acceptors. Simultaneously, 
the fluctuations from specimen to specimen increase 
greatly: for example, in Fig. 3 the apparent IIq’s of 
different n-germanium specimens agree to within a few 
percent above 20°K, but range over 15% or so at 10°, 
and much more at lower temperatures, For the p 
germanium and the » silicon it is hard to exclude im- 
purity scattering as a possible cause of this behavior, 
though one is struck by the fact that IT is always smaller 
than the extrapolation from higher temperatures. For 
n germanium, however, we shall show that impurity 
scattering is not responsible, and that some other 
cause, probably associated with inhomogeneities, must 
be invoked. This cause might well affect the p-type 
specimens the same way. 


Arguments Against Altributing the Anomalies 
to Impurity Scattering 


In the discussion of the higher temperature data for 
the n-type material we have already noted that, for 
these, the piezoresistance is not greatly affected by 
ionized-impurity scattering, even when this is sufficient 
to reduce the mobility by a factor two or three. So 
prospects are not bright for accounting for the anomalies 
in this way; we shall try to tighten the argument in 
several ways. 

Equations (2) to (5) should represent the dominant 
population-effect contribution to the elastoresistance 
whenever the specimen can be considered homogeneous 
with its current carried by electrons in the conduction 
band and limited by scattering processes describable in 
terms of transition probabilities. Our present argument 
can be characterized as a proof that no reasonable 
picture of this sort can account for the fall-off from 
T~' behavior. We note first that because of the small- 
ness of the energies of the phonons active in lattice 
scattering, there cannot be any very great change in 
the anisotropy of acoustic lattice scattering between 
30° and 10°, or any very great departure from the T=! 
law of mobility. Thus only impurity scattering or a 
temperature variation of Z, could cause the values of 
(2) or (4) to depart seriously from T~' behavior. But im- 
purity scattering can only reduce u,, and yw, below their 
lattice-scattering values; it cannot increase either. The 
greatest possible decrease in m4,‘”’, for a given decrease 
in w, occurs when the decrease in yu is due entirely to a 
decrease in w,, since 4,>y,. The purer -germanium 
specimens show a moderate reduction of mobility below 
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that due to acoustic scattering, but as is shown in 
Appendix B, this reduction is by no means sufficient to 
account for the reduction of m4, even in the unlikely 
extreme that all the reduction is in y,,. 

The actual effect of impurity scattering must fall far 
short of this extreme, since, as we have noted above, 
even a sizeable amount of impurity scattering has little 
effect at slightly higher temperatures. For example, the 
mobility reduction for specimen 1043 at 30°K is of the 
same order as, or greater than, that of any of the purer 
specimens at 10°, yet the piezoresistance of 1043 is, if 
anything, a few percent greater than that of the others. 
The two cases should be truly comparable, as it can 
be verified (Appendix B) that in both cases ionized 
impurity scattering far outweighs scattering by neutral 
impurities. 


Absence of an Appreciable Effect of Strain on the Degree 
of Ionization of the Donors 


The fact that departures from 7~' behavior occur 
in the very range of temperatures where the carriers 
are freezing out onto impurity centers suggests the 
possibility of a strain-induced change in the degree of 
ionization. For very small strains no appreciable change 
of this sort is to be expected, however, since to the first 
order in the strain only the volume dilation can affect 
the degree of ionization, and since this volume effect 
on the ionization energy would probably be small, of 
the same order as the change of the effective mass with 
compression. Observation also suggests this conclusion, 
since the volume effect should be the same for any 
orientation of the specimen whereas the total II,, of 
Fig. 5 is some tens of times smaller than the departure 
from linearity in Fig. 3. As an additional check, Hall 
measurements with and without load were compared 
for sample 1012, a well-behaved germanium specimen. 
The change in Hall voltage with a 1000-g load was 
found to be less than 0.5% at 10°K. 

Shear can affect the degree of ionization to the second 
order in the strain. However, the data shown in Fig. 3 
were linear in the load up to the maximum of 7.9 107 
dynes/cm*, so the nonlinear range has evidently noi 
been reached. 


Difficulties with Other Explanations for the Fall-off Which 
Assume Homogeneous Conduction by Free Carriers 


We have by now ruled out the possibility of attribut- 
ing most of the anomalies to the population effect, if 
the deformation-potential constant Z, is temperature- 
independent. We have now to consider whether the 
anomalies could be due to temperature dependence of 
=., to an intervalley scattering effect, or to the “minor” 
contributions to the piezoresistance. The latter are 
presumably of the order of a few times 107"? cm?/degree, 
while the anomalies in Fig. 3 and the other figures are 
of the order of many hundreds of the same units. Even 
if the low-temperature rise in the II, of Fig. 5 were 
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considered to be real, the indicated magnitude of the 
“minor” contributions would still be far too small to 
account for the anomalies. As for intervalley scattering, 
intervalley lattice scattering is certainly negligible in 
the present temperature range, and intervalley impurity 
scattering would surely be a very small fraction of the 
total impurity scattering, hence would affect II by a 
percentage enormously less than the reduction of the 
mobility by all kinds of impurity scattering together. 

A temperature variation of Z,, could arise either from 
thermal expansion or from a strain-dependence of the 
thermal shift of the band edge which is known to be 
produced by the electron-phonon interaction.’ However, 
both these effects should give dZ,,/dT=0 at T=0, and 


a consideration of their probable orders of magnitude 
suggests that only a small fraction of the piezoresistance 
anomaly could be attributed to these effects. Note that 
any large temperature dependence of Z, would prob 
ably cause the mobility slope to depart greatly from the 


ideal value — 3. 

None of these alternative mechanisms which we 
have just rejected would account for the variability 
of the piezoresistance from specimen to specimen. 


Short-Circuiting by Other Conduction Mechanisms 
Above 10°K 


Impurity band, dislocation, or surface conduction 
could modify the piezoresistance by short-circuiting 
the normal free-carrier conduction mechanism; such 
effects would vary from specimen to specimen, How 
ever, we consider it unlikely that they were responisble 
for the piezoresistance anomalies of germanium above 
10°K. Impurity band conduction at such temperatures 
seems out of the question for samples as pure as most 
of the ones used; moreover, there is no sign of it in the 
behavior of the Hall mobility. Etching the surfaces of 
some of the specimens had almost no effect on II above 
10°, though as we have mentioned earlier, there was 
evidence in some cases of surface conduction at lower 
temperatures, In general, any parallel conduction 
mechanism would be expected to have an activation 
energy very different from that of the donors, and so to 
come in catastrophically as the temperature is lowered. 
The anomalies of Fig. 3 do not do this. 


Possible Effects of Macroscopic Inhomogeneities 


Inhomogeneities, which we are now led to consider, 
can be present on any scale, We shall apply the term 
“macroscopic” to inhomogeneities whose scale is large 
compared with a Debye screening length. Note that 
since local alterations in the proportions of charged and 
neutral centers can contribute to screening effects, this 
length does not usually get very large, even at low 
temperatures. The presence of such inhomogeneities 

*Fan, Shepard, and Spitzer, Proceedings of the Conference on 


Photoconductivity, Atlantic City, 1954, edited by R. Breckenridge 
(John Wiley and Sons, Inc., New York, 1956). 





536 MORIN, 
modifies the distributions of current j and field E in a 
way that is determined by the classical equations 
VX E=V-j=0,j=o-E, with @ (which in the presence 
of strain or of a magnetic field is in general a tensor) 
varying from point to point. What we wish to estimate 
here is how large an effect reasonable kinds of macro- 
scopic inhomogeneities can have on the apparent 
piezoresistance, subject to the condition that the ap- 
parent Hall mobility not be reduced below ideal mo- 
bility by more than a moderate factor. The estimate 
will depend somewhat on whether the variation of is 
due to variation of carrier concentration n or of local 
mobility 4 or both; since n is likely to fluctuate more 
than ww, we shall discuss only the case of variable n, 
constant py. 

First of all, we may note that the only inhomogenei- 
ties which will modify II are those that cause the local 
j to make an angle with the specimen axis. Thus we 
get little effect from fluctuations of in distances along 
the length of the specimen which are several times the 
diameter, or from a variation of n with depth below the 
surface. Thus it is not unreasonable to focus attention 
on inhomogeneities which, though macroscopic, are on 
a scale rather smaller than the size of the specimen. If 
the fluctuations in o due to such inhomogeneities are 
small, their effect on the measured conductivity, Hall 
effect, piezoresistance, etc., can be calculated without 
further assumptions by the device of developing all 
field quantities into Fourier series.’° If the fluctuations 
are statistically isotropic, it turns out'® that for a 
specimen oriented in a direction of maximum longi- 
tudinal piezoresistance the apparent piezoresistance 
II,» and the apparent Hall mobility uy,, are related by 
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where II and wy characterize any homogeneous region 
of the given material. This relation contrasts with the 
effect of impurity scattering discussed above and in 
Appendix B, where for nearly ideal material the maxi- 
mum possible fractional reduction of II below the ideal 
ralue was found to be only a fraction 3y,,/2(u,—p,,) of 
the reduction in yw, instead of } as in (11). 

Although (11) was derived only for the case of 
infinitesimal fluctuations, a rough consideration of some 
cases involving larger fluctuations suggests in most 
cases it is not far from the truth. Moreover, our main 
interest is in temperatures where the piezoresistance 
anomalies have just begun, so that the fluctuations, if 
such be the cause, are small. Comparison of (11) with 
the data of Figs. 3 and 8 suggests that macroscopic 
inhomogeneities could well have been great enough to 
account for a large part of the piezoresistance anomalies 
below 20°K, though perhaps not for all, since the ratio 
uep/Hu in (11) must be taken appreciably nearer 


” C, Herring (to be published). 
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unity than the ratio uwap/una of measured to ideal 
lattice-scattering mobility. 


Microscopic Inhomogeneities 


In the temperature range where the piezoresistance 
anomalies occur the mean free path of the carriers is 
long, and one might suppose that any effects of in- 
homogeneities on a scale smaller than the screening 
length would be included under the heading of impurity 
scattering, which we have discussed above. This is not 
quite true, however. For in the usual use of impurity 
scattering in transport theory—and in our use of it 
above—it is assumed that the rate of change of the 
velocity distribution due to scattering is determined by 
the velocity distribution alone. This is only true if the 
distributions of the carriers in space and in velocity are 
independent, i.e., if carriers of a given velocity are 
exposed to a random sampling of the scattering centers 
as they move along. This is usually a good approxima- 
tion at high temperatures, but fails when a sizable part 
of the conduction is by carriers whose kinetic energies 
are less than the mean fluctuation of potential energy 
over a mean free path. 

A complete transport theory valid under the condi- 
tions just mentioned has yet to be worked out. However, 
it is possible to calculate some properties of an extreme 
case, namely, the case of electrons in a number of 
potential valleys of depth kT, which percolate from 
valley to valley by thermionic emission over the passes, 
and which have a mean free path for lattice scattering 
rather larger than the dimensions of the valleys. For 
this case, which is certainly far more extreme than the 
situation which obtains for germanium at 10°K, it 
appears that one can get a reduction of the piezo- 
resistance to perhaps a third of the ideal value, because 
of the random orientations of the potential passes over 
which the electrons jump. Thus it is conceivable that 
departures from the usual model of impurity scattering 
may contribute to the lowering of the piezoresistance, 
especially at temperatures in the helium range. 


Short-Circuiting Mechanisms below 10°K 


The dislocation density in all samples is considered 
too low to be serious, so we shall consider briefly the 
evidence that impurity band and surface conduction 
short-circuited the normal conduction mechanism in 
some samples and produced the anomalies observed 
below 10°K in germanium. 

Our experience and that of others" indicates that 
appreciable impurity band conduction will be found 
below 10°K in samples containing 10'* to 10'* cm“ 
donors and acceptors. Sample 1043 contains 1.72 10" 
cm™* donors and acceptors and shows in Fig. 8 a rapid 
mobility decrease below 10°K which is typical for 
conduction in an impurity band in parallel with the 


“H. Fritzsche, Phys. Rev. 99, 406 (1955). 
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conduction band. This probably accounts for most of 
the rapid drop in piezoresistance below 10°K shown for 
1043 in Fig. 3. The result is not due to surface conduc- 
tion since etching the sample caused no change in the 
low-temperature mobility or piezoresistance. 

Occasionally a high-purity germanium sample also 
showed a rapid decrease in mobility and piezoresistance 
below 10°K. In these instances the low-temperature 
conductivity was dependent upon applied electric fields 
for fields as low as 0.01 volt/cm. After etching the 
sample, these effects were eliminated and the mobility 
and piezoresistance remained high to the low-tempera- 
ture limit of measurement. As an example of this 
behavior, the mobility of sample 1048 measured before 
and after etching is shown in Fig. 8. The occasional 
event of surface conduction is hard to explain since all 
samples were prepared using the same procedure. 

Two sets of points are shown for the low-temperature 
mobility of 1048 after etching which represent an in- 
crease in mobility with an increase in electric field. 
This effect is probably due to inhomogeneities in the 
body of the sample. 
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APPENDIX A. INTERVALLEY SCATTERING 


We shall try to evaluate explicitly the expression for 
the contribution m,,“ of the intervalley scattering 
effect to the elastoresistance tensor, for two limiting 
cases. We start with the general expression for m,,“”” 
for a cubic semiconductor with valleys on [100] or 
[111] axes of the Brillouin zone, and for which the 
scattering processes are describable by a relaxation 
time dependent on energy only. This expression is,’ 
with r—ypy, s—aB (u,v,a, B=1 to 3): 


Myra, = —ZENy 
7 a ic K, RK cy 
Kv Ki Pv, 


Miu Ms 
x( ), (Al) 
m 


where Z, is the deformation potential constant defined 
in connection with Eqs. (2) to (5), Ny is the number of 
valleys, Ae is the energy of the electrons or holes rela- 
tive to the band edge, dr“ /de is the change in the 
relaxation time of carriers in valley i due to a shift of 
the band edge energy of valley j, and the K“ are the 
wave vectors of the valley centers. The smaller angular 
brackets denote Maxwellian averages, and the outer 
ones averages over all valleys i and j. 
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For n germanium there are presumably four valleys, 
whose K“ point in the tetrahedral directions. (For 
band-edge points on the boundary of the Brillouin zone 
the valleys K and — K, or i and —i for short, are 
the same.) Therefore, from symmetry 


f(Ae) if ji 
—3f(de) if ji. 


Ge: dr /de® 
(A2) 
For n-silicon these are six band edge points, on [100] 
axes of the Brillouin zone. We have 

f(Me) if jAt or 

g(de) if 7 i 
—4f(Me)—g(de) if jet. 


Si: Ar) /de™ 


(A3) 


Inserting these forms into (Al) and evaluating the 
averages on i and j, we find for the ratios of (Al) to 
(2) or (4)": 


(A4) 
(A5) 


Ge: my) ‘my? ART\ Aef )/ (Aer , 


Si: my /my,?? OhkT (Aces) (Aer). 
Note that the g term in (A3) makes no direct contribu- 
tion to the elastoresistance, since valleys i and —1 
must always undergo the same energy shift with strain. 

Although it would not be difficult to evaluate (Aef) 
and (Aer) numerically for any simple model of inter- 
valley scattering, we shall be content here to evaluate 
(A4) or (A5) for several limiting cases. These expres 
sions are functions of the temperature T and the ratio 
w,/w, of the coupling constant for intervalley scattering 
to that for intravalley. [We use the notation of refer 
ence 2 and for the moment assume g=0 in (A3). | 
When 7 is small compared with the characteristic 
temperature tw/k of the intervalley phonons, they go 
exponentially to zero, while at high 7 they approach 
limiting values. For T>>hw/k both inter- and intravalley 
scattering probabilities can be taken proportional to 
Ae’, and the ratio of the former to the latter is 2w2/w. 
We find therefore, in the absence of impurity and optical 
mode scattering, 


v7T We wy 
{~ 
Adi (2w2/w,)+1 


with y= 4 for germanium, } for silicon. Thus, at high 7, 


(A6) 


Ge: ~ 
mul?) 3 


my") { 
( 


W/W | 


2w,/w,)+1 


my!) 3 W/W 
Si: ~ ‘ (A8) 


my,'? 2 (2w2/w) + 1 4 
If g#0 in (A3), the value of (A8) will of course be less, 
but the upper limit will be the same. The effect of 
scattering by optical modes on (A7) and (A§) is similar: 

@ Equivalent formulas have been obtained by RK. W. Keyes, 


Phys. Rev. 103, 1240 (1956). We are indebted to Dr. Keyes for 
communicating his results to us in advance of their publication. 
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In general, we can write 


Wut (Wy +Wy), 


77% 


1/71 = (A9) 


where W,, is the intravalley scattering probability and 
W,, Wy are the probabilities for absorption and 
emission, respectively, of an intervalley phonon of the 
type to connect valleys i and 7; the second >> denotes 
a summation over different branches of the phonon 
spectrum, Changing the energy of the jth band-edge 
point simply shifts the function (W,;“?4+W,,;“?) along 
the energy scale. Thus 

f=—rldW /de™ |, (A10) 


where W“” is the summation in (A9). If we/w, is small, 
W‘ is small compared with the first term, and if the 
first term represents purely acoustic scattering, so that 
1 lo W io Ae’, 
then 
¥(L (RT) — (246) JW) (Aer*) 
+0(W 2), 


(Aef) 
(A11) 
where, as before, y= 4(Ge) or }(Si), and (Aer*) is, by 
hypothesis, a constant. Explicit integration shows that 
when each W,;“” is of the form 


(A12) 


Ae y 
Wy) u| +] Lexp(hw/kT)—1 J)" 
hw 


Ae a 
W 4; u| =1 | [1—exp(—hw/kT) |! 
hw 


for Ae>hw (A13) 


=( otherwise, 
then 
(A14) 


((1—(kT/2d0) |W) =4(W), 


The right of (A14) can be expressed in terms of the 
mobility, since under our conditions 


(Ae/W 4) — (Aer) (A15) 


(AeW x) MA 
ee, 
(Aer) m 


where y4 is the mobility which would obtain if only the 
scattering by acoustic modes were present. Combina- 
tion of (All) to (A16) with (A4) and (AS) gives the 


results: 
ma 2 /pa W2\" 
, ( 1) +0| ( )| (A17) 
ma 3\ pu Ww 


when impurity and optical mode scattering are negli- 
gible, and 


mi" 3 /ptag r /W2\" 
Si: ( -1) +9 ( ) | (A18) 
mi 4\ pu Ww, 


(W“) (Aer?) +0(W?), 
and 


(A16) 


Ge: 
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under the same conditions, and with the additional 
proviso that the “g-type” scattering, which takes an 
electron from valley i to valley —i, have a characteristic 
hw rather smaller than kT, or else be unimportant. The 
symbol ya, represents the mobility which would result 
from acoustic and g-type scattering under this condition. 

For germanium the intervalley scattering is probably 
small, and the leading team of (A17) should not be far 
off. If the departure of the mobility slope from the ideal 
value — 4 is attributed entirely to intervalley scattering, 
with the effective mass and deformation potentials 
assumed independent of temperature, then from figures 
such as u(300°)=3800 cm*/volt sec, (80°) = 35 000 
cm*/volt sec, we derive, for 300°K, (u4/u)—1=0.2. 
Although this rather arbitrary assumption may not be 
correct, it suggests that a value of the order of 0.15 
for (A17) is not unreasonable. 

For silicon the high mobility slope suggests consider- 
able intervalley scattering, but the proper allocation of 
this to the f and g effects in (A3) is unknown. A value 
(u4/u“)—1=0.6 or so at 300°K would not be unreason- 
able, however. For this amount of intervalley scattering 
the higher terms of (A18) are probably appreciable, 
though not dominant. The leading term would then 
amount to 0,45; the true value would probably be less 
than this, but of the same order. 


APPENDIX B. IMPURITY SCATTERING 


Our program will be to calculate, for each of the 
purer specimens of Fig. 3, the minimum value for the 
ratio u4/p of acoustic to observed mobility which could 
be consistent with the observed piezoresistance anomaly 
at 10°K, if (2) holds. Then we shall discuss the difficulty 
of reconciling these minimum 4’s with other evidence. 

As was pointed out in the text, when (2) applies one 
gets the minimum elastoresistance for given mobility, 
or the maximum mobility for given elastoresistance, 
when impurity scattering reduces yu, without affecting 
wu, Let us therefore assume that py <pay, by =HAyy 
where the subscript A refers to acoustic scattering in 
a perfect crystal. From (2) and the expression for y_ 
given below Eq. (4) we can then express w4/u in terms 
of the ratio of the m4, modified by impurity scattering 
to the ideal value m4. (We drop the superscript P for 
brevity and because the population effect vastly out- 
weighs all others at the temperatures we are now con- 
sidering.) The result is 


MA 2 (MA mas 
HC-Y-Z) 

M 3\Man Mass 
Table III gives the values of u4/u (10°) calculated, 
using (B1), from the mobilities of Fig. 8 and the values 
of mu/mag in Fig. 3, assuming m4q4 to be represented 
by the straight line. Two alternative values are assumed 
for 44,/#a,, Since values 20‘ and 12," both based on 


(B1) 


48 C, Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956). 
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magnetoresistance measurements, have been reported 
for u,/u,,. We incline to favor the value 20, as we have 
found this to be characteristic of the purest material, 
less pure specimens giving values down to 11 or 12. 

These values of w4/u, which are the minimum values 
possible if the piezoresistance anomaly is to be at- 
tributed entirely to impurity scattering, are nearly 
always greater, sometimes much greater, than the 
ratio of the “extrapolated Hall mobility,” uyex, ob- 
tained by drawing a 7~! line through the 80° point for 
specimen 135, to the observed Hall mobility. We have 
to decide whether these discrepancies are larger than 
one could reasonably attribute to the difference between 
Hiex/un and ua/u. To begin with, we may note that 
both theory'!® and experiment!® indicate that py/u 
<uan/ua Whenever the reduction of the mobility by 
impurity scattering is no more than a factor 4 or so. 
Thus to get a wa/u higher than pyex/uy we need 
HAH>Mnex. Departure of the geometry of the sample 
from ideal also does not help, since it affects wy in the 
same way at all temperatures. 

The only things remaining which could make pay 
exceed pyex are a value wy <pay for specimen 135 at 
80°, or a negative temperature exponent of way greater 
than 3 between 80° and 10°. A study of Fig. 8, and of 
Figs. 5 and 10 of the paper of Debye and Conwell,'® 
suggests that it is unlikely that impurity scattering or 
inhomogeneity reduced the mobility of specimen 135 
more than a few percent below ideal at 80°K. It is a 
little more complicated to estimate how much the 
mobility at 80° may have been affected by intervalley 
scattering. Since the transverse branch does not con- 
tribute to the intervalley scattering,‘ we can probably 
take the characteristic temperature of the modes in- 
volved as > 300°; the same conclusion is suggested by 
the absence of any return toward a mobility exponent 
4 as T rises to room temperature.'® In such case the 
curves of Fig. 4, reference 2, indicate that at 80° inter- 
valley scattering could have depressed u only about 10% 
below the acoustic value wa, if the intervalley coupling 
is of the strength required to explain the observed ex- 
ponent 1.66, viz., w2/w,;=0.3. A larger coupling might 
be possible if some other compensating cause were act- 
ing to decrease the mobility slope. However, this cause 
would probably also affect the slope from 10° to 80°, 
and so decrease yay(10°); moreover, the intervalley 


“4H. Jones, Phys. Rev. 81, 149 (1951); V. A. Johnson and 
K. Lark Horowitz, Phys. Rev. 82, 977 (1951). 

16 P, P, Debye and E. Conwell, Phys. Rev. 93, 693 (1954). 

16 FJ. Morin, Phys. Rev. 93, 62 (1954). 
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TABLE III. Minimum possible values of ua/u at 10°K con 
sistent with attributing piezoresistance anomalies of m germanium 
to impurity scattering, compared with a ratio of extrapolated 
Hall mobility paex = 7.9X 10° cm*/volt sec to observed wy (10°). 


Minimum ywa/u at 10°K for 


MAy/ Ay, = 20 =12 


Mies wit 


at 10°K 


mas/MAw 


Sample at 10°K 


135 0.69 3.2 
1008 0.64 Dude 3. 
1012 0.67 9.18 4 
1046 0.75 : 8 


1 
l 
2 
3 


scattering could not be very large without appreciably 
affecting the elastomagnetoresistance data of Keyes." 

As for the possibility that the acoustic mobility ex 
ponent may exceed 3 from 10° to 80°, such an excess 
could arise from temperature variation of the effective 
mass or deformation-potential constants. However, the 
temperature derivative of any such quantity should 
go to zero at the absolute zero, and should be signifi 
cantly greater between 80° and 300° than between 10° 
and 80°. Therefore 447(10°) should be quite appreci 
able less than the value obtained by extrapolating from 
wan (80°) with the high-temperature exponent 1.66. 
If 441(80°) is assumed equal to the uy of specimen 135, 
the latter value is 1.1 10° cm?/volt sec. 

The gist of the preceding discussion is that it is not 
likely that 447(10°) is appreciably greater than 1.0 or 
1.1% 10° cm*/volt/sec. 12 this is 
insufficient to account for the discrepancy in the last 
two columns of Table III for specimens 135 and 1008, 
and for wa,/Ha,,= 20 it fails for 1012 as well. 

In the text we have made use of the conclusion that 
ionized impurity scattering predominated over neutral 
impurity scattering for all the specimens, even at 10°. 
This conclusion was reached by noting that the mo 
bility data for the different specimens at 10° could be 
fitted fairly well by 


Even for way/May 


1 ‘UH 1 ‘MAH + Ny { bn,, (B2) 


where mo, m4 are the concentrations of neutral and 
ionized impurities, respectively, as determined from the 
Np, Na data of Table I, and a and 6 are fitting con- 
stants. The term amo was of the order of 10°, or less of 
the total for all specimens except 1043, for which it was 
nearly 30%. An equivalent but more direct indication 
of the predominance of ionized impurity scattering is 
provided by noting that at 10° the mobilities are in the 
inverse order of ny=Na while at 30° they are in the 
inverse order of Np—WNa;_ these orders are 
different. 
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PHYSICAL REVIEW VOLUME 


105, 


NUMBER 2 JANUARY 15, 1937 


Effect of Free Ends on the Vibration Frequencies of One-Dimensional Lattices* 


RicnHArp F. WALLIS 
United States Naval Research Laboratory, Washington, D. C. 


(Received July 5, 1956) 


Vibration frequencies have been calculated for finite one-dimensional lattices in which the point masses 
alternately have the values ma and mg, ma<mg. Only nearest neighbor Hooke’s law interactions are con- 
sidered. The end atoms are assumed to interact only with their nearest neighbors on the interior of the 
lattice and are otherwise free. If the numbers of atoms having masses mq and mg are equal, there exists a 
single mode whose frequency squared lies at the middle of the “forbidden” gap between the optical and 
acoustical branches. For this ‘surface’ mode the displacements of the atoms from their equilibrium positions 
decrease roughly exponentially from the end having the lighter atom. For the case of N atoms of mass mg 
and N+1 atoms of mass mg there exist two modes whose frequencies lie in the “forbidden” gap provided 
(ma/mg) <N/(N+1). These modes correspond to symmetric and antisymmetric displacements. The dis- 
placements are largest for the end atoms and decrease roughly exponentially toward the center of the lattice. 


I. INTRODUCTION 


HE calculation of the vibration frequencies of 

crystal lattices has generally made use of the so- 
called “cyclic” or “periodic” boundary condition, The 
cyclic condition has the advantage that it introduces 
considerable simplification into the calculations of the 
vibration frequencies, Born! has investigated two types 
of one-dimensional lattice and has concluded that one 
obtains the same frequency distribution function, g(v), 
using the cyclic condition as one obtains by assuming 
the lattices to have free ends. Accordingly it appears 
that the cyclic condition leads to correct results for 
properties determined by the frequency distribution 
such as the specific heat of large crystals. 

The cyclic condition has the disadvantage that its 
use prevents one from investigating surface effects. In 
addition it has recently been shown by Rosenstock? 
that the details of the infrared absorption spectrum of 
an ionic lattice may not be correctly given when the 
cyclic condition is used, This discrepancy appears to 
arise from differences in the phases of the atomic dis- 
placements for a cyclic lattice compared to a lattice 
with free ends. 

The vibration frequencies of monatomic one-dimen- 
sional lattices with free ends and nearest neighbor 
Hooke’s law interactions have been discussed by Born! 
and by Halford.’ All modes of vibration are wave-like in 
character, and all frequencies lie in a single band. 
Approximately one-half the frequencies have exactly 
the same values as those found when the cyclic condi- 
tion is used, The remaining frequencies have values 
smaller by a quantity of order ~1/N from the values 
given by the cyclic condition where N is the number of 
point masses in the lattice. The limiting frequency 
distribution function as N—+ is the same for both 
cyclic and free boundaries. 

* The major part of the work reported in this paper was done 
while the author was at the Applied Physics Laboratory of 
The Johns Hopkins University and was supported by the Bureau 
of Ordnance, Department of the Navy. 

1M. Born, Proc. Phys. Soc. (London) 54, 362 (1942). 


*H. B. Rosenstock, J. Chem. Phys. 23, 2415 (1955). 
+ J. O. Halford, J. Chem. Phys. 19, 1375 (1951). 


The vibration frequencies of a diatomic one-dimen- 
sional lattice with free ends and nearest neighbor 
Hooke’s law interactions have been studied by Born.' 
The number of point masses—i.e., atoms—having the 
lighter mass was taken to be the same as the number 
having the heavier mass. The atoms were arranged in 
an alternating array. According to Born all modes are 
wave-like in character with frequencies in either the 
optical branch or the acoustical branch. However, it 
appears that two of the solutions—i.e., those for which 
the variable g has the value m—are trivial with the 
atomic displacements all zero. One of these solutions 
may be replaced by the solution having zero frequency 
corresponding to translation of the lattice. The nature 
of the remaining solution forms part of the subject 
matter of the present paper. Aside from a possible set 
of frequencies of measure zero, the frequency distribu- 
tion function in the limit of infinitely many atoms is 
the same as that obtained using the cyclic boundary 
condition. 

The present paper is a report on calculations of the 
vibration frequencies of finite one-dimensional lattices. 
The atoms composing a given lattice may have either 
of two different masses and are arranged in an alter- 
nating array. Only nearest neighbor Hooke’s law inter- 
actions are considered. The cyclic boundary condition 
is not used. It is assumed that the end atoms interact 
only with their nearest neighbors on the interior of the 
lattice and are otherwise free. The end atoms constitute 
what may be called the “surface” of the lattice. Only 
longitudinal vibrations are considered; i.e., the dis- 
placements of the atoms are parallel to the axis of the 
lattice. Two lattices are considered, one with end atoms 
not alike and one with end atoms alike. 


II. FINITE DIATOMIC LATTICE WITH END 
ATOMS NOT ALIKE 


In this section we consider the vibration frequencies 
of a diatomic one-dimensional lattice consisting of N 
atoms of mass mg and N atoms of mass mg, with 
Ma <mg. The atoms are assumed to be arranged in an 
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alternating array so that the end atoms have different 
masses. The nearest neighbor Hooke’s law force con- 
stant is denoted by k. 

The equations of motion for the atoms of the lattice 
are given by 

m,d*¢; ‘dt? = k(f2— £,), (1.1) 


mpd’ &o; ‘dt? = = R(Eoj;— £95. 1)+ k( Eo), 1~ 


2), 


gs 
1<j<N-1, 


(1.27) 


M ail E>; 1 dt?: —k(o; i— £9; o)+t R(koj;— £2; we 
2<j<N, (1.2j-1) 


md Eon /dl?= — k(Eon— Eon-1), (1.2) 


where £ is the displacement of an atom from its equi- 
librium position and the subscripts 2j7—1 and 27 specify 
the positions of light and heavy atoms, respectively, in 
the lattice. If one makes the substitutions 


A oj_1 exp(twt), (2.271) 


Ses (2.2;) 


the equations of motion are transformed to a system of 
linear homogeneous algebraic equations. If ga=k/ma 
and gg=k/mg, the secular equation can be written in 
the form 


A 2j exp(twt), 


Don (u,v) =0, (3) 


where 


Don (u,v) 





1 (w? (4.3) 


4s) 


and the subscript 2N denotes the size of the deter- 
minant. 

The evaluation of the determinant Doy(u,v) has been 
given by Rutherford.*® If one introduces the quantity 6 


defined by 
2 cos8, 


(uv)! (5.1) 


the determinant Doy(u,v) can be written as 


Don (u,v) = (uv+-u-+v) sin2N6/sin20. (5.2) 
Solutions to the secular equation, Eq. (3), may then 
be obtained from the solutions to the equations 
sin2N6/sin26= 0, 
uv+u+v=0. 
‘DPD. E. Rutherford, Proc 


Roy. Soc. (Edinburgh) A62, 229 


~. Rutherford, Proc. Roy. Soc. (Edinburgh) A63, 232 
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1. The square of the frequency as a function of @ when 
the end atoms are not alike 


The relationship between the frequency w and the 
variable 6 can be found by substituting Eqs. (4.2) and 
(4.3) into Eq. (5.1) and solving for w*. The result is 


w*?=a{1+ (cos*0+ e sin*@)'), (6.1) 


where 


T= Jat qp, (6,2) 


€= (mg—ma)/(Mg+ma). (6.3) 


The solutions to Eq. (5.3) which yield independent 
values of w are given by 


6=nr/2N, 1<nSgN-1, (7.1) 


where n is an integer. There are 2N — 2 frequency values 
specified by Eqs. (6.1) and (7.1). 


The solutions of Eq. (5.4) are 
(7.2) 
(7.3) 


The zero frequency corresponds to translation of the 
lattice. The frequency given by Eq. (7.3) lies in the 
region between the acoustical and optical branches 
which contains no frequencies if the cyclic condition is 
used. The value of @ corresponding to Eq. (7.3) is 
complex and is given by 


O= (w/2)+7 sinh~'(p/2), 
where 
Ma)* 


p’?= (mg MaMa. 


It will be seen later that the mode with frequency given 
by Eq. (7.3) is a “surface” mode; i.e., the maximum 
displacements of the atoms decrease roughly exponen 
tially from the end having the lighter atom. All other 
modes are wave-like in character with the parameter 6 
playing the role of a reciprocal wavelength. 

The frequencies for the 2N degrees of freedom have 
now been accounted for. In Fig. 1 the square of the 
frequency measured in units of @ is plotted as a function 
h and A 
zone scheme is used in this figure so that the acoustical 
1 and the optical 
The boundaries of the 


of 6 for a mass ratio m,/mg 5. The extended 


branch corresponds to O<n<A 
branch to N+1<ng2N—1, 
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Fic. 2, The maximum atomic displacement as a function of 
position in the lattice for the surface mode when the end atoms 
are not alike. 


gap between the acoustical and optical branches are 
specified by w?/o= 1+4-¢ and w*/a=1—«. The frequency 
squared for the surface mode is indicated by a dashed 
line because the @ value is complex. Alternate fre- 
quencies starting with the zero frequency have values 
identical with those given by the cyclic condition. The 
remaining frequencies in the acoustical and optical 
branches are smaller by a quantity ~1/N than their 
counterparts for the cyclic lattice. The frequency for 
the surface mode passes into the optical branch when 
one imposes the cyclic condition. 

It may be verified by substitution into the equations 
of motion that the maximum displacements for the 
mode with frequency in the “forbidden” gap between 
the optical and acoustical branches are given by 


A»; 1 c'( 


Ay; 


1)*"(mo/mp)*", (8.1) 


c'( (8.2) 


1)4(ma/mg)’, 


where the normalization constant c’ satisfies the equa- 
tion 


(9) 


N 
> (maArj-1?+mpA2;*)=1, 


j~l 


and is given by 


c’ = {[mamg/(mg—ma) | 1— (ma/ms)?® }}-. (10) 


In Fig. 2 the maximum displacements specified by 
eqs. (8.1) and (8.2) with c’=1 are plotted as a function 
of position of the atoms in the lattice for ma/mg= 4 and 
N= 5. It is to be emphasized that this figure is a graph 
and not a physical diagram. The actual displacements 
are parallel to the axis of the lattice. The displacement 
of the lighter end atom is relatively large. The adjacent 
heavy atom has a displacement smaller in the inverse 
ratio of the masses, Certain pairs of adjacent light and 
heavy atoms have the same displacement so that no 
force acts between such atoms during the motion, The 
displacements of atoms having a given mass decrease 


F. WALLIS 


exponentially from the end having the lighter atom. 
It seems reasonable, therefore, to designate this mode as 
a surface mode. In the limit as the mass ratio tends to 
unity the magnitudes of the displacements become 
equal, and the surface mode passes into a wave-like 
mode. The monatomic lattice accordingly has no surface 
mode in agreement with previous results. 


Ill. FINITE DIATOMIC LATTICE WITH END 
ATOMS ALIKE 


The case in which the end atoms are alike and have 
the lighter of the two masses will now be considered. 
The number of atoms with mass ma, is N+1; the 
number with mass mg is N. The equations of motion for 
interior atoms of the lattice are given by Eqs. (1.27) 
with 1<j<N and Eqs. (1.27—1) with 2Q j<N. The 
equations of motion for the end atoms are 


mal, /dl?=k(t.—&;), (11.1) 
—k(tonsi— teow). (11.2N+1) 


We consider first the case in which N is even so that 
the central atom is light. 

In solving the secular equation it is convenient to 
make use of the presence of a center of symmetry in the 
lattice under consideration. Inversion at the center of 
symmetry is accomplished mathematically by replacing 
j by N—j+2 and N—j-+1 in the quantities 27—1 and 
27, respectively, which appear as subscripts on £ and A. 
This operation leaves the equations of motion invariant. 
Let us introduce the symmetry displacements defined by 


$(A 25-1 + Aaw_j4n-1], (12.17) 
[Aoi t+Aaw_ssn ], (12.2j) 
4 Asj-1— Aww_440 (12.37) 
(12.47) 


m al’ kon r \/dl? = 


[ Aoy— Aaw—jsn |, 


for 1S j<N/2, and 
(12.5) 


Aaj =Ao; 1 


for j= (N/2)+1. The quantities A,j* and Agj* remain 
unchanged on inversion at the center of symmetry, 
while the quantities Agj~ and Ag; change sign. One 
finds that the A,j* and Ag;* satisfy a set of linear 
homogeneous algebraic equations involving only the 
A,jt and Ag,j* as variables. The solutions to this set 
of equations lead to a set of vibrational modes which 
will be called symmetric. The quantities Aaj and Ag; 
similarly satisfy a set of equations involving only Aaj 
and Agj~. The corresponding solutions lead to a set 
of modes which will be called antisymmetric. 

Using the methods of Rutherford’ one can write the 
secular equation for the symmetric modes in the rather 
simple form 

X=Y/, (13.1) 
where 


(13.2) 
(13.3) 


X = (u/v)' cos(N+1)8, 
Y=cosN8@, 
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and @ is defined in Eq. (5.1). The positive value of 
(u/v)4 in Eq. (13.2) is appropriate to the extended zone 
scheme in which the acoustical branch corresponds to 
0<S6<S 1/2 and the optical branch to r/2<0<r. 

The solutions to Eq. (13.1) can be obtained graphi- 
cally. One finds in general that there are (V/2)+1 real 
values of 6 is the range 0<@<2/2 which satisfy Eq. 
(13.1) provided the mass ratio ma/mg satisfies the 
condition 


N/(N+1)<ma/mg< 1. (14.1) 


These (N/2)+1 solutions correspond to the symmetric 
modes of the acoustical branch. If the mass ratio does 
not satisfy Eq. (14.1) so that 


0<m./mg<N/(N+1), (14.2) 


one finds that there are only N/2 real values of 6 in the 
acoustical branch which satisfy Eq. (13.1). 

For the case where the numbers of light and heavy 
atoms are equal, a solution to the secular equation 
exists having @ complex. This suggests that a solution 
to Eq. (13.1) with 6 complex may exist when the mass 
ratio satisfies Eq. (14.2). One finds that this is indeed 
the case. For 6 having the form 6= (4/2)+-iy, a solution 
to Eq. (13.1) exists if the mass ratio satisfies Eq. (14.2) 
but not if it satisfies Eq. (14.1). 

For the optical branch, Eq. (13.1) possesses N/2 
solutions with real values of @ in the range r/2<0<9r 
for all mass ratios between zero and unity. These 
solutions correspond to the symmetric modes of the 
optical branch. 

We now turn to the antisymmetric solutions which 
are obtained from the equations specifying the quanti- 
ties Ag; and Ag;~. Using the results of Rutherford,’® 
one can rewrite the secular equation as 

X’=Y', (15.1) 
where 


(15.2) 
(15.3) 


X'= (v/u)*(sinN@)/ (sind), 
Y’=[sin(N+1)@]/ (sind). 


The positive value of (v/u)! in Eq, (15.2) is appropriate 
for the extended zone scheme. 
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Fic. 3. The square of the frequency as a function of 6 for mass 
ratio one-half with ten heavy atoms and eleven light atoms. 
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Fic. 4. The square of the frequency as a function of @ for mass 
ratio eleven-twelfths with ten heavy atoms and eleven light 
atoms. 


The solutions to Eq, (15.1) may be found graphically. 
In the acoustical branch with @ a real number in the 
range 0<6<m/2, there are N/2 solutions for any mass 
ratio between zero and unity. These solutions corre 
spond to the antisymmetric modes of the acoustical 
branch. 

In the optical branch with @ real in the range w/2 
<0<m, Eq. (15.1) possesses V/2 solutions provided the 
mass ratio satisfies Iq. (14.1). These solutions corre 
spond to the antisymmetric modes in the optical branch, 
All 2N +1 modes of vibration have now been accounted 
for when the mass ratio is greater than or equal to the 
critical value N/(N-+1). 

When the mass ratio is less than the critical value 
N/(N-+1), Eq. (15.1) possesses only (NV, 2) 
in the optical branch for real values of 6. The remaining 
solution to Eq. (15.1) corresponds to a complex value 
of 6 of the form 0= (4/2) — wy. 

In Fig. 3 the square of the frequency in units of a is 
plotted as a function of 0 for ma/mg 
light atoms and ten heavy atoms. All modes except two 
are wave-like in character and have frequencies in 
either the acoustical or optical branches, 


1 solutions 


+ with eleven 


The two modes with complex values of 6 have fre 
quencies lying in the “forbidden” gap between the 
optical and acoustical branches. These modes are sur 
face modes, one being symmetric and the other anti- 
symmetric, 

In Fig. 4 the square of the frequency in units of @ is 
plotted as a function of 6 for ma/mg= 11/12 with eleven 
light atoms and ten heavy atoms. The mass ratio for 
this case does not satisfy the criterion for the existence 
of surface modes given by Eq. (14.2). All modes are 
wave-like in character with frequencies in either the 
acoustical or optical branch. The gap between the 
optical and acoustical branches is quite narrow and in 
fact vanishes for mass ratio unity, 

For the case under discussion in which both end atoms 
have the lighter mass and in which the number of heavy 
atoms is even, the symmetry displacements defined by 
Eqs. (12) may be taken proportional to the cofactors of 
the corresponding elernents in the first row of the 
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Fic. 5, The maximum atomic displacement as a function of 
position in the lattice for the symmetric surface mode when the 
end atoms are alike. 


appropriate secular determinant. For the symmetric 
modes the quantities Agj~ and Ag; are all zero, while 
for the antisymmetric modes the quantities Aqj* and 
Agj* are all zero. 

One finds that the maximum displacements A2j~1 
and Ag; for the symmetric wave-like modes are given 
by the equations 


|. cos(N — 2j+-2)0|/[cosN 0], (16.1) 


Ao; 1 


c,{ cos(N —2j4 1)0 | [cos(N+1)0], (16.2) 


Ax; 


where the normalization constant c, is chosen so that 
N+1 


jewl 


N 
MaArj-"°+ >. mgAo?=1, (16.3) 
j=l 


and is given by 
Me sin2(V +1)0 
Cs v2 | ov+0)4 | 
cos’*N@ sin20 
ms 


sin2V6 1)\~3 
| . (16.4) 


sin20 


=e 
cos?(N+1)0 


For the antisymmetric wave-like modes the maximum 
displacements Ao; and Aq; are given by 
Cal sin(N — 2j+-2)0 |/[sinN6], (17.1) 


(17.2) 


Ao; 1 
Aoj= Cal sin(N — 2j+1)6)/[sin(N+-1)0], 


where the normalization constant is again chosen so 
that Eq. (16.3) is satisfied and is given by 


Ma 
Ca V 2 


sin2(.V+1)0 
[ V+1) | 


sin?.V@ sin26 


my 


t 


sin2.V0})—4 
| ~ 


sin20 


| [v- 
sin?(.V +-1)0 
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Expressions for the maximum displacements for the 
symmetric surface mode may be obtained by replacing 6 
by (4/2)+ ip in Eqs. (16.1), (16.2), and (16.4). Simi- 
larly, the maximum displacements for the antisym- 
metric surface mode can be obtained by replacing 6 by 
(x/2)—wy in Eqs. (17.1), (17.2), and (17.3). 

In Fig. 5 the maximum displacements are plotted as 
a function of positions of the atoms in the lattice for 
the symmetric surface mode when m,/mg=}, the 
number of light atoms is eleven and the number of 
heavy atoms is ten. The normalization constant was 
chosen so that A,;=1. The end atoms, which are light, 
have very large relative displacements. As one proceeds 
toward the center of the lattice from either end, the 
maximum displacements decrease roughly exponentially. 
Adjacent light and heavy atoms do not have equal dis- 
placements in contrast to the case where the end atoms 
have different masses. 

For the case in which m,/mg=11/12, with eleven 
light atoms and ten heavy atoms, the maximum dis- 
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Fic. 6. The maximum atomic displacement as a function of 
position in the lattice for the symmetric mode with the highest 
frequency in the acoustical branch when no surface modes exist. 


placements are plotted in Fig. 6 as a function of posi- 
tions of the atoms for the symmetric mode with the 
highest frequency in the acoustical branch. This mode 
passes into the mode shown in Fig. 5 when the mass 
ratio changes from 11/12 to 1/2. In Fig. 6 the displace- 
ments of the light atoms increase slightly as one 
approaches the center of the lattice from either end. 
Accordingly, for mass ratio 11/12, this mode is not 
conveniently described as a surface mode. 

The discussion so far given in this section has been 
restricted to the case in which the number of heavy 
atoms is an even integer. If the number of heavy atoms 
is odd, so that the central atom is heavy, one finds that 
for a mass ratio satisfying Eq. (14.1) all modes are wave- 
like in character with frequencies in either the acoustical 
or optical branches. If the mass ratio satisfies Eq. (14.2), 
two modes are surface modes having frequencies in the 
“forbidden” gap between the acoustical and optical 
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branches. The situation is illustrated in Fig. 7 which 
indicates the frequencies and the symmetries of the 
modes. When surface modes exist, the surface modes of 
lower and higher frequencies are, respectively, anti- 
symmetric and symmetric in contrast with the case 
where the number of heavy atoms is even. 

If both end atoms are heavy so that the number of 
heavy atoms exceeds the number of light atoms by one, 
all modes are found to be wave-like and no surface 


modes exist. 
IV. DISCUSSION 


The principal result contained in the present paper 
is that an alternating diatomic one-dimensional lattice 
with nearest neighbor Hooke’s law interactions and 
free ends may possess surface modes of vibration with 
frequencies in the “forbidden” gap between the optical 
and acoustical branches. A rather general criterion can 
be given for the existence of surface modes; namely, the 
total mass of the light atoms must be less than the 
total mass of the heavy atoms. If surface modes exist, 
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Fic. 7. Frequencies and symmetries of the normal modes when the 
end atoms are both light and the central atom is heavy. 


the number of surface modes is equal to the number of 
ends of the lattice which have light atoms. 

When one end atom is light and the other heavy, the 
criterion for the existence of surface modes is satisfied 
for any mass ratio less than unity. When both end 
atoms are light, the criterion is satisfied only if the 
mass ratio is less than the number of heavy atoms 
divided by the number of light atoms. When both end 
atoms are heavy, the criterion is not satisfied for any 
mass ratio. 

The surface modes of vibration are in some respects 
similar to the “localized” modes in lattices containing 
defects which have been investigated by Montroll and 
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Potts® and by Mazur, Montroll, and Potts.’ These 
authors have found that under proper conditions lattices 
containing defects may possess vibrational modes 


having frequencies in ranges not ordinarily permitted. 


In addition, the displacements of the atoms decrease 
exponentially as the distance from the defect increases. 

The surface of a crystal can in fact be regarded as a 
special type of defect. Consider, for example, the 
alternating diatomic lattice with equal numbers of 
light and heavy atoms and with the cyclic boundary 
condition imposed. By letting one force constant go to 
zero, this case is converted into an alternating diatom 
lattice with free ends. The zero force constant con 
stitutes the defect. 

A general discussion of surface modes of vibration of 
lattices has been given by Lifshitz and Pekar,* These 
authors appear to use a Green’s function method similar 
to that developed by Montroll and Potts.® Lifshitz and 
Pekar conclude that under suitable conditions surface 
vibrational modes, having frequencies not lying in the 
acoustical or optical branches, exist for two- and three 
dimensional lattices as well as one-dimensional lattices, 

The surface modes discussed in the present paper 
are analogous to the electronic surface states in crystals 
investigated by ‘Tamm’ and by Goodwin." An electron 
in a surface state is localized near the surface of the 
crystal and has an energy lying in a “forbidden” band 

The differences in the modes of vibration obtained 
when one uses the free boundary condition rather than 
the cyclic may manifest themselves in a 
number of ways. The specific heat of very finely 
powdered crystals may show deviations from the corre- 
sponding value for a large crystal. Preliminary calcu 
lations indicate that the surface mode may lead to an 
observable though very small peak in the infrared 
absorption of finely powdered ionic crystals. The surface 
modes may be of interest in the theoretical investigation 


condition 


of surface phenomena such as adsorption and hetero 
geneous catalysis. 
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In this paper we derive an equation of transport for dilute nondegenerate, gases of spinless mole- 
cules. The collision integral in this equation is expressed in terms of an exact cross section for binary 
encounters which takes into account the identity of the colliding molecules. In this derivation we use the 
properties of Wigner distribution functions, Kirkwood’s time-averaging procedures, and physical assump- 
tions essentially the same as those employed by Ross and Kirkwood in their recent derivation of a transport 
equation for gases of the above type. Our equation reduces to theirs when we evaluate the exact cross 
section alluded to above by means of the first Born approximation. It differs from that of Uehling and 
Uhlenbeck in a purely formal way, which has no practical consequences in the common domain of applica- 


bility of the two equations. 


1, INTRODUCTION 


HE current theories of transport phenomena in 

dilute gases are based on an integrodifferential 
equation originally proposed in 1933 by Uehling and 
Uhlenbeck.! In this paper we shall demonstrate that it 
is possible to derive an equation of transport for dilute 
nondegenerate gases of spin zero whose collision inte 
gral involves an exact cross section for binary colli- 
sions, by employing the principles of quantum statistics 
and clearly stated physical assumptions. This equation 
differs from that of Uehling and Uhlenbeck, but the 
difference is of a purely formal character and leads 
to no practical discrepancies between the results of the 
two equations. It is hoped to extend these results to 
dilute gases with particles of arbitrary spin in a sub 
sequent publication, 

Several have contributions to 
the problem of deriving the Uehling-Uhlenbeck equa- 
tion from a basic quantum-statistical viewpoint. We 
shall review their work at this point before outlining 
the contents of our investigation. 


6 


authors® made 


Green’ arrived at an equation of transport for slightly 
dense gases by using the properties of Wigner distri- 
bution functions® and certain physical assumptions, 
such as the hypothesis of molecular chaos. Although 
his approach has the merit of not being based on per- 
turbation schemes for calculating the collision terms in 
his transport equation, it is difficult to see how the 
Uehling-Uhlenbeck equation would follow from his 
final results.’ 


* A portion of this paper was completed in the Applied Mathe- 
matics Branch, Mechanics Division, Naval Research Laboratory. 
\ summary of its contents, presented at the Washington meeting 
of the American Physical Society (April 28-30, 1955), is in Phys. 
Rev. 99, 638 (1955). 

! E. A. Uehling and G. E. Uhlenbeck, Phys. Rev. 43, 552 (1933). 

*H. S. Green, Proc. Phys. Soc. (London) A66, 325 (1952). 

*H. Mori and S. Ono, Progr. Theoret. Phys. (Japan) 8, 327 
(1952) 

*S. Ono, Progr. Theoret. Phys. (Japan) 12, 113 (1954). 

* J. Ross and J. G. Kirkwood, J. Chem. Phys. 22, 1094 (1954) 

*E. P. Wigner, Phys. Rev. 40, 1749 (1932); J. E. Moyal, Proc. 
Cambridge Phil. Soc. 45, 99 (1948); J. H. Irving and R. W 
Zwanzig, J. Chem. Phys. 19, 1173 (1951). 


7 Compare with reference 5, p. 1101. 


The important studies of Mori and Ono’ and of Ono‘ 
on transport theory are based on the properties of 
Wigner distribution functions, Kirkwood’s time-aver- 
aging procedures*” the assumption of molecular chaos, 
and the hypothesis of random a priori phases." Unfor- 
tunately, two serious difficulties arise from this last 
assumption. In the first place, the latter is not invariant 
in time," so that it would appear that the Mori and Ono 
derivation of the Uehling-Uhlenbeck equation is only 
valid for microscopic time intervals, for reasons parallel 
to those which invalidate the familiar perturbation- 
theoretical proof of the 1 theorem for macroscopic time 
intervals." In the second place, the manner in which 
Mori and Ono use this hypothesis leads them to a 
transport equation whose Wigner distribution function 
in spatially uniform, so that it cannot be applied to the 
study of transport processes in nonuniform gases. Ono‘ 
has shown how the second difficulty can be avoided by 
an ingenious but rather involved method. In these 
papers, the procedures of second quantization are 
combined with a time-dependent perturbation method 
parallel to the first Born approximation for pure states. 
In this way, the collision terms in the equation of 
transport are obtained with the usual density factors 
arising from the statistics and cross sections correct to 
within the first Born approximation. 

Ross and Kirkwood® have derived a transport equa- 
tion for gases which are both dilute and nondegenerate, 
so that it is legitimate to suppose that most molecular 
collisions are of binary type and that exchange effects 
between a pair of colliding molecules and the remaining 
ones can be neglected. In their derivation they also 
introduce the hypothesis of molecular chaos and employ 
the properties of Wigner distribution functions and 
time-averaging operations. Instead of the objectionable 


8 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 

* J. G. Kirkwood, J. Chem. Phys. 15, 72 (1947). 

WR. C, Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, Oxford, 1942), Chaps. 9 and 11. 

4 By using essentially the same methods as those in reference 4, 
a derivation of the Bloch equation of transport in metals has been 
given by H. Mori, Progr. Theoret. Phys. (Japan) 9, 473 (1953). 

2 See reference 10, pp. 374 and 452. 

8 See reference 10, Chap. 12. 
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hypothesis of random a priori phases, they use the 
assumption that the distribution functions of interest 
are slowly varying in the spatial coordinates over 
suitable microscopic regions in configuration space. 
They evaluate the collision terms by perturbation 
theory, and in this way obtain approximate cross 
sections of the type derived by Mori and Ono’ and Ono.4 

We now summarize the contents of the present 
article, in which we employ physical assumptions essen- 
tially equivalent to those of Ross and Kirkwood.® 

In Sec. 2, we construct an equation of motion for the 
singlet time-smoothed distributions function 


(f™ (pi,qu; 2) 


[see Eqs. (2.8) and (2.17) ], by introducing a suitable 
assumption of binary collisions (hypothesis I) and by 
supposing that (f“’) depends on the time in a purely 
secular manner (II). 

In Sec. 3, we reduce the collision terms of this equa- 
tion to a form involving an exact cross section for 
binary collisions. In this reduction we employ a hypo- 
thesis of molecular chaos appropriate for spinless 
molecules (IIL), the supposition that the state of our 
gas departs but slightly from equilibrium (IV), and 
an assumption relative to the slow variation of singlet 
distribution functions over certain microscopic regions 
in coordinate and momentum space (V). We also take 
full advantage of the formal time-dependent scattering 
theory, which plays an essential role in the develop- 
ments of this section. The difference between our equa- 
tion and that of Uehling and Uhlenbeck alluded to 
previously consists in the fact that the familiar density 
factors which appear in the collision terms of this last 
equation are absent in ours. However, these factors 
lead to negligible effects on transport phenomena, even 
for such light gases as He‘, unless we are interested in 
temperatures of the order of 1°K,'* where the hypothesis 
of binary collisions, essential in the derivation of an 
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equation of the type considered here, would break 
down. Our equation reduces to that of Ross and 
Kirkwood when the exact cross section in our collision 
integral is replaced by its counterpart in the first Born 
approximation. 

rhe appendices are devoted to the following topics: 
in Appendix 1 we construct the kernel K® describing 
the temporal development of the doublet distribution 
function /®? for binary collisions in terms of the unitary 
operator Ul, in (2.14); and in Appendices 2 and 3 we 
prove some basic lemmas which are needed in Sec. 3 
to reduce the collision terms to the desired form. 


2. CONSTRUCTION OF AN INTEGRODIFFERENTIAL 
EQUATION FOR (f‘”) 


The Hamiltonian of our system of \V spinless mole 
cules is 


N 


H=d | ps|*/2m+U (qi,--- anv) +V(M,-+ +0); (2.1) 


here 
N 
U(q1,°°* Qn) => (qu); 


N 


DD (ai 


j>i=1 


V(qi,°* +N) qi|); 
where i, , Py and ,4q, , Qn are the momentum 
and coordinate operators of the system, U(q,,---,qw) 
is the potential energy operator corresponding to the 
external forces, and V(qy, 
to the intermolecular forces. 
Letting pi, ---, pw and q, - 
of the above momentum and position operators, the 
Wigner distribution function {?(piqy,---,pyqn;¢) of 
order .\ the reduced distribution 
f(pidi, 


Jv) that corresponding 


, Gv be the eigenvalues 


and functions 


,P-q,; 4) are defined by the equations 


1 . 
f° (piqu,-*-,Pwaw)* f fare --dxyRO(G Xi, °°*, Qn—Xw/]Qit, «++, Qv+xw;2) 
(rh)?% . 
exp (2i/h) (pi- xi 


tf (pidi,* ++ ,Prdr; 4) foe faeces dpndans: daw: S (pias: spas 0 gui,---,N—1; 


in which we employ the notation 


R? (qy’,-++,qn’|qi,°*+,4n; 4 = (Qy',°: 


where {)t,‘"? is the von Neumann density operator’® for the \-particle system; and where the bras (q)’, 


and kets | qu, -- 
the fact that we are dealing with spin-zero molecules. 
In terms of the reduced density matrices, 


R“(qi’,- ++ Qe | Gi, * +5455 4) 6 foo fears day (ai,--say! | ais 9, r=1,--: 


4 See J. de Boer, Physica 10, 348 (1943). 


2s { Pw' Xn) |; (2.2a) 


(2.2b) 
‘qn’ Me | qu,-++,aw), (2.3) 


‘| 
» GN | 


‘+, Qn) are symmetric linear combinations of products of one-particle bras and kets, because of 


(2.4) 


6 J. von Neumann, Mathematische Grundlagen der Quantenmechanik (Dover Publications, New York, 1943), Chap. 4, Sec. 7. 
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we can deduce the following results by means of (2.2b): 


1 
JS (pidi,** A = h)? fof dx R} (qi-X1, +++, Qi Xi Gat, +++, Qu x1; 
wn)*" 


exp (2i/h) (pi, xit-+-+pi-x)], l=1,---,N; 


: ; qitqy q+ qi 
qi; 4) fo fan, -s-dpi f 3 peas? 7 pit) 


K exp{ (i/h)[(qi— qu’): pit: +> +(qi'—qu) pil}, /=1,-- 


(2.5a) 


*,N. (2.5b) 
From the equation of motion of §¢’,'* and Eqs. (2.1) to (2.5b), we find that f and f®) satisfy the equations 


0 1 2 1 
| t—pi Vi tA (f (pigi; ) = (N—-1) Im f . - f dqidxsdsdpsdps dp: 
h (wh)? 


| ol om 


 exp{ (24/h)L (pr — pr) - X1+ (Pa! — pz): X2 J} f (pr'qu,P2’qz; )0(|qi—q2—Xi1+Xe2|); (2.6) 


0 1 
+—(pi- Vait po: Vq2) + (01° +62) |/°(oa, P2q2; 1) = —912f (pig, P2432; 4); (2.7) 


| ol om 


where Im denotes the imaginary part of the integral in (2.6); where 6, and 6,“ take into account the external 
forces, 6,“ being defined by 


274%" 
0, { (piqn; O= --( -) 1m ff dps’axs expl(2i/0)(w— pr): x11/ (445 ua), (2.6') 
Wh 


and 6,"*) by a similar equation; where the effect of binary collisions enters through 


2 


612f (pigs, P2Q2; 4) 
h (9 


and where such processes as higher order collisions and 
the effect of exchange on a given pair of molecules due 
to the remaining ones are included in g®’, which can be 
expressed in terms of distribution functions /®. The 
explicit form of g® follows from the work of Irving 
and Zwanzig®; we shall not require it in this paper. 

Equations (2.6) and (2.7) result from the general 
equations for reduced distribution functions derived 
by these authors. It should be mentioned that Irving 
and Zwanzig did not employ symmetrized bras and 
kets, so that it is not immediately obvious that their 
equations apply to system of identical particles of the 
type considered in the present study. However, it 
follows from the work of Mori and Ono* that the 
equations in question are valid for spinless molecules," 
provided that the system is of type (2.1). They are 
also valid for a collection of identical particles of arbi- 
trary spin having a Hamiltonian (2.1), but we shall 
not require this result here. 

We define the time average of a function g(t) over 


16 See reference 15, p. 186 ; 
17In reference 3 the effect of spin is not taken into account 
properly except for particles of spin zero. 


1 
h)*® Im f -fapvapsdnidx. exp{ (2i/h)[ (pi— pi’) x1 + (p2’ — pa) - X2 }} 


Xv(|qi-—q2— x1 + X.| )f (pi’x1,p2'X2; 0); (2.7’) 


an interval 7 as® 


1 T 
(g(t))= f g(t+s)ds, (2.8) 
0 


T 


where the 7 dependence of the time-averaged function 
(g(t)) is suppressed for the sake of convenience in nota- 
tion. Using (2.8), we can construct twice-averaged 
functions 


1 T 
((g())=((dg())) =- f (g(t+s))ds, 2.8’) 
T#90 


and so forth. It is clear from (2.8) that the operation of 
averaging a function over an interval r commutes with 
partial differentiations with respect to time, coordinates, 
and momenta. From this last remark and Eq. (2.8) 
we obtain from (2.6) by averaging twice over r'* the 
following formally exact equation: 


'® We use a double time average in order to obtain Eq. (2.9) 
which involves solely distribution functions averaged once over 
an interval r. A single time average does not lead to an equation 
of this type. 
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2 4 r 
= (V—1)— — Im f as f . - dpsdpsdps'dastusds, exp[ (2i/h)[ (pi— pr’) - x1 + (po— po’) - x2 } J 
hr (rh)® 0 


Since the reason for introducing 7 is to smooth over 
microscopic temporal fluctuations in the distribution 
functions,* we choose 


157K 12, 


(2.10) 


where 7, is a time interval much longer than the mean 
time between collisions, and where rz is an interval 
consistent with the requirement that the distribution 
functions do not vary appreciably during an interval 
¥ < T2. 

In order to proceed, we shall introduce two assump- 
tions, both of which have already been used in studies 
on the foundations of transport theory.®” 

The first assumption states that for dilute and weakly- 
degenerate gases under small enough external force 


v(| qi— qo— Xi +2! )(f (pr’qu, po’qe; f+5)). (2.9) 
fields, most collisions are of binary type, and that these 
forces and the exchange interactions between a given 
pair of molecules and the remaining ones produce 
negligible effects on the collision processes. In virtue of 
the physical meaning of 0../@, 6°° f@ (i=1, 2), and 
g” in (2.7), this assumption can be written in the form: 

I. The temporal development of /(piqi,peqe, 4) on 
the right-hand side of (2.9) during an interval s such 
that O<s¢ 
which we omit the terms 6,“ and g®, i.e., 


r can be adequately described by (2.7), in 


0 1 1 
+—Pi° Vai t 
os sm m 


Po Vat / (pigs, P2d2; ¢) 


b:2f (pigi,poqe;t+s), OSs<r. (2.11) 


In Appendix 1 we show that (2.11) implies that the temporal development of /@ during an interval s is given by 


f (Didi, P22; 4) ff ff eoeraperaqs’aas"K (oa pe Pa'’qn’’, Pa!’ qa"’; 5) 


Kf (pi’qu”’,pe’qe”; 1), forO<s<r. (2.12) 


For spinless particles interacting pairwise by means of central forces, the kernel K® in (2.12) can be written as 
a product of kernels corresponding to the relative and center-of-mass motions of a pair: 


K® (pigs, P2q2) pi’ qu’, po’ qu’; 5) 
where 
P.'); 


K© (peGe| ee 5 5) =5(qe~ qe’ — Pes/m)4(De 


K(pq| p’q’; 5)‘ (peqe| Dee’; 5), 


23 
K(palv'a’s) ~( pid J da%4a” exxC2i/m 0-44 p’-q’”’) } 
ch)? 
« (q q”’ Ul, q’ f q” 


U,=exp{ — (i/h)[| p|?/2u+-0(!q)) ]}; 


G=9:+02, P=3(~i-~2); GQ=qitaq, Pp 


(q/ U./q’) 


(pi 


(q/ id Ul lq | q’’); (2.13) 


exp — (i/h)— (h?/2u)V.?+-0(\q!) ] 6(q—q’); 


p=m/2: (2.13') 


P2); Ge=3(qitq), Pe=Pitp2; (2.13’) 


and parallel expressions hold for the corresponding primed vectors 
Combining Eqs. (2.9), (2.12), (2.13), and (2.13), and introducing the change of variables 


E =x,—X2; 


4 (xXi+X2); 


and the fact that the Jacobian of a contact transformation is unity, we obtain 


at 
where 


e..% 
|. ? pi-Vurt i"? |((f°(Bias 0) T(piqi; 4), 
m 


9 . 
T(piqu; ()=(V—1) Im f asf. . -f dpsip'dp” dada’dtk (p'q pq’; s) 
hr (xh)* 0 


X0(|q—&|) exp[(2i/h)(p—p’)-E)(f (Ap.+p”, 4q'+4. 


P. s/m; bP. ri hq’ t Ge PeS/M, t)). 
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The second assumption alluded to above formalizes 
our remarks on time smoothing as follows: 

II. The time-averaged distribution functions (/“’) 
are only secularly dependent on time, provided that 7 
satisfies (2.10), so that, for example, 


(Cf (piga5 ))) =f (pigs; 4). (2.16) 
Combining (2.15) and (2.16), we get 
| 0 1 
tpi Vat (fF (piqu; ))=1(pign; 4), (2.17) 
| at m 


which involves solely (f“) and ({), as can be seen 


from (2.15). 


3. REDUCTION OF THE COLLISION 
INTEGRAL I(p.gi; 0) 


The aim of the present section is to reduce / (p,q); ¢) 
in (2.15) to an integral operator which involves a cross 
section for the collision of two identical spinless par- 
ticles in the center-of-mass system, and which acts on 
a product of two distribution functions (f“’), As we 
mentioned in Sec. 1, we shall accomplish this reduction 
by introducing a symmetrized assumption of molecular 
chaos appropriate for spinless particles (III), by sup- 
posing that the departure of the state of the gas from 
equilibrium is slight (IV), and by assuming that the 
distribution functions of interest are slowly varying 
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over certain regions in configuration and momentum 
space (V). 

The first of these hypotheses has been employed and 
its physical significance has been indicated in reference 
5, and the second one has been used in this last reference 
and in the derivation of the classical equation of trans- 
port for dilute gases in reference 9, For this reason, we 
shall not discuss the physical meaning of these two 
assumptions in what follows. The third hypothesis 
plays a role comparable to the first two in the succeeding 
developments. Since it has not been stated in the 
literature with the degree of clarity required in the 
present investigation, we shall state it in detail in this 
section. 

In the interest of simplicity, we shall suppose that 
there is a sphere of radius 79 such that 


(3.1) 


where ro is much smaller than the average intermolecular 
separation. In practice, we can always find an ro which 
satisfies these requirements to a good degree of approxi- 
mation in the case of dilute gases whose molecules 
interact by means of short-range forces. 

We now introduce the following hypothesis of mo- 
lecular chaos: 

III. The distribution function f@ in /(pi,qi; 4) in 
(2.15) can be replaced by one which depends on 
functions /“) in the same manner as for a perfect gas 
of spin zero," Le., 


v(\q|)=0, for |q| >r0, 


Gitqe © PitpPe 7 ) 


1 
f (piqs,P2q2; 1) =f (pign; Of (pega; 1) + J feoinro( poe 
(Qrh)i J . 


2 a 2 


qitq: p Pitpe = . : 
a | r-, -- +54) expt G/A)L(@2—a))-=—(p2—Pd)-€)). (3.2) 


¥) ) 


“ “ 


If the particles of the gas were distinguishable, we would only, have the product term {“ (piqu; £)f“ (poqo; 8) 
on the right-hand side of (3.2). The terms under the integral sign in (3.2) are of purely quantum-theoretical origin ; 
they arise from the fact that a collection of identical particles of spin zero is governed by Bose statistics. 

IV. The state of the gas departs but slightly from equilibrium. It can be easily shown that IV implies that 


Cf (pi,ai; OF (p2,42; 0) (pian; OF (pede; 4), 


(3.3) 


to within terms quadratic in {“? — fo“) where fo“) is the value of the singlet distribution function ¢ orresponding to 


equilibrium.” 


From III and (3.3) we can deduce that we can replace (f®) by 


ay fon D/ int J fe j (f° (ee ct ‘)) 
(f(prgr,P2a25 !)) =F (pigs; ))(f (Pigs; £))+ deted, f° ————-, ———-; 
P141,P2q2; 4) ii 142; ¢)) (xh)? 06 > > > > 
Gt+q: @ PtP: 2% al 
«(s( ty +51) expt i/A)E(a2—ai)-=~ (Pepi) 0) (3.4) 


# Equation (3.2) is the same as Eq. (B9), p. 1102, reference 5, and is equivalent to the following assumption in terms of reduced 


density matrices, 


R® (qi’,qa’| 1,42; O=R™ (qu’| qu; HR (qo’| qo; O+R™ (qu’| 2; MR (qn’| au; , 


for the case of particles of spin zero, as stated, for example in reference 2, p. 328. 


*® See reference 9, p. 76. 
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in J(piq;; ¢) in (2.15). Carrying out this substitution, we get 


T(pigi; )=11(piqu; 4) +-J2(piqi; 4), 


where 


a 4 ’ 
T,(piqu; )=(N—1) Im f asf . -f dpsip'dp”dada( de (pa) p’’q’; s)v(|q—€]|) exp[(21/h) (p—p’)-&] 
hr (rh)? 0 


K(f Gpetp”, 44’ +Ge— pes/m;t))(f{(sp.—p”, —4q'+qe— pes/m; t)); 


» 4 “ 
T2(piqi; 4) =(NV—1) im f ds [- : -{ dpsip'dp"dqda’de (p’q| pq’; s)vo(|\q—£& 
hr (xh) i. | i 


XK exp[ (2i/h)(p—p’)- &] 
(3 


The integral J, arises from the term (f“)(qiqi; 1) 
x (f (peqe; t)) in (3.2), while J, comes from the term 
in this equation which takes into account the statistics 
of the gas. It is then natural to expect that /; and J, 
will give rise to those parts of the collision integral of 
our transport equation corresponding to direct and 
exchange collisions, respectively. We shall see presently 
that this expectation is fulfilled. 

Before proceeding to reduce (3.5) to the desired 
form, we shall make a qualitative observation concern- 
ing the kernel K in (3.5). From (2.14) we see that 

K(p’, q|p”, g'; 0) =6(p'—p")5(q—q’), 
so that, on continuity grounds, it is reasonable to 
suppose that 


K(p’,a|p”’, @';s)=0, |s| <r, 


unless |q~—q’| <r(r), (3.6) 


where r(r) is a length which is much smaller than a 
typical length of the vessel containing the gas, provided 
that 7 is sufficiently small. 

We shall not attempt to estimate r(r) from first 
principles in this paper. However, if the mean DeBroglie 
wavelength A of the gas satisfies the inequality 


(3.7) 


AKI, 
one would expect that 


r(r)~vor, (3.8) 


where vp is the mean velocity of the gas, since (3.7) 
implies that the molecular collisions can be described in 
classical terms. 

If A is comparable or even larger than ro, then it is 
not at all clear that the simple estimate (3.8) is valid. 
It is indeed fortunate that only the fact that r(r) is a 
microscopic length, and not its detailed numerical 
value, is important in the subsequent formal develop- 
ments. 

We now introduce assumption V: 

V. The distribution functions (f“’) undergo neg- 
ligible changes over small enough regions in con- 


1 
x A) J faote exp{— (2i/h)[x-q’—2p”-0 }}( {© (p.— 4x, a. 
1) 


(3.5) 


— 


p.s/m—}o; t)) 


K(f (Apet dx, qe— pes/m+ 4p; t)) 
figuration and momentum space, in the sense specified 
below?! : 

(i) They are negligibly small for absolute values of 
momenta greater than po and are slowly varying in the 
momenta if the corresponding absolute values are 
smaller than po, so that, for example, 


(£ (Py',Qi5 )) =f (P1015), 


for ire P,| <po; (3.9a) 
for exp[ (2i/h)(P-Q) ](f (Pi +P, Qi; 0) 
x (f (Prt P, Qs; ))20, (3.9) 


unless |Q| Sh/ po; 


(ii) They are slowly varying in configuration space 
over spheres of radius a such that 


a>>r(r)+roth/po, a>>(r/m)po,  (3.10a) 
so that, for example, 
Cf (P,Q; )) = (P1915 0), 
for |Q\’—Q,| <a; (3.10b) 
foo exp[ (2i/h)P-Q)(f (Pi, Q—Q,; 
K(f (Pe, £04+Q2; 1))0, (3.100) 


unless | P| <h/a<po. 


It is reasonable to suppose that the upper bound po 


for the momenta in V is of the order of the mean 


momentum of the gas of interest, so that 


A~h/ po. (3.11) 


From the fact that A is much smaller than the mean 


21 Concerning V, we remark (a) that the notation for coordinates 
and momenta used therein was deliberately chosen in the interest 
of avoiding ambiguities in the subsequent discussions; (b) that 
(3.9b) and (3.10c) are indeed valid for sufficiently slow variations 
in (f) in terms of momenta and coordinates respectively, in 
virtue of well-known properties of Fourier integrals 
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intermolecular separation for a weakly-degenerate gas 
and our earlier observations on r(r), we conclude that 
r(r), r(r)+10, h/po, and (po/m)r are microscopic 
lengths for small enough 7, and therefore that V is a 
very mild assumption for a gas of this type. This remark 
is independent of inequality (3.7). However, if this 
inequality holds, then a simple physical argument 
suggests that (3.10a) assumes the form 


a>(po/m)r, (3.8a)’ 


where the right-hand side is just the distance traversed 
by a classical particle with the mean velocity ty~~po/m 
of the gas in a time r. The argument in question starts 
from the fact that 7 must be larger than a certain time 
T,, a8 we shall prove later on. The physical meaning of 
7, is that of a mean collision time, so that in the classical 
domain specified by (3.7) we would expect that 


r>re~mro/ po, 


1 T 
H(piass)=— Im fds f--- f dp'dp"dqdg'deK ('q\ 9"; s)o(la—t 
T 0 


SAENZ 


this being of the order of the time required by a clas- 
sical particle with the mean speed of the gas to traverse 
the sphere ro of molecular interaction. From (3.7), (3.8), 
and (3.12), we immediately obtain (3.8a)’. The pre- 
ceeding argument has only a plausibility value and was 
mentioned only in order to show that V leads to reason- 
able results in the classical limit (3.7). The discussions 
to follow are quite independent of considerations of this 
type. 

We shall now employ V to get rid of the troublesome 
integrations over coordinates occurring in the defini- 
tions of J; and J, in (3.5). 

We begin by considering /; with the purpose of 
demonstrating that the spatial arguments in the dis- 
tribution functions occurring in the definitions of J, in 
(3.5) lie within a sphere of radius much smaller than a 
about qi, and can thus be replaced by qi, in virtue of 


. V (ii). We shall accomplish this objective in two steps. 
(3.12) «« 


First, we write J; in the form 





) expl— (2i/h) (p’— pi) E] 


x f dsespl (i/h) pa: Ef pet Spite”), da’ +a0;2))(f (bp2t+ (pi— p”), —4q’+4.;2)), (3.13) 


where we have omitted the terms +p,s/m in the 
spatial arguments of the distribution functions of 
interest in accordance with V (ii), and where we have 
written p and p, in terms of p; and p, by means of 
(2.13)”. 

Since the integral over py in (3.13) can be put into 
the form (3.9b) by placing P=2p. and Q E, we 
conclude that the integration over &— can be restricted 
as follows: 


1E| oh po. (3.14) 


Second, we combine (3.14) with (3.1) and (3.6) to 
deduce that we can restrict the q and q’ integrations in 
(3.13) as shown below. 


la) Sroth/po; \q’| Sr(r)+rot+h/po. (3.15) 


Employing (3.15) with V (ii) we replace the spatial 
arguments +4q'+q.— (p-s/m*) by q, in the distribution 
functions in (3.13), and express A in this last equation 


in terms of its definition in (2.13). The resulting in 
tegrals over the configurational variables &, q, q’, q’’, 
and q’”’ can be performed without difficulty by writing 
v(|q—&|) and the matrix elements 


(q 7 q’’|U,! q’+q’”’) and (q’ = q”’ | s!qt+q”’) 
in terms of momentum matrix elements of the type 


(p’|---|p) where the relation between the kets |q) 
and |p) is given by the usual mixed representative 


(q|p)=(2rh)“S exp (i/h)p-q]. — (3.16a) 


In this calculation we employ repeatedly the elementary 
identity 


) T 
I,=(N~1) (24h)! J asf faosd(o\vtt,\9"9 (0 1.9). Pp’, a3 4) f° Gpet+p”, a1; 4); 
hr 0 


J (via)(a'\naa’=a(p -p’). (3.16b) 
Omitting the details, the final result is 
p=0(|q|). (3.17a) 


We now proceed to reduce /, to a form parallel to (3.17a). Cale ulations similar to the ones for /;, making use of 
V (i) and V (ii) to replace the spatial arguments q.— (p./m)s+4¢@ in the distribution functions appearing in the 
definition of 7, in (3.5) by q.+@/2, introducing momentum matrix elements as previously, and making the sub- 
stitutions p’—>x and x—>2p” in the variables of integration, we obtain 


4 r 
I,=(N—1) Im f as ff [axdpaip"(o| vt. ~ p+) (p’4 =|iL|p): [dp exp[_(2i/h)x- 0 | 
hr 0 


Xf pet pe”, Gi 305 DF Gpetp”, ait2e; 4). 


(3.17b) 
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The equations (3.17a) and (3.17b) for J; and J, still involve the troublesome integral over s. We shall now show 
that for intervals r, which are long enough in a sense to be specified later, this integral can be carried out and that 
the resulting asymptotic expressions for /; and /, are independent of r. In order to find the asymptotic forms for 
T, and /; for large r, we proceed as follows. 

First, we employ the basic result from time-dependent scattering theory given below 


exp. (i/h) Eps }(q| U.| p) = (q! p!),+-¢(q,p; 5); 
where 
vexpL (i/ h)(E,—E,)s | 


(piv p’).*(qip’)); Ly= |p ?/2u; (3.18) 
(Ey —E,—te) 


g(q,p; 5) = lim | dp 


u being the reduced mass in Eq. (2.13’). The kets | p), satisfy the following Lippmann-Schwinger equation,” which 
describes an incident plane wave of momentum p and an outgoing scattered wave 





| 1 
(q|p), (a\p)+lin, (4 v r) . (3.18) 
ot EI —R+ie | J, 
where 
1 
R=—|p|?, &\p),=Ep|p)y. 
2p 


Equation (3.18) can be proved under the assumption that the kinetic energy operator & and the Hamiltonian 
(1/2u)|p|?+(|q|) in the center-of-mass system have identical and purely continuous spectra and that the 
kets | p), form a complete orthonormal set. This proof has identical structure to the one recently given by Hack” 
so that we shall not include it here.*4 

Second, we write (3.17a) and (3.17b) in terms of a mixed coordinate-momentum representation : 


2 T 
ee er Im f is [- fdpatp"dgia(v|>|a)(4 U, |p’) (q’| UL,| p’”)*(p| q’)* 
i 0 
Xf Gpe— i", 15) )f Apet+p”, ai; !)); 
(3.19) 


24 T 
h= (V1), Im f as {+ f dedpstpdada’(p|0| 4) (aU, p’+-x)(q’|Ue| p”-+2)*(plq’)* 
: 0 


% [dy expl 2i/A)x- oJ Op. P’, 4: —30;)) f° Upetp”, ait de; 4), 


where we have used the unitary property (p’|UL,| p)= (p/U,! p’)* of U.. 
From (3.18) and (3.19), we conclude 
= I’ + I”, 


where 


) 
I,'=(N- 1)(2mh)* Im f -- f dpsdp'da'(p)0| p”) +(q/|p’),*(plq’)*(f Gpe—p”, a3 DS Apet+p”, a; 9); 
1 


2 
1's (N—1)(2rh)* Im f +> f dpatpdada’(p\v\ )(0\ 41s Gp. Pas DUO Upe+p”, ai; 0) 
h 


1 T 
i J ds{(q’| p’’)4*g(q,p; 5)+(q| p’)42*(q',p”; 5) +-2(q,p"; s)*(q',p"; 5)};  (3.20a) 


a 0 


I,=1),/4 T,!", 


# B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) 

%M.N. Hack, Phys. Rev. 96, 196 (1954). 

* For a clear and detailed treatment of the mathematical foundations of time-dependent scattering theory and its connection with 
the corresponding stationary collision theory, see H. E. Moses, New York University Institute for Mathematical Sciences, Division 
of Electromagnetic Research, Reports CX-12 and CX-13, 1953 (unpublished) 
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where 


24 r 
ws im f as» f dndpeip"da'(p|v —p"+n),(q'|p"+),*(plq’)* 
T 0 


x f do expl2i/)x-(o- p’s/m) (f Gpe—p", ai— 4.05 Of Apet+p”, ditto; !)); (3.20b) 


4 
I,/!=(N im f +++ fdndptdp’dqda’(p|0\a)(\4)* f dels Gp.—p", ax—405 0) 
1 


aft 


1 
Kf Up.+p”, arto; 0) | ds exp[(2i/h)(9— p’’s/m) ]{ (q’ |p’ +2)4*2¢(q, —p” +2; 5) 
T 0 


+(q|—p" +7)+8°(q’, p+; 5) +(q, — p+; 5)g*(q; p’ +2; 5)}. 


The derivation of the desired asymptotic forms for J; and J; involves rather lengthy considerations, which we 
shall abbreviate to a great extent by relegating straightforward calculations to Appendices 2 and 3. 
In Appendix 2 we show that 


[,"=0, I,/’=0, for Te< TS T2, (3.21) 


where r, is a time interval sufficiently long for Eqs. (A 2.7) of Appendix 2 to hold. In this derivation, we assume 
that it is possible to choose r,< 72 so that there are no secular variations in the distribution functions in the 
definitions of 7,” and J,’ in (3.20a) and (3.20b). 

From (3.5), (3.20a), (3.20b), and (3.21), we conclude 


I I\'+ I, for TEATS T2. (3.22) 


By inspection of (3.20a) and (3.20b), we notice that J,’ is independent of 7, but that /,’ appears to be dependent 
on r. We shall now show that J,’ can be written in the form 


If =(N 1) (2nh)* Im [ «+» [dpsip"da'(o»| ~P'’)+(a' |p’) 4*(p| a’) 
si Xf pep", a5) f Gpet+p”, aij; 4), (3.23) 
in which the r dependence and the integrations over x and @ have disappeared. 
To prove (3.23) we begin by making the substitution 
o> ot (1/m)p"s 


in the definition of J,’ in (3.20b) and then, using V (ii), we neglect the resulting terms + (1/m)p’’s in the spatial 
arguments of the distribution functions in this last equation. We can then immediately carry out the integration 
over s with the following result: 


24 
Iy!=(N ar Im f --- f dedpsiy"da'(p| . p"+25)(a'|n”),*(plq)* f de exp[ (2i/h)x-@ ] 
1 


Xf pep” +2, ai— 30530) Spetp’—x, aitde;!)), (3.24) 


where we have introduced the additional substitution 


‘7 


p’ — p’—=. 
It is easy to see from (3.10c) and (3.24) that the range of x in this last equation is restricted by the condition 
|x| <h/2a<X<po. (3.25) 
If we make the mild assumption that 
(p|v| —p’+2x),=(p|v]—p”),, for |x|<po, (3.26) 


and notice that (3.25) and V (ii) imply that we may neglect z in the distribution functions in (3.24), we see that 
we can immediately perform the integral over x in the last equation, thus obtaining the desired result (3.23). 





TRANSPORT EQUATION IN QUANTUM STATISTICS 


Equations (3.20), (3.22), and (3.23) imply that for r>7, we can write J in the form 


2 
7 il ial im f ff ansip’aa'{(n|v|p"),+(o\0| — p’’).} (| p”)4*(p| q’)* 


Xf pep", a3 Of? (pe+p”, ar; 4), (3.27) 


in which the awkward dependence on r has been eliminated. 
In Appendix 3 we shall prove that (3.27) leads to the result 


T 
i alliage! J fevavrse,—z,9| (p|0| p”)++(p|0| —p)4|*C(f pe— Pp”, di; 4)) 


XU Upe+p”, a3 4))—f Ape—p, ai; ))f (Apet+p, qi; !)) (3.28) 


by using known theorems of scattering theory. 

Since the intermolecular potential is central, we can express (p|v|p’’), and (p|v| —p’’), on the energy shell 
Ey =E, in terms of the corresponding scattering amplitudes /(@) and /(—@) in the center-of-mass system by 
the formulas 


f(0)=—4ruh(p|v| p”),, {(r—0)= —4r*uh(p|v| — p”),; (3.29) 


where @ is the angle between p and p” on this shell. 
Defining the cross section o(6,| p|) by the equation 


o(0,| p|)=4| f)+ f(r—8@)|?, 
we conclude from (2.17), (3.28), (3.29), and (3.30): 


oO Pp |p| 
+—+Vq, +6, (F(a ))= (N=) f [ apsa0 o(0,|p|){({@Ape—p”, qi; !)) 
ol om « 7 
Xf? Gpetp”, a1350))— SF Gpe— i, 159) f? Apetp, aii t))}, (3.31) 


where p” is constrained to lie on the energy shell £,,.= £, and where dQ is an element of solid angle about p’’. 

Equation (3.31) is our desired equation of transport. It reduces to the corresponding Eq. (32) of reference 5 
when we evaluate o(6,|p|) by using the first Born approximation, a procedure which is equivalent to replacing 
(p|v| +p”), by (p|v| +p”) in (3.29). 


APPENDIX 1 


In this appendix, we shall prove Eqs. (2.12) and (2.13). 
We begin by remarking that Eq. (2.11) is equivalent to 


ri) i 
-R®(q;, qo! ay’, qu’; t {. s) tL ff fesereneraasraae (q), q2| "| qi”, qr’) 
Os . 


*R® (qi, qa” | qu’, Qa’; F+5)— (qn, 2” | DH | qu’, qa’)R (qu, Go| qu”, G2”; t4+5)) 0, (A 1.1) 


where the bras (qi,q2| and kets | q;’,q2’) therein are products of two one-particle bras and kets and nol symmetrized 
products and where 


! 
HO) = — (|pi]?+ | ¥|?)-+0(| 91-421) (A 1.2) 
2m 


Equation (A 1.1) follows from (2.5a) and (2.11). Alternatively, we could just as well have assumed (A 1.1) 
and derived (2.12) by using (2.5b). 
Equation (A 1.1) can be integrated to give 


R® (qu,qo| q1',42 ; lt +5) _ ff feairaasraasrdas” (quas\te a | qi’ ,q2”’) 
xR (qi",45"|an",43"5(qr"".a2"”|UL." |qy'as’), (A1.3) 
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where we have dropped the = sign and where 


U,¢ sexp[— (i/h)sOo J. (A 1.4) 


Combining (A 1.3) with (2.5b), we find after simple changes of variables of integration 


{ (Dis, P2425 t+5) = Lf f feveancaaaae’-6 (oa, none| s'a'ars 8)f°(B1 8459, (A 1.5) 


where 


96 
K ®) (p14), P2qo! pr’ Gy’, Po’ qa’; 8) = Sf f faaaasraayaqy” 
(wh)® 


x (q)' qi”, q: q:” | U," 2) | qi +q;'", qo’ + qo") (qi —qi’”, q: —q?” |\U_.4 | qit+a”, q2+q2”) 
exp (2i/h) (pi qu’ + pa: qa’) | expl(2i/h) (pi’- qu’ + pa’ qr’) J. (A 1.6) 


To complete our proof, we shall require the identity 
h it wh 
(qi,q2| UU," | qu’,qa’) exp (is ve! le q-) | exp| ~ |- - reto(lal)| ja(a—a), (A 1.7) 
4m AL 2p 


where we are using the notation in (2.13’) and (2.13”). 
Equation (A 1.7) follows from 


1 
(qi,q2| U,"” | qi’,qo’) exp| |- 


and the operational identities 


1 h | h i h? 
exp| | [Var+Var}+-2(/a~ asl) | -exi va? esp - |- veto(lal)|]; 
h Qu | h Qu 


h? 
- [Vq.2+ Va," ]+0(| qi— qe! | sca — qi')5(q2— q2’) 
2u 


4m 
5(qi— qi')5(q2— qa’) = 5(q—q’)5(q.— 4’). 
From (2.13), (A 1.6), and (A 1.7), we can write K® in the form (2.13) after some tedious but straightforward 
integrations. 


APPENDIX 2 


In this Appendix we shall establish the asymptotic result (3.21). 


We begin our proof by remarking that g(q,p;s) in (3.18) can be written in the form below by the use of the 
definition of Ey in (3.18): 


| - exp[(i/h)(E,—Ep’)s | 
g(q,p; 5) =lim f dEy ; Q(4,P,Ey’), sai 
oot J, (Ey — E,—ie) 


where 
0(4,P,Ey)=2uiE ys f d9'(p|v| p’),*(alp’), 


where dQ’ is an element of solid angle about p’ for fixed | p’|. 


We suppose that ((q,p,/,-) has the following properties for fixed p and fixed q: (a) it is continuously differen- 
tiable in Ey for Ey 20; (b) So” dEy|O(q,p,Ey’)| <2 
Conditions (a) and (6) imply that 


rT 


1 T 
lim J 4x00; 9)=0; 
oad g 0 
(A 2.2) 
1 r 
lim J 4se(a.05 se*(a''s8)=0. 


T#o 


% We chose hypotheses (a) and (6) because we felt that they were the weakest and simplest assumptions from the viewpoint of 
the present paper. 





TRANSPORT EQUATION IN QUANTUM STATISTICS 


Equations (A 2.2) follow from (A 2.1), assumptions (a) and (b), and the basic identities 


1 r 5) € wes 
lim f ds im f dx (x+a)'*M (x) =0; 
TO r Jy oor J. x—Tte 


1 T x é we £ e‘ve 
lim f as lim f dx (x+a)*(«) lim f dy (y+-B)§N (y) } =0; 
70 > 0 e+ a x—1e e’ 0+ r y } if 


where a20 and 620. These identities are valid, for example, when M(x) and N(y) have the properties: (a)’ 
they are continuous in « and y for x2 —a and y2 —8 and continuously differentiable in the vicinity of x= y=0; 
(b)’ fo dx(x+-a)!|M(x)|< 2 and f,* dy(y+8)!|N(y)| <<. 


Since our proof of (A 2.3) involves rather tedious analytical considerations, we shall merely sketch it at this 


point. 
First, it can be shown from (a)’ and (6)’ that the functions 


wo ets L ewe 
F(s) im f dx———(x+a)'M (x); G(s)= lim f dy (y+B)'N (y); 


«0+ e’--++ 


, , . 7 
x—t¢ p Vtte 
are continuous functions of s for all real values of s. Second, (a)’ and (b)’ imply: 


lim F(r) =lim G(r) =0. (A 2.5) 


Toa rn 


We now appeal to a theorem of analysis which states that if ?(s) is a function which is continuous in s for 


O<s<~ and if lim P(r)=0, then 
1 T 
lim f dsP(s)=0. 
Tr +e Tt P 


Te 
Combining this theorem with (A 2.5) and the continuity of f(s) and G(s), we obtain 


1’ 1 ef’ 
lim J dsF(s)=0; lim 5 dsF (s)G(s)=0. 
— 0 7 0 


Equations (A 2.3) follow immediately from (A 2.4) and (A 2.6), so that our proof is complete. 
From (A 2.2) we conclude that there exists a positive real 7, such that 


1’ 1p’ 
f dsg(q,p; 5) 0; f dsg(q,p; 5)g*(q’,p’; 5) 0; 
T 0 T 


0 


for r27-, under the stated assumptions (a) and (6). 
If we also assume that 


(A 2.8) 


Te < T 2, 


then the time-smoothed distribution functions in the definitions of /,/’ and J,” in (3.20a) and (3.20b) do not 
vary appreciably for intervals 7 satisfying (2.10) and such that 7 27,, as follows from hypothesis If. Combining 
this remark with (A 2.7), (3.20a), and (3.20b), we conclude that (3.21) holds, provided that inequalities (2.10) 
and (A 2.8), and the above regularity assumptions are satisfied. 


APPENDIX 3 
In this Appendix we shall prove the following identity 
2 im f fap'aa't(n v p”’), } (p v| ~p”’),3(q/ p’).*(p q')*S p”’) 
a Ey) (p\v| pp’), + (piv) —p’’), |24.5(p")—S(p)}, (A 3.1) 


provided 
S(—p)=S(p). (A 3.2) 
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Identifying the function G(p) with (f“ (4p.—p, qi; 4))({ (4pet+p, qi; 4)), which obviously satisfies (A 3.2), 
we can immediately conclude from the truth of the identity (A 3.1) that Eq. (3.27) implies Eq. (3.28), as stated 
in the text. 

In order to derive (A 3.1), we begin by using (3.18) of Sec. 3 to write 


2 Im ff ap"aq'((n|) P”’)++(p|0| —p”)+}(q’| p’)4*(p| q’)*S(p”) =2 Im{(p|d| p)++(p|d| — p)}.S(p) 


S(p”) 
+2 lim im f dp"((p\|p"),+(0|»|—p Veli + »— ie) 


where we have interchanged the order of lim .,0, and the p” and q’ integrations, and have employed (3.16b) and 
the elementary identity 


fevoian(a = op") = =—_—_——(p|»|p")+, (A 3.4) 
Ey: —K+ie| J, Ey: —Eytic 


which follows from the definitions of S in (3.18’), and simple transformation theory. 
Since E_»= Ey and S(—p”’)=S(p”), we can write the integral in (A 3.3) as follows: 


Si p”’) 


2 lim im f dp"(p\>|p”){(|v| 9"), +(P|o| — p’’)4 ur 
¢ u— Ey—te) 


«0 
S(p”) 
= him spviaidccaicdce nme, (SS) 
stil (Ey — E,—ie) 
Using the identity 


e+ 


L (p") L( 
lim jr— Pf on — ———— tie faite —E,)L(p”), (A 3.6) 


tp — Eyptte 

where P stands for the Cauchy principal part of the integral in question, and where L(p’’) is a function which is 
smooth enough in the vicinity of p’ = 0 and vanishes sufficiently rapidly for | p’’|—+*”, we can rewrite (A 3.5) in 
the form 

S(p") | 


2 lim Im f dp"(p|v|»"),4(p|| 9"), +(0)0| — arr 7 D 
—E,—i¢ 


ewer 


rns Ey-)|(p|v| p”)4+(p|0| —p”)s12S(p"). (A 3.7) 


Finally, we employ the equation below, which is analogous to the usual identity of collision theory which relates 
the forward-scattering amplitude to the total cross section for the case of binary encounters between distinguishable 
particles: 


2 Im{(p|v| p),+(p|¥| —p)4}=—* fap"0(2,—Ey)| (p|D| p”)4+(p|v|—p”)4|%. (A 3.8) 


The desired Eq. (A 3.1) is an immediate consequence of (A 3.3), (A 3.7), and (A 3.8). 


Note added in proof.—After completing this paper, we became aware of an article by H. Ktimmel in Z. Physik 143, 219 (1955), where 
an ingenious derivation of the quantum-statistical transport equation for dilute gases, ignoring the effects of exchange, is carried out 
by averaging Wigner distribution functions over phase variables instead of time. Ktimmel’s simultaneous use of ingoing and outgoing 
scattered waves in constructing his collision integral is disturbing and bears close critical study. 
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A new technique of microwave spectroscopy is proposed for application to excited states of short lifetime 
If atoms are excited by electron bombardment, closely-spaced energy levels may be unequally populated. 
The radiation emitted in decay to lower states may have an angular distribution and polarization character 


correlated with the direction of bombardment. When such atoms are acted on by radio-frequency fields 


transitions may occur between excited states which cause an observable change in the pattern of decay 
radiation, An analysis is made of the possibility of applying such a method to a determination of the fine 
structure patterns (snp) *Py (J =0, 1, 2) of the helium atom. After a review of previous optical spectroscopic 
work and theory of this fine structure, an old unsolved mystery concerning the polarization of collision light 
is discussed. The theory of the Zeeman effect is worked out in a form applicable to the microwave exper 
iments. Expected transition frequencies and rf matrix elements, intensity changes and shape of resonance 
curves, Stark effect and singlet-triplet mixing are also considered. An estimate is made of the signal to be 
expected in the experiment described in the following paper 


HIS is the first in a series of papers dealing with 
microwave spectroscopy of the helium atom in 
excited states of short lifetime. The helium atom is a 
relatively simple structure, and extremely precise 
measurements should shed some light on the interaction 
of two electrons. After a brief survey of previous experi- 
mental and theoretical work on helium fine structure, 
the present article gives the basis for the measurements 
described in the following! and later papers. 


I. ENERGY LEVELS OF THE HELIUM ATOM 


The large-scale pattern of energy states for helium is 
shown in Fig. 1, with the levels separated into singlets 
and triplets. States of possible interest for microwave 
studies must be closely spaced. This condition is satis- 
fied by magnetic sublevels of states such as m4S,, n'P, 
and n'D, when split in an external magnetic field, and 
by states n*Py (J=0, 1, 2) and n*D, (J=1, 2, 3), 
which are split by fine-structure interactions. The 
metastable state 2*S, has previously been studied? in 
an atomic beam, In this paper we shall be concerned 
only with the states 2*P and 3*P of Het although the 
method to be described has a much wider applicability. 
The fine-structure patterns of 2°P and 3*P as given 
by the most recent optical spectroscopic work® are 
shown in Figs. 2 and 3. In both cases the structure is 
that of an inverted and highly irregular triplet. Owing 
to the small separations of the levels J=1 and J=2, 
the triplet character of the orthohelium levels had 
been so difficult to resolve that for many years it was 
thought that orthohelium had a doublet spectrum. The 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S, Atomic Energy Com- 
mission. 

t Present address: Clarendon Laboratory, Oxford, England. 

1W. E. Lamb, Jr., and T. H. Maiman, Phys. Rev. 105, 573 
(1957), following paper. 

* Hughes, Tucker, Rhoderick, and Weinreich, Phys. Rev. 91, 
828 (1953). 

4 Brochard, Chabbal, Chantrel, and Jacquinot, J. phys. radium 
13, 433 (1952). 


2*P,; and 2*P, 
Houston’ in 1927, but even today the closely-spaced 
pair of states in 3*P has not been resolved, and their 
separation could only be inferred from the width of a 


states were first distinguished by 


composite spectral line. The spectroscopic results 
obtained by various workers are shown in Table I, It 
will be seen that they are in fairly close agreement 


except for the values of Gibbs and Kruger® in the case 
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Fic. 1. Energy levels of the helium atom. Abbreviations like 
34P; are used instead of a more complete designation such as 
(1s3p) *Py. 

‘W. V. Houston, Phys. Rev. 29, 749(A) (1927), Proc. 
Acad, Sci. 13, 91 (1927). 

*’R. C, Gibbs and P. G. Kruger, Phys. Rev. 37, 1559 (1931), 
Also quoted in C. E. Moore, Atomic Energy Levels, National 
Bureau of Standards Circular No. 467 (U. S. Government Printing 
Office, Washington, D. C., 1949). 
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29640 Mc/Sec 


Fic. 2. Fine structure 
of 2*P according to 
latest optical measure 
ments. 








Jel 
Js2 


t 2295 Mc/Sec 


of 3*P. The recent work of Brochard et al.* has shown 
that self-reversal in the discharge tube was responsible 
for these erroneous results. 

The radio-frequencies required for a study of these 
patterns should lie in four ranges: 22954210 Mc/sec, 
29 6404-300 Mc/sec for 2*P and 7504300 Mc/sec, 
79504-600 Mc/sec for 3*P. It is clear that any micro- 
wave measurements with an accuracy of about one 
Mc/sec would greatly improve our knowledge of these 
separations. 





Taste I. Summary of observed and calculated fine structures for 
2*P and 3 4P of helium. 


n=l 
24Pi-2*Ps 
cm”! 


2*Pe—2*P; 


cm" 


Observed 


0.0531 
0.0529 
0.0532 
0.0528 


0,195 
0.077 0.197 
0.078 0.199 
0.0765 40.007 0,197 


0,992 0.071 
0,990 
0.996 
0,988 40.010 


Houston*® 
Hansen” 
Meggers* 
Brochard4 


Calculated 


0.059 
0.035 
O14; 
0.05 
0.068 


0.0295 
0.0396 
0.0502 
0.0481 
0.0503 


0.56 
0.73 
O.97¢ 
0.84 
0.94 


Heisenberg 
Gaunt! 
Breite 
Bethe 
Araki’ 


n=} 
$9Po—39*Py 34Pi—34Ps 
cm"! cm™ 


Observed 


0.27 0.02 
0.192 0.165 
0.265 40.020 0.025 40.010 


0.0533 0.0114 


Houston* 

Gibbs and Kruger! pase a 
firochard4 0.0546 0.0140 
Calculated 


0.0176 0.0437 0.0116 


Araki! 


* See reference 4 

»’G, Hansen, Nature 119, 237 (1927); Verhandl deut. physik. Ges, 10, 
5 (1929) 

eW. F, Meggers, J. Research Natl. Bur, Standards 14, 487 (1935). 

4 See reference 3 

* See reference 6, 

! See reference 7. 

« See reference 8 

» See reference 9 

' See reference 10, 

1 See reference 5. 
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Fic. 3. Fine structure 
of 3*P according to 
latest optical measure- 
ments. 
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Il. THEORY OF HELIUM FINE-STRUCTURE 
ENERGY LEVELS 


Calculations of helium fine-structure have been made 
by, Heisenberg,*® Gaunt,’ Breit,’ Bethe,® Araki,” and 
Inglis." The interactions responsible for the fine 
structure consist of spin-orbit coupling for each electron, 
spin-other-orbit and spin-span interactions between the 
two electrons. Results of these calculations are also 
shown in Table I. 

In Heisenberg’s calculation the spin-spin interaction 
was treated only semiclassically, while Bethe’s calcu- 
lation was purposely made with simple wave functions 
for pedagogical reasons. Breit’s work contains a deri- 
vation of the fine structure starting from a two-electron 
Dirac equation with addition of a relativistic retarded 
interaction between the electrons. His wave function 
for the atom included angular correlation between the 
two electrons. Araki took the polarization of the inner 
electron by the outer electron into account more 
systematically, and allowed for coupling of the *P 
pattern with the nearby 'P level. 

The results of these calculations take a particularly 
simple form when the effects of the 'P level can be 
neglected (Coulomb exchange integral much greater 
than spin-orbit interaction). In this case, the angular 
and spin parts of all matrix elements can be evaluated 
by group theoretical methods. As shown by Inglis, the 
relative energies of the three triplet states *Ly 
(J=L—1,L,L+1) are linear combinations of two 
integrals C and D. The former arises entirely from the 
combined effects of spin-orbit and spin-other-orbit 


®W. Heisenberg, Z. Physik 39, 499 (1926). 

7J. A. Gaunt, Proc. Roy. Soc. (London) 122, 513 (1929); 
Trans. Roy. Soc. (London) 228, 151 (1929). 

5G. Breit, Phys. Rev. 36, 383 (1929); 39, 616 (1932). 

°H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), second edition, Vol. 24, Part 1, pp. 378-383. 

” G,. Araki, Proc. Phys.-Math. Soc. Japan 19, 128 (1937). 

4D. R. Inglis, Phys. Rev. 61, 297 (1942). 





FINE STRUCTURE 


interactions which (following Bethe’s notation) may 
be written as 


Ho 2e 
H;= “| (Cexn+ —(ti2X p:]) ‘Si 
pen 3 


Ti2 


+ (Lex pi}+—[raXpi]) |, (1) 


Ti2 


while the latter comes from spin-spin interaction 
Hy= 4y0?{ (Si-S2)/r12?— 3 (12° $1) (riz S2)/riz®}. (2) 
The fine-structure levels, referred to their center of 
gravity, are given by the following equations: 
Era=— (L+1)C+ (L+1)(2L4+-3)D, 
E,=—C— (2L—1)(2L+3)D, 
Ernyi=LC+L(2L—1)D. 
Specifically, for *Py these expressions become 
Eo= —2C+10D, 
E,\=—C-—SD, (4) 
E,=C+D. 


Hence, from the observed separations, one can calculate 


the spin-orbit energy parameter C and the spin-spin 
energy parameter D separately: 


C=—(1/12)[2(Eo— 1) +5(E:— F2)], 
D= (1/36)[2(Eo— E1) — (E,— E)]. 


(5) 


It is more meaningful to make a comparison between 
calculated and observed values of C and D than to 
compare the triplet pattern separations directly, since 
E, and E, are nearly equal and their relative positions 
are very sensitive to slight changes in the values of 
integrals such as (rg), and (719%). The results for C 
and D are shown in Table I, which shows that the 
experimental results differ less among themselves than 
do those of theoretical calculations. In the case of 
Araki’s calculation the ratio C/D is in good accord 
with observations, although his C and D are separately 
too low by about 5% for 1s2p and 19% for 153. 

It was clear even before beginning the microwave 
experiments that much better calculations of both 
spin-orbit and spin-spin interactions were needed. The 
wave functions used thus far have been much less 
elaborate than comparable wave functions of the type 
used by Hylleraas for the ground state of helium. 
Variational methods could certainly be used,for 2*P, 
which is the lowest state of its symmetry class. More- 
over, modern electronic computing machines have yet 
to be applied to such problems at their full potential. 
It may not be too optimistic to expect eventual calcu- 
lation of C and D with an error less than a few tenths 
of a percent. 
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We now speculate briefly on the nature of possible 
shortcomings of the foregoing theory, apart from those 
due to the use of poor electronic wave functions for 
calculations of 73 and Hs. Araki" has shown how the 
anomalous magnetic moment of the electron affects the 
values of C and D. The Breit relativistic-retarded inter- 
action of two electrons needs corrections due to higher- 
order radiative effects and due to the binding of the 
electrons. These changes might be of relative order a? 
and a?Z*, respectively, and could not be detected until 
the calculations of C and D had been made with greatly 
improved atomic wave functions. The same would be 
true of corrections involving nuclear recoil. Of course, 
it is conceivable that some new spin-dependent electron- 
electron interaction is involved, say a specific interac- 
tion of short range. Unfortunately for the chance of 
establishing this possibility, the two electrons are in a 
state antisymmetric in their space coordinate (unlike 
the case of triplet positronium), so that any changes 
in the fine structure pattern would be very small. 
Despite the apparently small likelihood of establishing 
a significant discrepancy with well-known interaction 
laws, the two-electron systems, helium and positronium, 
are sufficiently fundamental that they deserve all 
possible attention, 


Ill. METHODS OF rf MEASUREMENT 


Among the possibilities for rf spectroscopy of excited 
states are those methods which utilize the metasta- 
bility” of one of the states, and those which employ 
various optical-microwave" techniques. The former 
methods are not applicable to the present problem 
because the *P states are not metastable; their lifetimes 
are of the order of 10-7 sec. Since *P states do not 
combine optically with the ground state 11'S» of 
helium, direct optical excitation is ruled out. It would 
be possible to produce atoms in the 2%S,; metastable 
state by electron bombardment, and to illuminate them 
with polarized resonance radiation n*P— 24S, in order 
to excite n*P,. One might then detect changes in 
polarization of the emitted light when radio waves 
cause transitions among the sublevels of n*P. With 
this method there might be difficulty from a background 
of scattered resonance radiation. 

It seemed preferable to excite n*P, directly by 
electron bombardment and to observe the radiation 
emitted in decay to the triplet ground state 24S, in 
order to detect an rf-induced transition. This method 
was analogous to that used for measurement of the fine 
structure of singly-ionized helium by Skinner'® and the 
author. In that case, however, the 2s and 2p states had 
vastly different lifetimes and a change in intensity of 


2G. Araki, Phys. Rev. 101, 1410 (1956). 

4 W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 79, 549 
(1950) 

“J. Brossel and F. Bitter, Phys 
Kastler, Physica 17, 191 (1951). 

1’ W. E. Lamb, Jr., and M. Skinner, Phys. Rev. 78, 539 (1950). 


Rev, 86, 308 (1952); A. 
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radiation due to rf was clearly to be expected, while 
here all sublevels of n*P have the same decay rate (to 
a very close approximation). As we shall show, however, 
the intensity of radiation n*P—2*S, emitted in a 
particular direction (for instance, along y at right 
angles to the direction z of electron bombardment) 
depends both on the absolute and relative populations 
of the sublevels. Hence if the atoms are caused to 
undergo rf transition from one sublevel to another 
before they decay, the intensity (and polarization) of 
the light emitted along y changes, although the total 
amount of light emitted in all directions is unchanged. 
In other words, with its axis of quantization and dis- 
tribution among sublevels determined by the direction 
of the beam, the excited atom is similar to a radiating 
antenna whose radiation pattern changes with changing 
orientation, even though the total radiated power 
remains constant. 


IV. POLARIZATION OF COLLISION LIGHT 


An elementary discussion of an idealized one-electron 
model shows clearly the principles involved in the 
proposed experiment. We pretend that electrons have 
no spin, and that the 29 level in “hydrogen” is well 
separated from 2s. Consider the excitation of 2p by 
bombardment along the z axis with electrons having 
just enough kinetic energy to excite 2p. In this case, the 
outgoing electron (exchanged or not) can carry away 
no angular momentum and, since the initial-state wave 
function is cylindrically symmetrical about z, only the 
magnetic sublevel m=0 of 2p can possibly be excited 
if angular momentum is conserved. When the atom 
decays to 1s, the transition has Am=0, and only radi- 
ation polarized with electric vector along the z direction 
can be emitted. If, by some disturbance, the atom is 
put into the sublevel m= 1 before it decays, the polari- 
zation changes from z to x and y and the intensity of 
light seen along y drops to 50% of its previous value. 

As the bombardment energy increases, the outgoing 
electron begins to carry off angular momentum, and 
the levels m= +1 also become populated. Bethe'® has 
calculated the consequence of this effect on the polari- 
zation of collision light using the Born approximation 
and neglecting electron exchange. Unlike the threshold 
case, the result here must be regarded as only sug- 
gestive of what might be observed, since details would 
be changed if the collision were treated more exactly. 
One would not expect the threshold results for the 
polarization to be seriously in error for bombardment a 
few volts above threshold. 

Unfortunately, no experimental test of this idealized 
model is possible, and no such study has been made even 
for the real case of atomic hydrogen. The atom most 
studied to date is mercury. It was shown by Skinner 
and Appleyard"’ that the collision light from many 


6 See reference 9, pp. 508-515. 

17H. W. B. Skinner, Proc. Roy. Soc. (London) 112, 642 (1926); 
H. W. B. Skinner and E, T. S. Appleyard, Proc. Roy. Soc. 
(London) 117, 224 (1927). 
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levels of Hg is partially polarized. Similar effects have 
been found in Ne, and presumably should also be 
present in He, although no studies for that atom have 
been reported near threshold. 

It is not difficult to extend the theory outlined for 
our “hydrogen” atom to the case of electrons with spin 
colliding with atoms like He and Hg. This has been 
done by Bethe,'* using the Born-Oppenheimer approxi- 
mation for the exchange excitation of the triplet levels 
by Coulomb interaction. As before, the threshold case 
should be particularly simple and the results inde- 
pendent of the detailed properties of wave functions for 
the collision process. The polarization ought to have a 
maximum magnitude at threshold and to decrease 
gradually with increasing energy, changing sign at an 
energy several times that of threshold. 

The observed results indicated very different behavior 
from that predicted. As the bombarding energy was 
lowered, the degree o larization rose to a maximum 
of perhaps half the amount expected theoretically at 
an energy a few volts above the excitation energy and 
then decreased rapidly toward a value near zero at 
threshold. 

This failure of the theory under just those conditions 
where it was apparently most applicable has not been 
understood. The history of theoretical opinions on the 
matter is briefly summarized below. After the discovery 
of the effect by Skinner,!’ Oppenheimer'* presented a 
proof that the polarization must go to zero at threshold. 
This treatment involved an attempt to go beyond the 
first Born approximation (which is especially inade- 
quate near threshold). Actually his arguments dealt 
with relative excitation at threshold of states ms and 
np of a spinless hydrogen atom, and not with the 
relevant corresponding question about magnetic sub- 
levels of np. The conclusions that only m=0 of np is 
populated at threshold cannot be escaped by appealing 
to higher order Born approximations as long as purely 
electrostatic interactions cause the excitation. In a 
later paper, Oppenheimer stated that neglect of the 
continuous spectrum (electron exchange) somewhat 
weakened his previous proof, but as we have indicated, 
it was already inapplicable for a more immediate reason. 

In case of atoms with high atomic number, Penney” 
showed that spin-orbit interactions had to be taken into 
account, but agreement between observed and calcu- 
lated polarizations was very poor for Hg, and no 
explanation was found for the anomalous energy 
dependence of the polarization. 

Fortunately for the success of the microwave method 
outlined above, it is not necessary that the sublevels 
should be populated exactly in accord with calculations, 
but only that there should be some differences in 
population. It was hoped that this condition might be 


18 J. R. opremednes, Z. Physik 43, 27 (1927); Proc. Natl. 


Acad. Sci. 13; 800 (1927 
1 J. R. Oppenheimer, Phys. Rev. 32, 361 (1928). 
” W. G. Penney, Proc. Natl. Acad. Sci. 18, 231 (1932). 
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met regardless of the nature of the complicating effects 
and, provided the differences in population were not 
too small, that the proposed method might succeed. 
After the corresponding microwave resonances were in 
fact found, it was less urgently necessary to understand 
the anomalous polarization behavior than it would 
have been if the method had failed. Our experiments 
have shed some light on the matter, however, and these 
findings will be described in the later papers of this 
series. 


V. LIFETIMES OF 2'P AND 3'P STATES 


The lifetimes of these excited states are of interest to 
us for a number of reasons. The rf power must be suf- 
ficient to induce transitions before the atom leaves the 
*P states by radiative decay. Also, the widths of the 
expected rf resonances depend on the lifetime in a way 
which can be understood in terms of the uncertainty 
principle (see Sec. IX). 

Calculations of transition probabilities for the *P 
states have been made by Hylleraas,”" Goldberg,” and 
by Bates and Damgaard.” According to these last 
authors, the lifetimes should be 0.9810~7? sec and 
0.97 X10~? sec for 2*P and 3 *P, respectively. A lifetime 
of (1.15+0.5)10-7 sec for 3*P has recently been 
measured by Heron, McWhirter, and Rhoderick,* who 
used delayed-coincidence techniques. 


VI. ZEEMAN SPLITTING 


For various reasons it is desirable to carry out the 
experiment in a static magnetic field H which we take 
to be along the z direction. Under ideal conditions of 
electron bombardment, the electron velocity will also 
be along z. If this is not true, say because of helical 
orbits, the sublevels will be excited to a somewhat 
different extent, and the intensities of the rf resonances 
should be affected. 

The Zeeman effect of the fine structure must be con- 
sidered because of the magnetic-field dependence of 
(1) rf transition frequencies, (2) excitation populations 
according to collision theory, (3) matrix elements for 
rf transitions, and (4) pattern of radiation emitted in 
the decay to 24S. 

We will work in the Jm representation with Russell- 
Saunders eigenfunctions ¥(Jm) which are linear com- 
binations of products of eigenfunctions of L, and S, 
separately, 


¥(Jm)=20 X C(Jmmgmz)o(mz)x(ms) _— (6) 
mL ms 
1 —F. A. Hylleraas, Z. Physik 106, 395 (1937). 
#1. Goldberg, Astrophys. J. 90, 414 (1939). 
1. R. Bates and A. Damgaard, Trans. Roy. Soc. (London) 
242, 101 (1950). 
* Heron, McWhirter, and Rhoderick, Proc. Roy. Soc. (London) 
234, 565 (1956). 
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TABLE II. Wigner coefficients C (Jm;msmz). 


mi =1 me =O mew 


J=2 ((1+m)(2+m)/12%) [(2—m)(24+m)/o} C(1—m)(2—m)/12}9 
J=1 C(+m)(2—m)/4}* m//2 aa m)(2+m)/4)! 
J=0 [((1—m)(2—m)/o}) { m)(1-+-m)/3 8 C02 +m) (1 +-m)/6 7 


where the Clebsch-Gordan or Wigner coefficients*® 
needed by us are listed in Table IT. 

In magnetic field H the angular momenta L and § 
are somewhat uncoupled, so that J loses its significance 
as a good quantum number. We will nevertheless label 
states by a symbol g which denotes the J value from 
which the state derives in zero field. The Hamiltonian 
for the problem may be written 


H= Kot gsuos'H } gimol.-H, (7) 


where Hp represents the fine-structure interactions and 
is diagonal in the Jm representation with eigenvalues 
Ey= Eo, Ey, Ee. The matrix”® 


(J'm’|3C| Jm) 


is diagonal in m and factors into submatrices for each 
value of m. One finds for m= +2 
(2m | KC | 2m) = Eat 4(gs+¢1)uollm, (8) 


from which the (linear) Zeeman splitting of states 
§= 2, m=+2 can be read immediately : 

W (2, +2) = Eat (g5+¢1)uoll. (9) 
For m= +1, the matrix is 
(J'm|K| Im) 


4 (gs ae £1) moll 
), a 
Ext+4(gs+gr)uollm 


(" +4(gs+¢1)mollm 


)(gs—g1)moll 
whose eigenvalues are the roots of a quadratic equation 


W(g,m=+1)=4 (Lit Ea) +4 (g5+ ¢1)yollm 

+ 4[ (Ey— E2)*+ (gs—gr)* (uot)? }*, (11) 
with the upper and lower signs before the square root 
1 and g=2, respectively. 
1, m=1—Jg=2, m=1 and Jg=1, 


2,m= —1 have identical frequencies given 


corresponding to states J 
The transitions J 
m= —1—J 
by 


’ 


W(1, +1)—W(2, +1) 


((Ei— E2)*+ (gs— gx)? (uoHl)* }). 


% EF. U. Condon and G, H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935), pp. 73-78. 
#6 See reference 25, pp. 64-67. 
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For m=0, the energy matrix 


Ey 
(4)*4(gs—g1)uoll 
0 


(J’0|%| JO) = 


leads to a cubic equation for W(g,0). In the present 
experiments, the magnetic energy poll is very small 
compared to the large separation Eo— E,, but may be 
comparable to the small separation AE= E,—E,. For 
the state g=0, it is convenient to write the secular 
equation in the (exact) form 


W (0,0) = Kot 4(Wo- Ex) (gs— £1)" (uoll )*/ 
[ (Wo £1) (Wo— E2)—4(gs—gr)*(uoH)*], (13) 
which can be solved quickly for W(0,0) by iteration, 


For the states = 1 and g= 2, the secular equation may 
be written (exactly) as 


1 
W (g,0) A(E, + fey) + {a = E3)* 
2 
4 2(E2—W)])! | 
+~(g8 = 41) oa) + | » (14) 
3 (Eo—W) 
which can also be solved quickly by iteration. 


4 








32 









































300 400 ©6500 600 700 & 


MAGNETIC FIELD (GAUSS) 


00 200 


Fic. 4. Zeeman splitting expected for fine structure states 2 *P; 
and 2'P, of helium. Levels are denoted by a symbol (J,m) 
explained in Sec. VI. As indicated in Fig. 2, the zero field 2 *Po 
state should be at 29 640 Mc/sec. Since it is raised by only about 
18 Mc/sec by a magnetic field of 800 gauss, the (0,0) state has 
been omitted from the figure in order to avoid undue crowding 
of the more interesting part of the Zeeman pattern. 
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(3)*(gs— gr) oH 0) 


By (4)*(gs—gr)yoH (12) 


(4)*(gs—gr)uoll E 





Plots of the expected Zeeman patterns for 2*P and 
33P are shown in Figs. 4 and 5. 

The wave function for state (J,m) is in general a 
linear combination of the Russell-Saunders eigenfunc- 
tions 


(15) 


| m| 
¥(gm) =o (gm| Jm)y(Jm), 
J=0 


where the Zeeman transformation coefficients (gm|Jm) 
can be calculated by taking ratios of minors of the 
secular determinants and then normalizing so that 


|m| 

DX | (gm| Jm)|*=1. (16) 
J=0 

It is also convenient to have the transformation coef- 
ficients from the state mgm, to state J which are defined 


by 


¥(gm) => ¥{gm|msmzi}o(mz)x(ms), (17) 


ms mL 
and are given by 


{jm|mgm_z} =¥ (gm Jm)CUmmgm:). (18) 


In Figs. 6-9, 12-16, which involve such transforma- 
tion coefficients, a magnetic field parameter 


a= (gs—gr)uoll /(Ei— E2) 


is used as abscissa. The separation Zy—#, has been 
taken 12.3 times as large as E\— E2. 


VII. ELECTRONIC EXCITATION OF 
FINE-STRUCTURE SUBLEVELS 


In Sec. IV we discussed the excitation of an idealized 
hydrogen atom by electron bombardment. The relative 
cross sections for excitation at threshold of sublevels 
of n*P of helium will now be calculated. According to 
the Born-Oppenheimer theory, the excitation 1'S——> 
n*P(g,m) can occur only by electron exchange. The 
cross section for exciting sublevel J,m is proportional to 
the square of a matrix element, 


XL (1/112) + (1/13) — (2/11) Jxo(3)e™"" 
X (1/V2) (aiB2—Bya2)Mo(tite), (19) 


where x(1) is the spin wave function of the ejected 
electron and xo(3) that for the incident one. The space 
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part of the helium ground-state wave function is 
denoted by uo(rirz). As in Sec. VI, the *P wave functions 
are linear combinations of products (mz )x(ms). At 
threshold, k=0, and because of cylindrical symmetry of 
the rest of the integrand about the z axis, one finds that 
only the term m,=0 in the sum (17) can contribute to 
the matrix element (19). The magnitude of the spin 
part of the matrix element is 2~! if the spin quantum 
numbers of the incident and ejected electrons are dif- 
ferent, while it is } if they are the same. For unpolarized 
electrons, the latter collisions are twice as likely as the 
former, so that the cross section becomes simply 


a( gm) = |{ Jm| m0} |?a0, (20) 


where ao is independent of g and m. As would be 
expected from angular momentum conservation, the 
fine-structure states J= 2, m= +2 cannot be excited at 
all. 

A simple interpretation of the expression (20) for 
a(Jjm) can be given as follows, Let the electronic exci- 
tation of n*P take place at ¢=0 in the absence of fine- 
structure interactions. The states of the atom with 
mg=(0, +1 can be excited because the incoming and 
outgoing electrons carry spin angular momentum. Only 
the states with m,=0 can be excited because of con- 
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Fic. 5. Zeeman splitting expected for fine structure states 3 *P; 
and 34P, of helium. Levels are denoted by a symbol (J,m) 
explained in Sec. VI. As indicated in Fig. 3, the zero field 3 *Po 
state should be at 7950 Mc/sec. Since it is raised by only about 
60 Mc/sec in a field of 700 gauss, the (0,0) state has been omitted 
from the figure in order to avoid undue crowding of the more 
interesting part of the Zeeman pattern. The three circles indicate 
crossings of levels between which low-frequency transitions might 


take place. (See, however, Sec. [X.) 
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Fic, 6. Dependence of (left scale) the probability agreement 
| {,Jm|m0} |? defined in Eq. (17), and (right scale) the intensity 
factor | (jm) |* defined in Eq. (24) on magnetic-field parameter x 
(Sec. VI). 


servation of orbital angular momentum. If the fine- 
structure interactions are then turned on suddenly, the 
state J,m will be realized just in accord with the prob- 
ability of agreement 


| {gm | m0) |? 
the 


between the state m,p=0, ms=m=0, +1 and 
state J,m. 

The results of numerical calculation of | { gm|m0} |? 
as a function of magnetic field are shown in Fig. 6, It 
may be noted that in zero magnetic field the total 
cross sections for exciting J=0, 1, 2 are in the ratios 
1:3:5 of the statistical weights 2/+-1. Because of a 
special property of Wigner coefficients the zero field 
state J=1, m=0 is not excited at all. 

The results above for distribution of 
among the sublevels were based on the Born-Oppen- 
heimer approximation. ‘They, ’should,’ however, be 
rigorously correct except=for neglect of fine-structure 
interactions, since in an exact treatment one would 
merely replace the product of wave functions 


excitation 


e*o- t8140( 412) 


by the exact space part of the wave function of the 
entire system, and this must be invariant under space 
rotations about ko. The rest of the derivation then goes 
through unchanged, The “plane-wave” factor exp—ik- 1 
arises from asymptotic expansion of a Green’s function 
and its appearance does not imply that any interactions 
were neglected. Above threshold where k#0, the de- 
pendence of o(gm) on gm will be different from that 
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shown in Fig, 6. Because of exchange, the direction 
ko—k does not replace ko as an axis of quantization as 
it did in the simple case treated by Bethe.’ One would 
expect, however, that as long as exp(—ik-r,) is not 
far from unity in the integrand of (19) the o(gm) 
should not be far from their threshold values. 


VIII. INTENSITIES AND POLARIZATION 
OF COLLISION LIGHT 


The unequally excited states *P(gm) decay with 
electric dipole emission of light to 245,. Since the last 
state has three magnetic sublevels ms=-+-1, 0, —1, it 
may be possible to have radiation of polarization 2, y, 
or z emitted in transitions from any sublevel J,m. The 
dipole matrix element for this radiation is 


(2 *Syms|tit-12|n *P gm) 


=f fardrar *Sims)(titre)y(n*Pgm). (21) 


Writing 


¥(2 *Syms) = x(ms)pos( tits) (22) 


and ¥(n*Pgm) in the form (17), we may evaluate the 
spin matrix elements and write 


(2 *Syms| tit t2|n *Pgm) 
is { jm| msm ms) f das*(ests) (rv ro) 


Xo(nPm,=m—mg;t1%2)dr\dt2, (23) 
which indicates that only the part of the n* P(g,m) 
wave function which has the same value of mg as the 
ground state can contribute to the matrix element, The 
dependence of the space integral above on my, and on 
the direction of 14-12 is given by the equations?’ 


(152s, O| ryt re| Isnp, +1) 
(1s2siry+-roilsnp)(i+j)/v2, 


(152s, O| ry4-1re| 1emp, 0) = (152siryt-reilsnp)k. 


A common factor of (1s2siry+-rei1snp)/V2 is dropped in 
the discussion which deals only with 
relative intensities. 

The total squared matrix element for radiation from 
sublevels gm which is emitted along y and has z 
polarization is proportional to the quantity 


subsequent 


| (gm) |2= |v2¢gm|m0}|*=20(gm)/a0, (24) 


while that having x polarization is proportional ‘to 
| (gm) |®= 5". | ( gm| m1, +1)? (25) 

where the summation has two terms only for the case 
*” These oyun are transcribed from the first two equations 


(11), p. 63 of reference 25. The symbol aj is replaced by the con- 
figuration 152s, a’j+1 by 1s2p while m=0 and T=r,-+r2. 


LAMB, JR. 
m=(), since the transformation coefficients { Jm|m m1} 
are zero if |ms|>1. The intensity factors | (gm) |* and 
| (gm) |? are plotted as functions of magnetic field in 
Figs. 6 and 7, 

The radiation emitted by atoms in any sublevel J,m 
of n*P is symmetrical about the z axis and has a 
dependence on colatitude angle 6 proportional to 


I,,( gm; 0) = | (gm) |* cos*6+ | 4(gm) |? sin’, 
I, (gm; 0) = | Y(gm) |? 


for the two polarizations. One finds that the sum of /,, 
and J,, when averaged over all @, is 


(Ly t-Li)= 4] (gm) |?+-§ | (gm) |?+ | Y( gm) |*. 


From the axial symmetry of the problem | (gm) |? 
=|Y(gm)|? and hence, (/,,+/,)4 is just equal to 
al | (gm) |?+- | Y(gm) |*+ | 3(gm)|"], so that the total 
decay rate for state J,m is as one would expect, propor- 
tional to |§t(gm)|?. Furthermore, from Eqs. (24) and 
(25), and the unitary character of the transformation 
(17), one finds that 


|M (Jom) |?=2 D0 0] {Jm| msmz} |*=2. 


mS ML 


Consequently, apart from a slowly varying v* factor, 

all sublevels *P(J,m) decay to 2*S; at the same rate. 
The relative intensity along y of parallel or perpen- 

dicular polarized light arising from all sublevels of n *P 
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Fic. 7. Dependence of the intensity factor |{C (4m) |? defined in 
Eq. (25) on magnetic field parameter x (Sec. VI). 
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excited by electron bombardment at threshold is given 
by 
T= Iu(gm) =X o(gm)| a(gm)|*, 
jm jm 
(26) 
Ih=2 Ia(gm)=X o(§m)| X(gm)|?. 


jm gm 


The polarization of collision light observed along y is 
defined by ; 


N= (Jy—J4)/ Tut), (27) 


and Figs. 8 and 9 show the expected dependence of /,,, 
I, and II on magnetic field. Thus at magnetic-field 
parameter x=1 one expects J,,=7.6, [,=2.2 and 
T=55%,. 


IX. RF TRANSITION FREQUENCIES AND 
MATRIX ELEMENTS 


Transitions between the fine structure sublevels can 
be caused by radio waves through the magnetic-dipole 
interacting energy, 


Kee= gsuoS:*Hit+g:uol- Mi, (28) 


of the atom with an rf magnetic field H, cosvt of circular 
frequency v, amplitude 7; and unit polarization vector 
h,. The probability of transitions between states jm 
and g’m’ involves the absolute square of the matrix 
element 


V = (g’m' | (gsS+¢.L) -hi| gm). (29) 
By means of the expression (17) for ¥(jm), this matrix 


2.9 ——; +82 





28 8.0 


27 ! _ ! | —+—17.6 
2.4—— : 1126 
es-— | 24 
24} —- + a 
2.3+— | | 1170 
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Fic. 8. Expected dependence on magnetic field parameter x 
(Sec. VI) of relative intensities of collision light observed at right 
angles to electron beam just above threshold. The curves marked 
J, and J (left and right scales, respectively) refer to the two 
polarization types. 
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Fic. 9. Theoretical polarization of threshold collision light 
observed at right angles to electron beam versus magnetic field 
parameter x (Sec. VI). 


element may be written as 


V=gs>> > (9'm'| ms’, m 


ms ms’ 


ms'}*(ms'|S-hy| ms) 


* (gm|ms, m—msg}b(m'—ms', m—ms 
i , 


+e4>> > {9'm'| m'’— mz’, mr} (mz'|L-hy| mz) 
mL mL’ 
my’, m (29a) 


x { gm! m—myz, m,}d(m’ my). 


If the rf magnetic field H, is parallel to the static mag- 
netic field H, the transitions occur without change of m, 
while a perpendicular H, causes the transitions with 
Am= +1. In zero magnetic field, one has the additional 


TABLE III. List of code numbers used to identify allowed rf 
transitions between sublevels of n*P. The designation a indicates 
that the transition has Am=0, while r|AJ| is used for m= +1 
and a change of J by AJ. Transitions “Sa” and “5b” have the 
same frequency to a very good approximation. 


Code Code 
N No 


Transition Transition 
1, 1++2,0 11 
1, O++2, —1 12 
+1, ~1 13 
1, 0++2,0 
1, 1++2, 1 
fox Setil,, on 
1, 1++2,2 
1, 02,1 
1, —1¢+2,0 
2, 2«+2, 1 
a le +2,0 


1,0++1, —1 
2 


’ 


0, O«+1, 1 
0, 0-+1, ~1 
0, O«+2, 1 
0, 0«+2, —1 
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Fic. 10, Frequencies of Zeeman transitions of 2 *P fine structure 
versus magnetic field for assumed F,—E,=2295 Mc/sec, and 
Fo— Fy 12.3(F,—F2). Only the low-frequency transitions iden 
tified in Table III are shown. The electron cyclotron resonance is 
denoted by C 


selection rules AJ =0, +1, but in finite magnetic field, 
only the m selection rule holds. 

There are 21 possible allowed transitions, all of which 
are listed in Table III. The dependence on magnetic 
field of the transition frequencies is shown in Figs. 10 
and 11 for 2*P and 3 *P, respectively. Two of the transi- 


tions, 


(2,1)—+ (1,1) and (2,-—1)— (1, —1), 


designated jointly by code number “5” in Table V and 
in Figs. 10, 11, 12, and 15, have exactly coincident fre- 
quencies, The magnetic-field dependence of the squared 
matrix element of Eq. (29) for various transitions is 
shown in Figs. 12 to 14. The unit vector h, has been 
taken along z for Am=O transitions, and along x for 
Am= +1 transitions. 

Figure 11 shows that the frequencies of allowed transi- 
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Fic. 11. Frequencies of Zeeman transitions of 3 #P fine structure 

for assumed F,—F.=658 Mc/sec and Fo—F,=12.3(F,—EF2). 


Only the low-frequency transitions identified in Table IIT are 
shown. The electron cyclotron resonance is denoted by C. 


tions 6, 7, and 8 vanish for certain magnetic fields. The 
corresponding crossings of energy levels in Fig. 5 are 
marked by circles. One may ask whether it is possible 
to determine these crossing points by detecting “zero” 
frequency resonances, similar to those occurring for the 
n=2 levels of hydrogen. It will be noted in Fig. 12, 
however, that the rf matrix elements for transitions 6, 
7, and 8 vanish for magnetic fields which apparently 
correspond just to these crossing points. Hence the 
transitions, if they can occur at all, must be very weak. 
This is in fact no coincidence: the rf matrix elements 
must necessarily vanish at such crossing points. 
Consider two levels J,m and J’,m’, which cross for 
some finite magnetic field H. Such a crossing would 
clearly be impossible if m=m’ according to the von 
Neumann-Wigner* no-crossing theorem. We are here 
interested in cases with m—m'= +1 where a static “rf” 
field H,«<H applied at right angles to the main field 
H might cause transitions between J,m and g’,m’. As 
indicated in Eq. (29a), the calculation of matrix ele- 


* J. von Neumann and E. P. Wigner, Physik. Z. 30, 467 (1929). 
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ments such as 
(g'm' | gsSet girlz gm) 


is in general a fairly tedious task, since it requires deter- 
mination of transformation coefficients for the Zeeman 
splitting of an anomalous fine-structure pattern. How- 
ever, the following simple argument shows quite 
generally that the matrix elements above must vanish 
at the magnetic field H for which the two levels cross. 

Suppose that the matrix element did not vanish. 
As usual in degenerate perturbation theory, the states 
gm and g’m’, instead of crossing at H, would undergo 
an energy splitting which was of first order in the 
quantity 


Moll (J'm' | gsSit gil, | Sm). 


Nondegenerate states could only contribute additional 
shifts of order H,’. 

The atom is, of course, actually in a static magnetic 
field of magnitude (H?+H,’)' which is slightly tilted 
away from the z axis. The energy levels can, however, 
only depend on the magnitude of the field, and this 
differs from the original field H by a small amount 
4(H;°H), which is of second order in H;. The atomic 
energy levels changes are therefore actually only of 
second order in H,, and the crossing still occurs but 
is displaced to slightly lower H. The erroneous con- 
clusion obtained above that the splitting was of first 
order in H, was based on the assumed nonvanishing 
of the matrix element (29a). We may therefore conclude 


























x 


Fic. 12. ak pp on magnetic field parameter x (Sec. VI) 


of the squared rf matrix element V defined by Eq. (29) for the 
transitions 1-8 identified in Table III. 
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Fic. 13. Dependence on magnetic field parameter x (Sec. VI) 
of the squared rf matrix element V defined by Eq. (29) for the 
transitions 3 and 9-14 identified in Table IT. 


that the matrix element in question must vanish at a 
crossing point. 


X. INTENSITY AND SHAPE OF RESONANCE CURVES 


Consider atoms which are excited at time 4; to a 
sublevel gm. Application of a suitable rf magnetic field 
causes transitions to a state §/m’. According to a well- 
known formula derived by Rabi” for nondegenerate 
states, the probability that state J’m’ is present at 
t>t, is 


P(t—th) = | (Vuolls/h) |" (w—v)?+ | Voll s/h |2} 


Xsin*| (w—v)?+ | Vuolls/h |'(t/2), (30) 


and 1—P(t—t,) for state gm. An exponential factor 
exp[_—y(/—4,) ] must be inserted into these expressions 
because both states gm and g’m’ decay at the (same) 
rate y. Under excitation conditions described by relative 
cross sections o(Jm), the relative populations at time / 
for atoms excited at time ¢; are 


n( gm) =((1—P)o(gm)+Pa(g'm’) jeu ™, 
(31) 


n(g'm’) =((1— P)o(g’m’)+ Pa(gm) jer ™, 


*T. I. Rabi, Phys. Rev. 51, 652 (1937). For the present pur 
poses, the rotating wave approximation is sufficiently good, The 


Bloch-Siegert [Phys. Rev. 57, 522 (1940)] correction could be 
made if needed, 
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Fic. 14. oe ge poe on magnetic field parameter x (Sec. VI) 
of the squared rf matrix element V defined by Eq. (29) for the 
transitions 2, 3, 15-20 identified in Table IIT. 


The intensity” of radiation detected along the y axis 
having 2 polarization which arises from state Jm is 
proportional to 


n(§m) | 3/(gm) |? 


and the two levels gm and g’m’ together contribute a 
relative intensity 


n(gm) | 3(gm)|*-+-n(g'm’)| 3(9'm’) |? 
= | (gm) |*o(gjm)e 
+| 9(9'm’)|*0(g'm'ye-r4) 
+P(t—bt)[| 8(gm) |?— | 3J'm’)|*) 
Xo (g’m')—o(gm) jer", (32) 
At time ¢>4,, the atom is in a state described by a wave 
function Y= ay (gm) +-by(J’'m') which is a linear combination of 
Zeeman energy eigenfunctions ¥(Jjm) and ¥(J’m’). The coef- 
ficients a and b are time-dependent, but while they may vary 
appreciably during the half-life of m*P, they change by a neg- 
ligible amount during a period of the light emitted in decay to 
24S. On the basis of a semiclassical treatment of this radiative 
process one might be tempted to calculate matrix elements of the 
electric dipole moment operator between state y and the three 
sublevels of 2 4S,. This would be of the form 
RM = ah (Gm) +bR (J'm’). 
The calculation in the text involves the square |R|*, but only 
terms with |a|* and |b|* are taken. Ordinarily selection rules 
would act to prevent appearance of cross terms ab* and a*b. In 
the present microwave-optical experiment, unlike some previous 
ones, it might be possible to have such interference in cases where 
mm’ (o transitions 4, 5, 15, 16). However, even in these cases, 
the optical radiation emitted from state Jm is incoherent with 
that emitted from §’m’ (when the states are separated by many 
times their natural width, the ane ab* and a*b are rapidly 
oscillating and contribute little to the total intensity). The 
treatment with neglect of interference as given in the text can 
also be justified on the basis of the quantum theory of radiation. 
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As the atoms which radiate at time ¢ were produced at 
a uniform rate for all 4, <t, the expression above must 
be integrated with respect to 4; from — to ¢. One has 


t 
f P(t—hje dt, 


=}| Viol s/h|*L(w—v)+7°+ | Voll s/h|* P". 
The change in intensity produced by rf is accordingly 
proportional to 


AI,,= —4A| 3|*Ao| Vol s/h|?/[ (wv)? +7" 
+ | Vuolls/h|*], 


(33) 


(34) 


where 


A| |= | 4(gm) |?— | 3(9’m’) |* (34a) 


and 


Ao=a(gm)—o(g'm’). (34b) 


This has just the familiar Lorentz resonance shape with 
a peak at w=» of height proportional to 


AI,,(max) =A] 3|*Ao| Vuol,/h|?/Ly*+ | Vuolli/h|*]. 
(35) 


For small rf power, the signal is proportional to the 
power, while a saturation sets in when the rf causes 
many transitions during the radiative lifetime 1/7 of 
the excited atom. The width (at half-height) of the 
resonance is 


Av=2[7*+ | Vuoll/h|*}}, 


in circular frequency units. For small rf power, the 
width 2y is just the sum of natural widths of the two 
excited states, while a broadening occurs when the rf 
power increases. For 50% saturation at resonance 
| Vuoll:/h|=y, and the width at half-height is 2!y. 
With the lifetime observed by Heron, McWhirter, and 
Rhoderick,™ the unsaturated width at half-height 
should be 2.77 Mc/sec for 3*P resonances, and from 
the calculations of Bates and Damgaard™ this width 
should be 3.25 Mc/sec for 2*P resonances. 

The amplitude of rf magnetic field required for 50% 
saturation is given by 


H,=h/(ry0| V\) 


(36) 


or numerically for 3*P, H,=0.99/|V| gauss. Thus for 
transition “5” at a magnetic field of 470 gauss, |V |? 
=0.125 according to Fig. 12, and the necessary rf 
amplitude should be 2.8 gauss. 

Assuming resonance and complete rf saturation, the 
magnitude of signal AJ is determined by the factor 
A|4|*Ao in Eq. (34). This quantity depends on the 
quantum numbers jm;9’m’ characterizing the tran- 
sition and on the magnetic field as shown in Figs. 15 
and 16. Fortunately, it is unnecessary to separately 
calculate the corresponding values of A/,. This follows 
because AJ, is proportional to A|x|*Ae, and from the 
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discussion of Sec. VIII, 

2| X (gm) |*+ | (gm) |= |MR( gm) |? 
is independent of J,m and is unchanged in an rf tran- 
sition. Hence A| %|?=}A| 4|? and it follows generally 
that AJ,=—}4A/,,. 

According to Eq. (34) and Fig. 15, the maximum 
possible signal for both transitions “5” at x=1 should 
be A/,,= 2.0, where by Fig. 8 the value of /,,+/,=9.8. 
Hence a maximum decrease of helium light of 10.2% 
is predicted. 

XI. STARK EFFECT 


Unlike the levels of atomic hydrogen, the helium 
energy levels of interest to us are little changed by 
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Fic. 15. Intensity factors defined by Eq. (34) for transitions 
1-14 of Table III versus magnetic field parameter x of Sec. VI. 
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Fic. 16. Intensity factors defined by Eq. (34) for transitions 
15-20 of Table III versus magnetic field parameter x of Sec. VI 


moderate electric fields. Bethe® has calculated the 


critical field needed to give a shift of 1 cm™ and 34P 
as about 157 kv/cm, and since the Stark effect is 
quadratic, a field of 906 volts/em would produce a 
shift of 1 Mc, sec. Such an electric field could not easily 
be applied in the apparatus to be described in the fol- 
lowing paper. However, in principle the method could 
be used for higher triplet states. Thus for 6*P, the 


critical field given by Bethe has dropped from 157/kv 
cm to 9 kv/cm, and since the rf resonance lines should 
be somewhat sharper due to increased life of 6*P, the 
Stark splitting should be easily measurable if the 
resonances could be detected. 


XII. EFFECT OF SINGLET-TRIPLET MIXING ON THE 
FINE STRUCTURE AND ITS ZEEMAN SPLITTING 


Until now we have neglected the effect of the nearby 
singlet P level. The first estimate of this effect was 
given by Houston.” The *P; level is depressed because 
there are matrix elements of spin-orbit interaction con- 
necting it with the higher-level 'P;. Expansion of 
Araki’s” general solution gives a shift of *?; of 

$= —(Z+5)'Luh(r*)w P/K, (37) 
assuming that the 'P—*P separation 2K is much larger 
than the spin-orbit interaction matrix element 

(Z-4 Curly ar 
In Araki’s work 
wir *) 


is a unit of energy with values 0.164 cm™! and 0.0360 
cm™ for 2*P and 3*P, respectively. The quantity Z+¢ 
is 2.7450 and 2.7127 for the two cases, while 2K is 
2048.9 cm™ and 643.5 cm“, respectively. Consequently 


# See reference 9, pp. 419-422. 
#“W. V. Houston, Phys. Rev. 33, 297 (1929 
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the $ values are —0.00019 cm™! and —0.0000296 cm™ 
or —5.9 Mc/sec and —1.0 Mc/sec for 2*P; and 3 *P,, 
respectively, 

One may show, subject to the conditions that the 
singlet-triplet separation is much larger than both 
fine-structure and magnetic energies, that the Zeeman 
pattern of the fine structure is exactly that given by 
the equations of Sec. VI with the shift 8 of #P already 
included in the zero-field energy £,. Consequently, the 
singlet-triplet interaction taken 
account in the analysis of the microwave measurements 


need not be into 


to obtain the actual zero-field separations. 


XIII. ESTIMATE OF EXPECTED SIGNAL 


In order to judge the chance of success of such an 
experiment as outlined here, we make a rough estimate 
of the detector signal to be expected. Suppose that a 
length ZL of helium gas with m, atoms per cm! is boni- 
barded by J/e electrons per second in a beam with 
cross-sectional area A. Let o be the cross section for 
excitation of n*P by electrons of the utilized energy. 
In a steady state, one expects 


(1/e)on,L atoms/sec 


to be excited. These atoms decay, emitting n*P—2 4S, 
radiation (10830 A or 3889 A for n 
spectively) before they can move appreciably. The 


-2 and n=3, re- 


total radiated power is obtained by multiplying by the 
energy hc/d of an emitted light quantum of wavelength 
dr: 


P= (I/e)onLhc/X. 
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Using values like 
(2.83 10-* mm pressure), 
(100 ya), 


ny= 10" cm 
1/e=6.24X 10" sec 
a=107'8 cm’, 
L=1cm, 
A= 3889 A, 
we find 6.24 10" atoms/sec excited, and 
P=0.32 erg sec = 3.2 10-8 watt. 


If one assumes that the detector collects a fraction 
f{=1/30 of this radiation, the detected power would 
be 10~* w. 

If we take the calculated fractional intensity changes 
of Sec. 10 to have a typical value of 10%, and allowing 
50% saturation, we should expect a change in detected 
power due to rf resonance of 5X10~" w. With a photo- 
electric detector of sensitivity 3.2X10-? amp/w, the 
change in photocurrent produced by rf would be 
1.6 10~-" amp in the presence of a background current 
twenty times larger coming from the atoms in n*P 
which do not participate in the particular rf transition. 

As will be seen in the following paper, the experi- 
mentally realized resonances were considerably weaker 
than estimated above. Their magnitude sufficed, how- 
ever, for accurate measurements of the fine-structure 
pattern. 
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The fine structure of helium levels (153p) *Py, J 


=1, 2 is determined by the microwave-optical method 


outlined in the preceding paper. Helium atoms are excited to 3 *Py by electron bombardment and the 
optical radiation 3 *Py—»2 *5,(3889 A) is observed with a photomultiplier tube. The intensity of this radia 
tion changes when radio waves induce transitions between the fine structure sublevels. The separation 
3*P,—3 *P2 is found to be 658.0+1.0 Mc/sec, which is to be compared to the most recent optical esti 


mates of 7504-300 Mc/sec. 


I. INTRODUCTION 


iw the preceding article,! a method was proposed for 
making microwave measurements of the fine 
structure of excited atoms. This paper describes the 
first experimental realization of the method, and gives 
some early results of measurement on the fine-structure 
separation 3*P,;—3*P» of helium. Work dealing with 
other and more accurate measurements will be published 
later. 

In principle, the proposed scheme, as indicated in 
Fig. 1, is very simple. The atomic states to be studied 
are excited by electron bombardment of the gas, and 
the intensity of light emitted in their decay is measured. 
An electromagnetic field applied to the excited atoms 
causes a change in intensity and polarization of the 
light when the radio-frequency corresponds to the 
energy separation of two fine-structure states. 


II. EXPERIMENTAL CONSIDERATIONS 
1. Choice of Transitions 


In Sec. XIII of the preceding paper,' it was estimated 
that one might expect 10~° w of optical radiation 
2*P—24S(10 830 A) or 3*%P-—»24S(3889 A) into a 
detector. Since photomultipliers are far more sensitive 
for 3889 A than for 10 830 A, the first resonances were 
obtained for the 3 *P states, Earlier efforts to work with 
the 2*P states were frustrated by the low sensitivity, 
high dark current, and instability of available infrared 
sensitive photomultipliers, as well as by the presence 
of a large amount of infrared background light from 
the filament of the electron gun. It is hoped that these 
obstacles can be overcome now that the apparatus is 
working properly for the 3 *P resonances. 

It was shown in the preceding paper! that there were 
some 20 possible transitions between the fine-structure 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com 
mission. The paper is based on a thesis submitted by T. H. Maiman 
in partial fulhllment of the requirements for the degree of Doctor 
of Philosophy in Physics at Stanford University. 

t Present address; Clarendon Laboratory, University of Oxford, 
Oxford, England. 

t Present address: Hughes Research and Development Labor 
atories, Culver City, California. 

1W. E. Lamb, Jr., Phys. Rev. 105, 559 (1957), preceding paper. 
A brief account of this work was reported in Phys. Rev. 98, 
1194(A) (1955). 


sublevels of 3°P. Since the first goal was measurement 
of the separation AE= £,— £2, transitions like those 
numbered “1” through “8” in Table ILI of reference 1, 
whose frequencies are most dependent on AF, are to be 
preferred to the other transitions. At a magnetic field 
parameter «= 1 (/7~ 470 gauss), the transitions in order 
of decreasing rf matrix element V [reference 1, Eq. (29) ] 
ane s..°2 , “Fe 2 WO >. TF . eee 
too weak to be considered. The intensity factors 
A| 4|*Ao [reference 1, Eq. (34) | favor transitions in the 
omer "SO, 82". re with “3” ane 7” 
very weak, On the basis of these calculations, the choice 
of the most suitable resonance for study would seem 
to lie a “5.” For 50% 


“gy 


between transitions and 


saturation, “5”? would be two times as intense as 
but would require twice as much rf magnetic-field 


amplitude. Various requirements of rf and optical 


design tended to favor the choice of transition 5” for 
the first attempts. The dependence of its frequency on 
magnetic field is shown in Fig. 2, or in the more complete 
Fig. 11 of reference 1, 


2. Background Current and Signal-to-Noise Ratio 


The photocell current arises not only from the 
radiation 3 *P—+2 4S, but also from thermionic emission, 
helium radiation other than 3889 A, and stray filament 
light. The last two could be greatly reduced by an 
optical filter. The dark current of the photomultiplier 
(RCA 6199), even without cooling, was small compared 
to the current due to 3889A radiation. The largest 
contribution to background light arises from that part 
X of reference 1, and in prac 
tice, more) of the 3889 A radiation which cannot be 
affected by rf transitions. 


(90% act ording to Sec. 


Fic. 1, Microwave 

ENERGY 
optical method ap- “wey 
plied to the triplet es , 4 
fine structure of he 3 Py < 8000MC 
lium. Electron bom- 20 2's —— ' 
bardment excites the ‘ 
sublevels unequally 
The intensity of 
3889A radiation 
emitted in decay to 
245; can be changed 
by rf-induced redis 
tribution among the 
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With power of 10~* w, the number of 3889 A photons 
per second reaching the photocathode is 210°. For a 
quantum efficiency of 10% (S-4 photosurface), the 
primary photocurrent is 2X 108 electrons per second. 

Any fluctuations in photomultiplier current con- 
stitute a source of noise. The largest contribution to 
this noise is simply shot noise at the photocathode. For 
a large number n of electrons emitted independently, 
the rms fluctuation is n!. The current, 
averaged for a time r, is then 


rms noise 


i=a/n e/1r= (Ie/r), (1) 
where 


l=ne/r (2) 


is the average photocathode current. The (useful) 
signal is 


S=aGl, (3) 


where G is the photomultiplier gain and a@ is the frac- 
tional change in photocurrent at the peak of an rf 
resonance. The signal-to-noise ratio is 


S/N=a(rl/e)}. (4) 


In practice, a was found to be of the order 0.3% 
(compared to 10% “expected’’), Taking J/e=2X 10° 
electrons per second, and time constant? r=3 sec, one 
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Fic. 3. Plot of x, against y shows how abscissa of resonance 
peak varies with modulation amplitude. 


* For an RL circuit shunted by a capacitance C, the effective 
time constant is r=4RC. For example, R. Becker, Theorie der 
Elektrisdtat (B, G. Teuber, Berlin, 1933), Vol. 2, pp. 6-13. 
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finds S/N =73. Allowing an increase’ in N by 25% for 
fluctuations in the number of incident photons and for 
noise associated with secondary multiplication, the 
expected signal-to-noise ratio becomes $/N=59, as 
compared to an observed value of about 50. 


3. Detection of Resonance 


The most obvious method for detection of resonances 
is to measure the change of photomultiplier current 
produced by rf. fields for various frequencies. The 
expected resonances have a width‘ at half-height of 
about 4 Mc/sec, and one could vary frequency through 
a band of that width centered at 658 Mc/sec while 
keeping the amplitude of rf magnetic field fairly 
constant. For reasons that have become familiar, it was 
more convenient to keep the frequency constant and to 
vary the Zeeman splitting of the levels in an applied 
magnetic field. Difficulties with this direct current 
method would, however, arise from drifts and insta- 
bilities. In order to realize the signal-to-noise ratio 
quoted above, it would be necessary to reduce the mag- 
nitude of these effects to a value lower than noise level, 
which in operation was about 0.01% of the total 
background. Hence bombarding current, intensity of 
collision light, and photomultiplier gain must be stable 
to one part in 10‘. Even if these severe requirements 
were met, operation would be very inconvenient. Any 
changes in settings of bombardment voltage or current, 
photomultiplier gain, etc., would drive the indicating 
meter far off scale. 


4. Modulation Methods 


In view of these detection difficulties, a method 
involving modulation has great advantages. One of the 
resonance parameters is subjected to a small periodic 
variation which causes the photomultiplier output to 
have a time-varying component of current. An amplifier 
responsive only to a narrow band of frequencies centered 
at the fundamental frequency of modulation can then 
be used to detect the resonance as the applied magnetic 
field is slowly swept. 

Resonance parameters available for modulation 
include (1) amplitude of rf, (2) oscillator frequency, and 
(3) magnetic field strength. Any one of these methods 
can give a spurious signal due to disturbance of the 
electron beam which produces the collision light. 

It was estimated in Sec. X of reference 1 that an rf 
magnetic field of 5.6 gauss is required for 50% satura- 
tion of resonance “5.” Even though such an rf mag- 
netic field would, in itself, have little effect on the 
electron beam, it is impossible to avoid the presence of 
a superimposed rf electric field if the electron beam has 
a finite cross-sectional area. In the apparatus described 
below, this rf electric field effect was at least ten times 


3G. A. Morton, RCA Rev. 10, 525 (1949). 
4 Reference 1, Sec. X. 
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larger than the strongest triplet helium resonance. This 
tended to rule out the method of rf amplitude modu- 
lation. 

Frequency modulation was not easily practicable 
here. In order to obtain a sufficiently large rf magnetic 
field from available oscillators it was necessary to place 
the gas sample in a resonant cavity whose Q was several 
times larger than that of the helium resonance. Fre- 
quency modulation of the oscillator would then lead to 
amplitude modulation of the applied rf fields and the 
difficulties of the previous method. 

Magnetic field modulation tends to give some 
anomalous photomultiplier output due to disturbance 
of the electron beam. Fortunately this effect can be 
greatly reduced by a feedback beam-current regulator 
described below. 


5. Analysis of Magnetic Field Modulation Method 


In order to facilitate detection of resonances, the 
magnetic field was swept through a few gauss at a 
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Fic. 4. Plot of resonance height Simax(y) against 
modulation-amplitude parameter y. 





frequency of 1000/7~143 cps. Of the various types of 
modulation wave form which can be used, a square 
wave gives the highest signal-to-noise ratio, and makes 
analysis of resonance shape simple. 
For a Lorentzian resonance curve 
F(x)=1/(1+2?), 
where 
x= (H—Hp)/SH (6) 


measures the departure from resonance field H, in 
units of the half-width at half-height AH, with square- 
wave modulation of amplitude yAH, the chart response 
is proportional to 


S(x,y) = F(a—y)—F (x+y), (7) 
which has the appearance of a dispersion curve. The 
peaks of S(x,y) occur where 0S/dx=0, or for x=x, 


given by 


ae=—4(1—¥)+9(1+y¥+y)! (8) 
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Fic. 5. Plot of slope of resonance curve at center as a function of 
modulation-amplitude parameter y 


and plotted in Fig. 3. The peak height S(x,,y) is plotted 
as a function of y in Fig. 4. 

The resonance occurs when the curve S(x,y) crosses 
the base line, i.e., at x= 0 for any modulation amplitude 
parameter y. The sensitivity of such a determination is 
proportional to the value of (0.S/0x),..» which is plotted 
in Fig. 5. The optimum sensitivity at resonance occurs 


for 
0/08 
( . -) =0, (9) 
oy Ox a=0 


or for y= yo= (1/3)!. Under these conditions, the peak- 
to-peak separation in x has increased by 31.8% over 
its small modulation value. 


Ill. APPARATUS 


A block diagram of the apparatus is shown in Fig. 6, 
and the separate components are described below. 
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Fic. 6. Block diagram of apparatus used for 
microwave-eptical study of excited atoms. 
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Fic. 7. Helium excitation tube. 


1. Excitation Tube 


After much preliminary work with a continuously 
pumped system,® a sealed-off excitation tube was used, 
as shown in Fig, 7. “ 
cathode, a control electrode for beam current variation, 
an accelerating electrode for establishing the beam 
energy, a drift region “free” of electric fields, and an 
electron collector, Helium pressure in the tube was 
about 3X10-% mm. “Clean-up” did not occur because 


This has an oxide-coated 


the tube was operated at this pressure on a pumping 
station before seal-off. Because of space charge effects, 
the tube required an axial magnetic field to confine the 
electron beam. 


2. Tube Power Supply 


As noted previously, magnetic field modulation tends 
to modulate the electron beam in the excitation tube. 


OIF FERENCE 
AMPLIFIER 


90V 








Fic. 8, Beam-current regulator. In an equilibrium condition, 
the input to the difference amplifier is very small (ideally zero), 
and hence the voltage drop across R is /=90 y. If a disturbance 
occurs (such as a change in magnetic field), the beam current 
might increase and cause an increase in the potential across KR. 
The amplifier output polarity is such that an increase in beam 
current would make the control electrode go more negative and 
the beam current is reduced towards its equilibrium value. The 
gain of the amplifier is high (about 10‘) so that the amplifier 
input is always small. The voltage drop across R and hence the 
beam voltage remains approximately constant. If, for instance, 
the change in magnetic field required a change in the control 
electrode potential by 10 v to keep the beam current constant, 
the potential across R would change by only 10/10*v or by 0.001%. 


‘In some of this work, the rf leads were brought into the 
vacuum envelope. Serious trouble was then experienced with an 
rf breakdown designated as “multipactor” effect in the klystron 
work. See W. G. Abraham “Interactions of electrons and fields 
in cavity resonators,”’ Ph.D. thesis, Stanford University, June, 
1950 (unpublished). Also, E. W. B. Gill and A. von Engel, Proc. 
Roy. Soc. (London) 192, 446 (1947). 
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In order to counteract this effect, a beam-current 
regulator was incorporated in the tube power supply. 
Its operation can be understood by reference to Fig. 8. 
The current regulator is effective also against other 
disturbances such as variations of cathode emission and 
beam voltage. The latter property is useful when taking 
excitation curves. 


3. Magnet and Supply 


The magnetic field for the helium tube was supplied 
by a pair of Helmholtz coils capable of providing fields 
up to 600 gauss. At maximum field, the current required 
was 1.25 amp. In normal operation the field ranged 
from 350 to 600 gauss. The magnet current was sta- 
bilized to a few parts in 10° by use of a circuit (shown 
in Fig. 9) which is based on that of a conventional 
feedback regulator, 

The modulation magnetic field was produced by 
separate Helmholtz coils driven by a square-wave 
generator. It was shown by observing the modulated 
magnetic field with a loop probe and oscilloscope that 
the wave form of the field was closely square wave. 


4. Photomultiplier and Optical System 


The 3889 A radiation was detected by an RCA 6199 
photomultiplier tube. In order to realize the full sensi- 
tivity of the photosurface, it was necessary to reduce 
stray magnetic fields to about 0.1 gauss. This was 
accomplished by placing the photomultiplier tube out 
of the main field and using a Lucite light pipe for optical 
coupling. In addition, the photomultiplier was encased 
in a w-metal shield. 

In order to reduce light from the filament, and from 
spectral lines of helium other than 3889 A, it was 
planned to use a narrow-band interference filter centered 
at 3889 A. It turned out that a piece of blue glass which 
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Fic. 9. Magnet current regulator. The voltage drop across the 
reference resistor R is maintained constant, and apart from the 
voltage-divider ratio, equal to the reference battery potential Z. 
Except for the small voltage-divider current, the magnet current 
and reference resistor current are equal. The temperature coef- 
ficient of the reference battery and reference resistor were both 
positive and of the same order of magnitude (30 ppm/deg C). 
Since the magnet current is proportional to F/R, variation in 
current with ambient temperature was small. The measured 
value was about 5 ppm/deg C. The difference amplifier had a 
short time (~10 min) stability of about 10~* volt, and hence the 
fractional instability in current due to this cause was 10~*/45 
or about 20 ppm. The short-time stability measured with a 
potentiometer was of this order of magnitude, 
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cut off wavelengths longer than about 4000 A was 
sufficient. The nearby helium line 3965 A was not 
strongly excited® below 40-ev bombardment energy. A 
polaroid sheet (without ultraviolet absorber) was placed 
in the optical system, and could be rotated to determine 
the degree of polarization of the helium light. 


5. Amplifier and Phase Detector 


The narrow band width needed to attain the signal- 
to-noise ratio given in Sec, I12 was achieved with a 
tuned amplifier-phase detector combination, The am- 
plifier was tuned to the modulated frequency 1000/7 cps 
with a toroidal choke in a Q-multiplier circuit’ giving 
a band width of about 0.7 cps. A mechanical chopper 
was employed as a phase detector in a full-wave syn- 
chronous rectifier circuit. A mechanical detector was 
selected to avoid balancing controls and higher-order 
interaction responses associated with most vacuum-tube 
phase detector circuits. The band width was limited by 
a three-second RC time constant in the output of the 
phase detector, giving an over-all noise band width of 
about 0.16 cps. The resonances were displayed on a 
Weston chart recorder connected to the output of the 
phase detector. 


6. Radio-Frequency System 


In order to be able to apply sufficient rf magnetic 
field to the helium with a reasonable power output 
from the jammer transmitter, the excitation tube was 
placed inside a resonant cavity shown in Fig. 10, which 
consisted of a tuned parallel-strip transmission line 
operating in its half-wavelength mode. This tuned line 
was placed inside a section of S-band wave guide which 
merely served as a radiation shield. The end of the 
transmission line was shorted so that the helium would 
be acted on primarily by an rf magnetic field, and was 
slotted in order to allow the helium light to escape in 
a direction at right angles to the direction of electron 
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Fic. 10. rf cavity. The dimensions d and w were 
ss j in. and 4 in. respectively. 
* J. H. Lees, Proc. Roy. Soc. (London) 137, 173 (1932). 
7H. E. Harris, Electronics 24(1), 130 (1951). 
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. 11. Typical excitation curve of helium 3889 A collision light 
as a function of bombarding electron energy. 


bombardment. This rf field configuration favored 
transitions, but there were sufficient amounts of per 
pendicular components of field to induce some of the 
stronger o transitions. 


7. Estimate of rf Magnetic Field Strength 


Krom the geometry of the cavity, which had a 
measured Q of 750, it was estimated that a power input 
of 5 w was required to produce an rf magnetic ‘field of 
2.8 gauss at the helium tube position. 

The rf magnetic field was also monitored indires tly 
by using a pickup loop (see Fig. 10) located outside the 
transmission line at a place where the rf magnetic field 
was about half that present at the end of the line. The 
induced voltage on the loop could be related by a simple 
calculation to the rf magnetic field at the helium tube. 
The fields obtained with this method were in agreement 
with those obtained by the method involving power 
input to within a factor two. 


IV. OBSERVATIONS AND MEASUREMENTS 
1. Excitation Curve and Polarization 


The requirements imposed by rf considerations led to 
the design of a helium tube which was not well suited 
for determination of good excitation curves and still 
less for measurement of the polarization of the collision 
light. Electron dynamics was under little control 
because of inadequate electron gun design and the pos 
sibility of charges on glass walls near the interaction 
region. Nevertheless, the observed excitation curve of 
Vig. 11 


polarization measurements may be subject to error 


had very much the expected shape.® The 


because of scattered or reflected light, strains in glass, 
etc, Although the magnitude of polarization is not of 
too much significance, the peculiar shape of the observed 
curve Fig. 12 (contrary to theory as described in 
reference 1, Sec. IV) is of interest, and will be discussed 
in a later paper. Observation of helium fine structure 
resonances was the real goal of the research, and their 
frequencies may be determined unambiguously even 
though all characteristics of the polarization are not 


fully understood. 
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2. Method of Measurement 


The procedure for making a measurement of the 
resonance field was as follows, The resonance was first 
located and plotted on the chart recorder by slow 
change of (modulated) magnetic field, while the rf 
frequency and amplitude were kept constant. A typical 
recorder trace is shown in Fig. 13. The center point of 
the resonance was then found by manually adjusting 
for a null. 

The accuracy of location of a null is limited by noise 
(assuming a well-defined base line on the chart record) 
and can be related to the signal-to-noise ratio and 
resonance width. With the notation of Sec, II2, the 
signal is 


aG]S(x,y)/Simax (y), 
with peak height aG/, and a superimposed noise 
aGI(S/N)-, 


The uncertainty in signal implies an uncertainty in 
determination of the null by an amount 


os 
6x (S/N) a o /( ~ ) 
Ox 


[ (1+-9*)?/4y ]-(S/N)“S max (). 


r=) 


(10) 


0.577, 


I or S/N 
Smax (yo) 


50, and optical modulation: y= yo 
0.65, 


bx= (4/3)? 4 (0.65)/[ (0.577) (50) |= 0.01, (11) 


meaning that the null could be located to 1% of AH, 
or to 0.05 gauss if the Lorentzian resonance had a 
width of 5 gauss. 


3. Magnetic Field Measurements 


Because of Zeeman splitting of the fine-structure 
levels, the frequencies of rf transitions depend on 
magnetic field. According to the discussion in Sec. VI 
of reference 1, the transitions “5” (g=1,m=+1J=2, 
m= +1) have a frequency given by 


P=fe+ (guoll/h)*. (12) 
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Fic. 12. Typical dependence of the polarization of helium 3889 A 
collision light as a function of bombarding electron energy. 
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Here fo is the zero-field frequency’ J=1—J=2, and 
£= £s—g_= 1.11229 is the effective Lande g factor. 

The electron tubes as constructed did not operate 
well below 200 gauss, and another feature limited 
operation between 200 and 350 gauss. By reference to 
Fig. 2, one sees that in that range of fields the helium 
resonance is within about 200 Mc/sec of the electron 
cyclotron resonance frequency. Owing to the presence 
of a perpendicular component of rf electric field in the 
interaction space, very broad and intense resonances 
due to cyclotron action were obtained over this range 
of magnetic fields instead of the desired helium reso- 
nances. 

One could hope to utilize these cyclotron resonances 
for magnetic field measurement, since at very low rf 
levels they had widths less than one gauss. However, 
measurable shifts in cyclotron frequency occurred when 
the beam current or voltage was changed, indicating 
that de electric fields existed in the interaction space 
and disturbed the cyclotron condition so that the 
method could not be used, 

Pending introduction of a nuclear induction method 
for field measurement, use was made of the known 
functional form of the helium resonance in order to 
obtain the magnetic field. Since the magnet was air- 
cored, a linear relationship between magnet current and 
magnetic field strength held with high approximation. 
The magnet current was obtained by measuring the 
voltage drop across a resistor in series with the magnet, 
using a type K2 potentiometer. One had then a relation 


H=a+P, (13) 


where a represented any residual field, 6 is a constant, 
and P is the potentiometer reading. The value a/b 
could be found by taking a resonance once in the normal 
way and again with the magnet current reversed, the 
difference in potentiometer readings being 2a/b. A 
reduced potentiometer reading 


Py= P+ (a/b) (14) 


was then calculated in terms of which the frequency of 
transitions “‘5’”’ became 


P= fyr+ (guobPo ‘h)? (15) 


Fic. 13. Typical 
recording trace of rf 
resonance curve for 
transition “5” at a 
frequency of 900 Mc/ 


sec. 
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* According to the discussion of Sec. XII of reference 1, fo in- 
cludes the shift of 3#P, due to singlet-triplet interaction. 





PINE STRUCTURE 
so that a plot of f? against Po? should yield a straight 
line with intercept fo’. 


4. Results 


Each set of data led to at least three points to deter- 
mine the line of Eq. (15). These points were plotted on 
an extended graph to check for gross deviations, and 
all of the a priori acceptable data showed complete 
linearity to the accuracy of the graphical plot. The 
method of least squares was then used to find fo. Since 
points could be obtained only between 350 and 600 
gauss, considerable extrapolation was required to reach 
the zero-field intercept. Despite this, however, the 
results of five sets of data led to fo values lying between 
657.92 and 658.23 Mc/sec, with an average of 658.0 
Mc/sec and an average deviation of 0.09 Mc/sec. 

Although the high internal consistency of the data 
is very encouraging, there were possible uncorrected 
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systematic errors due to (1) inhomogeneity of magnetic 
field (perhaps 1/300 of the working field) over the 
effective interaction space, and (2) utilization of small 
amounts of magnetic materials in construction of the 
helium tube. These errors will be greatly reduced in 
future work. The extrapolation method of Sec. IV,3 is 
less convenient than use of a proton resonance for 
determination of magnetic field, and will be abandoned. 
Errors which are well below 0.1 Mc/sec arise from 
Zeeman curvature, variation of resonance intensity 
with magnetic field, unsymmetrical square-wave modu 
lation effects, etc. 

In view of the above-mentioned possible errors, the 
separation 3°P;—3°P» of helium is stated as 658.0 
+1.0 Mc/sec, which is to be compared to the latest 
optical estimate of 750+300 Mc/sec. Later papers in 
this series will deal with the 3 *Po—3*P, separation and 


the 2'P state. 
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Thermodynamic Properties of Mixtures on the Statistical Model 


J. J. Grrvarry, The Rand Cor poration, Santa Monica, California 


AND 


W. G. McMILLAN, Department of Chemistry, University of California, Los Angeles, California 
(Received October 8, 1956) 


A new method of deriving Brachman’s results for the thermodynamic functions of the Thomas-Fermi 
atom is given in a generalized form applicable to mixtures of electrons and light nuclei in the field of a 


heavy nucleus. 


RACHMAN! has described in outline a method 

for obtaining the general thermodynamic func- 
tions, in particular the Helmholtz free energy F, of the 
Thomas-Fermi atom at arbitrary temperature based on 
an integration of the Gibbs-Helmholtz equation. March? 
has pointed out that Brachman’s result for the entropy 
follows directly from the Slater sum, using the distri- 
bution function appropriate to a gas of independent 
electrons at the given local electrostatic potential. In 
the present discussion we wish to present an alternative 
derivation of Brachman’s results, in which the physical 
connection between F and the electron chemical po- 
tential u, occupies a central role, and which applies to 
somewhat more general systems. 
f§The model to be considered consists of a central 
heavy nucleus of (large) atomic number Z, surrounded 
spherically by its complement of Z electrons plus n, 
lighter nuclei (e.g., protons) of charge species z, and 
their n,z, electrons, the whole “molecular” unit being 
contained in a known spherical volume »v at a given 
temperature 7. The coordinate frame will be that of 


1M. K. Brachman, Phys. Rev. 84, 1263 (1951) 
2N. H. March, Phil. Mag. 44, 346 (1953). 


the central nucleus, which otherwise enters only as the 
source of an external field in which the electrons and 
the other nuclei move. 

For simplicity we shall employ Fermi-Dirac statistics 
for all particles, writing’ for the charge density p, due 
to species s of chemical potential yu, in a region where 
the total electrostatic potential is V: 


- 4 pd 
Ds (sep./I4) f wit 


» exph(p?/2m,+2,eV —p,) +1 


e2x 1 [PB (us—2,eV)), (1) 


where g, is the spin degeneracy 25,+1, B=1/kT, 


x, = 2ag,(2m,/Bh*)§, and 


I(n): f 


This is correct in any case for electrons, and makes 
little error even for boson nuclei as Jong as the temper 


y"dy 
(2) 
exp(y—n) +1 


*See Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 
(1949), Sec. V. 
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ature has the modest value required for the applicability 
of Boltzmann statistics. Except for the trivial difference 
in the assumed statistics, the model thus strongly 
resembles that of the familiar Debye-Htickel* descrip- 
tion of ionic solutions, although the foregoing explicit 
form has been attributed® to Henyey and Wheeler. 

We begin by defining a class or homologous series of 
molecules (more exactly, molecular ions) in which the 
numbers n, of particles of each species (except the 
invariant central nucleus) stand in constant ratio to 
one another. For example, the molecular ions consisting 
of the same central nucleus but surrounded by (a) no 
electrons or protons, (b) two electrons and one proton, 
(c) four electrons and two protons, etc., all belong to 
the same class. Except for comparison with experiment, 
we need not limit our considerations to integral numbers 
of particles, in which case we may distinguish the 
members of a given class by a continuous parameter 6 
on the interval (0,1): 

n,=ON,. (3) 


The plan will be to assemble the desired final neutral 
molecule, 0=1, whose composition is specified by the 
central nuclear charge Z and the \,, by progressing up 
the homologous series. From the combined first and 
second laws of thermodynamics, the differential of the 
Helmholtz free energy is 


dF SdT — pdv+-> w.dn,. (4) 


Thus, if the process of assembly is carried out at 
constant temperature and volume, 


Ne 
IP rf p,dn, > we, B frau. (5) 


in which the constant of integration, corresponding to 
the free energy of the bare central nucleus, has been 
set equal to zero. Evidently one needs to know only 
how n, depends upon y,, or how each depends on 8. 
Denoting the potential energy of interaction between 
the nucleus and the given distribution of species s by 
U,,, and between the distributions of species s and ¢ 


by Uy, we have 


Usn fovadr, (1 +51) U a . [o.Var, (6) 


where V, is the electrostatic potential due to the 
nucleus, and V; that due to the distribution p,. We 


‘See, for example, R. Fowler and E. A. Guggenheim, Statistical 
Thermodynamics (Cambridge University Press, Cambridge, 1949), 
Chap. IX 

*A. Latter and R. Latter, J. Chem. Phys. (to be published). 
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thus write the potential energy of interaction of the 
charge distribution with itself as 


U -EUn=ZE Uu=4 f v— V,)dr, (7) 


s2' 


where the total charge density is p= >> p... 
The total kinetic energy is given by’ 


T=¥(x./8) f [8 (st.—24eV) ar. (8) 


If we now form the combination (37+ >> }> U,) and 
differentiate with respect to 8, noting from (2) that 
I nyi' (n) = (n+1)1 n(n), we find 


AGT+ED ¥ Uy)/00=F, n,du,/00 


Op 0(V—V,) 
+3 f[(S)-vo-» / — ler 
00 00 


By the application of Green’s theorem, the integral is 
easily brought into the form 


1 oly In(V—V,) ] 
( \ou- V,)?>—— d§. 
Sir 00 


For any 6, the electric field at the boundary of the 
molecular ion is continuous across the surface, since 
there is no surface charge. Outside this (spherical) 
surface, (V—V,)= (> n,2,e)/r, so that the gradient of 
the logarithm of this quantity is independent of 6 at 
the boundary, and the integral vanishes, leaving 


¥ n,du,/00=d3T+E OS Un)/00. (9) 


Insertion of this expression into Eq. (5) now gives for 
the Helmholtz free energy 


Fad pN.-3T-F Oo Ue. 


a>t 


(10) 


This correctly reduces to Brachman’s expression when 
only a single species (namely electrons) is present, and 
agrees with the result of March’s method extended to 
the multicomponent system. 

It is now clear that the special properties of the 
assumed homologous series nowhere enter the deri- 
vation. Any process of assembly could have been used 
provided only that it is conducted at constant temper- 
ature and volume. It is felt, however, that the retention 
of this artifice makes the motivation a little clearer. 
Finally, it is to be noted that Eq. (10) applies equally 
well to ions as to the neutral aggregate. 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 2 JANUARY 158, 1957 


Hyperfine Structure of Cu®* and Cu"® 


Y. Trnc* anp H. Lew 
Division of Pure Physics, National Research Council, Ottawa, Canada 
(Received September 27, 1956) 


The hyperfine splittings of the electronic ground states of the stable copper isotopes Cu™ and Cu® have 
been measured by the atomic beam magnetic resonance method. The magnitudes of these splittings are 


Av(Cu®) = 11 733.8340.01 Mc/sec, 


Av(Cu®) = 12 568.81+0.01 Mc/sec, 


and their ratio is Aves/Aves 


= 0.933567 +0.000002. If this ratio is compared with the ratio of the magnetic moments as measured by 
nuclear magnetic resonance, viz. p63/uss = 0.933424+-0,000019, one finds a “hyperfine structure anomaly” 


of 


A= [ Aves: ues / Aves: pes | 


1= (0.015+0,002)% 


Measurements of the “low-frequency” lines of the two isotopes yield the following values for the Landé 
g factors of the ground states: g,(Cu™) = g,(Cu®) = (1.0000 +-0.0005) ¢, (Cs). 


I. INTRODUCTION 


PRECISE determination of the hyperfine struc- 

ture splittings (Av) of the *Sy ground states of 
Cu® and Cu® by the atomic beam techique has been 
undertaken with a view towards comparing the ratio 
of the Av’s for the two isotopes with the ratio of the 
magnetic moments as determined by nuclear induction 
methods. These two ratios are equal if one assumes that 
the wave function of the electronic state is that cor- 
responding to a point charge at the nucleus and that 
the nuclear magnetic moment arises from a_ point 
dipole. A deviation from equality would imply that 
these assumptions were not strictly correct and would, 
with the aid of current theories on the “hyperfine 
structure anomaly’’,'~* cast some light on the structure 
of the copper nuclei. 

Prior to the present work, hyperfine structure studies 
of the Cul spectrum had been done by optical methods.*® 
From transitions between the 3d'°4s*Sy ground state 
and the 3d'°4p *P excited states, the hyperfine structure 
splittings of the ground state had been deduced to be 


11 640 Mc/sec, 
12 480 Mc/sec. 


Av(Cu®) =0,388 cm™! 
Av(Cu®) =0.416 cm™ 


These spectroscopic values greatly facilitated the 
finding of the transitions in the present work. 


Il. EQUIPMENT 
A. Atomic Beam Apparatus 


The apparatus has been described previously in 
connection with work on praseodymium*’ and silver and 
gold.’ The operating conditions are very similar to 


* National Research Laboratories Postdoctorate Fellow 

1 J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 

2M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
(1949). 

3A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950) 

4A. Bohr, Phys. Rev. 81, 331 (1951) 

5 References may be found in Landolt-Bornstein, Zahlenwerte 
and Functionen (Springer-Verlag, Berlin, 1952), Vol. 1, Part 5, 
Sec. 161 

*H. Lew, Phys. Rev. 91, 619 (1953). 

7G. Wessel and H. Lew, Phys. Rev. 92, 641 (1953). 


those for silver and gold but for completeness they will 
be briefly described here. 

A and B are arranged to 
detect transitions by the so-called “flop-in” method. 
That is to say, the gradients as well as the fields are 


The deflecting magnets 


in the same direction with respect to each other so 
that only transitions which are accompanied by a 
change in sign of the effective magnetic moment are 
refocused. 

The oven for the generation of the copper beam is a 
graphite tube of 23-inch outside diameter and }-inch 
inside diameter with a vertical slit ;% inch long and 
0.027 inch wide. Each charge of copper consists of a 
slug about 4 inch long and } inch in diameter. During 
most of the final measurements this oven is heated to 
between 1700°C and 1750°C by an alternating current 
of 300 amperes at 10 volts. 

For detection purposes, the atomic beam is inter 
rupted at 10 cycles per second by a chopper located 
immediately in front of the oven. 

The collimator slit, located between the homogeneous 
field (C field) and the second deflecting field (B field) 
is set at anywhere between 0.015 inch and 0.021 inch. 

The currents energizing the two deflecting magnets 
are kept fixed during the entire experiment at the 
values necessary for refocusing equal and opposite 
magnetic moments. With the magnet constants given 
in reference 6, these values are 30 amperes in the A 
field and 55 amperes in the B field. 

The C field current is controlled by means of a 
“water” rheostat which consists of two parallel copper 
plates partly immersed in a saturated solution of copper 
sulfate. The depth of immersion of the plates is variable. 

For the detection of the copper beam, the electron 
bombardment ionizer described in reference 7 is used. 
The ions formed herein are accelerated to about 1150 
electron volts, passed through a mass spectrometer 
magnet of 12.4 cm radius of curvature and finally 
allowed to strike the first plate of an electron multi- 
plier. The multiplier is made of beryllium-copper, has 
16 stages and is operated at 3600 volts. The pulses 
from the multiplier are amplified, passed through a 
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lic. 1. The microwave system. 


scaling circuit and aurally monitored by means of a 
pair of earphones. At the same time, the pulses are fed 
into another channel consisting of an amplifier, a 
demodulator, a 10-cycle narrow-band amplifier, and a 
phase-sensitive detector. The reference voltage for this 
phase sensitive detector is derived from a photoelectric 
cell mounted on top of the beam chopper. The output 
of the phase sensitive detector is recorded on a 1 milli- 
ampere Esterline-Angus recorder. 

To keep the total number of background and signal 
pulses low enough so as not to saturate the narrow band 
system, the ionizer is operated at very low efficiency. 
The electron energies are around 45 ev and the total 
emission current is from 7 to 10 ma. 

To test the entire system for the linearity of its 
response to signals of different strengths, the relative 
strength of the Cu® and Cu® beams was measured and 
found to be in the ratio (2.1+0.1) to 1. This agrees 
satisfactorily with the known relative abundance of 
2.23 to 1. 

B. Microwave System 


As mentioned above, the hyperfine structure split- 
tings of the ground states of the copper isotopes fall 
in the high end of the 3-cm microwave band, being 
approximately 11640 Mc/sec and 12 480 Mc/sec for 
Cu® and Cu®, respectively. The source of microwave 
power used in the present experiments for transitions 
in this region is a Varian Type X-13 reflex klystron. 
This tube is operated in a bath of mineral oil which is 
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cooled by water flowing in a copper coil immersed in 
the oil. The power supply is a Browning Model TVN-11 
unit slightly modified to supply a maximum beam 
voltage of 600 volts. The filtering and regulation in this 
unit is improved to reduce the ripple voltage in both 
the beam and the reflector supplies to a few millivolts. 
Aside from oil immersion and the use of a regulated 
power supply there is no other regulation of the 
klystron. Coarse frequency adjustments of the klystron 
are effected by a micrometer screw which varies the 
size of the cavity. Fine frequency variations such as 
that required to sweep through a spectral line are 
effected by adjustment of the reflector voltage either 
manually or through a low speed motor drive. 

The complete microwave system is shown diagram- 
matically in Fig. 1. Except for the directional couplers 
and length of wave guide which extends into the 
vacuum system and induces transitions in the atoms, 
all the components shown in the figure are standard 
3 cm components. The directional couplers are designed 
for a frequency of 12000 Mc/sec. The special length 
of wave guide which enters the vacuum system and is 
located in the }-inch gap of the C field measures ? inch 
by ,* inch in inside cross section. Two slots 7g inch 
wide and 3 inch high are cut in the narrow sides of the 
wave guide with their centers one-half guide-wavelength 
(41/64 inch at a frequency of 12 000 Mc/sec) from the 
short-circuited end. The guide is operated in the TE, 
mode which provides a maximum of the rf magnetic 
field one-half guide-wavelength from the end. The rf 
magnetic lines of forces are perpendicular to the direc- 
tion of the static magnetic field and hence only Amp 

- +1 transitions are expected. 

To monitor the power in the wave guide, a small 
probe is inserted into the guide in the center of one of 
the broad sides about 5/4 guide-wavelength from the 
center of the slots. The probe is connected to a diode 
and the rectified current is measured by means of a 
microammeter. 

A tapered section is used to join up the standard 3 cm 
wave guide outside the vacuum system with the special 
wave guide inside. A sheet of mica 0.005 inch thick 
waxed onto the top of the special guide serves as an 
air barrier between the vacuum and the outside. 

The precise measurement of the klystron frequency 
is effected by comparing it with harmonics of a standard 
frequency. Two different frequency standards were used 
in the present experiment corresponding to two series 
of measurements made about six months apart. In the 
first series of measurements the frequency standard 
was a Model 500 Frequency Standard Multiplier of the 
Polytechnic Research and Development Company. It 
produced frequencies in the range 263 Mc/sec to 283 
Mc/sec by four successive triplings of the output of a 
very stable oscillator variable over the range 3.25 to 
3.50 Mc/sec. The oscillator frequency was continuously 
monitored by means of a Hewlett-Packard Model 524 
B Frequency Counter. The time base of this counter 
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was governed by a 100-kc/sec signal from a primary 
frequency standard which is accurate to 1 part in 10°. 
With this system, the reference frequency in the vi- 
cinity of 270 Mc/sec fed into the balanced mixer in 
Fig. 1 was known to better than 1 part in 10’. The 
forty-second to forty-fifth harmonics of the reference 
frequency were used to beat against the signal to be 
measured. The beat note, which in the present experi- 
ment was made to fall in the range 10 to 15 Mc/sec, 
was picked up by a Hallicrafters Model SX-62 receiver 
and measured to within } kc/sec by means of a General 
Radio Type 620 A heterodyne frequency meter. The 
frequency being measured may therefore be expressed 
as 


fr=n(81fr)+ fr, (1) 


where fy is the fundamental frequency of the oscillator 
in the Frequency Standard Multiplier, is the order 
of the harmonic (between 42 and 45) of the standard 
signal fed into the mixer and fe is the beat frequency 
as detected in the communications receiver. 

In the second series of measurements, the frequency 
standard was one which provided an output consisting 
of a mixture of two fixed frequencies, 50 Mc/sec and 
250 Mc/sec. These frequencies were obtained by multi- 
plication from a crystal-controlled 1-Mc/sec signal, the 
frequency of which was known to better than 1 part 
in 10%, Beat frequencies between harmonics of this 
standard and the unknown were measured as before. 

The balanced mixer unit may be connected to the 
point A as shown in Fig. 1 or it may be connected to 
the point A’. In the latter position the mixer unit takes 
less power from the klystron and thus permits more 
power to flow to the transition region. However, this 
latter position can be used only when the strength of 
the harmonic being used as reference is sufficiently 
great to produce a detectable beat with the weaker 
unknown signal. 

Located before and after the wave guide in the C field 
are two hairpin loops which serve to induce “low-fre- 
quency” (AF =0) transitions. 


Ill. RESUME OF THEORY 


The nuclear spin of both Cu® and Cu® is 3. The two 
hyperfine levels in the ground state 4 *S, are therefore 
characterized by the total quantum numbers f= 2 and 
F=1. Ina magnetic field, such as the A, B, and C fields, 
these two levels are split into Zeeman components with 
energies given by the well-known Breit-Rabi formula*® 
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where the + sign refers to the F= J++} levels, AW is the 


§G. Breit and I. Rabi, Phys. Rev. 38, 2082 (1931). 
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Fic. 2. Energy levels for the case J=4, /=4 


£1)moll/AW, 
uo is the Bohr magneton, and gy and g; are negative 
ratios of the electronic and nuclear magnetic moments 
in Bohr magnetons to the corresponding angular mo 
menta in 4/2. A plot of the levels for the case / = 3 is 


shown in Fig. 2. In weak fields the levels may be repre 


hyperfine structure separation, x= (gy 


sented by a power series expansion of the above formula 
as follows (for J=}): 
W (F = 2,M>2) = giuollM.+44W 

X (34+ 2M ox+ 2x? 
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frequency lines, are therefore given by 


Transitions between F 1 levels, called high 


y= Avl1+-4(Mi4+-Ma)a+4hx2 


fg (M 2+M?)+--- +g moll (My M,)/h, (3) 


where Av= AW/h is the hyperfine structure separation 
in sec’, Of the allowed high-frequency transitions 
satisfying AM=M,—M,=0, +1, all are observable in 
the present apparatus except (f= 2, M 2) (F=1, 
M 1). This transition is not observable because it is 
not accompanied by a change in magnetic moment at 
high fields. ‘The only observable low-frequency line is 
(2, —1)->(2, —2). Its frequency is given to first ap 
proximation by 


vi= Avx/4=0.6998 H Mc/sec, (4) 
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Fic. 3. Spectrum of high-frequency lines at weak fields 


where H is in gauss and where we have set g,=2 and 
neglected g,;. To the same approximation, Eq. (3) may 
be written 

Vi Av-+ (M, + M,)v1. (5) 
At magnetic fields of the order of 1 gauss, the error in 
this approximation is of the order of 1 kilocycle per 
second, which is about a hundred times less than the 
line width in the present measurements. ‘The spectrum 
given by Eq. (5) is shown diagrammatically in Fig. 3. 
From Eq. (5) the following relations may be noted 
between the various Zeeman components: 


Av= v% (6a) 


1 
) (Va { Vb), 


vp=4 (ve), (6b) 
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Fic. 4. Typical lines observed in the first series of measurements 
fe and fe’ denote beat frequencies as detected in the radio re 
ceiver. The actual klystron frequency corresponding to any beat 


frequency is the sum of the beat frequency and the appropriate 
The arrows on the curves indicate the 


multiple of 250 Mc/se« 
direction of sweep. 
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where vo, Ya, % are the components as designated in 
Fig. 3. To a first-order approximation, the hyperfine 
separation is simply equal to vo or to the average of v4 
and ». The low-frequency line is just one-half the 
difference between vy, and ». This latter relation, along 
with Eq. (4), permits us to determine the magnetic 
field strength at the exact position of the wave guide 
whereas this would not be true if the low frequency line 
were measured directly with a hairpin loop. This loop 
must of necessity be located before or after the wave 
guide and the field at either of these positions may not 
be the same as that at the wave guide. 

For a more precise value of Av than that given by 
the first-order approximation of Eq. (6a) or when the 
high frequency lines are measured at fields of more than 
1 or 2 gauss, a second-order correction is necessary. 
With this correction Ay is given by 


Av=}(y,t+m)[1—(1—})2* | 


Va Vb . 
(vat) 1—14( ) | (7) 
Va Vp 


and Av=vo(1— 4x”). In the present experiment, the 


second-order correction is of the order of —2 kc/sec. 


IV. PROCEDURES AND RESULTS 


With the mass spectrometer tuned to Cu®, the more 
abundant isotope, the klystron frequency was set near 
the value of Av as known from optical spectroscopy. 
The current in the C magnet was initially adjusted to 
give “zero-field transitions” (nonadiabatic transitions) 
and then varied slowly by means of the motor-driven 
water rheostat so as to give a monotonically increasing 
magnetic field. The rate of change of this field as deter- 
mined by the low-frequency line was about 1.5 gauss 
per minute. After a sweep from zero field to about 50 
gauss, which corresponds to a frequency variation in 
v, of about 30 Mc/sec, the klystron was reset at 30 
Mc/sec away and the sweep repeated. 

The first high-frequency line found was the (2,0)— 
(1, —1), (2, —1)-+(1,0) line of Cu® as identified by 
its dependence on magnetic field at very low fields. 
Subsequently, with the C field fixed, the klystron re- 
flector voltage was swept over a range of 10 volts to 
observe all the components of the high-frequency group. 

In the first series of measurements the widths of the 
observed lines ranged from 300 kc/sec to 900 ke/sec. 
Typical lines are shown in Fig. 4. The line width is 
several times greater than that observed in previous 
experiments with the same apparatus. ‘The exact cause 
of this large width was not obvious. Inhomogeneity of 
the C field and spectral impurity of the klystron signal 
were suspected. Since it was felt that it would take 
considerable time to correct either of these faults and 
since operating conditions were otherwise very good 
at the time, it was decided to take a complete set of 





HYPERFINE 


measurements before attempting to make the lines 
narrower. 

As mentioned before, the wave-guide orientation 
was such as to induce AM=-+1 transitions only. At 
the maximum microwave power attainable, however 
the AM=0 lines of Cu® also appeared, though much 
weaker. The probable explanation is that the slots 
opened for the passage of the beam in the narrow sides 
of the wave guide interrupt the currents in the wave 
guide and cause a considerable distortion of the field 
from the TE; mode. The central line vo (Fig. 3) is, to 
a first-order approximation, independent of the field 
and hence its width should be relatively independent 
of field inhomogeneities. Yet its observed width of 500 
kc/sec is of the same order as that of the field dependent 
lines. This suggested that the inhomogeneity of the C 
field was not the principal cause of the abnormal width. 
The low intensity of this line together with its large 
width precludes its use in the present experiment in the 
final evaluation of the Av’s. It is listed in Table IT, 
however, for comparison purposes. 

The lines vz and » are the ones which have been used 
in the evaluation of Av. The exact value of Av was taken 
to be the mean value of vy, and » with a small second- 
order correction. Since all the measurements were made 
at C fields of about 2 gauss, the second-order corrections 
were of the order of 1 or 2 ke/sec. 
breadth of the lines, a large number of measurements 
were made. To allow for the drift of the C field with 


Because of the 


time, vy, and » were measured alternately. Each line 
was actually swept through forwards and backwards 
to average out the effect of the finite time constant 
(usually, 4 seconds) of the detection and recording 
system. The line position was taken to be midway 
between two half-power points. Its exact frequency 
was determined by interpolation between two frequency 
markers located at the beginning and at the end of each 
sweep as shown in Fig. 4. These frequency markers are, 
of course, the beat note between the klystron frequency 
and a known harmonic of a standard frequency, Un 
fortunately, the klystron signal had a frequency spread 
of a few hundred kilocycles per second because of some 
60-cycle modulation. The center of this spread however 
was not difficult to locate. The reproducibility of meas 
urements was found to be very high—of the order of 
5 kc/sec. 

In Tables I(a) and I(b) are listed the data of the 
first series of measurements. The values of Av obtained 
from these data are shown in ‘Table II. Close agreement 
between the measurements of different days is noted. 
The weighted mean values of the Av’s from this set of 
measurements are 


Av(Cu®) 
Av(Cu®) 


11 733.841+0.006 Mc/sec 
12 568.822+-0.005 Mc/sec 


, 


’ 


where the probable errors are from internal consistency 
considerations alone. There may be some systematic 
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Data of the first series of measurements. 
All frequencies in Mc/sec 


TABLE I 


Second 
order 
correction 
from 
minutes® vb va +ve)/2 (va ~wp)/2 (raw) /2 


Time in 


Measurements of va and » of Cu® (first series) 


11 732.114 0.002 


} 11 733.840 


1.674 
1.650 
1.633 


0.00) 
0.002 
0.002 


11 732.182 | 
11 735.471 


1.620 0.002 


11 735.457 


\verage 11 743,841 0.008 


11 734.934 


11 733.831 1.110 0.001 


11 733.835 1.117 0.001 


11 734.961 
11 734.956 733.845 
733,841 


11 1.111 
11 

11 733.449 

11 

11 


1.097 
1.075) 
1.054) 
1.050 


0,001 
0,001 
0,001 
0.001 
0,001 


11 744.924 


733.858) 
/ 902 
11734 733.852 


\verage 11 733.843 0,009 


(b) Measureme ‘ ind wp ¢ st series) 


) 7 92 
12 570 12 568.79 2.13 


12 568.82 2.16 
12 568.82 2.16 


0.002 
12 570.98 0.002 
0.002 


Average 12 568.80 0.014 


2 566.985 

12 570.669 ws 12 568.827 1.842 0.002 
2§70.714 

- shina 12 568.824 

12 568.830 


12 568.829 


1.890 
1.895 
1.895 


0.002 
0.002 
0,002 


566.934, { 
12 570.7246 { 
2 566.934 ' 


1? 568.827 0.004 


te i bout $h i field is set 
lifference ire co 
ta time axis, The 


reciable field 


rhe mean values of 
interpolation from a plot of we 


ire given statistical weight 


error which is greater than the 5 or 6 ke/sec quoted, 
such as the exact centers of the frequency markers not 
corresponding to the frequencies as read on the fre 
quency meters. 

About six months after the above observations, a 
second set of measurements was made with a purified 
klystron signal and a new frequency standard. The 
latter has already been described above. The klystron 
signal was purified through the simple expedient of 


TABLE IT. Av evaluated from first series of measurements. The 
third column indicates the lines that are used to determine Av 
Second-order correction is applied only to results with statistical 
error less than 0.010 Mc/sec. The measurements of vp are not 
included in the final evaluation of Av for reasons mentioned in 
the text. The first-listed measurement of Cu® is given less weight 
than the second because only three frequency markers were used 
instead of four for two successive tracings of v4 and » 


Weighted mean 
y( Me 1 (Me/sec) 


11 733.84-0.1 


11 733,.834-0.05 
11 733.839+-0.008 
11 733.8424-0,009 } 11 755.641 40.006 


12 568.810+-0.014 


12 568.8254-0,003 } 12 568.8224-0.005 
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12 564,392 
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12 573.876 Mc/Sec 


~- 


734.7165 11 734.525 11 734.295 Mc/Sec 


Fia. 5. Typical lines observed in the second series of 
measurements 


using battery operation of its heater rather than ac 
operation. The purity was such that the line width was 
of the order of 100 kc/sec, which is in agreement with 
previous experiences with the same apparatus and which 
presumably is due to inhomogeneities in the C field. 
Some typical traces are shown in Fig. 5. The lower trace 
shows a “normal” line of Cu® of 95 ke half-width. The 
upper traces, however, show two lines of Cu® which are 
split. The total half-widths of such lines were about 
250 ke/sec. Since the conditions under which the two 
types of lines were observed were identical except for 
the frequency, the conclusion is suggested that the 
splitting was probably due to a peculiar configuration 
of the rf field in the wave guide at certain frequencies. 
In determining the centers of the split lines, the total 
half-widths were used. As before, the lines denoted by 
vy, and » in Fig. 3 were the ones used to determine Av. 
The results are 


11 733.8204-0.007 Mc/sec, 
12 568.795+-0.012 Mc/sec, 


Av(Cu®) 
Av(Cu®) 


where the errors are again from internal consistency 
considerations alone. It will be noted that these values 
are about 20 kc/sec less than the preceding. This is 
somewhat greater than the sum of the probable errors 
computed from the data alone. Hence there must have 
been some systematic error in one or both sets of 
measurements, This could have been in the location of 
the centers of the lines or in the determination of the 
frequency of an impure signal. In trying to assign rela- 
tive weights to the two sets of measurements, the 
writers find that the narrower lines of the second set of 
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measurements are more or less balanced by the large 
number of observations in the first set. Hence the best 
values are probably the simple averages of the two. We 
therefore quote as our final values 
Av(Cu®) = 11 733.834-0.01 Mc/sec, 
Av(Cu®) = 12 568.81+0.01 Mc/sec. 

The low-frequency line (2, —1)—+(2, —2) was meas- 
ured at moderate field strengths in order to determine 
the Landé g factor gy, of the ground state. The low- 
frequency line (4, —3)-+(4, —4) of Cs™ was used to 
measure the field. Since the g, of Cs appears in relations 
used to determine the field, the quantity measured is 
really the ratio g,(Cu)/g,(Cs). In Table III are listed 
the data and the calculated gy’s. We find 


gs(Cu®) = g,(Cu®) = (1.0000+0.0005) ¢ (Cs). 


If g,(Cs') is taken to be* 2(1.00125+0.00003), then 
we have 


gy(Cu®) = g7(Cu®) = 2(1.00125+0.00053). 
V. HYPERFINE STRUCTURE ANOMALY 


The hyperfine structure anomaly A of two isotopes 
is defined by 


Av; 2h F Nes 
Avy (27o+1)g2 


1+A), 


where the symbols have their usual meanings. For 
copper the ratio of the Av’s found in the present experi- 
ment is 

Av3/Aves= 0.933567 +-0.000002. 


The best available value for the ratio of the g’s or the 
ratio of the magnetic moments seems to be that of 
Walchli."” He gives for the ratio e3/ues5 a value 0.933424 
+0.000019 as determined from the salts CuCl. and 
CueCl, and a value 0.933465+0.000018 as determined 
from the metal powder. These two values disagree by 
more than their combined probable errors. Since theory 
indicates that magnetic shielding corrections for nuclear 
induction measurements are smaller in the case of salts 
than in the case of metals, we shall take the value of 
63/e5 AS determined from the salts. The experimental 
value of the hyperfine structure anomaly then becomes 


A= (Aves: ues) / (Aves: ues) — 1= + (1542) X10~°. 


According to the theories of Rosenthal and Breit!” 
and of Bohr and Weisskopf,’* the hfs anomaly may be 
attributed to deviations of the nucleus from a point 
charge and a point magnetic dipole. With a distributed 
nuclear charge, Rosenthal and Breit say that the 
Coulomb potential in which the electrons move cuts 
off at the nuclear boundary. This gives rise to a change 
in the electronic wave function from that which would 

* Brix, Eisinger, Lew, and Wessel, Phys. Rev. 92, 647 (1953). 

H. E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1469, 1955 (unpublished), Suppl. II. 
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exist if the nucleus were a point charge. The magnetic 
interaction energy between the nucleus and the electrons 
is consequently changed by a factor (1+Azr), where 
Anr is given by 
2p(j—p)(2p+1) 
~(pyo)??™. 
(2j—1)[T (2p-+1) ¥ 


Here j=—1, +1, —2, +2--- for 54, py, py, dy--- 
electrons; p= (1—Z%a’)! for s electrons; yo=2Zro/ay; 
ro= radius of the nucleus; and ay, =radius of first Bohr 
orbit for hydrogen. The parameter p is, according to 
Rosenthal and Breit, approximately 2. However, 
Crawford and Schawlow’ find that the value p=1 gives 
a better fit between theory and experiment. We shall 
take p=1. With different isotopes of a given element a 
differential correction occurs since the nuclear radius 
and hence the cutoff point of the Coulomb potential is 
different. On the average, the radius of a nucleus is 
given by ro=1.2K10~" A! cm. The analysis of isotope 
shifts, however, indicates that the increase in nuclear 
radius with the addition of two neutrons is substantially 
less than that predicted by the A! law. On the basis of 
a compressible model of the nucleus, Wilets, Hill, and 
Ford! give for Z= 29 


bro/ro=0.856N/3A, 


Apr=— 


where 6ro is the increment in the nuclear radius cor- 
responding to an increment 6N in the neutron number. 
Using this and substituting in the appropriate values 
for the quantities in the expression for Agr, we find for 
the net Breit-Rosenthal correction for the copper 
isotopes : 

Anr™ — Agr® =6X10~°. 


This is about a third of the observed anomaly. 

Bohr and Weisskopf have calculated the effect of a 
finite distribution of nuclear magnetism on the hyper- 
fine structure. By considering the nuclear moment as 
consisting of two intrinsically different parts, a spin 
moment and an orbital moment, they have been able 
to account satisfactorily for the observed anomalies in 
certain elements. 

The theory necessarily involves an assumed model 
for the nucleus. We shall calculate the Bohr-Weisskopf 
correction ¢ for copper first with an extreme single 
particle model and then with Bohr’s asymmetric model. 

The Bohr-Weisskopf correction « is given by‘ 


-7R\? 
e= —{(14+-0.380)a,4 0.62034 ( ) | F 
Ro Ay 


where { is an asymmetry factor defined by Bohr,‘ a,, 
a, denote the fractions of the nuclear moment of the 
spin type and orbital type, respectively, 6 is a function 
of Z and Ry ,tabulated in reference 3, and (R/Ro)? is 
esentially the density distribution of the odd particle 


4 Wilets, Hill, and Ford, Phys. Rev. 91, 1488 (1953), Table 
I(a). 
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TABLE IIT. Summary of data for the determination of gy. 
All frequencies are in Mc/sec. 


Nominal C field 50 gauss 62 gauss 


22.180+0.010 
44.102+40.010 
44.053 40.020 


17.755+0.005 
35.370+0.005 
35.334+0.005 


Cs™ frequency 
Cu® frequency 
Cu® frequency 


0.9994 +-0.0007 
0.9991 +0.001 


1.0003 4-0.0005 
0.9999 +-0,0005 


gs (Cu®) /g,(Cs) 
gy (Cu®) /g7(Cs) 


to which the spin and magnetic moment of the nucleus 
is ascribed. Formulas for a,, a,, and ¢ are given by Bohr 
for different refinements of the shell For 
[(R/Ro)? |, a reasonable value is, according to Bohr 
and Weisskopf,? 0.8. 

According to the shell model, the odd proton in Cu® 
and Cu® is in the pj state. Let us first consider the case 
where this proton is assumed to possess the entire 
angular momentum of the nucleus (extreme single- 
particle model) and where we take g, = 1 and g, adjusted 
to yield the empirical value of g;. From 


(LT) 


moc lel, 


(S-D 
£1 


£a+- RL 
I(I+1) I(T+1) 


0.22664 for Cu™ and 0.38473 for Cu®, 
0.4491 and for Cu®, 
0.2. With 


we find g, 
Hence for Cu®, a,=0.551, ay 
a,= 0.5807, a, =0.4193. For a py proton, ¢ 

b=0.36% from Bohr and Weisskopf, we find 


+4 107° 


Anw = €63— €65 


This correction when added to the Breit-Rosenthal 


correction yields a total anomaly of 


A= AnrtAnw= +10X10°°, 


which compares favorably with the observed 15 10~°. 
It may be pointed out that if we had taken for the ratio 
e3/ues the value as found from the metal powder, the 
observed anomaly would have been 10 10~°. 

If in the extreme single particle model we take g, to 
be the same as that for a free proton and adjust g, to 
give the empirical value of g,;, we find, 


-11K10~°. 


Anw = €3— 6 


This value is opposite in sign to the observed and sug- 
gests that g,=g (of a free proton) is a poor assumption. 

In Bohr’s asymmetric model,‘ the nuclear core as 
well as the odd nucleon contributes to the magnetic 
moment. The fractions a, and a, then depend on the 
coupling between the core and the odd nucleon. If we 
follow the procedure described in Sec. V of Bohr‘ for a 
certain coupling case intermediate between his B, and 
By, we find, assuming g,=5.5854, g,=1, gr=Z/A 


=().45, [(R/Ro)* |w=0.8 


Anw= es— «= + 30X10 ©. 
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This is twice as large as the observed anomaly even 
without including the Breit-Rosenthal correction. It 
appears that best agreement between theory and experi- 
ment is obtained when the total angular momentum of 
the nucleus is considered to be possessed by the odd 
proton and when g, is set equal to unity, with g, ad- 
justed to give the observed g;. 
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X-Ray Spectra of Polonium Atomic Number 84 
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Two samples, each containing an estimated 10 curies (2 mg) of polonium-210, were purified by vacuum 
distillation and evaporated onto oblique sections of x-ray targets made of copper. Four lines of the K series 
and ten lines of the L series of the x-ray spectrum of polonium were recorded with a one-meter transmission 
crystal spectrograph and a 25-centimeter Bragg spectrograph, respectively. Measured wavelengths agree 
approximately with values predicted by extrapolation of Moseley’s law and with those reported by Hulubei. 
Decay of polonium-210 (half-life= 138 days) and growth of lead-206 (stable) were observed over a period of 


180 days 
INTRODUCTION 
; JNTUL recently, no record of the K spectrum of 


polonium and only incomplete information of the 
L spectrum! could be found in the literature.? This lack 
of information was largely caused by the scarcity of the 
natural element with its short half-life of 138.26 days.* 


SAMPLE PREPARATION 


The polonium to be used for these experiments was 
electroplated from a hydrochloric acid solution onto 
platinum gauzes.* Each gauze carried approximately 10 
curies of material. ‘The high vapor pressure of polonium® 
permitted the application of a fractional volatilization 
technique® to purify the polonium from impurities 
deposited during the electroplating process and from 
any lead that had accumulated as a result of radioactive 
decay. 

Platinum gauzes carrying a total of approximately 30 


* Now with Union Carbide Nuclear Company, Y-12 Plant, Oak 
Ridge, Tennessee 

+t Now with Monsanto Chemical Company, St. Louis, Missouri 

t Now with Monsanto Chemical Company, Kearney, New 
Jersey 

1 Hulubei, Cauchois, and Cotelle, Compt. rend. 207, 1204 
(1938) 

*F. Sachs, Report Y-B4-49, Carbide and Carbon Chemicals 
Company, Oak Ridge, 1951 (unpublished) 

*W. H. Beamer and W. E. Easton, J. Chem. Phys. 17, 1298 
(1949). 

‘C. R. Maxwell, J. Chem. Phys. 17, 1288 (1949) 

*L. S. Brooks, Mound Laboratory Report MLM-189, Septem- 
ber 13, 1948 (unpublished). 

*I. Curie and F. Joliot, J. Chem. Phys. 28, 202 (1931). 


curies of polonium were inserted as far as possible into 
an all-quartz purification tube, and the tube was at- 
tached to a vacuum system. After the tube was evacu- 
ated to 5X10~° millimeter of mercury, the region 
surrounding the gauzes was heated strongly with a hand 
gas-oxygen torch. As this heating proceeded, the pres- 
sure rose, and the polonium distilled from the gauzes 
and condensed in the form of a mirror on the cooler 
portions of the tube. The flame was removed, and 
pumping was continued until the pressure had again 
reached 5X10~* millimeter of mercury. The tube was 
then sealed from the vacuum system. 

The tube containing the polonium and the x-ray 
target was placed in a vacuum chamber where the 
sample was heated and the polonium was deposited on 
the water-cooled target. It was estimated that between 
10 and 15 curies were deposited. 


K SPECTRUM 


The x-ray tube, high-voltage power supply, and 
transmission type spectrograph have been described in a 
previous report.’ Several modifications were made to 
extend the wavelength coverage of the spectrograph, 
Before the exposures were started, the loaded x-ray tube 
was maintained at a maximum pressure of 210-5 
millimeter of mercury. Shortly after the high voltage 
was turned on, the pressure decreased to 5X10~° 


7 Burkhart, Peed, and Spitzer, Phys. Rev. 75, 86 (1949); Peed, 
Spitzer, and Burkhart, Phys. Rev. 16, 143 (1949). 





X-RAY SPECTRA OF 


TABLE I. K spectrum of polonium. 


K spectrum of lead 
Previously 

Measured reported 
x-units (x-units 


170.0 
165.2 
146.1 
143.5 


K spectrum of polonium 
Measured Predicted 
x-units x-units 


Line 
identifi 
cation 


Kay 160.5+0.3 
ay 155.6+0.2 
B; 137.9+-0.3 
Ba 133.0+0.5 


170.0 
165.1 
147.4 
141.2 


160.89 
156.12 
138.28 
134.04 


millimeter of mercury and remained at this figure for the 
duration of the exposure. 

To minimize target heating and consequent loss of 
material by sublimation, electron currents were limited 
to two milliamperes or a maximum power dissipation of 
250 watts. All exposures were made at 120-125 kilovolts. 
The K spectrum was recorded at three intervals 4, 25, 
and 52 days after purification to observe the growth of 
lead as a decay product. All wavelengths are based on 
doo(CaCOs;) = 3029.45 x-units so that all results are in 
x-units. Final data are presented in Table I. 


L SPECTRUM 


A second sample was prepared to use in recording the 
L spectrum. A series of 5 exposures at times ranging 
from 30 hours to 180 days (well over 1 half-life) were 
made. The Bragg type spectrograph used for examina- 
tion of the Z spectrum of polonium has also been 
described.* This spectrograph was modified by addition 
of a slit assembly permanently mounted on the dis- 
posable x-ray tube so that the spectrograph would not 
become contaminated. The rocksalt crystal was oscil- 
lated +5° about a median Bragg angle of 10° to record 
the whole spectrum at one setting. This gave a wave- 
length coverage of approximately 450 x-units (Ag K 
484.48 x-units) to 1530 x-units 
(Cu Kay \= 1541.1 x-units). The following lines were 
used as standards of wavelength: Cu Kfo, Pb La, 
Pb LB,, Pb Ly, and the Ag K edge. Constants in the 
equation 6= md-+-6o, where 6 is the Bragg angle and d is 


absorption edge A 


the distance from an arbitrary zero (@) from the true 
zero), were derived by the least-squares method, and 
values of 6 were calculated for each polonium line. This 


® Burkhart, Peed, and Saunders, Phys. Rev. 73, 347 (1948) 


Po ATOMIC 


NUMBER 84 
TABLE II. Z spectrum of polonium 


Line Previously 
identifi Measured measure 
cation x-units 


8 0.4 


l 2 
a I 
l 


0.24 
23.741 23.2 1123.10 
12.2+1 1111.5 1111.59 
965.3 
927.0+1.7 
919.4+40.7 
905.8 
784.5+0.1 
769.9 
762.0 


927.31 
919.79 


927.44 
919.89 


785.86 785.52 


® See reference 3 


procedure was followed for three films, and the reported 
wavelengths were calculated from these average values 
of 6 by use of the Bragg law (Table I1). Wavelengths of 
the Z lines are based on djoo(NaCl) = 2814.00 x-units. 

It should be pointed out that the spectrum recorded 
9) hours after purification showed faint but unmis 
takable Pb Ley, ae lines. Assuming an initial sample of 
10 curies, approximately 40 micrograms of lead are then 
detectable by this method. 


CONCLUSIONS 


The growth of the polonium decay product, lead-206, 
was followed by successive exposures at 20-day inter 
vals. The lead lines were used for qualitative verification 
of the measured K wavelengths and as reference wave 
lengths in the reduction of data on the L series. As many 
as three x-ray films were loaded simultaneously for 
recording the more penetrating K spectrum, thus 
enhancing slightly the accuracy of K line measurements. 

Agreement with predicted wavelengths in the case of 
the K lines is satisfactory. Comparison of decay-product 
wavelengths as measured in this laboratory with those 
previously reported is an indication of the accuracy of 
these measurements. The differences of 1.3 x-units in the 
case of Pb Af, and 2.3 x-units in Pb Kf, do not appear 
to be within experimental error as based on the measure 
ment of polonium lines. The 6; and #, lines of both 
polonium and lead are less accurate than the a, and ay 
lines because of their low intensity. Errors in polonium 
wavelengths, based on repetitive measurements, are for 
a 95% confidence interval. 
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Magnetic Moments and Hyperfine-Structure Anomalies of Cs'**, Cs'**, Cs'*, and Cs!*"} 


H. H. Srroxe,* V. Jaccarino,t D. S. Epmonps, Jr., anD R. WEIss 
Research Laboratory of Electronics and Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received July 26, 1956) 


The atomic-beam magnetic-resonance method was used to 
measure the nuclear gyromagnetic ratios and hyperfine-structure 
separations of the radioactive isotopes Cs™, Cs’, and Cs!*”, A 
surface ionization detector was used 

The hyperfine-structure separations were obtained by direct 
AF = +1 transitions near zero field. The values of Av found for 
the three isotopes are: 

Av(Cs™) = 10 473.6264-0.015 Mc/sec, 
Av(Cs!**) = 9 724,0234+0.015 Mc/sec, 
Av(Cs'*") = 10 115.52740.015 Mc/sec 

Pairs of transition belonging to the two different F-states, but 
involving the same my values, constitute frequency doublets 
separated by 2gipoll. From€ measurements of the difference fre- 
quencies of these doublets for pairs of isotopes in fields in the 
vicinity of 9000 gauss, the following g-value ratios were obtained : 


I. INTRODUCTION 


HE fact that the study of the hyperfine structure 

of atoms in which the electron wave function 
has a nonzero value at the position of the nucleus would 
yield information about the distribution of nuclear 
magnetism was first recognized by Bitter’ and by 
Kopfermann,’ and treated theoretically by Bohr and 
Weisskopf,* and by Bohr.‘ The hfs splitting arising 
from the interaction of an S, atomic electron with the 
magnetic moment yw; (in nuclear magnetons) of a 
nucleus, which is assumed to be a point-dipole, having 
spin J, was derived by Fermi® in 1933; it is given by 


8 21+1\ m 
Av runel 40) ) , (1) 
3 I M 


where Av is the hyperfine-structure interaction, ¥(0) 
is the electron wave function at the position of the 
nucleus, and m and M ure the electron and proton 
masses, respectively. If one now assumes that the nu- 
cleus has a uniform charge distribution, then the elec- 
tron density varies approximately as 1— (ZR?)/aoRo) 
inside the nucleus. Consequently, if the nuclear magne- 
tism is assumed to be distributed over the volume of 
the nucleus, then the hfs interaction would be expected 


t This work was supported in part by the Army (Signal Corps), 
the Air Force (Office of Scientific Research, Air Research and De 
velopment Command), and the Navy (Office of Naval Research). 

* Present address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 

t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

1F, Bitter, Phys. Rev. 75, 1326 (1949). 

2H. Kopfermann, Kernmomente (Akademische Verlagsgesell 
schaft, Leipzig, 1940), p. 17. 

*A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 

‘A. Bohr, Phys. Rev. 81, 134 (1951); 81, 331 (1951). 

*E. Fermi, Z. Physik 60, 320 (1930); E. Fermi and E. Segre, Z. 
Physik 82, 729 (1933). 


g1 (Cs) /g;(Cs) = 1.05820+0.00008, ¢;(Cs"8’)/g;(Cs*) = 1.04005 
+-0.00008, g;(Cs™) /g;(Cs™) = 1.01447 +0.00029. 

The hfs anomalies arising from the variation of the electron 
wave function over the finite distribution of nuclear magnetization 
were calculated from these measurements. The values found for 
these anomalies, defined by e—e:=([giAv2(2/i+1) ]/[g2dn 
& (2/2+1)]—1, are: 

(Cs!) — e(Cs!*) = +4-0.037+0.009%, 
e(Cs!5) — ¢(Cs'¥7) = —0.020+0.009%, 
e(Cs!) — e(Cs!) = +-0.169+0.030%. 

The theory of Bohr and Weisskopf on the hfs anomalies was 
applied to these nuclei; the calculations are based primarily on 
a single-particle model with varying distributions of spin and 
orbital contribution to the nuclear moment. An apparent magic 
number effect in the anomalies was observed. 


to be reduced by an amount 
€ a (ZRo/ do) (R?/ Ro?) wv, (2) 


from that calculated by using the point-dipole assump- 
tion. R is the electron coordinate, a) and Ro are the 
Bohr and nuclear radii, respectively, and Z is the 
nuclear charge. (R?/Ro*)» is the density function of the 
nucleons that contribute to the magnetic moment. 
Roy=1.5X10-"A! cm. For cesium, Z= 55, and ¢ is of the 
order of 0.5%. Since the atomic wave functions in this 
region may be known, at best, only to a few percent, 
comparison with theory can be obtained only by con- 
sidering the ratios of the hfs interactions in two isotopes, 
whereby the uncertainty in |y(0) |? is removed.*7 Thus, 
for the point-dipole theory, we obtain for the ratios 

(Av) pa/ (Ave) pa= (gi (20, +1) /[g2(22+1)], (3) 
where g=—y;//; whereas if the finite extent of the 
nucleus is taken into account, the result is 


: (Avs) pa 
(Avi) ext/ (Ave)ext - (1 +e,)/(1 +), (4) 


V2) pd 


® The volume effect of the charge distribution introduces a 
correction to the hfs interaction of the order of 


(RoZ/ao)* Zitat) A 


where a is the fine structure constant.’ For a pair of cesium isotopes 
differing by two neutrons, this would introduce an error in the 
cancellation of |y(0)|* of the order of 0.002%, which is an order 
of magnitude smaller than the measured effects. It should also 
be noted that perturbations by other Coulomb levels are negligible, 
since they are of the order of Av*/é, where 6 is the distance of a 
perturbing level. In cesium the nearest is over 11 000 cm™ away 
from the ground state. For one cesium isotope, this amounts to 
about 0.001% and is completely negligible in the ratio. The 
Crawford-Schawlow correction [ Phys. Rev. 76, 1310 (1949) ] to 
the anomalies amounts to 0.01%, or less, but since it is in the 
same direction for all the isotopes, it cannot change the sign of Ajo. 

7H. B. G. Casimir, Arch. Musée Teyler, Ser. III, VIII, 201 
(1936). 
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hfs 


— €9. 


[el F peta 
(Ava)ext (Av2) pa (Av2) pd 


This difference would be small compared with either 
€, OF €; were it not that the distribution of nuclear 
magnetism was different for the two isotopes. The 
distribution is sensitive to the structure of the nucleus. 
In particular, Bohr and Weisskopf showed that the 
contributions to the anomaly are not identical for orbital 
and spin magnetizations. Consequently, different dis- 
tributions of spin and orbital magnetizations for various 
models of the nucleus will lead to different anomalies. 
If one takes (Av;)ext/(Av2)ext aS the experimental ratio 
of the Av’s, one obtains 


[ (Av1)/(Av2) Jexp™ {(gi (211+ 1) V/[g2(2l2+ 1) }} 
X(1l+a—-e), (6) 
or 


€2— 1 — Ara= {[g1(2/, +1) V/[g2(2/2+1) J} 
X[(Av2)/(Av1) Jexp—1. (7) 


The anomalies in some K, Rb, and Ag isotopes have 
been measured and comparison has been made with 
the theory. We have measured the hyperfine-structure 
anomalies in the four Cs isotopes, Cs! (stable), Cs! 
(2.3 years), Cs!®° (310° years), and Cs!” (33 years). 
In the case of Cs'*, the nuclear moment’ and _ hfs 
separation’ had been measured with sufficient accuracy. 
However, for the radioactive isotopes, the measured 
values of Av were too inaccurate to uncover possible 
hfs anomalies, and the magnetic moments had not been 
measured. With this in mind we have made precision 
measurements of the hfs separations and nuclear 
g values of these isotopes, extending the atomic beam 
method used by Eisinger.'” 


Il. THEORY OF THE EXPERIMENT 
A. Energy Levels 


The interaction Hamiltonian of an atom with a 
=1/2 electronic ground state and nuclear spin / can 
be described by 


H/h= al -J+-uo(gsJ-He+g:1-He), (8) 


where He is an externally applied magnetic field, 
a= Av/(I+-1/2), and g, is expressed in Bohr magnetons. 
At zero field the separation between the two F-levels 
(F=I+-J) is Av, each level being (2h +1)-fold degene- 
rate. This degeneracy is removed with the application 
of Hc. The eigenvalues of (8) in an F, my representation, 


*H. E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1469, April 1, 1953 (unpublished), p. 50. 

*L. Essen and J. V. L. Parry, Nature 176, 280 (1955). 

” J. T. Eisinger, Ph.D. Thesis, Department of Physics, Massa- 
chusetts Institute of Technology, 1951 (unpublished). 


ANOMALIES OF 


Cgi88,! 


known as the Breit-Rabi equation" are given by 


+ mrgruoll c 


Av 
én (: 
2 


where x=[(gy—gr)uoll. |/Av. The positive sign corre- 
sponds to F=/+1/2, the negative to F=/—1/2. The 
nuclear spin is 7/2 for Cs, Cs!*5, and Cs"’, and is 4 for 
Cs™, An energy-level diagram for spin 7/2 is given in 
Fig. 14; for spin 4, such a diagram is given by Eisinger, 
Bederson, and Feld” (hereafter referred to as EBF). 


“h~-2(20-+1) 


4mpx ' 
+ + ) ’ (9) 
21+1 


B. Atomic-Beam Method and Selection 
of Transitions 


The experimental arrangement consists of a source 
of well-collimated atoms at one end of the apparatus, 
a detector at the other, and three magnets in the in- 
tervening region. The first (A magnet) has the gradient 
of its magnetic field in a direction transverse to the 
atomic beam; the second (C magnet) is homogeneous 
and contains a loop capable of introducing rf power 
into the system; and the third (B magnet) is also in- 
homogeneous. It is almost identical to the A magnet 
and has its gradient in the same direction. While it is 
in the field of an inhomogeneous magnet, the neutral 


atom experiences a transverse force component 


Py bet (Ol, OZ), (10) 


where 
OE/dH 


Meff (11) 


is the effective magnetic moment. 


J=1/2,1 


Two methods were used to observe 


A plot of por for 
7/2 is given in Fig. 1. 

transitions. In 
the first, or flop-in method, the atom is required to 
undergo a change in the sign of yor in the C magnet, 
in order to be refocused at the detector. In this case, 
an increase of detected atom counting rate is observed 
at resonance. In the second, or zero-moment flop-out 
method, the A- and B-fields must be selected so that 
0 (see Fig. 1), and 
fields, 


At resonance the atoms undergo a transition into a 


in a given state the atom has per 


will be undeflected in passage through these 


state for which perX#O in the B magnet; 
detector with the 


hence they 


miss the result that a decrease of 


atoms is observed." 
In addition to the limitations imposed by the ap 
paratus on possible transitions, the following quantum 


mechanical selection rules apply (single quantum 


4G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931), 
2 See, for example, Eisinger, Bederson, and Feld, Phys. Rev. 


86, 73 (1952). 
4 Jaccarino, Bederson, and Stroke, Phys. Rev. 87, 676 (1952). 
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nr ir 
Fic. 1, Effective magnetic moments in an external 
magnetic field; J=1/2, /=7/2 
transitions were used): 
+1, 
+1, 0, 


AF =0, 
AF 


Amy 


Amy +1, (12) 


Amy = transitions are excited by /,, parallel to ¢ (z- 
direction), while the others are excited by x and y com- 
ponents of the rf field. 

The transitions used for finding Av are given in the 
Appendix. The selected transitions were both first-order 
field-independent lines (mp=Ocompy=0 in the [=7/2 
isotopes and mpe=+1/2->mpr= ¥1/2 in Cs™), and 
adjacent transitions with “Zeemanicity” 1 (ie., ex- 
hibiting a linear Zeeman effect equal to that of v,—see 


EXTERNAL MAGNE TiC Fil 
Fic, 2. Transition frequencies AF =0, mr = —1<+ —2 for Cs™, 
Cs™, Cs"? and AF=0, mr= —3/2¢4—5/2 for Cs™., Actual 
transition frequencies are given by fot: /,, where + is taken for 
the upper F level and — for the lower F level. 


EDMONDS, AND WEISS 
Appendix, Sec. A). The field-independent lines are not 
affected to first order by inhomogeneities in the C field, 
and are broadened only by the limited time Af that the 
atom spends in the rf region (the broadening év is ap- 
proximately 1/At).“ Measurements were made near 
zero-field. 

The measurement of g values, however, imposes 
stringent conditions on the selection of transitions. 
Pairs of lines exist whose frequency separation is 
vn 2gmollc (Appendix, Sec. A). Since this separation is 
small (e.g., for Cs, v,=1.12 kc/sec/gauss) and the 
line widths in the absence of field broadening are about 
15 kc/sec, then the determination of the ratio of the 
g values for two isotopes to a precision of 1 part in 104 
requires a field equal to or greater than approximately 
10 000 gauss. If the magnetic field had a homogeneity 
of the order of 5 parts in 10° or better, the sole criterion 
would then be the satisfaction of the above condition. 
With the available magnet, however, unavoidable 
inhomogeneities in the C field broaden the lines con- 
siderably (6v= (dv/0H¢)AH¢; note that AH ¢/He~con- 
stant) unless He is selected so that dv/d0Hc is small. 
The most advantageous selection of the transition has 
to be made with the aid of Fig. 1. A transition is field 
independent when the initial and final states in a given 
field have the same per. Furthermore, with the require- 
ment that the nuclear term be made as large as possible, 
it is seen that the conditions are satisfied by having 
ett for the two states intersect at the maximum 
possible field. It is thus to be noted that AF=0, 
Amy=-+1 transitions are preferable for two reasons: 
first, for the condition of equal per, v_, is appreciably 
larger than for AF=+1 doublets; second, their pers 
lines intersect at a smaller angle, which will make the 
transitions reasonably field-independent over a much 
greater range of fields than for AF=1 transitions. A 
plot of the transitions used is shown in Fig. 2; their 
field dependence, in Fig. 3. Actually, in Fig. 3 the gy 
term in (9) is neglected, so that there is still a small 
field dependence + gruo to be added. A typical high-field 
resonance curve is shown in Fig. 4. 


Ill. APPARATUS 


The apparatus used for these experiments has been 
described as to vacuum system, magnets, and detector 


by EBF.“ "6 The following modifications were 
necessary : design of oven and techniques for handling 
the radioactive source; improvement of the mass spec- 
trometer; and stabilization of rf sources and methods 
of observing transitions. 


A. Oven and Material Handling 


The oven was built specifically for handling radio- 
active atoms that are short lived for an apparatus 


“The most probable velocity of the cesium atoms for 200°C 
temperatures is about 310‘ cm/sec. With the assumption that 
the rf extends one-half of a gap width outside of the actual flop 
wire, a 15-kc/sec rf width is obtained for the 1.6-cm wire. 

16 The original design of the apparatus was by Dr. Hin Lew. 





hfs 


with conventional surface ionization detection. The 
necessity of utilizing a maximum of the source atoms 
requires a channel oven. It can be shown!® that the 
ratio of the number of atoms emerging from a thin wall 
oven that has slit diameter d to the number emerging 
from a channel oven that has channels of length L and 
diameter d is of the order of L/d. It is assumed that the 
vapor pressure of the material in the oven is low enough 
so that the mean free path is much greater than L. 
The number of atoms in a very small solid angle in the 
forward direction is the same in both cases and is deter- 
mined solely by the aperture of the oven. It is the 
number of atoms emerging at the larger angles (these 
atoms are not useful for the experiment) that is cut 
down by the directional oven in such a manner that 
the ratio of intensities integrated over all directions is 
reduced by the factor L/d, which was 50 in our case. 
The slits consist of nine No. 26 gauge hypodermic 
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MAGNETIC Fie 
Fic. 3. Field dependence of transitions used 
for g-value measurements. 


needles cut to 1/2-in. lengths and silver-soldered into 
the holder. The hypodermics were flattened on two 
sides as shown in Fig. 5, so that 56%, of the total slit 
area was open to the beam. A schematic scale drawing 
of the oven is shown in Fig. 5.’ The oven block, plug, 
and slit holder are made of monel. It was heated by 
by nine molybdenum wire coils insulated from the 
block by thin quartz tubing. The sample was actually 
loaded into a monel cup that was 3/16in. o.d. and 
0.150 in. high. A lip on the top provided for its insertion 
into the oven well by means of bent-out tweezers. 
The use of the cup was required to permit thorough 
evaporation of the sample solvent. A set of baffles 

16 P, Clausing, Physica 9, 65 (1929); L. Davis, Jr., Research 
Laboratory of Electronics, Massachusetts Institute of Technology, 
Technical Report 88, December 1, 1948 (unpublished). 

17 Much of the oven design was by Mr. F. J. O’Brien of the 


Research Laboratory of Electronics, Massachusetts Institute of 
Technology. 
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187 





15 KC/SEC 





i236.320 1036, 34 


FREQUENCY -MC/SEC 


12 46 500 
Fic. 4. Cs™ g-value resonance curve 


was screwed into the bottom of the plug to prevent 
“Spritz” (not shown in Fig. 5) as suggested by Eisinger 
and Bederson.’* An iron-constantan thermocouple was 
screwed to the oven block to measure the temperature, 
which was usually maintained at about 200°C, 

The radioactive samples were obtained as CsC] in a 
weak HCl water solution from Oak Ridge National 
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SECTION A-A 
Fic. 5. The atom oven. CS are plated copper seals, 
H are heating coils. 
J. T. Eisinger and B. Bederson, Research Laboratory of 


Electronics, Massachusetts Institute of Tec hnology Technical 
Report 212, January 28, 1952 (unpublished). 
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Laboratories. This form permits easier and more con- 
trolled transfer of the material into the oven than does 
the previously used hygroscopic Cs,CO; powder.” 
Na,CO, was used to neutralize the HCl, and, after 
thorough evaporation, freshly-cut K metal was added, 
as well as stable CsCl. For the g-value runs, 150 milli- 
curies of Cs™ and 15 millicuries of Cs*—Cs’ were 
used and half as much was used for the Ay runs. It 
should be noted that with isotopes that are rela- 
tively long lived, decontamination presents numerous 
problems. 


B. Magnetic and rf Fields 


The deflecting magnets, as described by EBF, were 
modified only by providing a trimming current for the 
B field to optimize zero-moment intensities (see Fig. 6). 

The C magnet (0.246 gap width) in addition to its 
main windings has an auxiliary set of low-current 
trimming windings useful for near zero-field Av experi- 
ments. The homogeneity of the magnet over the rf 
region is better than 0.03°7. This was shown by the 
lack of appreciable field broadening of the high-field 
transitions. 

Copper-strip hair-pin type rf flop wires, 1 cm and 
1.6cm long, were used. In addition to the collimators 
shown by EBF, a stopping ribbon! was used to reduce 
undesirable background. 


C. Detection and Mass Spectrometry 


A surface ionization tungsten ribbon 0.010 in. wide 
was used as the detector. The Cst ion beam was ana- 
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lag > AMPERES 
Fic. 6. Plot of second zero-moment in Cs™, Slit width, approxi- 
mately 0.007 in.; gradient-field ratio, 1.57/cm; magnet length, 
25 in. 


J. R. Zacharias, Phys. Rev. 61, 270 (1942). 
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lyzed with a 60° mass spectrometer magnet, and its 
intensity measured either with a FP 54 electrometer- 
galvanometer system (over-all sensitivity 5X 10~” 
amp/mm) in the case of Cs™, or counted with a 
beryllium-copper electron multiplier,” for the low 
intensities of the radioactive isotopes. Cs! beams of 
the order of 3000 mm were obtained at the operating 
temperature, and the approximate relative intensities 
of the radioactive isotopes are shown in Fig. 7. For 
example, in the case of Cs!“Av measurements, a count- 
ing rate of 50 atoms per second was observed at 
resonance. 

Good mass-spectrometer resolution was essential, 
since the abundance of radio-isotopes was small com- 
pared with that of Cs. Initial unreproducible results 
and poor resolution were traced to charge deposits on 
dielectric surfaces (pump oil films) along the path of 
the analyzed ion beam. To remedy this, a closed 
grounded guide was made to completely shield the ion 
beam and it was kept oil-free by continuous heating to 
approximately 150°C." The resolution was raised 
thereby from as low as 3 to better than 5000 for Cs! 
—Cs™ A composite mass spectrometer resolution 
curve, obtained by combining the curves of Cs™ and 
Cs!°— Cs!47 % is shown in Fig. 7. 
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Fic. 7. Mass spectrometer resolution curves. 


2” H. Lew, Phys. Rev. 76, 1086 (1949). 

21 Bederson, Eisinger, and Jaccarino (private communication). 

2 We define the resolution as the inverse fraction of the number 
of atoms of type A detected at the A’ mass spectrometer setting. 

2 (‘585 and Cs"7, obtained from fission fragments, are always 
found together in the sample with the relative abundances shown. 
This seems to agree with the fission-yield findings of Fleming, 
Tomlinson, and Thode, Can. J. Phys. 32, 522 (1954). 
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D. Frequency Systems 


The Av frequencies were in the range of 9000-11 000 
Mc/sec. Since the expected line widths were of the 
order of 15 kc/sec, considerable care was required in 
the operation of the Varian type X-13 klystron used 
to generate these frequencies. Filament and repeller 
voltages were obtained from batteries, and the tube 
was shock mounted. In addition, cooling was ac- 
complished by attaching to the klystron conducting 
fins whose ends were dipped in dry ice. This consider- 
ably improved the noise figure by eliminating the noise 
introduced mechanically by forced air cooling. Never- 
theless, to obtain the requisite stability and to permit 
controlled scanning of the lines, stabilization of the 
klystron was required. The stabilizer circuit is shown 
in Fig. 8; a complete block diagram of the rf system in 
Fig. 9.% The resultant short-time stability was found 
to be of the order of 100 cps. An extremely clean and 
fairly strong harmonic signal from the crystal standard 
was required, this being achieved by multiplying to 450 
or 480 Mc/sec in tubes. Further multiplication was 
then accomplished in crystals to obtain frequencies 
sufficiently near the Av’s so that the beat between these 
standard frequencies and the klystron could be con- 
veniently received on the S-36 receivers. Coarse fre- 
quency measurements (to about 0.01%) were first made 
with a Hewlett-Packard X530A absorption cavity 
wave meter. The standard 5-Mc/sec crystal was kept 
to within better than 1 cps of the WWV signal. Precise 
frequency measurement was then made by zero- 
beating the Genera! Radio 805 signal generator with the 
beat between the klystron and the standard in the 


™“ The use of the 2B23 circuit in making the transition to repeller 
potential was suggested by Dr. C. A. Lee of Columbia University. 
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WITH 
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REPELLER 


S-36 AM receiver and then measuring the G.R. 805 
frequency with the H.-P. 524 A frequency counter. 

The transition frequencies of the g-value measure 
ments were in the range of 1200 to 1400 Mc/sec. They 
were generated by 707 B reflex klystrons with tunable 
external cavities. All voltages were obtained from 
batteries, and the tubes were shock-mounted; forced 
air cooling was not required. Under these conditions, 
the klystrons were found to be inherently sufficiently 
stable. Probes were inserted into the cavities for 
frequency-measuring purposes. For reasons described 
in the following section, the doublet 
generated by two separate klystrons were fed simul 
taneously into one flop wire. With adequate decoupling, 
pulling of one klystron by the other was eliminated. 
The individual frequencies could be measured by 
closing switches 1 and 2 in Fig. 10. The TSF 6TX 
cavity wave meter and the Cardwell TS-175/U fre 
quency meter gave the rough frequencies; the crystal 
standard and the G. R. 805 interpolation oscillator, 
measured with the H.-P. frequency counter, gave the 
more precise values. In most of the actual runs, only 
the difference frequency of the two klystrons (about 
10 Mc/sec) had to be measured. This was accomplished 
directly by beating the difference signal with the G. R. 
805 oscillator and measuring it with the H.-P. counter. 
The internal crystal of the counter was monitored 
with WWV. 


frequencies 


IV. EXPERIMENTS AND RESULTS 
A. Av Transitions 
Predictions for the values of Av were available from 
low-frequency data***?"" (see Table I) to within +15 
* FH. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953) 


26 Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949). 
7. Davis, Phys. Rev. 76, 435 (1949). 
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Fic. 9. Av frequency system. 


Mc/sec. The C field was set as low as possible in order 
to avoid large corrections to the measured values of 
the transition frequencies in obtaining Av. The field, 
however, had to be maintained above approximately 
1 gauss in order to avoid “Majorana” flop. The FM 
receiver in the klystron stabilizing feedback loop 
in the range of 28 to 46 Me Since this 
range determined the required difference beat between 
the frequencies of the klystron and the crystal har- 
of the standard, appropriate standard fre- 
quencies had to be used to cover the predicted range of 
Av+t 15 Me These conditions were satisfactory 
in the case of Cs™ © in which the Av’s were 
found within the predicted values. With Cs!’ this was 
not the 


operated ‘sec. 


monics 


sec 


and Cs 


case, and it was found advantageous to keep 
the range of frequency search constant and to use a 
small C field in order to increase the Zeeman frequency 
and thus bring one of the field-dependent lines into the 
frequency range under observation. The identification 
1] wwy 
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Fic. 10. g-value frequency system. 


of a given transition was made by observing its field 
dependence as compared with that of a low-frequency 
Zeeman line, v,. A typical resonance curve is shown in 
Fig. 11. Once the lines were identified and v, was known, 
it was possible to search for the first-order field-inde- 
pendent lines. In the case of the spin 7/2 isotopes, these 
are the 090 transitions. These Amp=0 transitions 
suffered a symmetrical peak Doppler splitting, the 
peaks being listed under v, and v— in Table VIII of 
the Appendix, Sec. B. In the case of Cs™, the field- 
independent lines are Amp = +1; they were found to be 
single, as expected (Fig. 12). First, resonance curves 
were obtained, and later the peaks were determined; 
the average of several values are given in Table VIII. 
The weighted averages of the results are given in Table 
I. Both statistical and systematic errors, such as possible 
small deviations of the crystal from the WWV fre- 
quency, are included in the quoted error. These pro- 
cedures were used with Cs! and Cs’, With Cs™ 
a —5y, high-frequency transition was first identified, 
followed by a —1», high-frequency transition. The 
z-component wire, in which the low-frequency transi- 
tions could not be easily observed, was used for both 
observations. Thus for runs 1 and 2 of Table VIII, 
v, is extrapolated from two adjacent xy-wire measure- 
ments. These runs were not used in arriving at the 


TABLE I. Av weighted averages. 


Ar 
Mc 


10 473,626-4-0.015 


Direct transitions Av—Low-frequency data 
sec present work Mc 


10465 +12" 
10440 +30 
9724 + 8 
10 126.5+ 7% 
10128 +1577 


Isotope sec 


Cs'* 


C3135 
Cg 


9 724.023+0.015 
10 115.527+0.015 





hfs 


weighted average value but served only to find the 
field-independent lines. 


B. Measurements of the g Values 


The g values were obtained from the doublet transi- 
tions, Eq. (28), Appendix, Sec. A. Actually, instead of 
measuring H¢ directly, a similar doublet was measured 
in another isotope, thereby yielding g-value ratios. 
The experiments were carried out in fields of the order 
of 9000 gauss, with magnet currents of approximately 
400 amp. Since there was a field drift of some 0.01[% 
per minute, it was essential that the measurements be 
made rapidly and repeatedly, alternating the two 
isotopes so that the doublet frequencies for both could 
be extrapolated to a common time. This procedure is 
illustrated in Fig. 13. Preliminary data for the stable 
isotope obtained by using a 6-cm rf wire showed con- 
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Fic. 11. Cs® Av resonance curve. 


siderable structure that varied with the type of rf 
feeding and matching of the re-entrant wire. In a 
shorter wire, a single symmetrical peak could be 
obtained, as shown in Fig. 4, once the rf power was 
properly adjusted. The structure observed in the larger 
wire was apparently caused by the combination of 
asymmetric rf field distribution and inhomogeneities 
of the dc field.”* 

The doublet separation varies linearly with time; 
the individual frequencies do not. Therefore, both 
transitions of a doublet were observed simultaneously, 
and their joint maximum” was determined. In addition, 
this procedure saved time and increased the over-all 
signal-to-noise ratio, which was advantageous at the 


28N. F. Ramsey (private communication). 

*®N. F. Ramsey (Atomic Beam Conference, Brookhaven 
National Laboratory, Aug. 17-19, 1954) calculated that feeding 
two frequencies w, and w2 into one flop wire will produce a shift 
in resonance frequency of the order of Aw =2b?/(w;—w2), where b 
is the line width. In the present experiment, this amounts to 
about 0,05 kc/sec, which is negligible. 
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low counting rates used. A check on the method was 
obtained by making a run in which the individual fre 
quencies were measured; these results are given in 
Table IX. A long running-time was required for these 
initial runs because only two oscillators were used, so 
that the cavities had to be retuned at every change of 
isotope. For the later runs, two more oscillators were 
built, which required only slight retuning to compensate 
for the field drift. It was possible to select A and B 
fields so that transitions in both isotopes were observ 
able with the same setting. This avoided varying corre¢ 

tions arising from small stray fields that might reach the 
rf region. The Cs!**, Cs! and Cs!*7 transitions (these 
isotopes have identical spins and Av’s within ~ 10%, of 
each other) could thus be observed as flop-in, but in 
the case of Cs™, the proper A- and B-field setting for 
Cs flop-in corresponded to the second zero moment in 
Cs", so that the latter was observed as a zero-moment 
flop out. 

The line transition frequencies were approximately 
124145 Mc/sec for Cs; 131345 Mc/sec for Cs; 
13664-6 Mc/sec for Cs’; and 1301.545 Mc/sec for 
Cs™, By making rf impedance measurements on the 
flop wire in the C field over this frequency range, no 
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Fic. 13. Time-drift plot of Cs™ and Cs? doublet frequency 
separations; approximate field, 9000 gauss 
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Tanse II, g-value ratios, weighted averages. The indicated 
error limits are standard deviations. 


Isotopes 


Cs /Cs'* 
Cs*7/Cg 
Cs47/Cg 
Calculated from first 
two ratios 
Measured 
Cs!4/Cg)38 


g-value ratio 


1.05820-4+-0.00008 
1.04005 +-0.00008 


1.10058 +0.00013 
1.10037 +0.,00015 
1.01447 +0.00029 


peculiar rf resonances were observed.” We noted (see 
Fig. 4) that a resonance in Cs' exhibited a symmetrical 
curve. This justified our making only peak determina- 
tions in the resonances of the radio-isotopes. Care was 
taken w optimize rf power in each case. From Fig. 3, 
it can be seen that the least-field dependence in the 
lines can be achieved only for adjacent pairs of isotopes 
(i.e., Cs™—Cs™, Cs!Cs and Cs'—Cs"7). Thus in 
the case of the Cs'*-Cs' runs, performed for an internal 
consistency check, a simultaneous optimum C field for 
both isotopes could not be selected and somewhat 
greater errors resulted. For Cs' the greater uncer- 
tainty is the result of the relatively poorer counting 
rate. The data for each pair of isotopes were plotted 
as a function of time (Fig. 13). A least-square-fit 
straight line was calculated for the isotope of a given 
pair on which most of the measurements were made. 
From the ratio of the Av’s, the slope of a corresponding 
line for the other isotope could be calculated (neglecting 
here the small Bohr-Weisskopf effect). The ratio of the 
g values and the standard deviations were then calcu- 
lated at a given central time. In two instances the field 
variation was not linear, and curves giving the best 
fit had to be drawn. The weighted averages for the 
g-value ratios are given in Table II. The experimental 
data of the runs are given in the Appendix, Sec. B, 
Tables X to XIII. 


C. Magnetic Moments 


The magnetic moment of Cs as measured by nuclear 
resonance technique is +2.57893 nm.* This value in- 
cludes the magnetic-shielding correction which makes 
the measured magnetic moment appear smaller by a 
factor 1—a = 0.99427 for Z=55, where a is the magnetic- 
shielding constant.*' The correction has an estimated 
accuracy of 5%. The magnetic moments calculated 
from this value and the ratios of Table II are given 
in Table III. 


D. Hyperfine-Structure Anomalies 


From Eq. (7), we obtain the hfs anomalies given in 
Table IV, using the values listed in Tables I and II 


*” This procedure was suggested by Professor R. H. Dicke, of 
Princeton University. 

“E, Segré, Experimental Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1953), Vol I, p. 443. 
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and the value Av=9192.631830+0.0000010 Mc/sec for 
Cs, which was already known.’ These results are 
compared with the theory in the following section. 


V. INTERPRETATION AND DISCUSSION OF RESULTS 
A. Theory 


A qualitative estimate of the hfs anomalies was given 
in Sec. I. Bohr and Weisskopf* calculated this effect by 
considering the valence electron’s interaction with a 
distributed nuclear magnetic moment. This distribu- 
tion they assumed to be spherically symmetric and made 
up of separate spin and orbital contributions. They 
took into account the variation of the radial electron 
wave function inside a uniform distribution of nuclear 
charge. They found a departure from Av obtained in 
(1), given by 


€= — (Ks) atte — (Ki) nt. (13) 


Here the a; are fractional contributions of spin and 
orbit to the total nuclear moment, and the «; are the 
relative decreases of these contributions to Av as a 
consequence of the deviation of the nuclear magnetiza- 
tion from a point dipole. The «; are given by Eq. (18) 
of reference 3 as (k,)w=0(R?/Ro?) 4, and (ki) w=0.62 
 b(R?/Ro*). The parameter b, which is a function of 
Z and Ro=1.5X10-" Atcm, is also tabulated.’ For 
cesium, b= 1.37%. Combining this with (13), we have 


c= = (a4+0.62c11)b(R?/Ro?) wy. (14) 


Bohr‘ notes that, in a single-particle model, it is not a 
good assumption to neglect the angular asymmetries of 
the nuclear moment distribution in the calculation of the 
kK», aS was done in reference 3. Consideration of these 
asymmetries modifies x, by a factor (1+0.38¢), where 


¢= (27—1)/4(1+1) for J=1+1/2, 


f= (2/+3)/41 for J=1—1/2. (15) 


Equation (14) then becomes 
e= —[a,(14+0.385)+0.62a; ]b(R?/Ro?) mw. (16) 


The calculation of the anomalies requires knowledge 
of (R*/Ro*) 4 as well as a knowledge of the relative spin 
and orbital contributions to the magnetic moment. 


TABLE III. Magnetic moments. 


w nuclear 
magnetons 
with dia- 
magnetic 
correction 


+2.57893 
+-0.00003 # 
+2.9900 
+2.7290 


+2,8382 


» nuclear 
magnetons 
uncorrected 


+2.564221 
+0.000028 
+2.9729 
+0.0009 
+2.7134 
+0.0003 
+2.8219 


Odd-nucleon state 
Proton Neutron ferp 


C™ 7/2 gn 0.737 
0.747 


Isotope Spin 





Cs™ 4 
7/2 
7/2 


87/2 dsi2 


Cs gr2 


Cs 


R7/2 
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The value 1.5X10-"A!, used for Ro may be high in 
view of recent indications. This may change the absolute 
values of the ¢;, but it enters only as a scale factor when 
comparing sets of isotopes. The value of the single- 
particle density function should lie approximately be- 
tween 3/5 and 1, which are the values for a uniform and 
surface distribution. Bohr,‘ however, gives an estimate 
of the variation of (R*®/Ro?)4 with the particle angular 
momentum. The results are 0.49, 0.66, 0.80 for the 
proton in p, d, f orbits, and 0.85 for a neutron in an 
f orbit. For the gzj2 proton and dy neutron in Cs™, 
Bohr® indicates that 0.90 and 0.70 are good extrapola- 
tions. The smaller neutron well depth, which allows 
more of the neutron wavefunction to lie outside Ro, 
accounts for the difference in proton and neutron values 
of (R?/Ro*) for the same angular momentum. 


B. Calculation of Anomalies and Comparison with 
Experiment 


Models 1(a) and 1(b) 


The theory of Bohr and Weisskopf is applied to the 
four nuclei; Eq. (14) is used and an extreme single- 
particle model is assumed. We have 


S-I L-I 
c= (— ; )e+( Jes 
I(T+1) I(T +1) 


(17) 


where I=L+S for the nucleon. The orbits of the 
nucleons are obtained from shell theory.* The terms on 
the right-hand side of (17) yield a, and a:, when divided 
by g. If we use g;=1 and g,=5.6 for the proton, and 
gi=0 and g,=—3.8 for the neutron, we obtain the 
familiar Schmidt limits for the magnetic moments. 
In order to account for the difference between the 
Schmidt-limit value and the experimental g value (given 
in Table IIL) two possibilities were proposed. 


Model I(a) 


The difference between gexp and £sechmiae Can be 
eliminated by a reduction of the value of the intrinsic 
moment of the odd nucleon™ used in (17). This reduc- 
tion is considered to be caused by exchange currents 
in the nucleus. We find that g,°!'=10—9g. This yields 
3.37, 2.98, and 2.70 for Cs!*, Cs**, and Cs!*’, re- 
spectively. Then a, becomes —0.51, —0.42, and —0.37 
for the three isotopes. In the case of Cs™, the angular 
momenta of the two odd nucleons add to yield the 
total nuclear spin J. We find that 


I,-I I,-I 
se tot ————"F> 
I(I+1) 1+) 


# A. Bohr (private communication). 

33M. G. Mayer and S. A. Moszkowski, Revs. Modern Phys. 23, 
315 (1951); L. A. Nordheim, Revs. Modern Phys. 23, 322 (1951) 

*F, Bloch, Phys. Rev. 83, 839 (1951); H. Miyazawa, Repts. 
Progr. in Phys. 6, 263 (1951). 
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Taste IV. Hyperfine-structure anomalies—experimental values. 


Isotopes Ate 
1 2 percent 


+-0.037 +0,009 
+0.009 +0,010 

0.020-+0.009 
+0.169-+-0,030 


Cg 
( *g'87 
( ‘git? 
Cs'™ 


( ‘gi 
Cs 
(s'5 
Cs 


In (18) it is assumed that the state of the odd proton 
is not affected by the addition of the odd neutron, so 
that for g, we use gexp(Cs™). With /,=7/2 and /,=3/2 
we obtain, from (18), g,=0.785. From (17), letting 
I=T,, g:=0, and using the above value of g,, we find, 
for the effective intrinsic value of the neutron moment, 


Za,°" 5£n 3.93. 


tert hen, 
Asp ta, 0.41, arp a= 1.21, and a,,= (— 1/25) 
x (g.°''/g)=0.21). The values previously found for 
Cs are inserted for a, and a. The total anomaly is 
obtained by summing the e’s arising from the proton 


Using these values in (18), we obtain g 


and the neutron. 


Model 1(b) 


We assume g, instead of g, to be modified by the 
exchange currents,” so as to yield gex, from (17). We 
obtain from (17) and (18) g/*'=1.22, 1.26, 1.29, and 
a, 0.84, —0.80, —0.77 for Cs, Cs", and Cs!*7, re- 
spectively. Then for Cs™, ay» 1.47, gin?! 

0.02, a@sn=0.19, ai,=0.01, where we have used for 
£sp and g,, their free moment values 5.6 and —3.8. 
The results are given in Table V. 


0.67, lp 


Models 2(a) and 2(b) 


Equation (16) is applied to the four nuclei. Model 2(a) 
uses an effective g, and Model 2(b) an effective g,. For 
the gz2 proton in the spin 7/2 isotopes, /=l—1/2 so 
that, from (15), we have ¢=5/7. In the case of Cs! 
we must again consider the neutron and proton con- 
tributions separately. For the d3/2. neutron, /=2, /=1 

1/2, and ¢=1, Equation (16) yields 


—e=[ (140.38 5/7 asp +0.62a1, |(1.37) (0.90) 
+ (1+4-0.38)ay, (1.37) (0.70), 


in which we have used the indicated values of 6 and 
(R?/Ro*) my. Since it will be of interest later, we also 
calculate «(Cs ), assuming the ground state of the 
nucleus to be a mixed configuration of ds. and g7/2 
protons, The mixture is adjusted so as to give the experi- 
mental g-value where g,'"®* is used and we take g;= 1 
for the proton and g,;=0 for the neutron, A mixture of 
80% g7/2 state and 20%, ds5/, state is obtained, and this 
proportion is also used in the calculation of «. 


Model 3 


Bohr* considers another model in which the single- 
particle magnetic moment is coupled to the moment of 
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Taste V. hfs anomalies—comparison with theory. Models: 1(a) Bohr-Weisskopf theory gip=1; ¢m=0, ¢.°; 1(b) Bohr-Weisskopf 
theory gi g,'"; 2(a) A. Bohr, single-particle theory, gip=1, gin=0, g.°'; 2(b) A. Bohr, single-particle theory, gi", g,*; 3 A. Bohr, 


asymmetric core model; 4 Feenberg-Davidson model 


4 (exp) l(a) 1(b) 
A OF Y 
‘ 


Isotope % «%, 4% e% 4% «% 


sis 0.620 
+-0.169 40.030 


0.488 
+0.094 +0118 
0.526 ~0.370 


+-0.037 40.009 +-0.040 +0.024 


0.567 0,494 


0.020 40,009 +0.024 +0013 


0.591 0,407 


®A Cs!™ deja ~e7/2 mixed configurations with g,/ gives «= 
an asymmetric rotating core. If we assume that the 
coupling scheme is intermediate between very strong 
spin-orbit coupling and a spin-orbit coupling smaller 
than the coupling of / to the nuclear axis, though still 
involving a larger energy than the nuclear rotational 
level spacing, we have, for the angular asymmetry 
parameter 


21-1 
4([+1)° 


1 
(6?(21 +1) —68(21+1)'+5—2/); 
4(1+2) #1 
I=1-4, 


J=1+4, 


(19) 


where 8 depends on the strength of the /s coupling as 
compared with the coupling between / and the nuclear 
axis. For this coupling scheme, the total angular 
momentum of the single particle has a constant 2 
(assumed equal to /) along the nuclear axis. 

The g factor associated with & is given by 


Iga=og.+ (I1—o)g1, (20) 


where o is the average odd-particle spin component on 
the nuclear axis. A simple vector model (see [ig. 2 of 
Blin-Stoyle®) shows that this quantity is given by 


(I+1)g—ge—Ig: 
, (21) 
ga hi 


in which g is the experimental g value, g,=g,", g:= 1, 
and gp is the core g-value, which is expected to be of 
the order of Z/A or approximately 1/2 for cesium. 
The relation 
o=}(1—f*)/(1+6*) 
can then be used to determine |8|. Bohr notes that the 
sign of # is not determined by this equation, although 
knowledge of the sign is necessary to obtain ¢ from (19). 
The positive sign is to be used for 8 when /=/+-1/2, 
whereas / is to be negative if J/=/—1/2. Finally, a, is 
given by 
a,=og,/|(1+1)g }. 


* R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 


0.560" 
0.355 
0,427 


0.467 


a) 2(b) 


4% €% A% «% 

0.380 
+0.205* +0,293 
—0,087 —0.422 
+-0,072 +-0.035 
~0.122 ~—0.475 
+0.040 +-0.023 


—0,145 —0,494 


0.468% and A= +0.113%,. 


Using these relations, we obtain for Cs, Cs*, and Cs'*7 
the values: o= —0.149, —0.107, —0.076; B= —1.36, 
1.24, —1.17; ¢=1.92, 2.64, 3.80; and a,=—0.25, 
0.17, —0.12. The anomalies are again calculated 
from (16). 
Model 4 


Davidson and Feenberg* ascribe the departure of the 
magnetic moment from the Schmidt limit to a mixing 
of the single-particle wave function corresponding to 
one Schmidt limit with a many-particle wave function 
corresponding to the other limit. Such a wave function 
has an orbital angular momentum differing by 1 from 
the single-particle / value, but the same spin. Its corre- 
sponding g; is taken as Z/A, i.e., the Margenau-Wigner 
(M-W) limit.” A many-particle wave function is 
necessary because the corresponding single-particle 
wave function has a parity opposite from that required 
for mixing with the original single-particle wave 
function. The proper mixture is obtained by requiring 
that 
(22) 


exp = OfSchmidt (87/2) + (1— a) gm—w(fr/2) 


for the odd-proton cases. Here a is the fraction of single- 
particle admixture. The values gschmiae and gm—w are 
obtained from (17), with g,=g,'"® for both parts of 
(22), and g:=1 and Z/A for the two parts. The indi- 
vidual a,’ are obtained as before but the total contribu- 
tion is now (aj)schmiat=@(ai)schmiate and (ai)m—w 
= (1—a)(a;’)m_w. We have denoted by primes the spin 
and orbital contributions for states with no admixtures. 
For the g7/. proton, {=5/7 as before. For the uniform 
spherically symmetrical distribution of the Margenau- 
Wigner limit, the angular asymmetry factor {=0, and 
(from Sec. V-A) (R?/Ro?) y= 3/5. From (16) and (22), 
therefore, we have 
—¢€=[1.271(a,) schmidt + 0.62 (ay) schmiat | 

(0.90) (1.37) 

+[ (as)m—w+0.62(ai)m—w }(0.60) (1.37). 

It is found that gscnmiat = 0.490, gm—w* 1.020, a=0.537, 
0.453, 0.391 for Cs, Cs! and Cs’, (a,’)schmiat = 


—1.270, and (a,’)m—w0.785. It is readily found that 
this model is not applicable to Cs™. 


“7. P. Davidson and E. Feenberg, Phys. Rev. 89, 856 (1953). 
‘7H, Margenau and E. P. Wigner, Phys. Rev. 58, 103 (1940). 


(23) 
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C. Discussion 


A comparison of the theoretical values of Table V 
with the experimental values shows that no particular 
model is strongly favored. All of them, however, give 
order-of-magnitude agreement. This, along with the 
previous observations®* that the actual values of the 
moments themselves do not change significantly by 
the addition of two neutrons to Cs" and then to Cs", 
lends support to the single-particle model. It can be 
seen, however, that a change of less than 10% in the 
e’s could bring agreement between the A of a particular 
model and the experimental value. All of the models 
lead to a monotonic variation of the e’s with the 
magnetic moments, so that none predicts the correct 
sign of the Cs'*7—-Cs anomaly. This would require 
e'87> ¢, while e#°<e., It is possible that part of the 
discrepancy might be accounted for even with the 
above models if we assume a decrease in the value of 
(R?/Ro*)» for Cs’, This appears plausible, since Cs'* 
contains 82 neutrons, a magic number leading to a 
tightly bound closed neutron shell. It is doubtful, how- 
ever, that the total reduction of 5% to 10% in (R?/Ro) wy 
is ascribable to this effect. An admixture of d5/2 protons 
with its smaller value of (R?/Ro*),4 might be more 
plausible. It can be shown that in this way it is possible 
to obtain agreement in magnitude and sign for the 
anomalies in the three isotopes.” 

A mixed ds5/2—g7/2 configuration for the Cs proton 
was suggested by Sunyar, Mihelich, and Goldhaber® 
on the basis of shell model calculations and the decay 
scheme of the nuclear isomeric level in Cs. We see 
from Table V that the experimental value A=0.169 
+0.030% lies about halfway between the pure single- 
particle value A=0.205°7, and the mixed-configuration 
value A=0.113%. Hence there is no significant dis- 
agreement introduced by the proposed Cs™ ground 
state. 

From this and previous work on hfs anomalies, 
correct orders of magnitude and sign—with the interest- 
ing exception for Cs*’—are obtained, but closer agree- 
ment requires a better evaluation of (R?/Ro?), perhaps 
from higher-order nuclear moments, as well as a more 
formal inclusion in the theory of the effects of nuclear 
configuration interactions. 
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APPENDIX A. TRANSITIONS USED IN 
THE EXPERIMENT 


+1 transitions, we have, from Eq. (9), 


4 
+s) 
4 
+) } (24) 


For AF 


Ap 4m,x 
v= gruollc(ms,—m_)+ I (2 t ra) 


21+1 


where m, and m_ are the values of my in the upper and 
lower F-states, respectively. For x1, where the experi- 
ments were performed, the nuclear term can be neg- 
lected, and an expansion of the second term to 2? yields 


Av 2x 
y= (2 + 
2 21+1 


(m,-+-m_) 


) 
{ 1 (m?-+-m |) (25) 
21+1 


rhe my values of the transitions used are given in 
Table VI. The m-dependence of the quadratic term is 
negligible or zero for the transitions used. In terms of 
the field calibrating transition, 


v,(AF=0, F ivax|OMp F nex| +1) 


Mp 
Eq. (25) yields 
32(v,2/Av), 


Av=v—v,(m,-+-m_) 


wt 





a | 


#919, G) @M/aw 





Fic. 14, Energy-level diagram for J=1/2, ]=7/2, 
drawn for a positive magnetic moment. 
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Tasle VI. AF = +1 transitions used for Ay measurements. Taste VII. AF =0 transitions used in g measurements. 





Isotope ms. m Isotope mr, Mis mi, M2 


Cs +1/2 —1/2 ~{ 3 
1/2 41/2 -3/2 -5/2 
Cs, Cg? +4 0 ») —{] —2 
0 +1 CP Oe ae ae hen 
0 mf 
~{ 0 


0 0 The difference between these two transitions is 


v4— v= 2groll. (29) 


for /=7/2 and The value of gr can then be obtained when H is known. 
ns ; = , _, The transitions used are listed in Table VII. The spin 
Ay=9—ve(m,+-m_-)— (81/2)(v,4/Ay) (27) 7/2 energy level diagram is shown in Fig. 14. 
for [=4., 


Direct g values are obtained by observing AF =0 
transitions between states that have m,,=m._, and 
M2, = m,., where + and — denote the F=/+1/2 states 
and 1 and 2 the higher- and lower-energy states. From Taste VIII, Measurements of Ay. 

(9), we have pene —— 


APPENDIX B. EXPERIMENTAL DATA 


The results of the individual runs are given in Tables 
VIII to XIII. 








+1 Zeeman 9725.916 9722,150 1,890 9742,021 

+1 Zeeman 9725.914 9722147 1.893 9724.019 a,b 
+1 Zeeman 9725.526 9722.532 1.494 9724.022 
t 
+ 


Av 4m, x 4 Mc/sec Me/eec Mc/sec seithes Notes 
Vs* gimoll +— | (1+ : +#) 135 2 
2 21+1 


1 Zeeman  9725.502 9722.518 1.460 9724003 c 
4my,% 4 1 Zeeman  9727.314 9720.806 3.260  9724.026 
ofl {4-9 0-0 9724.087 9724.017 2.792 9724.026 
; ’ +1 Zeeman 10118632 10112.493 3.071 10 115.534 
2/+1 ti Zeeman 10118.798 10112.308 3.240 10115.521 
0-0 10 115.578 10115.519 2.712 10115.526 
5 Zeeman 10 458.317 3.026 10473.412 
~1 Zeeman 10 470.562 3.026 10473.553 
jae | 10 473.659 2.829 10 473.628 
re be 10 473.655 2.829 10 473.624 


* Full resonance curve obtained. 

» Calculation using Eq. (24)—otherwise (26) and (27) are used, 

¢ The value of He could not be well determined in this run. 

4 This first measurement was not made with optimum rf power and the 
field was determined from the average of », in two adjacent rf loops. 


TABLE IX. g'*/g'*™—line method. 


Time (min) v,(Mc/sec) v.(Mc/sec) 2e1uoll (Mc/sec) v4 (Mc/sec) v_(Mc/sec) 2g1uoH (Mc/sec) 
1236.5047 


1246,2647 1236.5077* 9.7570 
1236.5085 


1307.8632 
1318.1850* 1307 .8632* 10.3218 
1318,.1843 
1236.5123 

1246.2642 1236.5134* 

1246.2632 

1246 2630* 1236.5157 
1318.1747 
1318.1731* 1307.8625 10.3106 

g'3®/g'% = 1.058204-0.00010 


* Linear time extrapolation. 


TABLE X. g'**/g'*®—doublet method. 


Total 2eruoll Standard 2etuoll Standard 
time Ca™ No. of deviation Cai No. of deviation Standard 
min Mc/sec meas. ke/sec Mc/sec meas. ke/sec gilts /giss deviation Remarks 


100 10.4892 6 ? 
oO 10,4776 & . 
180 10.6704 x } 
190 10.6997 32 ‘ 
140 10.7204 28 . 


5 9.9114 8 105830 0.00027. —~ Runs 1-3 low 

9 9.9010 s , 1.05824 0.00022 abundance 

3 10.0824 11 1.05832 0.00026 samples 
1 
1 


10,1113 25 . 1.05820 0.00013 
10.1318 22 1.05810 0.00017 
Weighted average of all 6 runs 1.05820 0.00008 





Total 
time 
min 


230 
126 
80 


gruel 
Cgi37 


Mc/sec 


10.9758 


11.2558 
10.7774 


2g1u0oH 
Cet? 
Mc/sec 


10.8505 
10.7864 
10.7487 


2eg1u0Hl 
CgiM 

Mc/sec 
9.6482 
9.4173 
9.5720 


hfs 


No. of 


meas. 


16 
18 
14 


No. of 
meas, 


29 
12 
54 


ANOMALIES OF Cs! 


Standard 
deviation 


ke/sec 


5 
7 
7 


1. 
2 
2. 


Standard 
deviation 
c/ sec 
1 
0.8 
1 


Standard 
deviation 
ke/sec 


2.6 
3.9 
1.6 


TABLE XI. g'*7/g"8 data. 


Standard 


2e1uoH 
deviation 


Cgitt No. of 
Mc/sec meas, 


9.9741 
10.2305 
9.7940 
Weighted average 


TABLE XII. g'#7/g'*5 data, 


2g1u0oH Standard 
Cai No. of deviation 
Mc/sec meas. ke / sec 


10.4334 19 0.9 
10.3690 12 0.8 
10.3345 43 0.9 

Weighted average 


TABLE XIII. g/g" data, 


2ermoH Standard 
Cagis 


8 No, of deviation 
Mc/sec meas ke /sec 


9.5106 16 1.2 
9.2856 9 1.4 
9.4360 8 0.8 

Weighted average 


gi’ gi3 


1.10043 
1.10022 
1.10041 
1.10037 


git) /gis 


1.03998 
1.04008 
1.04008 
1.04005 


gi/giss 


1.01447 
1.01418" 
1.01441" 
1.01447 


* Too few measurements to calculate a standard deviation. These results are given only for completeness, 


Standard 
deviation 


0.00019 
0.00029 
0.00033 
0.00015 


Standard 
deviation 
0.00014 
0.00011 
0.00013 
0.00008 


Standard 
deviation 


0.00029 


0.00029 


Remarks 


Optimum 
field run 


Remarks 


Nonlinear 
field drift 
runs 1, 2 


Remarks 


Lower in 
tensity runs 
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Statistical Theory of Many-Electron Systems. General Considerations 
Pertaining to the Thomas-Fermi Theory* 


Sipney GOLDEN 
Department of Chemistry, Brandeis University, Waltham, Massachusetts 
(Received July 18, 1956) 


The density matrix for a many-electron system has been ex 
amined with a view toward extending the statistical theory of 
Thomas and Fermi. The single-particle density matrix is expanded 
in terms of a power series in h, according to a procedure developed 
here for operators consisting of a series of powers of the classical 
Hamiltonian, the zeroth-order terms corresponding to the Thomas- 
Fermi theory, Second-order terms in the expansion are identifiable 
in the expression for the energy: they correspond to exchange 
energy, the Weizsicker inhomogeneity correction for the kinetic 
energy and, possibly, correlation energy. Their presence follows 
from the expansion procedure, rather than from an a priori 
insertion into the theory. 

While the development here has been concerned mainly with 
the single-particle density function at the absolute zero of tem- 


1, INTRODUCTION 


S long as exact solutions of a many-body problem 
are difficult to obtain, there can be some value in 
having available theories which readily yield solutions 
which are adequate approximations to the solutions of 
a more comprehensive, exact theory. Thus, the statis- 
tical theory due to Thomas' and Fermi,’ together with 
the modifications and extensions which have been 
developed for it,’ furnishes solutions which are fre- 
quently quite adequate as approximations to the elec- 
tron density and the field in spherically symmetric 
atoms; these solutions are obtained with considerably 
less effort than is required for many other kinds of 
approximations to the exact many-body problem, 
The purpose of the present paper is to examine a 
formulation of the statistical theory which incorporates 
the “density-matrix” of von Neumann‘ and Dirac’ and 
in which the Thomas-Fermi theory is contained as an 
approximation. Previous investigations’ have estab- 
lished the relationship between the Thomas-Fermi 
theory and the more general statistical theory. However, 
the results obtained do not lend themselves readily to 
extension. Moreover, considerable improvement in the 
Thomas-Fermi-Dirac theory appears to be essential’ 


° Soupeet, in part, by the Office of Naval Research 


'L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927). 

* FE. Fermi, Z. Physik 48, 73 (1928). 

3 See, for example, P. Gombas, Die Statistische Theorie des Atoms 
und Ihre Anwendungen (Springer-Verlag Vienna, 1949) where 
extensive references are to be found. 

‘See, for example, J. von Neumann, Mathematische Grundlagen 
der Quantenmechanik (Dover Publications, New York, 1943); 
», 157 ff. 

* See, for example, P. A. M. Dirac, The Principles of Quantum 
Mechanics (Oxford University Press, London, 1947), pp, 130-135. 

* See, for example, P. A. M. Dirac, Proc. Cambridge Phil. Soc. 
26, 376 (1930); W. R. Theis, Z. Physik 142, 503 (1955); see also 
reference 3, See, also, N. H. March and J. S. Plaskett, Proc. Roy. 
Soc, (London) A235, 419 (1956). 

7 See, for example, J. W. Sheldon, Phys. Rev. 99, 1291 (1955) 
See, also, W. Kolos, Phys. Rev. 102, 1052 (1956). 


perature, the procedure has been developed in sufficiently general 
terms to permit an evaluation to be made of the many-electron 
density matrix as a function of temperature. 

The results which have been obtained have been utilized to 
modify the theory of Fermi and Amaldi which has then been 
applied to the following atomic states: H (#5), He (45), He (8S), 
C*t (1S), O (4S). The disparity between the calculated energy 
for He (8S) and the observed value is less than 6%, while 
for the remaining cases the disparity does not exceed 2.5%. The 
radial densities obtained correspond roughly to available quantum 
densities; they fail, however, to indicate any “shell-structure”’ 
nor to display the expected behavior for distances very close to, 
or very far from the atomic nucleus. 


before it can be expected to yield realistic results which 
can be applied to molecular systems. The present for- 
mulation aims to facilitate the extension of the original 
Thomas-Fermi theory so that its applicability may be 
less restricted. 

Briefly, the procedure followed here employs the 
diagonal elements of the single-particle density matrix 
for a canonical ensemble of systems which satisfy 
Fermi-Dirac statistics.* The limiting case of vanishing 
temperature is taken to correspond to the ground state 
of the ensemble. Since the elements of the density 
matrix are independent of a change in the basis of 
representation, no loss of generality ensues with the 
utilization of a free particle basis. In terms of this 
basis, the approximate evaluation of the density matrix 
is facilitated. The procedure which is employed takes 
advantage of the fact that the statistical weights which 
occur in the density matrix for a canonical ensemble 
depend only upon the single-particle Hamiltonian. 
These weights are expressible as a series of products of 
functions of position alone and functions of momentum 
alone in an order which facilitates their evaluation in a 
free particle basis of representation. The development 
which is employed is considered in Sec. 2; because of 
possible other applications, the development is some- 
what more general than is required for immediate 
purposes. An approximate expression for the density 
matrix which pertains to a statistical theory of many- 
electron systems is considered in Sec. 3. In Sec. 4, an 
expression for the Helmholtz free-energy function, as 
well as the energy, is given for such systems. In Sec. 5, 
the application to spherically symmetric atoms is con- 
sidered, the numerical results for several atoms being 
presented in Sec. 6. These results are discussed in Sec. 7. 


* See, for example, K. Husimi, Proc. Phys-Math. Soc. Japan 
22, 264 (1940). 
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2. DERIVATION OF QUANTUM CORRECTIONS 


The need arises occasionally for obtaining certain 
quantum expressions of theoretical interest in a form 
which emphasizes their classical counterparts. As an 
illustration, perhaps foremost among such expressions 
is the quantum-mechanical partition function” and 
related statistical mechanical quantities. The present 
section relates to the derivation of quantum expressions 
in the form to which reference has been made when the 
quantum-mechanical expression is a function of the 
Hamiltonian operator alone. 

Consider an operator which is, itself, a function of 
the classical Hamiltonian operator for a system con- 
sisting of N particles. Such a function of an operator 
generally is accorded meaning in terms of a power series 
expansion. Thus 


w (n)( 
/(H) x? OH), 


n= mn! 


(2.1) 


where the Hamiltonian is 


vn | 
H=T+V, T=-#?> 


j=l 2m; 


Vf, 


Vj;=10/dx;+0/dy;+ fkd/dz;, V=V(n,-: 
_ tajyt+ jyjt ke, 


' In), 


xj, yj, 2; being the Cartesian coordinates of the jth 
particle, 7, 7, b being unit vectors in the direction of the 
space-fixed Cartesian axes, and /{‘")(0) being the nth 
derivative of the ordinary function f(x), evaluated at 
the origin. Subject to the restriction that only those 
functions of the Hamiltonian operator (as defined) will 
be considered which admit of the expansion (2.1), it 
will be sufficient to develop the theory in mind for some 
arbitrary power of the Hamiltonian H". 
Accordingly, consider 


n-l 
H=(T+V)"=T*+¥ Te VTi+--- 


j=0 


J+k=n—2 
+ LD TeerevTyte+... +e, 


jkowmd 


(2.2) 


This expression is completely unambiguous as regards 
the order of T and V in the several products. When, 
however, the corresponding classical expression is con- 


9 E. Wigner, Phys. Rev. 40, 749 (1932); see also G. E. Uhlenbeck 
and L. Gropper, Phys. Rev. 41, 79 (1932). 

2 J. G. Kirkwood, Phys. Rev. 44, 31 (1933). 

J, E. Mayer and W. Band, J. Chem. Phys. 15, 141 (1947). 

2 J. de Boer, Repts. Progr. Phys. 12, 305 (1948). 

8H. S, Green, J. Chem. Phys. 19, 959 (1951). 

4M. L. Goldberger and E. N. Adams I, J. Chem. Phys. 20, 
240 (1952). 

‘6T. Oppenheim, National Bureau of Standards Report 3756 
(unpublished). 

16 G, V. Chester, Phys. Rev. 93, 606 (1954). 

17S, T. Butler and M, H. Friedman, Phys. Rev. 98, 287 (1955). 
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templated an ambiguity is immediately apparent, any 
permutation of T and V in Eq. (2.2) then giving the 
same result as any other permutation. The classical 
expression corresponding to Eq. (2.2) is to be regarded 
as degenerate. While this degeneracy offers no difficulty 
in effecting a transcription of the quantum expression 
into the corresponding classical one, the process cannot 
be so simply effected in the reverse order. 

However, it may be noted that the unambiguous 
representation of Eq. (2.2) is connected with its ex- 
pression in terms of kinetic energy and potential energy 
operators T and V. When expressed in terms of the 
potential energy and momenta operators V and P, 
[=(h/i)V¥;], Eq. (2.2) becomes capable of several 
equivalent representations. With the attending intro- 
duction of degeneracy of representation for an arbitrary 
power of the Hamiltonian, it becomes feasible to select 
a representation which lends itself readily to expression 
in a form in which an emphasis of the corresponding 
classical quantity is made. While it is not the only one 
which can be so employed, the representation in which 
products of potential energy and momenta operators 
appear always with the former (or derivatives thereof) 
on the left will be adopted here.'* 

To illustrate the form which is then assumed by such 
operators as given by Eq. (2.2), it will be sufficient to 
consider the square of the Hamiltonian: 


H?= (T+V)?=T?+-TV+VT+V?, 


N 
TP+VTEVES 


rl 2m; 


P?V, 


Ny 1 
T?+VT+V!+V > P/ 


im 2m; 


N Wh v fh 
- ViV-V; 2, 


i=l Mm; imt 2m; 


V/V, 


Nh v ft 
=T?+2VT+V?+5> —V,V-Pj-L 


i=l ms i=l 2m; 


VPV. (2.3) 


This can be written as 


h N | P; 
HW H.? $ > VV: DZ7H 2 | 
2i j= | m; 


Wn | 
> —-V/V{ D/H}, 


4 inl m; 


(2.4) 


'8Tn this respect, the present section bears some resemblance 
to a paper by McCoy dealing with the construction of quantum 
mechanical operators from classical expressions. See N. H 
McCoy, Proc. Natl. Acad. Sci. U. S. 18, 674 (1932); see also J. FE 
Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1948). 





SIDNEY GOLDEN 


m| 
DH." = — I . 


(m—n)! 


nh 


(2.5) 


(m—n)! 


mn 


He” y~-"*Tr (2.6) 


‘= (m—n—k) tk! 


The form of Eq. (2.4), together with the results obtained 
by Mayer and Band," suggests a general expression of 
the form 


» wN 
Hrs DL! Ou? (DA HoRi a}, 


ke-Q jml 


(2.7) 


the sum over i extending over all necessary values. 
Ov.” and R,x are (possibly vector) functions of 
position and momentum alone, respectively. An alter- 
nate representation may be obtained in terms of a series 
in powers of (h/1): 


o (h\* N 
Hr=3( ) De Sa, (Dei HoWe, }, (2.8) 
i 


km \4 L=1 


the sum over j extending over all necessary values. 
Sei and Wy; are (possibly vector) functions of 
position and momentum alone, respectively. To derive 
the equations which determine the Q’s, R’s, S’s, and 
W’s, it will be convenient to emply a notation which 
has been used previously.":* Let 

(2.9) 


r=(151,8,°++,tw |, 


P= [ (m/m,)'P,,--+,(m/my)'Py ], (2.10) 


V [(m ‘m,)'V,,-++,(m/mwy)'V y l, (2.11) 


m,; being the mass of the jth particle, while m is an 
arbitrary mass. Scalar products will henceforth include 
a summation over particles as well as spatial com- 


ponents, e.g., 
4 
) ry P,. 


In these 3N-dimensional terms, Eq. (2.7) can be written 
as 


H" => Oy: (Det s"R,}, 


k=O) 


(2.12) 


while Eq. (2.8) can be written as 


h 
ai z(; yx >’ Sei (DeiHo"W, j}. (2.13) 


km \4 


A. Series in Orders of Derivatives 


To obtain equations which will determine the terms 
of Eq. (2.12) note that (with P= (4/1)¥) 


H+! = (T+V)H", 


i! . 
—— (—)v. vc Orn: {D-*H+"R,} | 


m 


+VEE On {Do*H+"Ry} ), 
m »» Qu: { Do! Ho"Ry} JT + vis: Qe: {De*H-"Ry) | 


AX « 
+ (—)e On: {VV De He"P) Ry 
m1 


k= 


+ VO: {D.*H+"R,}P ] 
k=O 


W\ 
ane (—)cs VO; . {Ds*H-"Ry} 


2m 


+2 > VOx: {AVD.*"H."R,} 
k=O 


+E On (VVD-HHOR, 
k=) 


+VV-VVD-F#Hs"R,}]. (2.14) 


Inasmuch as 


Hr = EO: {Det H.™R,}, 


and 
(n+1)! 
DH. = —_—__—_—_H]."*"-+ 
(n+1—k)! 


(n+1)! 
— ae *T+VH."-*], 
 @ri-d 


(2.15) 


substitution of the results into Eq. (2.14) and com- 


bining terms yields 


0= TL(R+1) Ors 1 (Dk Ho"Reyr} 
=—_() 


k 


+(ih/m) (On. (VV + Det Ho"P} Ry, 

4-VOp: (De! 2"R,} P) + (H2/2m) 

X (V9Og: {DoH o"Ry)} +200 u-1: {VV Dot" Ry_1) 
+Op-a {VV DoH o"Ry 1} 


+ Ono: {VV-VVDstHs"Ry2}) J. (2.16) 


Since Eq. (2.16) is to hold for any power of H, and 
thus all m, it must follow that each square-bracketed 
term vanishes identically. 

According to Eq. (2.12), Qo-Ro=1, while Oy: R,=0, 
k<0. This is sufficient to determine all the Q,- Rx. 
Thus, taking k=0 gives immediately Q:-Ri:=0. With 
this result, taking k=1, 


Oz Ro= (h/2mi)VV -P—(h?/4m)V?V, (2.17) 
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in agreement with Eq. (2.4). It should be noted that 
the quantity D.’H." has been suppressed here and 
when necessary to yield an expression such as Eq. (2.12) 
it is to be inserted in such a way that functions of 
position alone appear always to the left of functions of 
momentum alone. By further substitution, one readily 
obtains, for instance, 


Os: R3= — (h?/6m*)(VVV:PP+mVV-VV) 

+ (th®/6m?)V(V-VV)-P 

+ (h*/24m?)(V-V)?V; 

Ou: Ra= — (h?/8m2)0V (VV -PyP 
+ (ih®/24m')VVV V : PPP+- (ih*/24m?) 
x (3VV{VV-P}+5VVV:VVP) 
~ (h8/16m)V0(V2V) : PP— (h#/16m?) 
x (VV -O{PV}+4( VV +404 0V-VV}) 
— (ih5/32m)V{(0-V)2V}-P 

— (h*/192m3)(0-V)5V. 


(2.18) 


(2.19) 


Higher order terms are obtainable by further substi- 
tution. The similarity of these expressions with those 
obtained by Mayer and Band" is to be noted. 


B. Series in Powers of (h/i) 
Since 
H**!= (T+ V)H", 


substitution of Eq. (2.13) yields, after some manipula- 
tion, 


> (h/i)* DY’ jSu, 5: (De HOW, 3} 


kom) ? 


1 - h k+2 
: = (-) V?2(S2! Sp, {Ds "W,, j}) 


2m ko \t 


1 oe h k+l 
pock (-) V(S! Sp, 5 {DoH "Wi, 3})-P. (2.20) 


mk=d \4 


Assuming that (h/i) can be treated as a continuously 
variable parameter and equating, as a consequence, 
coefficients of the same power of (h/i), one obtains 


Ty! jSe i: (DOH W,, i 
1 ' 
=—Y'(VS i: (D/H W217} 

mf 

+See (VV Dd He"P} Wis, 7) 
1 = 

+— $'(V*S,. 29° {De He"W, 2} 
2m o 

+2VS;, 2g{VVDeO HW, 2,9) 

+Si-2.9° (VV DoH o"W 4-2. 


+0V-VVDeHHe"W2,9)). (2.21) 
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Inasmuch as Eq. (2.21) must hold for all m, it must be 
satisfied identically. Moreover, since the classical result 
must follow in the limit that A vanishes, the value of 
the terms for k=0 must be unity. Accordingly, no loss 
of generality follows from taking the only nonvanishing 
terms to be 


So,o'Wo,o= 1. 
For k=1, one then obtains 
di 981, 5: {De He"W,, 5} 
whence j7=2 and 


Y Si j: {Dei ™W,, 3} = (1/2m)VV {De -"P). (2.23) 


(1/m)VV-{DsH-"P}, 


For k= 2, one may obtain 


dy So, 5:{DeiHe"Ws, j) 
= (1/4m) VV { D2") + (1/6m)00V : (De He*PP} 
+ (1/6m)VV-VV{( DH") 


+ (1/8m")VV-{VVD4H"PYP, (2.24) 


while for k= 3, 


D7 S35: (DH e"W,, 5} 
(1/6m*)V(V?°V)-{D!H."P} 
+ (1/24m®)VVVV : (DeH."PPP} 
+ (1/8m)V?VVV-{DAHe"P) 
+ (5/48m*)V(VV-VV)-{ Det e"P} 
+(1/12m®)VUV:{VV-D.H."P) PP 
+-(1/12m")(VV-VV)VV-{D.H."P} 


+(1/48m')OV {VV (VV «Del e"P)PYP. (2.25) 


The coefficients of larger powers of (h/i) are obtainable 
by further substitution of these and subsequent results. 

Kither of the two forms which has been developed 
enables one readily to construct operators for functions 
of the Hamiltonian operator in a form which emphasizes 
their classical counterparts. Thus, the operator so 
obtained may be applied to 3N-dimensional momentum 
eigenfunctions in which case the latter are then simply 
multiplied by the appropriate function of (classical) 
position and conjugate momentum variables, In par- 
ticular, the operator D+* then becomes 0*/dH,\*, He 
being the classical Hamiltonian. In addition to functions 
of the Hamiltonian there appear terms which can be 
regarded as essentially quantum-mechanical contri- 
butions. 


3. CONSTRUCTION OF THE SINGLE-PARTICLE 
DENSITY MATRIX 


In the most general terms, the density matrix (repre- 
sentative) for a statistical ensemble of systems is given 
by” 


Don Wan® (x n(x), (3.1) 


” For simplicity, a formalism appropriate to a discrete spectrum 
of eigenvalues is employed. 


p(x’ ,x) 
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where x stands for the set of generalized coordinates of 
the system, y, is a number of a complete set of ortho- 
normal functions, and the w, are suitably normalized 
statistical weights. In the particular case of the single- 
particle density matrix for a canonical ensemble of 
systems of noninteracting identical particles, the ¥, 
become single-particle functions, while the weights 
depend upon the single-particle Hamiltonian. In terms 
of interacting particles, the approximation is frequently 
made that the particles move in an effective, or average, 
field of one another; thus, it becomes possible to asso- 
ciate with each of the particles a single-particle Hamil- 
tonian, the potential energy of which is to be evaluated 
in some self-consistent way. This will be assumed here. 

When the particles satisfy Fermi-Dirac statistics, and 
when the density matrix is expressed in terms of the 
eigenfunctions of the single-particle Hamiltonian, the 
single-particle statistical weights for a canonical en- 
semble are” 


1 


; (3.2) 
1+expl(2,+£)/kT ] 


Wr 


where E,, is the nth energy value of a single particle, 
¢ is the negative chemical potential per particle, & is 
Boltzmann’s constant, and T here is the absolute tem- 
perature. The weights are normalized here to 


os 7 y 

La Wn N, 
where N is the number of particles being considered. 
Taking advantage of the invariance of the density 
matrix to a change in the basis of representation, one 
can obtain in terms of an arbitrary basis, ¥,(x), 


(3.3) 


1 
1texp[(H+f)/kT] 


p(x’,x) => p,*(x’) n(x), (3.4) 


H being the effective single-particle Hamiltonian which 
operates upon y,(x). It remains, now, to apply the 
results of the previous section to effect an approximate 
evaluation of Eq. (3.4). 

For this purpose, no loss of generality ensues upon 
taking the y,,(«) to be eigenfunctions of the momentum 
of a single particle. Then since 


Py ,.(x) - PiWn(x), 


one obtains, using Eq. (2.12), 


(3.5) 


¥n() 
1+exp[(H4 paell 


v or R, 
v.(x)>- 0-| - , (3.6) 
k~O OH," 1 +expl (77, +-¢) ‘RT | 


with H,=(1/2m)P,24+-V(x), and the various Q,-R, 
are evaluated in terms of the eigenvalues of momentum, 


# See, for example, reference 8. 
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P,. A similar expression may be realized from Eq. 
(2.13). For the present purposes only an approximate 
evaluation of Eq. (3.4) will be given. Terms up to and 
including h? shall be retained.” Then 


1 
{_ cane ——Hya() 
1+exp[ (H+ ¢)/kT] 


h h? id 
svata)|1+(- vv-P.-—vrV ) _ 
2mi 4m OH 


he h? a 
-( -(Pa-¥)'V+—0V-0V )— 


6m? 6m OH ,} 


h? o 1 
Tee | 
Rm? 0H.) \1+expl(Hn+f)/kT ] 3.7) 


The diagonal elements of the single-particle density 
matrix are of particular interest and only they will be 
evaluated here. In the interest of brevity the procedure 
to be employed will be sketched": with no loss of 
generality, the eigenfunctions of momentum, ¥, may 
be taken to be plane waves which are normalized in a 
large cubic box; they may also be assumed to take on 
periodic boundary conditions. Thus one takes 


P,.= (in, + jn,+kn,)h/V', (3.8) 


where nz, Ny, m, are integers and V is the volume of the 
container. The sum in Eq. (3.4) is evaluated by summing 
over the triples (”,,n,,,). This has the effect, for large 
volume, of replacing the summation by an integration 
over the classical components of momentum. Thus Eq. 
(3.4) becomes, upon substitution of Eq. (3.7), 


1 h a 
p(f,r) =— ferlr+( )ovp 
h' 2mi a) Fh 


“o 


93 


h? O° 2 C 
(2£)(s0r 22 0-0pr 
12m OH? m or 


3 3 o* 
+—(P-Vv)}— ) | 
OH® 2m oH 


+20V-VV 


1 
” |. } (3.9) 
1+exp[(H+£)/kT ] 
with 
H = (1/2m)P-P+ V(r) dP=dPAPAP,,. 


and 
In spherical polar coordinates, the evaluation of Eq. 
(3.9) is simplified : 

* Further examination reveals that third-order terms ultimately 


vanish, so that the development may be regarded as including 
these. 
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4r 7” h? 1 (i 
psf dp P* 1-(—)(-rv— 
Jo 2m 2 ol? 


1 Af 
+—P(V'V)—+-0V-0V 
9m Ole 3 


(ih 
OP 
1 a 1 
+—P*(VV-VV)— ){- —_____—_———-}. 
12m oH* 1+expl(H+¢)/kT )} 
(3.10) 


Calling p?/2m= x, and carrying out several integrations 
by parts, one obtains 


2n(2m)! r® h? o? 
p=- f dx f— (2 
hi 0 24m Ox? 


0 1 
+0V-VV— )|| - } 
dxt 1+expl(x+V+)/kT ] 


With n= —(V(r)+¢)/kT, the previous equation can be 
expressed in terms of functions introduced by 
McDougall and Stoner.”” Then 


2n(2m)! 
p= —— LRT) MF (n) — (82/12) (RT) WV Fy" (a) 


+ (h?/24m) (kT) VV «OV Fy’ (n) J, 


w ak 
F,(n) =f dx 
0 1+exp(x—n) 


Because of the way in which it has been derived, Eq. 
(3.12) is undoubtedly of limited validity. This is em- 
phasized in the possibility that it can assume negative 
values, a circumstance which a precise evaluation of the 
density matrix would disclose as being impossible.™ 
Nevertheless, Eq. (3.12) will be utilized here and, in 
order to eliminate the awkwardness mentioned, it will 
be restricted to those values of the potential, gradients 
of the potential, etc., which assure its being non- 
negative. 

In concluding this section, it may be noted that ¢ 
is determined by a normalization condition: if NV is the 
total number of electrons, then 


f dtp N, 


i space 


(3.12) 
with 


it thus being necessary that V(r) be known. 
4. ENERGY 


It proves convenient to consider first the Helmholtz 
free-energy function for a system of N electrons. In 


22 J. McDougall and E. C. Stoner, Trans. Roy. Soc, (London) 
237, 67 (1938). 

% See J. S. Plaskett, Proc. Phys. Soc. (London) A66, 178 (1953) 
who avoids this difficulty and yet employs a series expansion in 
powers of A. 


THEORY OF MANY 


ELECTRON SYSTEMS 609 


terms of the present notation it may be expressed as 


N fy 
P -f dN Newt f Ndg, (4.1) 


fo, ¢w referring to zero particles and N particles, re- 
spectively ; the integration is to be understood as being 
carried out at constant temperature and volume, 
Introducing Eq. (3.14), one obtains 


tw 
contin atin 
fo 


the integration over the spatial coordinates extending 
over those values of the density for which 


(4.2) 


p(r,¢) 20. (4.3) 
This condition implies that the (rf) space may be 
expected to be limited in extent; accordingly, caution 
must be exercised if the order of integration is inverted. 
To the extent that Eq. (3.12) is an adequate approxi- 
mation to the density, and with 

p(4f+)=0, (4.4) 


the Helmholtz free-energy function may be written as” 


2m (2m)*? Fw 
far! 4(kT)®2F 5/o(n) 
hs P 


Sy 
_ (24m) (KEV Fyn } 
{+ 


|S tw 
LV -[Fj'(n)VV]| - 2f dy 


fe fe 
OV ty OV 

xv [avino( ) | -f ar fae p. (4.5) 
ar J 3S J; ar 


Now, the last integral vanishes for a fixed potential 
energy function. However, when such is not the case 
and particularly when V is to be determined by some 
self-consistent method or another, the integral can be 
written as 


ty av 
f ag far p 
fo Of 
Sy Sy OV Op 
sf anv) Hf as f ar( p-V ) (4.6) 
\fe to or ile 


The evaluation of the last integral requires an explicit 
statement regarding the self-consistent method of 
evaluating V. In anticipation of the subsequent develop 
ment, V will be assumed to satisfy a modified Poisson’s 

* One may note that the spatial boundaries, r,, are determined 
by an equation similar to Eq. (4.4): p(r,,0~)=0. As a consequence 
the integrand in Eq. (4.5) vanishes at these boundaries. This 
procedure is quite similar to that used by March and Plaskett, 
reference 6. 
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equation. Following Fermi and Amaldi* the self- 


interaction of an electron is eliminated, giving [noting 
that the potential U= — (1/«)V ] 


N-1 
VV =—4re(— Jo N21. 


4 


(4.7) 


When this equation is used, Eq. (4.6) must be modified 


slightly. Thus, if one takes 
| Fw No N-1 | Fw 
i f arVe) 4 lim ( ) fel - Vp) . 
fe Noon No- 1 N fe 
(4.8) 


with the understanding that derivatives which involve 
N are to be carried out before taking the limit, then 
Eq. (4.6) becomes 


tw OV fw 1 
f as far p= i fave) —- 
fo or te S&rée 
tw N OV OV 
ef) fo |(Epv-r2) 
fo N-1 or ot 


(4.9) 


where the meaning of Eq. (4.8) is implied for the 
second integral. The evaluation of the last integral 
hinges upon the boundary values assigned to the poten- 
tial. With no great loss of generality, it will be assumed 
that V possesses several poles (such as might be intro- 
duced by several nuclei, about which the electrons 
move); the potential energy of an electron with refer- 
ence to these poles will be designated as Vo. On the 
boundary which is in the immediate vicinity of these 
poles, it will be assumed that 


VVv=VVo (4.10) 


for all values of ¢ (and NV); on all other boundaries V 
will be assumed to be harmonic, although dependent 
upon ¢ (and NV). Then, define 


itw 
bf arve 
te 
No N-1 tw 
== } lim ( ) far ove ’ 
NoN\ NN —1 N lre 
by N 0/N-1 
wtf afar te) 
fo N-1 or N 
1 ty N OV 
eee ix( ) fecver( ), 
Bre St N-1 or 


*% FE. Fermi and E. Amaldi, Mem. accad. Italia 6, 117 (1934). 
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1 by N 
Ef Ge 
8ré Jr, N-1 
OV OV 
xv.| var(—)-(—)vo], (4.11) 
or og 


since V?Vo=0. Now, comparing Eqs. (4.9) and (4.11), 
and noting that no contribution comes from those 
boundaries where V and @V/0f¢ are harmonic, one 
obtains finally. 


i ax f dep = 4 f dr[(Vp)—(V)] 


With this expression and Eq. (3.12), the Helmholtz 
free-energy function is 


tw 
. (4.12) 
fe 


2a (2m)#/2 
P+ —Ntw-3 f d(V—Vop— _— 


3 


tw he 
(fm 
{* 24m 


Sw 
x | [VV y(n) +9 - (Fy (n)V v)J) 
f 


wy AV 
-2 i) : av [evevv(--)]} (4.13) 


The energy of the system is obtainable from Eq. 
(4.13); if the relation 


x fal aen °F y/2(n) 


(F/T) 
oT 


E= mee mh 


is utilized, one obtains an expression which involves the 
temperature derivative of the potential energy of an 
electron at the boundaries. If the latter can be regarded 
as negligibly small, for sufficiently low temperatures 
one may obtain ultimately 


2e(2m)*2 tw 


Ex} J dr(V+Vo)p+ ' f ar} (AT) °F y2(n) 


h* fe 


h? 
a ( : ) un (VV Fy (n)—3V-LF y(n) VV) 


48m fe 


Sy OV 
+4f dt vfavonr( -) |] (4.14) 
te or 


The previous expressions can be simplified somewhat 
by expressing the second integral of Eq. (4.14) in dif- 
ferent terms. After some considerable manipulation, one 
may obtain 
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2a(2m)?* 
= (aT) f dry “| 


“ Se 
| fa fav aa Paaln)e 


h? 
- (— -) (ery\(2(4-VR/)VV- (VV -VFy)r 
48m 


Sw h? ty 
“ (. -) (ery faery oneev , 

\f* 48m fe 
(4.15) 


where the quantities r;, V,; refer to the position and 
gradients with respect to the position respectively, of 
the poles of V».2* Now, the last three equations may be 
combined to give 


+Fy/V v)| | 


3F+4E= —3tw+3 f drVan— f arp > i(r4-ViVo) 


2m (2m)*!? h? “ 
Pes Mam) f de! ( -) any covey) 
hs \\12m 


fe 


fw 
a de -Cey (a) ¥(0V/98))] 


te 
h? 
+[v- [ae7)9"Pya(a)e—( ~~ Jar 
24m 


(2(r- VF y)0V —(0V- VF y)r—8F ;'( ev} || ‘}: 
(4.16) 


For T=0, F = E and the previous expression, apart from 
the boundary terms and terms of distinctly quantum- 
mechanical origin, reduces to a familiar expression.” 
It should be remarked that the equations of this 
section and the preceding one refer to a system of 
spinless electrons. Modification is effected simply for 
electrons in certain cases where the Hamiltonian is 
spin-independent. Then there is a set of equations like 
those preceding for each spin-state. If a, 8 refer to 
different spin-states of an electron, then one would 
expect to satisfy equations of the following sort: 


N.-1 
vV.= tne oot iz mm), 


fato0=No 


% See, for example, R. J. Duffin, Phys. Rev. 47, 421 (1935). 
27 See reference 3, p. 62. 
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with an analogous pair of equations in which 6 replaces 
a end vice versa. When N, or Ng vanishes, the previous 
case obtains; when N, equals Ng, no genuine distinction 
in the equations seems possible, so that by virtue of 
the pen symmetry it seems reasonable to conclude 
that V.= Vg, as functions of position. In this case, it 
suffices to multiply the spinless density matrix by a 
factor of two (which simply amounts to a summing of 
the density matrix over all spin states) and to carry 
over this factor appropriately in expressions for the 
energy. Cases which are intermediate between those 
mentioned are considerably more complicated and will 
not be considered at this time. 


5. QUANTUM-CORRECTED THOMAS-FERMI-AMALDI 
THEORY 

To illustrate the application of the previous develop- 

ment, several spherically symmetric atoms will be 

considered. To facilitate their consideration, let Ze be 

the nuclear charge, N the total number of electrons, 


V=—e0, U=(Ze/r)o(r), r= (Ze/b)y, 
= (324rmZ*&/th’) =16Rz/t, 
Rz being Rydberg’s constant for an hydrogenlike atom 
with indicated nuclear charge; then, with the under- 


standing that V satisfies Eq. (4.17) and T-0, Eq. 
(3.12) becomes 


“(72) GaS) 


(p— ydo/dy)? 
8By'[ (p 


| 


[(N—1)/N]76 ‘ 
24nZ[(p—y)/y]}J 


y)/y? 
(5.1) 


| 
| 
| 


where r=1 or 2, as discussed in the previous section. 
Equation (4.17) becomes 


1 d*p Zé\'/N-1 
. NZ 


y dy’ 
subject to the boundary conditions: 


(5.2) 


o—y(dp/dy)=1 
=1—[(N—1)/Z], 
do/dy=0 


y= V1 
y=y2, (5.3) 
y= ¥2. 
Here, y; and y, represent the interior and exterior values 
respectively for which p vanishes. 

Equation (5.2) has the formal] solution: 


Zé N-1 
= a ) (Ss ML dyy*p+ 


with the understanding that p=0, y <1, y2 yx. Equa- 


fo f 
(5.4) 
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Tassie I. A summary of the parameters obtained for various 
spherically symmetric atoms, using the modified Fermi-Amaldi 
theory. 


Atom State ZN ” yn B 


H Ss 0.0035387 0.83902 5.9751 
He 0.0011471 0.41222 10.5872 
He 0.0007 277 042510 13.2273 
Cr : 0,0007277 0.42510 13,2273 
0 Ss 0),0000526 0.10528 49.1727 


Tape IL. A comparison of the total electronic binding energies 
of various ileal symmetric atoms calculated by the Thomas 
Fermi theory, the present modified Fermi-Amaldi theory, and 
observed values. 


Energy, 
obs.” 
0.500 
2.904 
2.175 
36.55 
74.96 


Energy, 
Eq. (5.5) 
0.501 
2.974 
2.048 
37.05 
73.28 


Energy, 
State T-F* 


(0.484) 
3.875 
(2.439) 
50.30 
98.43 


Atom 


H 4§ 
He 1S 
He 4§ 
Crt iS 
oO 1S 


* See, for example, reference 3, p. 174. The values in parentheses have 
been determined from the Thomas-Fermi equations in which 7 has been 
taken as unity, instead of two as ordinarily; it should be noted that the 
Fermi-Amaldi theory, which explicitly removes the self-interaction of an 
electron would give even larger values for the binding energy than does 
the Thomas-Fermi theory 

» Values determined from Atomic Energy Levels, National Bureau of 
Standards Circular 467 (U. S. Government Printing Office, Washington, 
1D, C,, 1949), Values are given in atomic units 

¢ The quantum density for Fig. 1 computed from the ground-state wave 
function for hydrogen, See, for example, L. Pauling and E. B. Wilson, Jr., 
Introduction to Ouantum Mechanics (McGraw-Hill Book Company, Inc., 
New York, 1935), p. 132 

4 The quantum density for Fig. 2 computed from the wave function 
obtained by FE. A. Hylleraas: see reference c, p. 224, function number 8 

«The quantum density tor Fig. 3 computed from the wave function 
obtained by EF. A, Hylleraas, Z. Physik 54, 347 (1929) 

! The quantum density for Fig. 4 computed from the self-consistent field 
functions of A. Jucys, Proc. Roy. Soc, (London) A173, 59 (1939), The 
Thomas-Fermi value reported is for neutral carbon, C°, 

« The quantum density for Fig. 5 computed from the self-consistent field 
functions of D. R. Hartree and M. M. Black, Proc. Roy. Soc, (London) 
A139, 311 (1933); the configuration used was the spherically symmetric 1s* 
2s? 2s 


tion (5.4) proves to be convenient for solution by 
iteration. 

Substitution of these results into Eq. (4.16) leads to 
the following expression for the energy (for T=0). 
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xf ay( ) vor+( yf dd 
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where w= o— y(dp/dy), W(y) = (482°/f*r) (Ze/s)*y*p(y), 
and @» refers to the exterior boundary values of ¢. 
Except for the last integral, the terms in Eq. (5.5) 
arise from straightforward substitutions. The last 
integral arises from the integral with respect to ¢ in 
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Eq. (4.16) and a portion of the boundary terms at f+ 
from the last integral of that equation. To evaluate the 
last integral in Eq. (5.5) requires a knowledge of the 
dependence of the boundary values ys, ¢2 upon N (for 
fixed Z). Its approximate evaluation is facilitated by 
the fact that the total value of the integral amounts to 
about ten percent of the energy of the system. As shown 
in Appendix A, a relatively good approximation for 8 
as a function of ¢2 can be arrived at which permits the 
integrand to be expressed explicitly as a function of 2. 
This approximation was utilized in the evaluation of 
the integral. 


6. RESULTS 


The equations of the previous section have been 
applied to the spherically symmetric state of lowest 
energy for several atoms. The integration of Eq. (5.2) 
was carried out by iteration of Eq. (5.4), Simpson’s rule 
being employed. The size of the interval which was 
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Fic. 1. Variation of electron density with distance in atomic 
units for hydrogen (#5). See Tables I and II for details. The curves 
are normalized so that the area under each curve is unity. 


used in the integration varied according to the behavior 
of the radial density. Thus near the origin, where the 
radial density changes markedly, extremely small 
intervals were employed in comparison with the size of 
interval used where the changes in the radial density 
were smaller. This procedure was necessary in order to 
evaluate the first integral of Eq. (5.5) with reasonable 
accuracy. The final results obtained for @ were dif- 
ferenced. From fourth differences an estimate could be 
made of the error associated with integrating using 
Simpson’s rule. The error introduced was estimated to 
be less than 0.1%. 

The results obtained for the various cases which have 
been considered are summarized in Tables I and IT and 
in Figs. 1-7. 

7. DISCUSSION 


The satisfactory agreement between the present 
calculated results and experiment, especially for the 
energy, is noteworthy. It is of some interest, therefore, 





STATISTICAL THEORY OF 

to examine the nature of the several terms which appear 
in Eq. (4.13). In the absence of corrections of order /? 
and higher the first two terms there would correspond 
to the kinetic energy and potential energy, respectively, 
of the system. The remaining integrals may be regarded 
as terms having a more direct quantum-mechanical 
origin. For simplicity in the considerations, and because 
the contribution of such terms to the total energy 
amounts only to a percent or so for the cases considered, 
the variation of the boundary field with ¢ will be 
neglected, i.e., AVV/d¢. Then, for T-—>0, using Eq. 
(3.12) and retaining terms O(h?) 


2n(2m)?/2 | 
(RT)*/*F'3/2(n) —~K yp?! 


2 {N-! 
‘i of 
9 N 


where the approximations (to order h?) 


2n(2m)**r he 1 /N-1 
vicuaitinniguatita (e0—4)"’VU~ “( Yo, 
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he 16m 


1 Vp:Vp 
orn Ki , 
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and 
2n(2m)*?r he 1 Vp-Vp 


(eV—f)-""00-VUS—«, 
hi 64m 12 p 


have been utilized. Here 
Ke= (2/7)?4(3/10) (39?)? ao, ka= (7/2)? (3/4) (3/9), 


kKi>= edo 8, with a= h?/meé. 


Combining these results into Eq. (4.14) for T—0, 
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Fic, 2. Variation of electron density with distance in atomic 
units for helium (1S). See Tables I and LI for details. The curves 
are normalized so that the area under each curve is unity. 
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Fic. 3. Variation of electron density with distance in atomic 
units for helium (4S). See Tables 1 and II for details. The curves 
are normalized so that the area under each curve is unity. 
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Fic, 4. Variation of electron density with distance in atomic 
units for doubly ionized carbon, C** (‘S). See Tables I and I 
for details. The curves are normalized so that the area under each 
curve is unity. 


By examining the boundary terms, and making use 
of the relation 
2n(2m)**r She 


fare {(e0—f)'VV} 


hé 16m 


N-1 Vp: Vp 
fol yo . + Ki 
N p 


one is able to obtain the result (to order h’) 


1 2 N-1 
E~ fares +-(V+Vo)p cf yo , 
2 45 N 


13 Vp-Vp 
som, 


+O(h') | (7.4) 
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where J is the last integral of Eq. (5.5) with the 
squared-term omitted. The terms in Eq. (7.5) are 
readily identified as kinetic energy density, potential 
energy density, exchange energy density and the 
Weizsiicker inhomogeneity, or kinetic energy correction, 
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Fic. 5. Variation of electron density with distance in atomic 
units for oxygen ('S). See Tables I and II for details. The curves 
are normalized so that the area under each curve is unity. 


density.” It is particularly troublesome to give a clear 
physical interpretation to J, However, since it con- 
tributes to a decrease in the energy of the system it may 
be conjectured to be related to the correlation energy 
of the system. In fact, J represents a contribution to the 
energy associated entirely with changes which occur 
at the exterior boundary and which are associated with 
the addition of electrons to the atomic system. Inas- 
much as the electron density vanishes at the boundary 
these changes must reflect the effect of other changes 
occurring within the atom which, somehow, render it 
more stable energetically. 

It is noteworthy that the coefficient of the inhomo- 
geneity correction is less than the value ordinarily 
ascribed to it.” It is interesting, furthermore, to find 
terms corresponding to the exchange energy, inhomo- 
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F 16, 6. Variation of the effective charge ¢ for distances in atomic 
units less than 0.05, 


** See, for example, reference 3, Secs. 9 and 12; C. F. von 
Weizsiicker, Z. Physik 96, 431 (1935); also P. Gombas, Acta 
Phys. Hungarica 3, 105 (1953). One may note, here, that Eq. (7.4) 
indicates that the exchange energy and inhomogeneity energy are 
related to one another through a boundary term and are not 
independent of one another. 

*” See, regarding this point, the discussion by R. A. Berg and 
L. Willets, Proc. Phys. Soc. (London) A68, 229 (1955). 
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geneity correction (and, possibly, the correlation 
energy) in Eq. (7.5), inasmuch as their appearance was 
not assured from the outset. The physical picture one 
has of many-particle systems, however, would appear 
to make their presence essential. 

The general intent of the present paper has been to 
develop a means for extending the Thomas-Fermi 
theory. This, it seems, is possible through a use of the 
density-matrix in which a development in powers of 
(h/i) for the latter gives the Thomas-Fermi theory as 
the term of lowest order. Higher order terms effect a 
marked improvement upon calculated values of the 
total binding energy for spherically symmetric systems, 
suggesting the possibility of employing the present 











Fic. 7. Variation of the effective charge # for distances in atomic 
units greater than 0.05. 


procedure for more complex many-electron systems, 
with good results to be expected. On the less satisfactory 
side, the resultant density function does seem not to be 
in as good agreement with quantum-mechanical results 
as can be desired.* Of particular concern is the “cutoff” 
near the nucleus and, again, in a more remote region 
of space. This behavior is undoubtedly important in 
providing a better estimate of the energy,” but gives 
inaccurate information about the density in the im- 
mediate vicinity of the nucleus. Also, the shell structure 
anticipated for atoms can hardly be expected to be 
obtained easily in view of the nature of the self-con- 
sistent field determination. This assumes that the 
density, Eq. (3.12) or a suitable extension, will be a 
single-valued function of the potential alone. For terms 
of sufficiently high order, this may be expected not to 


* See, for example, J. M. C. Scott, Phil. Mag. 43, 859 (1952); 
R. A. Ballinger and N. H. March, Phil. Mag. 46, 246 (1955). 
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be the case, but the attending complexity would seem 
to limit the applicability of a procedure similar to the 
present one. A particular point of interest is the result 
which has been obtained for hydrogen. The excellent 
agreement obtained for the energy is, at first sight, 
somewhat surprising. One might imagine that a statis- 
tical procedure should be poorest for a single-particle 
system. However, inasmuch as all the necessary inte- 
grations are executable in closed form, the numerical 
inaccuracies for this particular system are unquestion- 
ably smaller than in the other cases which have been 
considered. Even the density function appears quite 
good in comparison with the quantum result. Since, at 
this time, no higher order terms have been examined, 
the source of this agreement remains as yet undisclosed. 
If not fortuitous, these results may signify an even 
greater applicability of the statistical method than has 
been yet considered. 
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APPENDIX A 


In order to evaluate the last integral of Eq. (5.5), it 
is necessary to know the dependence of the integrand 
upon @¢. This requirement, in turn, necessitates a 
knowledge of the dependence of 8 upon ¢2. This can be 
seen as follows. Inasmuch as p vanishes at the boundary, 
one obtains from Eqs. (5.1) and (5.3) 


(1— y2/$2)*y2/h2= 1/86*?’, (A.1) 


whence y2/2 is determined as a function of ¢2 if B 
is known as a function of dy. 

To effect the latter, it may be discerned that the dif- 
ferential equation (5.2) together with the boundary 
conditions (5.3) remain invariant to changes for which 
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t/N and 1—[(N—1)/Z] are unaltered. Hence 


B=B(r/N; o2). (A.2) 


Guided by the observation that the density given by 
Eq. (5.1) and the density given by the Fermi-Amaldi 
theory are not too dissimilar (see Figs. 1, 2), and that in 
the latter case one can show that 


Bra*(r/N) = f(2), (A.3) 


the values which have been obtained (Table I) have 
been fitted by the method of least squares to the form 


melaea 


the least-squares fit actually having been carried out 
upon log§. This latter procedure presumably minimizes 
the relative differences in 8 as given by Eq. (A.4) and 
that given by the integration of Eq. (5.2). 

Using the values given in Table I, there is obtained 


r\ 0.8145 N—1\~0.m16 
p 6.036( ) (1 _ ) » &F 
N Z 


which reproduces the values of Table I to within one 
percent. 

In order to evaluate the last integral of Eq. (5.5), 
Eq. (A.1) may be developed in a series, giving 


(A.4) 


(1 — y"/b2)- 4 (1— y2/2)?= a—a’/3—a'/9+-O(a‘), (A.6) 


where a= 1/26"/*,"/*, thus enabling the integrand ulti- 
mately to be expressed in terms of oy». 

In passing, one may note that, since Eq. (A.5) is 
expressible as a function of NV, the Helmholtz free- 
energy function (or for T7=0, the energy) may be 
estimated according to Eq. (4.1). However, this will 
not be discussed at the present time. 
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Neutron Transmission Measurements and Resonance Parameters in Cdt 


F. B. Simpson anv R. G. FLUMARTY 
Atomic Energy Division, Phillips Petroleum Company, Idaho Falls, Idaho 
(Received September 20, 1956) 


Neutron transmission measurements for cadmium have been determined from 14.5 ev to 11 kev. These 
data were taken with 0.04 to 0.07 ysec/meter resolution using the Materials Testing Reactor fast chopper. 
Isotopic assignments have been made to those resonances which are due to Cd" and Cd! by using a 
sample enriched in Cd“ and another sample depleted in Cd". Breit-Wigner parameters have been obtained 
up to 215 ev and give values for t.°/D of (0.334-0.09) K10™ for Cd" and (0.4340.13) K10™ for Cd", 


I, INTRODUCTION 


Dye eerwte has a wide range of uses in neutron 
physics research. Many of the interpretations are 
based on the assumption that it has a large resonance 
in the thermal energy region but no appreciable reso- 
nances in the higher energy region. This assumption 
has been based on early cross-section measurements.! 
However, recent measurements with improved resolu- 
tion®* show structure in the resonance neutron energy 
region. 

Cadmium has been used as a slow-neutron filter for 
the Materials Testing Reactor (MTR) fast-chopper 
neutron beam, and as a neutron shield around the 
detector to reduce the general background. The present 
measurements were taken to determine the effect of 
the cadmium in the neutron beam and also to obtain 
the Breit-Wigner (B-W) parameters for an even Z 
odd A isotope, Little information is presently available 
on these isotopes as compared to the odd-even ones, 


II. EXPERIMENTAL PROCEDURE 


Transmission measurements of cadmium have been 
made with the MTR fast chopper* from 14.5 ev to 11 
kev with a resolution of 0.04 to 0.07 usec/meter. A 
flight path of 45 meters and BF; counters of effective 
length of 2 inches® along the neutron beam were used. 
The energy region above 185 ev was recorded with 
}-usec channel widths and the data below 185 ev with 
l-usec channel widths. The data have been analyzed 
by an area method, and the B-W parameters were 
obtained where isotopic identification was possible. 

Three different sample thicknesses of normal cad- 
mium were used; 37.61, 11.06, and 1.101 g/cm’. These 
samples had a purity of 99.97%, The isotopic assignments 
of the resonances were made by using both an oxide 
sample enriched in Cd" to 53.3% and another sample 
depleted in Cd", The sample depleted in Cd" was 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65 
1947). 
' *R. R. Palmer and L, M. Bollinger, Phys. Rev. 102, 228 (1956). 

‘Schwartz, Pilcher, and Schectman, Bull. Am. Phys. Soc. 
Ser. II, 1, 187 (1950). 

‘ Fluharty, Simpson, and Simpson, Phys. Rev. 103, 1778 (1956). 

* Simpson, Fluharty, and McClellan (unpublished). 

‘1D. J. Hughes, J. Nuc. Energy 1, No. 4, 237 (1955). 


obtained from a burned-out section of a cadmium shim 
rod from the MTR. The depletion of Cd to <0.5% 
was measured by means of transmission measurements 
in the thermal energy region with the MTR crystal 
spectrometer.’ 


III, RESULTS 


Figure 1 gives a comparison of the raw data for 
normal cadmium, Cd", and the samples depleted in 
Cd" from 14.5 to 235 ev. A comparison of this data, 
taking into consideration the isotopic concentrations, 
enables one to assign the resonances due to Cd", 
Those levels observed in the normal cadmium sample 
but absent in the sample depleted in Cd" were assigned 
to isotope 113. The assignment of the 86-ev resonance 
(see Fig. 1) to Cd" and Cd" and the separation of 
their energies to 85.4 and 86.4 ev, respectively, was 
based on several observations. The transmission dips 
in the normal cadmium and Cd" samples did not 
appear at the same energy. The resonance was not 


TABLE I. Parameters for neutron resonances in Cd. The g 
factor is assumed to be 4 for the even-odd isotopes except for the 
0.178-ev resonance. This resonance was included for completeness 
and the information was obtained from BNL 325.'* The square 
brackets indicate an assumed I’, of 113 mv. 


Pn*(mv) 


1540.05 
0.0564-0.005 
1540.1 


Eolev) gl'n(mv) 


0.178 113 113 0.49 
18.6 113 [113] 0.12 
28.1 111 120+-50 3.9 
29.3 Unidentified 
63.9 80+40 2.8 0.07 40.05 
66.8 112 30+10 13.5 1.6+0.07 
85.4 113 ip 16 3.5+0.5 

0 


Isotope r,(mv) 


86.4 111 113 5.0 1.1+0.2 
90.0 110 140+ 100 1142 
100 111 [113] 23 4.6+0.6 
104 Unidentified 

109 113 [113] 13.5 2.5+0.5 
121 114 2004-35 31 2.8+0.1 
139 111 [113] 13 2.24+0.6 
144 Unidentified 

160 Unidentified 

165 111 113 13.3 2.1240.3 
192 113 113 66 9.64+1.0 
215 113 113 40 5.44+2.0 
225 111 

233 111, 113 


’ We are indebted to J. R. Smith and E. H. Magleby for these 
measurements. 
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Fic. 1. A comparison of the data for normal cadmium, Cd", and a depleted Cd" sample from 14.5 to 235 ev with the isotopic 
identifications. The resonances with isotopic assignments in square brackets may also be due to isotopes other than those listed 
Those in parentheses have been assigned with the help of other data. 


observed in the sample depleted in Cd"*, which indi- 
cates from the isotopic concentrations of each sample 
that it is not due to any of the even-even isotopes. 
(For the even-even isotopes, those resonances that were 
observed in the sample enriched in Cd!" should have 
also appeared in the depleted Cd" sample.) The ratio 
of the areas for the normal cadmium and Cd'" samples 
is too large for the resonance to be due only to Cd", 
On the other hand, if it was due only to Cd!’ it would 
not appear with the enriched Cd" sample. The small 
Cd" resonance was not definitely resolved in the de- 
pleted Cd" sample since the sample was thin and the 
strong Cd"® resonance at 90 ev tends to dominate. 
Schwartz et al.’ have assigned the 67-ev resonance to 
both Cd" and Cd"?. In comparing the ratio of the 
areas of the 1.101-g/cm? normal cadmium and enriched 
Cd'" samples, the resonance was observed to be due 
only to Cd"*, Due to an inadequate Cd!" sample 
thickness, further studies were unprofitable. However, 
a fullness was observed on the high-energy side of the 
resonance with our 37.61-g/cm* sample which would 
indicate that if another isotope is contributing, it is 
small compared to Cd™*, The data presented here in 
conjunction with that previously published by Palmer 


and Bollinger,? were used in making the isotopic 
assignments to the 67- and 90-ev resonances, The 
measurements on the depleted Cd!" sample indicate 
that an additional isotope is contributing a small 
amount to the 215-ev resonance. From the samples 
that were measured it was possible to assign the 121-ev 
resonance to either the 106 or 114 isotope. Schwartz 
et al’ assign this resonance to Cd!'4, Table I lists the 
B-W parameters for the resonances up to 215 ev with 
their isotopic assignment. 

The measured transmissions as a function of time-of- 
flight for the normal cadmium samples are shown in 
Fig. 2 with the sample thicknesses and resonance 
energies as indicated. Several additional resonances 
have been observed in this region as compared to the 
existing published data,? 

The value of [,°/D determined from the first five 
levels in Cd'™ is (0.334-0,09)K10-4, and the value 
from the first Cd" is 
(0.434013) X10, The average level spacing per spin 
state D for Cd!" and Cd""*, assuming that half of the 
levels are due to each spin state, is 68+15 ev and 
61+18 ev, respectively. The errors quoted are based 
on the statistical deviations of the I’,"’s and individual 


determined seven levels in 
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level spacings. Most of the values of I’, have been based ratio, but the fact that D is essentially the same conflicts 
onal’, of 113 my, which was obtained from the 0.178-ey with a simple interpretation of the level density 
Cd" Jevel."* The values of ', which were obtained formula. The compound nuclei for Cd™ and Cd" 
from thick-thin sample measurements, have large errors, target nuclei plus a neutron, have binding energies of 
but are not in disagreement with the assumed value. 9.50 and 9.05 Mev, respectively, and a neighboring 
compound nucleus, In", has a binding energy of 6.99 

BV. CONCLUSIONS Mev. Based on the application of the level density 

The average parameters for Cd" and Cd" are very formula using the binding energy values quoted above, 
similar to those of isotopes with similar A but with odd one would expect the level spacing of In" to be roughly 


Z and even N. This is not surprising for the f,°/D ne try ta ; 
* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
* B. N. Brockhouse, Can. J. Phys. 31, 432 (1953). (John Wiley and Sons, Inc., New York, 1952), Chap. 8. 
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ten times that of the two cadmium isotopes. However, 
the observed level spacings are 68 for Cd", 61 for Cd", 
and 14 for In™.!° This contradiction by a direct meas- 
urement of the level spacing has been discussed previ- 
ously": and appears to be quite general for many 
isotopes. 

The resonance absorption integral calculated from 
the B-W resonance parameters above 0.4 ev is 17,.5+3.0 
barns. Known resonances up to 215 ev contribute 12.7 


barns to the resonance integral. Above this energy 
” Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 
(1955). 
" H. Hurwitz, Jr., and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
” Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 
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average parameters were used to estimate the remaining 
5.2 barns. An absorption integral of this magnitude is 
expected to have little effect on thermal reactor neutron 
economy when cadmium is used as control rods. As a 
filter for fast neutron spectrometers, cadmium must be 
used with caution at the 
energies will be depleted. 


since neutrons resonance 
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Bremsstrahlung Measurements with a Compton Electron Spectrometer*t 


J. W. Rosson} Anp E. C. Greco 
Case Institute of Technology, Cleveland, Ohio 


(Received September 19, 1955; revised version received October 11, 1956) 


A method of analyzing the data obtained from a Compton electron spectrometer in order to obtain the 
incident photon spectrum is described. Practical considerations limit the application of this analysis to 
photon energies above about 5 Mev. Application of this analysis to a measurement of the spectrum of the 


Case betatron is described. 


I. INTRODUCTION 


NUMBER of techniques have been applied to the 

analysis of a continuous photon spectrum.'~* In 
this paper we will describe the use of a Compton elec- 
tron spectrometer in measuring the spectrum of the 
Case flux-forced field-biased betatron.® The principle dif- 
ference between the work reported here and that done 
by the group at the National Bureau of Standards** is 
in the method employed to obtain the incident photon 
spectrum from the measured spectrum of Compton 
electrons. 

The operation of the Compton spectrometer depends 
upon a measurement of the energy spectrum of the 
Compton electrons which are ejected from a metallic 
scatterer at a given angle from the photon beam being 
studied. By considering the Compton energy-angle rela- 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

t From a thesis submitted by one of the authors (J. W. R.) to 
Case Institute of Technology in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

t Present address: University of Arizona, Tucson, Arizona. 

1W. Bosley et al., Nature 161, 1022 (1948). 

2H. W. Koch and R. E. Carter, Phys. Rev. 75, 1950 (1949). 
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tions, the Klein-Nishina cross section, and the scattering 
and energy loss of the electrons in the scatterer, we can 
relate the kinetic energy spectrum of the detected elec- 
trons to the incident photon spectrum. Of the inter- 
actions between the incident photons and the electrons 
and nuclei of the scatterer, only those resulting in 
electrons leaving the scatterer are of interest and we 
can thus limit our attention to the photoelectric effect, 
the Compton effect, and pair production. In order to 
use the Compton energy-angle relations, we must 
minimize or make corrections for electrons from the 
other two interactions, Since the probability of a 
Compton interaction relative to the other two increases 
with decreasing atomic number, we chose beryllium as 
a scattering material. In the energy range of this 
instrument the photoelectric effect in beryllium is com- 
pletely negligible and pair production may be expected 
to contribute no more than 20%, of the observed elec- 
trons. If we assume that the electrons and positrons 
from pair production have the same angular distribution, 
we can measure the positrons and make a correction 
for the pair electrons. The Compton electrons lose 
energy and are multiply scattered through Coulomb 
interactions in the scatterer, and thus the simple 
Compton energy-angle relations are not sufficient to 
relate the energy of an electron leaving the scatterer in 
a known direction to the energy of the photon which 
ejected it, Fortunately, the energy loss in the energy 
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range of interest is practically independent of the 
energy of the electron and small enough that we can 
safely neglect it, and the effect of multiple scattering 
can be included in a deduction of the response of the 
spectrometer. It is also fortunate that the choice of a 
scatterer with a low atomic number minimizes the 
effect of multiple scattering. 


Il. SPECTROMETER RESPONSE 


A theory relating the observed electron counting 
rates to the incident photon spectrum will be presented 
and the actual calculations will be outlined. Consider 
first the incident photon spectrum. Let the number of 
photons per unit area per unit time with energy between 
E, and E,+dk, be B(E,)dE,. These photons will 
interact in the scatterer and produce Compton electrons 
having various values of kinetic energy, 7, directed at 
various angles, y, with respect to the direction of the 
incident photon beam. The kinetic energy and angle of 
scattering will be related by 


2m? E.,? cosy 


(1) 
(me*)?+-2m2E,+- E,? siny 
The number of Compton electrons scattered between y 
and ¥+dy by photons having energy between F., and 
k,+dE, will be given by 
da 
Uy, E,)dp=N 


€ 


B(E,)dEdp, (2) 


where 00/dy is the Klein-Nishina cross section per unit 
electron angle and N is a constant depending on the 
exposed area and the electron density of the scatterer. 
The number of these electrons which will be accepted 
by the magnetic analyzer will be given by 


0 
V (V,Ey)dp=AY,E,)N- 


c 


a 
B(E,)dE,dy, (3) 


where A(y,/,) is the probability that a Compton 
electron initially scattered between y and ~+dy by a 
photon with energy between E, and £,+dE£, will be 
Coulomb-scattered such that it leaves the scatterer in 
the acceptance cone of the analyzer. These electrons 
will have a distribution in kinetic energy corresponding 
to their distribution in Compton scattering angle. The 
number of acceptable electrons with kinetic energy 
between T and T+dT resulting from photons with 
energy between F, and £,+dF, will be given by 


do oy 
D(T,E,)dT = A(v,E,)N—B(E,)dE,—dT, (4) 
aT 


€ € 


where dy/ dT can be obtained from Eq. (1). To find the 
total number of acceptable electrons with kinetic energy 
between T and 7+dT, we must integrate Eq. (4) over 
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the range of photon energies in the spectrum B(E,). 
This will give 


da oy 
peryar=N fA (y,E,)—B(E,)—4dTdE,. (5) 
w oT 


Any attempt to evaluate this integral would require 
explicit use of the relationship between y, 7, and Ey. 
Finally, we have the number of electrons detected when 
the analyzer is set to detect electrons having a mean 
kinetic energy T given by 


0a OV 
mir) f ecrr| fa (¥,E,)—B(E,)— an, lar’, 
oy oT 
(6) 


where E(T,T") is the probability of detection of an 
electron with energy 7’ when the analyzer is set to 
detect electrons with mean energy T. The problem now 
is to find the photon distribution B(E,) from experi- 
mental values of n(7). 

It seems reasonable that, for the range of values of T 
in which we will be interested, E(7,7’) will have the 
same maximum value and the same shape but its 
characteristic width, A7, will depend upon the focusing 
properties of the magnetic analyzer. We shall assume, 
therefore, that E(7,7"’) is unity inside of the interval 
AT centered on T and zero outside of this interval. 
Furthermore, since the square bracket in Eq. (6) is a 
slowly varying function of 7’ and AT is small, we can 
remove it from the integral. Thus 


0a oy 
n(T) = var f 4 (y,E,)—B(E,)—4E,. (7) 
cy OT 


Now, if we keep B(E,) constant, the integrand in Eq. 
(7) is a very sharply peaked function of F,. As a first 
approximation we can remove B(E,) from the in- 
tegral, perform the integration numerically, and solve 
for B(E,). The result of this approximation is quite 
good except at very high and very low energies where 
B(E,) is changing rapidly. As a second approximation 
we can make use of the fact that over small energy 
intervals we know the shape of the spectrum we are 
measuring. Thus we replace B(E,) by B,(E4)B,(E,)/ 
B,(E,), where B,(E,) is the calculated spectrum and 
B,(Eyo) is the measured value of the spectrum at the 
energy E.,9 corresponding to the maximum value of the 
integrand of Eq. (7) with B(E,) removed. Equation (7) 
then becomes 


B,(E,) 
n(T)=NAT— 


B, 170 


0a Ow 
fi (y,E,)—B,(E,)—dE,. (8) 
oy oT 


Note that we are making use of the shape of the theo- 
retical spectrum over a very small energy interval but 
not of its magnitude. We can now solve for the measured 
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spectrum 


n(T)B, (Ey) 
NATP,(T) ’ 


B,( Ey) = (9) 


where P,(7) is the integral in Eq. (8). 

In order to use Eq. (9), we must be able to evaluate 
the quantities AT and P,(T). If monochromatic y-ray 
sources with sufficient intensity and with energies 
covering the desired range of the spectrometer were 
available, AT and P,(T) could be measured experi- 
mentally. This not being the case, we must rely upon 
a theoretical calculation of these quantities. Such a cal- 
culation will depend upon the design of the Compton 
spectrometer and thus a description of it would seem 
appropriate at this point. 

The principal components of the spectrometer are a 
scattering chamber in which a narrow beam of x-rays 
which has been collimated and cleared of charged par- 
ticles is incident upon a metal scatterer (A in Fig. 1), 
a deflection chamber in which the electrons leaving the 
scatterer in a small solid angle are analyzed in a mag- 
netic field (B) and a detecting system (C) for the elec- 
trons selected by the analyzer. The deflection chamber 
may be positioned to accept electrons scattered at 
various angles with respect to the x-ray beam. However, 
to simplify the calculation of P,(7), electrons in the 
forward direction were analyzed. The deflection chamber 
fits between the pole faces of a 60° sector magnet. 
Electrons with a given small range in energy reach the 
focal point of the magnetic analyzer and are detected 
by a plastic scintillator and photomultiplier. The 
voltage pulses from the photomultiplier are amplified 
and all those above a certain voltage are recorded. Con- 
siderable preliminary investigation showed that the 
number of recorded pulses was insensitive to small 
changes in photomultiplier supply voltage, amplifier 
gain or discriminator level. The output of the betatron 
was monitored by a transmission ion chamber (/) and 
a current integrator. The current supply to the ana- 
lyzing magnet was regulated and the magnetic field 
was continuously monitored by a probe rotating between 
auxiliary pole faces. 

A 60° focusing magnetic analyzer has a finite resolu- 
tion given by"® 

T+2mc 
AT=C T, 
T+me 


(10) 


where the constant C depends upon the radius of cur- 
vature in the magnetic field and the size of the detector. 
The calculated value of C for our instrument is 0.0166. 
This value may be inaccurate because of the neglect of 
small fringing fields but the value of C will not affect 
relative spectral measurements. 

The Klein-Nishina scattering cross section was ob- 
tained indirectly from National Bureau of Standards 


” W. E. Stephens, Phys. Rev. 45, 513 (1934). 
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Fic. 1. Schematic diagram of the spectrometer. 


Circular 542. The quantity plotted there is the differ 
ential cross section per unit electron solid angle, do0/ 0Q,, 
whereas we want the differential cross section per unit 
angle. The two are related by 


0a0/d~= 2m sinp(da/dQy). (11) 
Values of O/0T were obtained from Eq. (1). The Schiff 
intensity spectrum in the forward direction for an 
infinitely thin target with the constant chosen to be 
191 was used to obtain B,(/2,0). Katz and Cameron" 
point out that this is actually a good approximation to 
the intensity spectrum in the forward direction for a 
thick target in a betatron, 

In order to evaluate the function A(y,/,), we must 
consider the multiple Coulomb scattering of the elec- 
trons in the scattering foil. If we assume that the 
analyzer will accept electrons inside a cone of half 
angle a about the direction of the x-ray beam, there 
will be a certain probability that an electron with 
kinetic energy T which was Compton scattered at an 


2.0 














0.5 
v+6/6, 


Fic. 2. The Coulomb scattering function P,. 


4“ L, Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951), 
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Fic. 3, Schematic representation of Compton scattering 
followed by Coulomb scattering. 


angle y with respect to the x-ray beam will, after sub- 
sequent Coulomb scattering, be accepted. Since the 
angle a is small and the scatterer is thin, we may neglect 
lateral displacements from the axis of the x-ray beam. 
The probability of multiple scattering of an electron 
with kinetic energy 7 through an angle @ in traversing 
a thickness ¢ of a scatterer with atomic number Z and 
N electrons per unit volume is given approximately by” 


1/2\! 1/6\? 
P(0,8m) ( ) exp| - ( ) | 
0, \0 AS 


(T+-mc’*)* 2ap 
n( ), (13) 
T?(T+2me)* hZ* 


(12) 
where 


Om)? = 4arN IZA 


p=momentum of the electron, e=electronic charge, 
a= Bohr radius, and mc*= rest energy of the electron. 
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6, is called the most probable angle of scattering. Since 
the Compton electrons originate uniformly throughout 
the scatterer and thus do not all pass through the entire 
thickness, Eqs. (12) and (13) do not apply. In order to 
obtain an appropriate scattering function we consider a 
scatterer consisting of m slabs of equal thickness y with 
1/n of the Compton electrons originating at the first 
surface of each slab. The scattering probability for the 
electrons from the kth slab will then be 


‘1 2ny\3 ins 6\? 
Par (~) exp - “(-) } 
Om \ak 2k \ Om 


For all n slabs we will have 


1 s/2\5 » snv} 1n/6\? 
P.l0a)=—(-) E (7) exo| —5(,-) } “) 


P,, was calculated for five values of n up to n= 20 and 
Pa» was taken to be a good approximation to the actual 
scattering probability (n=). In Fig. 2, Pi and Po 
are shown for comparison. 

Consideration of Fig. 3 shows that the probability 
that an electron which has been Compton scattered 
through an angle y and Coulomb scattered through an 
angle @ will be accepted is equal to the fraction of the 
surface of a cone with half-angle 6 which lies inside a 
cone with half-angle a; the cones having a common 
vertex and the angle between their axes being y. If we 
consider the circles which these cones intersect on the 
surface of a sphere with its center at their common 
vertex, we see that this probability also equals the 
fraction of the circumference of the scattering circle 
which lies inside the acceptance circle. Since only small 
values of the angles a, y, and 6 will be used, we may as 
well draw the circles on a plane. Thus to some con- 
venient scale we can draw a circle with a radius a, and 
about a point a distance y from its center a family of 


(14) 


Fic. 4. Graphical construction for W (6,y) 
and some representative curves of W (0,y). 





0 


4 


# Bethe, Rose, and Smith, Proc. Am. Phil. Soc. 78, 573 (1938); also see L. H. Lanzl and A. O. Hanson, Phys. Rev. 83, 959 (1951). 
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concentric circles with radii @. The probability of 
acceptance, W(6,y), will then be 1/2 times the angle 
subtended at the center of the scattering circle by its 
intersection with the acceptance circle. In Fig. 4, a 
typical graphical solution for W (6) and some repre- 
sentative curves are shown. 

The probability that a Compton electron ejected at 
an angle y with a kinetic energy T will be accepted can 
now be found from 


(16) 


AWE) = f P1(0,9n)W (05p)d8, 


where is it understood that EZ, is a function of y and T 
and that 6, depends on T and the thickness, atomic 
number, and electron density of the scatterer. The 
integral in Eq. (16) was evaluated graphically. A 
typical curve of the integrand is shown in Fig. 5. All 
of the factors in the integrand in Eq. (8) are now known 
and the integral can be evaluated graphically. Two 
typical curves of the integrand of Eq. (8) are shown in 


Po! 9, Om) (6) 
16 





T*15 MEV 











1 
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6 
Fic. 5. The integrand in Eq. (16). 


Fig. 6. Since the “efficiency” of the spectrometer is less 
by a factor of nearly 3 at 15 Mev than at 5 Mev, the 
curves have been normalized to approximately equal 
areas. These curves can be considered to be the response 
curves of the spectrometer when it is accepting electrons 
with the indicated kinetic energies. All of the factors 
in Eq. (9) are now known and the spectrometer may 
be used to measure a continuous x-ray spectrum. 

In order to understand the behavior of the spec- 
trometer as it depends on energy, we must consider 
both the Compton effect and Coulomb scattering. At 
low energies the spread in photon energy which cor- 
responds to Compton electrons in a small cone in the 
forward direction is small. In the absence of multiple 
Coulomb scattering, this would lead us to expect the 
resolution to be best at low energy. However, the chance 
that Compton electrons from higher energy photons 
which were initially outside of our small cone can be 
Coulomb-scattered into the cone is highest at low 
energies. The combined effect, as can be seen in Fig. 6, 
is a sharp peak with a long high-energy tail. As the 
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Fic. 6, The integrand in Eq. (8). This is the calculated response 
of the spectrometer to photons when detecting electrons with 
kinetic energies of 5 Mev or 15 Mev, 


energy of the spectrometer is increased, the percentage 
spread in photon energy leading to Compton electrons 
in a small cone in the forward direction increases nearly 
linearly with the electron’s kinetic energy but the 
chance of Coulomb scattering into the cone becomes 
less. The 15-Mev curve shows the result to be a much 
broader peak with a much shorter tail. The seriousness 
of this for our calculations lies in the angles of scattering 
which must be considered. ‘The largest scattering angle 
in the case of the 15-Mev curve was 3.5° while the 
5-Mev curve represents scattering angles up to 10°. 
Because of the rapid increase in the difficulty of the com- 
putations in the neighborhood of 5 Mev, this would 
seem to be a practical lower limit of the use of the type 
of analysis described here. Owing to the decreasing 
efficiency of the Compton effect and the increasing com- 
petition from pair production, the spectrometer prob 
ably has an upper limit of usefulness near 30 Mev. 


Ill, EXPERIMENTAL PROCEDURE 


The effect of the magnetic field of the analyzer on the 
gain of the photomultiplier was thoroughly investigated, 
It was found that careful orientation of the photo- 
multiplier and the use of a mu-metal shield eliminated 
any detectable magnetic effect. It was found to be 
possible to adjust the gain and discriminator level so 
that essentially all of the pulses due to electrons 
originating in the scatterer could be observed without 
the background becoming too large. Under these con- 
ditions the data were very insensitive to changes in 
gain. The over-all gain of the photomultiplier and 
amplifier and the discriminator level remained constant 
to within several percent over periods of weeks. This 
was more than adequate since a measurement at one 
energy took about two days. 
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Fic. 7, The result of the spectrum measurement. The solid 
curve is Schiff’s theoretical spectrum. 


The determination of each spectrum point required 
four types of data. The number of Compton and pair 
electrons was found from the difference between data 
obtained with the scatterer in and out of the beam. The 
number of positrons (and presumably of pair electrons) 
was found from a similar difference with the magnet 
current reversed. The time devoted to each type of 
data was determined so as to minimize the total time 
to get a desired statistical accuracy at a given energy. 
The data were actually obtained in many short ex- 
posures and the deviations from the means were found 
to be statistically random. 

A preliminary energy calibration of the spectrometer 
was made using the conversion electrons of Cs'*’, The 
final calibration involved two steps. The betatron 
energy scale was determined by comparing C” and 
O'*(y,n) activation curves with similar curves obtained 
at the University of Saskatchewan.” The peak of the 
measured spectrum was then matched with a calculated 
spectrum with the correct peak energy. Since the high- 
energy end of the bremsstrahlung spectrum is very 
steep, a match here is independent of the assumed 
spectrometer response. To justify such a one-point 
calibration, the ratios of the magnetic field at a large 
number of points in the analyzer field to that at a fixed 
reference point were measured, These were found to be 
independent of magnet current up to currents twice as 
large as any used in this experiment. 

The scatterer was a beryllium disk 0.038 in. thick 
with a diameter of § in. At the position of the scatterer 
the beam had a circular cross section } in. in diameter. 


“L. Katz et al., Phys. Rev. 95, 464 (1954). 
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The scatterer was 63 in. from the betatron target. The 
radius of curvature of electrons in the magnetic field 
was 9.25 in. The detector was a cylinder of Plastifluor 
B ¢ in. in diameter and 1.75 in. long. A tungsten target 
approximately 5 mils thick was used in the betatron. 
Between the betatron target and the beryllium scatterer 
the x-ray beam passed through 10 mils of copper (the 
betatron window) and 15 mils of aluminum (the trans- 
mission ion chamber). 


IV. EXPERIMENTAL RESULTS 


The results of a measurement of the spectrum of the 
Case betatron operating at a peak energy of 17.8 Mev 
are shown in Fig. 7 and in Table I. In order to compare 


TABLE I. The results of the spectrum measurement. 


me) 
94 372411 
11.6 276413 
12.6 23749 
13.6 19549 
15.6 9145 
16.6 7544 
17.1 62+4 
17.6 2742 


Bs(E) s/o 


+0.1 
+1.1 
+1.6 
+0.8 
—5.8 
—2.0 
+0.7 
—0.5 


the measurement with theory a choice of the arbitrary 
vertical scale must be made. This was accomplished by 
plotting the logarithms of the experimental and theo- 
retical spectra and sliding vertically until the best 
visual fit was obtained. The sum of the squares of the 
deviations between theory and experiment weighted by 
the reciprocals of the standard deviation for each experi- 
mental point was compared with similar weighted sums 
for slightly different choices of vertical scale. The visual 
fit turned out to be the best fit in this sense. The third 
column in the table lists the deviation between experi- 
ment and theory in units of the standard deviation for 
each experimental] point. It is seen that the deviation 
is less than one standard deviation for half the data. 
No correction was made for photons absorbed between 
the betatron target and the scatterer since less than 1% 
of even the lowest energy photons suffer this fate. 
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The beta and gamma radiations of the 9.7-day and 9.4-minute 
radioactive decays of Sn'** have been studied by scintillation 
methods using multichannel coincidence spectrometers. Sources 
were prepared by thermal-neutron irradiation of metallic tin foil 
enriched in Sn™, followed by chemical purification, In the 9.7-day 
activity, seven gamma rays of energies 0.342, 0.468, 0.811, 0.904, 
1.068, 1.41, and 1.97 Mev are observed. Their intensities, ex- 
pressed in percent of the total decay to excited states, are 9, 10, 
20, 18, 73, 3, and 24 respectively. The presence of four beta-ray 
components is deduced; their energies are 2.35, 1.28, 0.47, and 
0.38 Mev, with log ft values of 8.9, 9.8, 7.9, and 7.7 respectively. 
There is a possible weak fifth component of 0.94 Mev with log /t 
about 10.4. The coincidence data define a decay scheme involving 
excited states in Sb! at 1.07, 1.41, 1.88, and 1.97 Mev, with the 
strong (~95%) 2.35-Mev beta ray proceeding directly to the 


I. INTRODUCTION 
A. Review 
I. 9.7-Day Activity 


N 1939, Livingood and Seaborg! observed a beta 

activity with a half-life of about ten days upon the 
irradiation of tin with deuterons and neutrons, and 
assigned the activity to that element. The activity has 
been assigned?* to Sn, Absorption measurements 
showed the predominant beta ray to have an energy 
of about 2.5 Mev?*-’; later independent spectrometer 
measurements assigned values of 2.33 Mev*® and 2,37 
Mev® and showed the unique shape for a transition 
having AJ=2 and a change of parity. One of these in- 
vestigators reported evidence for a weak low-energy 
branch of about 0.41 Mev.* Its existence was confirmed 
by beta-gamma coincidence measurements.’ Weak 
gamma radiation®® has been variously reported, from 
absorption measurements at 1.5 Mev'® and 1.67 Mev,® 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Now with the University of California Radiation Laboratory, 
Livermore, California. 
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ground state. All these excited states surely have spins of at 
least 9/2, and all probably have positive parity. 

In the 9.4-minute decay, four gamma rays of 0.326, 0.64, 1.07, 
and 1.39 Mev are observed. Their intensities, expressed in percent 
of the total decay, are 99.7, 0.3, 0.3, and 1.9 respectively. The 
first and last are coincident, and define an excited level at 1.72 
Mev. The principal beta component of 2.05 Mev proceeds to the 
intermediate level at 0.326 Mev. The beta component to the 
1.72-Mev level has therefore an energy of 0.66 Mev and log ft 
of 5.8, so the level has a low spin and probably positive parity. 
The two weak gamma rays are also found to be in coincidence, 
with an energy sum of 1.72 Mev. The intermediate state of this 
cascade could be at either 1,07 or 0.64 Mev. Since it must be of 
fairly low spin, it apparently cannot be identical with the 1.07-Mev 
level observed in the 9.7-day decay. 


and from a scintillation spectrometer measurement at 
1.90 Mev." We have found no references to other 
quantum radiation associated with the activity. 


2. 9.4-Minule Activity 


A 9.4-min beta emitter was first produced by irradia- 
tion of Sn with deuterons and neutrons by Livingood 
and Seaborg,' and tentatively assigned to Sn, This 
assignment has been confirmed.?* Early reports of the 
maximum beta energy vary,’:” but two recent reports’: 
agree on a value of about 2.05 Mev for this component. 
They also agree on the existance of a branch of about 
0.5 Mev. One of these investigators” resolved an addi- 
tional component of 1.17 Mev in a spectrometer measure- 
ment. An intense gamma ray has been measured by its 
internal-conversion and secondary electrons to have an 
energy of 0.326 Mev," and shown to be in coincidence 
with the highest energy beta ray.’ Higher energy gamma 
radiation was first reported at 1.86 Mev from absorption 
measurements,’ later revised to 1.37 Mev from a 
scintillation spectrometer measurement." 


B. Experimental Methods 


Sources of radioactive Sn'®* were prepared by irradia- 
tion of samples of metallic tin foil enriched in Sn! in the 


neutron flux of the Argonne reactor, CP-5. Sources 


"G. FE. Boyd and B H. Ketelle, reported in National Bureau 
of Standards Circular No. 499, Suppl. No. 2 (U. S. Government 


Printing Office, Washington, D. C., 1951); also reported in 
Hollander, Perlman, and Seaborg, Revs. Modern Phys.- 25, 
469 (1953). 

”W. H. Sullivan and H. E. Wyatt, reported in National Bureau 
of Standards Circular No. 499 (U, S. Government Printing Office, 
Washington, D. C. 1950); also reported in Hollander, Perlman, 
and Seaborg, Revs. Modern Phys. 25, 469 (1953). 

4. B. Duffield and L. M. Langer, Phys. Rev. 77, 743 (1950), 

4G. E. Boyd, reported in National Bureau of Standards 
Circular No, 499, Suppl. No. 2 (U. S. Government Printing 
Office, Washington, D. C., 1951); also reported in Hollander, 
Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953). 
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Fic. 1, Nal (TI) pulse-height distributions of the gamma rays 
of 9.7-day Sn. (A) normal (single) spectrum; (B)-(G) coin- 


used in studying the 9.4-minute period were exposed 
for a few minutes and transferred immediately to the 
counting apparatus. The 9.7-day sources were irra- 
diated for periods of several days, followed by a wait 
of a day or more to permit decay of the short periods. 
In these sources 2.7-year Sb"*, which had been formed 
during irradiation by the decay of 9.4-min Sn, was 
present in intensities comparable to that of the 9.7-day 
Sn, Therefore the Sb was removed chemically after 
the irradiation.” Although it began at once to grow 
back in as a daughter of 9.7-day Sn, the growth was 
at a very low rate. A source could be used for several 
weeks before the Sb’*® activity became troublesome. 

Scintillation studies of the gamma radiations were 
carried out by using two-inch cubic crystals of NaI(T1) 
coupled to Dumont Type-6292 photomultipliers. The 
charged radiations were detected by means of an 
anthracene crystal 7’ inch thick and 2 inches in diam- 
eter mounted on an RCA 5819 photomultiplier. 

The bulk of the experiments were carried out using 
our ten-channel coincidence scintillation spectrometer 
previously described.'* The experiments on the 9.7-day 
activity were later repeated and extended using a pilot 
model of the new Argonne 256-channel pulse-height 
analyzer’ that was kindly placed at our disposal by 
the Electronics Division of Argonne National Labora- 
tory. Most data on 9.7-day Sn shown in the accompany- 
ing figures were obtained with this instrument. No 
measurements on 9.4-min Sn were done with this 
machine, however, because it was not installed near 
the reactor at that time. 

Either of two different geometrical arrangements was 
used in the counting experiments; one for detailed 
analysis of the “singles” or ungated spectrum, the 
other for the coincidence experiments. To optimize 
definition of the full-energy peaks in the normal spec- 
trum, fringe effects and “accidental summing” are 
reduced by the use of a collimator. The collimator 
which we have devised consists of a lead cylinder 3 
inches in diameter and four inches long, along the axis 
of which is bored a tapered hole. The terminal diameters 
of this hole are one inch and one-half inch at the crystal 
and source ends respectively. With the source placed 
one inch from this collimator, about 2.5X10-* of the 
total flux from the source traverses the crystal, and 
the possibility of “sum peaks” is virtually eliminated. 

It is not practical to attempt coincidence experi- 
ments with the very low solid angle afforded by the 
collimator. Despite the fringe effects that are thereby 


16 The chemical purifications were kindly performed for us by 
E. P. Steinberg and K. F. Flynn of the Argonne Chemistry 
Division. 

16 Burson, Jordan, and LeBlanc, Phys. Rev. 94, 103 (1954). 

17R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. (to 
be published), 


cidence spectra gated by pulses in the regions indicated by the 
brackets in (A). Ordinates have arbitrary scales. Dashed curve 
in (E) obtained with 4g Pb/cm? in front of the gating channel 


crystal. 





DECAY OF Sn'#s 
introduced, these experiments are usually performed 
with both crystals quite close to the source, leaving 
room only for necessary absorbers. The coincidence 
resolving times of the gating circuits of both of the 
analyzers used are of the order of 2 10~ second. 

Gamma-ray standards used for calibration included 
Hg”, Cs¥7, Co, Na”, and Na”, 


II, EXPERIMENTAL RESULTS 
A. 9.7-Day Activity 
1. “Singles” Gamma-Ray Spectrum 


The “singles” NaI(Tl) pulse-height distribution is 
shown in Fig. 1(A). The curve is interpreted as follows: 
The peak at 1.97 Mev is the full-energy peak of a 
gamma ray of that energy. This gamma ray is considered 
to be identical with the one previously reported" to 
be the only gamma ray associated with the activity. 
The three intense peaks at 0.81, 0.90, and 1.07 Mev 
are ascribed to three distinct gamma rays of these 
energies. These three and the 1.97-Mev peak can all be 
unambiguously resolved in the singles spectrum, and 
all decay with the 9.7-day period. The very weak peak 
at 1.41 Mev is attributed to a gamma ray of that 
energy. Although it is almost masked in the singles 
spectrum, it will be seen below to be well resolved in 
certain coincidence spectra. The strong peak at about 
0.40 Mev is ascribed to contamination of the source by 
112-day Sn'’. The two shoulders on either side of this 
peak will be shown to be due to gamma rays in Sn'*® 
of 0.34 and 0.47 Mev respectively. Some 15-day Sn"7™ 
was also present in the source; this contamination 
accounts for the strong peak at about 0.160 Mev. 

The remaining low-energy structure is attributed to 
backscattering, to the 0.073-Mev lead x-ray emanating 
from the collimator and shielding, and to 0.026-Mev 
x-rays from Sb which are associated with internal con- 
version of some of the gamma rays. The fall-off of 
the spectrum near zero pulse height is an instrumental 
effect characteristic of this particular analyzer. It is 
necessary to increase the amplifier gain to study this 
portion of the spectrum. 

The best values for the energies of the seven gamma 
rays associated with the decay of 9.7-day Sn’, as 
obtained from both the singles and various coincidence 
experiments, are summarized in Table I. 


2. Gamma-Gamma Coincidence Experiments 


The window of the single-channel analyzer was set 
to cover the full-energy peak of each of the seven gamma 
rays in turn; the brackets along the bottom of Fig. 1(A) 
indicate the regions spanned. The coincidence spectra 
obtained when the analyzer was gated by the pulses 
in each of these regions are shown in Fig. 1(B) to Fig. 
1(G), and are interpreted as follows: 

1.97 Mev.—None of the other radiations were found 
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Taste I. Gamma rays observed in the decay of 9.7-day Sn™*. 


Rel, Rel 
Energy intens, Energy intens 
(Mev) Ye (Mev) %e 


0.342+-0.003 9 1.068 +0.004 73 
0.468 +-0.003 10 1.41 +0.01 3 
0.811+0.005 20 1.97 +0.02 24 
0.904+-0.005 18 


* Percentages refer to the total intensity of the beta transitions to all 
excited states, See Sec. III for discussion of these intensity estimates 


to be in coincidence with the 1.97-Mev peak; the curve 
is not shown, 

1.07 Mev (Fig. 1(B) |.—Four gamma-ray peaks are 
seen to be strongly coincident with the 1.07-Mev 
radiation. In addition to the 0.90- and 0.81-Mev peaks 
also seen in the singles distribution, peaks at 0,47 
and 0.34 Mev are evident. The latter are now clearly 
resolved, because the overwhelming 0.395-Mev peak of 
the Sn" contaminant is not manifest in the coincidence 
distribution. Thus the two “shoulders” in the singles 
distribution are definitely shown to represent gamma 
rays in 9.7-day Sn, The remaining low-energy 
structure is attributed to secondary effects. 

0.34 Mev (Fig. 1(C)].—In this distribution, taken 
with the 0.34-Mev gamma ray, two components are 
accentuated. As would be expected from the previous 
paragraph, strong coincidences with the 1.07-Mev peak 
are seen. Strong coincidences with the 0.47-Mev gamma 
ray are also evident. 

The remaining structure is attributed to secondary 
effects. In particular, the peak at 0.34 Mev is due to 
0.34-Mev gamma-ray pulses gated by Compton pulses 
from the coincident 0.47- and 1,07-Mev radiations 
occurring in the region of the window, The 0.81-Mev 
gamma ray, in coincidence with Compton pulses from 
the 1.07-Mev radiation, gives rise to the peak at about 
0.8 Mev. This effect is accentuated by the fact that the 
distribution is superposed upon the Compton maximum 
of the 1.07-Mev gamma ray itself. The 0.90-Mey 
gamma ray is not similarly apparent because of its 
weaker intensity. The 1.41-Mev peak is due to coin 
cident events between the 1.41-Mev gamma ray and 
that portion of the Compton distribution from the 
0.47-Mev radiation which falls within the window. 
The remaining high-energy pulses are due to coincidence 
events between 1.97-Mev Compton pulses and the 
associated backscattered quanta. 

0.47 Mev (Fig. 1(D)}.—As expected from the two 
previous paragraphs, the 0.34- and 1.07-Mev peaks are 
accentuated, Of greater interest is the resolution of the 
1.41-Mev peak. The experiment establishes without 
doubt that a 1.41-Mev gamma ray exists and that it is 
in coincidence with the 0.47-Mev radiation, 

0.81 Mev (Fig. 1(E)).—The 0.81-Mev gamma ray 
is in coincidence only with the 1.07-Mev radiation, The 
intense peak at about 0.2 Mev is ascribed to back- 
scattered quanta coincident with Compton pulses of 
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6. COINCIDENCE 1.97 MEV 
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Fic. 2. Anthracene pulse-height distributions of the beta rays 
of 9.7-day Sn. (A) normal (singles) spectrum; (B)-(E) coin- 
cidence spectra gated by gamma-ray pulses in the regions of the 
full-energy peaks of the indicated energies. Ordinates have 
arbitrary scales. Abscissa is channel number, with calibration 
about 10 kev per channel. Each point is an average of a block 
of four dened 


the 1.07-Mev gamma ray. This Compton pulse spec- 
trum has its maximum intensity at about 0.8 Mev. 
This.interpretation is confirmed by the fact that the 
(0).2-Mev peak disappears when a Pb absorber of 4 g/cm? 
is placed between the source and the single-channel 
crystal. The dashed line in the figure shows this region 
of the spectrum with the absorber in place. 

0.90 Mev (Fig. 1(F) |,—Like the 0.81-Mev gamma 
ray, the 0.90-Mev gamma ray shows strong coincidences 
only with the 1.07-Mev component. The 0.2-Mev 
backscattered peak is again evident. 

1.41 Mev (Fig. 1(G)).—The distribution obtained 
in coincidence with the 1.41-Mev peak shows only the 
0.47-Mev gamma ray. 

The gamma-gamma 
marized in Table II. 


coincidence data are sum- 
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3. Beta-Gamma Coincidence Experiments 


Anthracene pulse-height distributions of the beta-ray 
groups of Sn’ are shown in Fig. 2, in which the points 
shown are each an average of a block of four channels, 
These plots are of the raw data without corrections; 
it is emphasized that they are not Fermi plots. We 
have found that, for our particular counter and geo- 
metrical arrangement, such plots usually show extended 
relatively straight sections. Extrapolation to the axis 
provides useful qualitative energy measurements. 

“Singles” beta spectrum (Fig. 2(A) }.—The principal 
component, comprising probably over 90% of the beta 
decays, represents the ground-state transition that has 
a reported®:* energy of about 2.35 Mev. Calibration of 
the spectrometer is based upon the endpoint of this 
distribution and on the 0.624-Mev conversion line of 
a Cs’? source, and is roughly 10 kev per channel in 
the spectra shown, The peak at about 0.4 Mev is 
attributed to internal-conversion electrons associated 
with the Sn" contaminant. No analysis of the low- 
energy portion of this singles distribution is attempted. 

The succeeding curves of Fig. 2 are the distributions 
obtained when the analyzer was gated by a single- 
channel gamma-ray counter with its window set on the 
full-energy peaks of each of the indicated gamma rays. 

1.97 Mev (Fig. 2(B)],—Only a low-energy com- 
ponent of about 0.4 Mev is evident, This confirms 
earlier reports®® of such a component coincident with 
high-energy gamma rays. 

1.07 Mev (Fig. 2(C)}.—A component of about 0.4 
Mev is again present, as well as one of about 1.3 Mev. 
Aluminum absorption curves of the beta rays coincident 
with this gamma ray likewise indicated two similar 
components, with the lower energy component repre- 
senting about 60% of the total intensity. 

0.90 Mev (Fig. 2(D)}.—Two components are seen 
to be present; their energies are similar to those of 
Fig. 2(C). Now the relative intensity of the higher- 
energy group is substantially less than in Fig. 2(C), 
however. It is concluded that this group is not actually 
in coincidence with the 0.90-Mev gamma ray, but only 
with Compton pulses from the 1.07-Mev gamma ray 
which are accepted by the window. 

0.81 Mev (Fig. 2(E) |.—The curve is very similar to 
that of Fig. 2(D), and the interpretation is the same. 
Note that the relative intensity of the higher energy 
group is somewhat greater than in Fig. 2(D). This is in 
accord with the fact that the 1.07-Mev Compton dis- 
tribution is more intense in the 0.8-Mev region than it 
is around 0.9 Mev. 

Aluminum absorption curves of unselected beta rays 
in coincidence with these same regions of the gamma-ray 
spectrum gave results that were in every case con- 
sistent with those above, 

Analysis of the beta distributions coincident with the 
0.47- and 0.34-Mev gamma-ray peaks was not feasible 
because of the intense spectral background under these 
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TABLE IT. Summary of gamma-gamma coincidence 
data for 9.7-day Sn™, 


y-ray \.7y-ray 
energy (Mev) \energy (Mev) 1.97 1.41 1.07 


0.34 no yes 
0.47 no yes 
0.81 no yes 
0.90 no yes 
1.07 no 
1.41 no 


peaks due to the higher energy gamma rays. No curves 
of these distributions are presented. 
The beta-gamma coincidence data are summarized in 
Table ITI. 
4. Decay Scheme of 9.7-Day Sn 


By reference to Tables I-III, the decay scheme (Fig. 
4) of the 9.7-day activity is deduced as follows: 

No coincidences were observed between the intense, 
highest energy beta-ray branch of 2.35 Mev and any 
of the gamma rays. This component therefore proceeds 
directly to the ground state of Sb!®, 

The 1.97-Mev gamma ray is coincident with a beta 
ray of 0.4 Mev and with no other gamma rays; the 
energy sum is equal within uncertainties to the total 
decay energy. This evidence justifies placement of an 
excited state at 1.97 Mev. 

Coincidences between the 1.07- and 0.90-Mev gamma 
rays indicate a two-step cascade from the 1.97-Mev 
level to the ground state. The intermediate state is 
placed at 1.07 Mev since the 1.07-Mev transition is in 
coincidence with both the 1.3- and 0.4-Mev beta com- 
ponents, while the 0.90-Mev gamma ray is in coin- 
cidence only with the 0.4-Mev group. The lesser 
intensity of the 0.90-Mev relative to the 1.07-Mev 
radiation is also consistent with this conclusion. 

The triad relationship between the 0.34-, 0.47-, and 
0.81-Mev gamma rays, suggested by their energies, is 
verified. The 0.34- and 0.47-Mev radiations are in 
coincidence with each other and neither is coincident 
with the 0.81-Mev gamma ray. All three of these 
gamma rays are coincident with the 1.07-Mev gamma 
ray and none with the 0.90-Mev radiation; thus the 
triad must lie above and terminate at the 1.07-Mev 
level. Another energy level is thus established at 1.88 
Mev. The observed coincidences between the 0.81-Mev 
gamma ray and beta rays of about 0.4 Mev further 
support the arrangement. It must therefore be con- 
cluded that the lowest-energy beta group listed in the 
previous section is actually two components; one of 
about 0.38 Mev feeding the 1.97-Mev level, and another 
of about 0.47 Mev feeding the 1.88-Mev level. The 
anthracene pulse distributions of the beta rays do 
actually suggest an energy difference in the right direc- 
tion between the two cases [ Fig. 2 (D) and (E) }, but are 
not accurate enough to be conclusive in themselves. 

The 1.41-Mev gamma ray is in coincidence with the 
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AND 9.4-MIN) 


TABLE IIT. Summary of beta-gamma coincidence 
data for 9.7-day Sn", 


B-ray \y-ray 


energy (Mev) \energy (Mev) 1.97 1.41 1,07 0.90 O81 O47 0.34 


2.35 no no no no no no no 
1.3 no yes weak weak 
0.4 yes yes yes yes 


0.47-Mev gamma ray and no others, indicating a two- 
step cascade from the 1.88-Mev level to the ground state 
via an intermediate state at 1.41 Mev. This result lends 
additional strength to the conclusions in the previous 
paragraph and in addition determines the sequence of 
the 0.47-0.34-Mev cascade which parallels the 0.81-Mev 
transition, 

A diligent search was made for a possible 0.09-Mev 
gamma ray in both singles and coincidence studies, 
which would represent a transition from the 1.97- to 
the 1.88-Mev state, but none was found, 

These experiments thus uniquely determine a decay 
scheme comprised of four beta rays (possibly five) and 
seven gamma rays. The only two components not 
definitely resolved from each other by one or more of 
the experiments are the two beta branches of about 
0.38 and 0.47 Mev. The decay scheme is shown in Fig. 4 
in conjunction with the scheme associated with the 9.4- 
minute activity. 


B. 9.4-Minute Activity 


All data on this activity were obtained with the 
earlier Argonne 10-channel coincidence spectrometer.'* 


1. Singles Gamma-Ray Spectrum 


Figure 3(A) shows the singles NaI(T]) pulse-height 
distribution associated with the 9.4-minute activity in 
Sn, Note that the curves of this figure are semi- 
logarithmic, in contrast to the earlier figures. The 
dominant feature of the singles spectrum is the peak 
associated with the 0.326-Mev gamma ray. The higher 
energy portion of the distribution, exhibiting peaks 
at 0.64 and 1.39 Mev, was also observed to decay with 
the 9.4-minute period, and so indicates the presence 
of at least two more gamma rays. 

After the 9.4-minute period had died out, a small 
residue of 39.5-minute Sn™ remained, This distribution, 
Fig. 3(B), was identified, corrected for decay, and 
subtracted as indicated. After 24 hours, the source had 
decayed to background, confirming that none of the 
structure could be attributed to the 9.7-day activity. 


2. Gamma-Gamma Coincidence E-x periments 


Figure 3(C) shows the distribution obtained in coin- 
cidence with the 0.326-Mev peak. The region below 
0.4 Mev is not shown; other experiments using very 
weak sources to suppress 0.326-0.326 accidental coin- 
cidences showed no peaks in this region. The 1,39-Mev 
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Fic. 3. NaI (Tl) pulse-height distributions of the gamma rays of 9.4-minute Sn", (A) singles spectrum; (B) 
spectrum of 40-minute Sn'™ corrected to the time of the singles spectrum (A); (C) spectrum in coincidence with 
the 0.326-Mev peak; (D) spectrum in coincidence with the 1.07-Mev region. Relative ordinates of the various 


curves are arbitrary. 


radiation is found to be in coincidence while the 0.64- 
Mev radiation is not. Notice the marked contrast 
between this curve and the singles spectrum [ Fig. 3(A) ] 
in the region of 1.07 Mev. The gated spectrum in this 
region is due only to the 1.39-Mev gamma ray. Com- 
pared to it, the singles spectrum shows an abnormal rise 
that is presumed to be due to a very weak gamma 
ray of about 1.07 Mev. 

Figure 3(D), obtained with the gating channel located 
in the 1.07-Mev region, shows unambiguously that the 
0.64-Mev gamma ray is in coincidence with pulses corre- 
sponding to about 1.07. Mev. The 0.64-Mev peak was 
not in evidence, however, in the distribution (not 
shown) obtained with the gating channel on the 1.39- 


Tasie IV. Gamma rays observed in the decay of 9.4-minute Sn!*. 


Energy Rel. 
(Mev) intens. 


Energy Rel 
(Mev) intens 
1.07 +0.02 
1.39+0.01 


0.3% 
1.9% 


99.7% 
0.3% 


0.326 +0,003 
0.64 +0.02 


Mev peak. Thus the pulses near 1.07 Mev that are 
coincident with the 0.64-Mev peak are not 1.39-Mev 
Compton pulses, and must be due to a 1.07-Mev 
gamma ray. The inverse experiment, in which the 
gating channel was placed on the 0.64-Mev peak, 
would be expected to show up this gamma ray clearly. 
Unfortunately, the tail on the high-energy side of the 
0.326-Mev peak was so intense at the location of the 
().64-Mev peak that uncertainties in the result were too 
great to permit a definite conclusion, However, it is 
believed that the other experiments detailed above are 
sufficient to establish the existence of a weak gamma 
ray of about 1.07 Mev in coincidence with the 0.64-Mev 
gamma ray. 

The gamma rays of 9.4-minute Sn”® are listed in 
Table IV. A summary of the gamma-gamma coin- 
cidence data is contained in Table V. 


3. Beta-Gamma Coincidence Experiments 


Aluminum absorption of the beta rays in coincidence 
with the 0.326-Mev gamma ray showed only a single 
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Fic. 4. The decay 
scheme of 9.7-day 
and 9.4-minute Sn. 
Intensities in the 9.7- 
day scheme are ex- 
pressed as percent of 
total decay to ex- 
cited states, assumed 
to total about 5% of 
all decays. Spin as- 
signments to other 
than the first ex- 
cited state are only 
suggestive. 


0.47 
0.81 (10%) 
90 


| (20%) 








(9.7-DAY 





component of about 2.0 Mev, consistent with previous 
reports.*:= No evidence could be found for any higher 
energy component not in coincidence with gamma rays. 
No effort was made to observe the beta rays coincident 
with the higher energy gamma rays because of the very 
low intensities of the latter. 


4. Decay Scheme of 9.4-Minule Sn” 


The intensity of the 0.326-Mev gamma ray leaves 
no doubt that the principal mode of decay consists of 
the 2.0-Mev beta ray to an excited level at 0.326 Mev 
followed by the gamma transition directly to the 
ground state. A direct ground-state beta transition does 
not occur in observable intensity. It is noteworthy that 
this excited level is not observed at all in the decay 
scheme of 9.7-day Sn!*°, 

The similarity between the energy of the 1.39-Mev 
gamma ray and that of the 1.41-Mev transition ob- 
served in the 9.7-day activity suggested at first that 
they might be identical. Incompatibility of the gamma- 
gamma coincidence data of the two activities shows 
that this cannot be the case. A careful comparison of 
their energies did in fact show an observable difference 
of 0.02 Mev. For this comparison, a spectrum from a 
9.7-day source coincident with the 0.47-Mev region 
and a spectrum from a 9.4-minute source coincident 
with the 0.326-Mev region were obtained in succession 
without disturbing the geometry or the adjustments of 
the analyzer. Pb absorbers were used to attenuate low- 
energy radiations, and the source strengths were ad- 
justed to give comparable counting rates. The energies 
so obtained were 1.41 and 1.39 Mev respectively. 

Coincidence of the 1.39-Mev transition with the 


AND 9.4-MIN) 


~2.05 1.39 | 
(97.8%) | { 


AO7 | 
or ‘~) 
| 0.64 
1.07 
(0.3%) 


(1.9%) 


0.32643 





0.326-Mev gamma ray thus indicates the presence of an 
excited level at 1.72 Mev that is not observed in the 
9.7-day decay scheme. The reported*®” low-energy beta 
branch of about 0.5 Mev is presumed to proceed to 
this level. 

The 0.64-1.07-Mev coincidences indicate the exis 
tence of a second cascade from the 1.72-Mev level to 
the ground state. The energy of the 1.07-Mev gamma 
ray is equal within uncertainties to that of a gamma 
ray observed in the decay of 9.7-day Sn'*; it was at 
first presumed that this intermediate state was the 
same state as observed in the other decay, However, 
consideration of the possible spin assignments in the 
two cases (see Sec. III-B) indicate that this is probably 
not so. Since no experiment determines the order of 
the cascade, this intermediate state may lie either 
near 1.07 Mev or at 0.64 Mev. 

The decay scheme is shown in Fig. 4 together with 
that of 9.7-day Sn'*, 


Ill. CONCLUSIONS 
A. Intensity Estimates 


The area of the photopeak associated with each of 
the gamma*rays was estimated quite carefully, al- 


TasLe V. Summary of gamma-gamma coincidence 
data for 9.4-minute Sn, 


y Tay y-ray 
energy (Mev energy (Mev) 
0.326 
0.64 
1.07 





BURSON, 
Taste VI. Beta rays in the decays of Sn’. 


94-minute decay 


Energy Log 
(Mev) Intensity ft 


2.05 97.8% 5.5 


(1.31) <0.2 >74 
0.66 2.2 5.8 


9.7-day decay 


nergy Log 
(Mev) Intensity tt 


2.35 95% 8.9 
1,28 1.0 98 
(0,94) AA 104 
0.47 2.1 7.9 
0.38 1.9 7.7 


though it is evident from the complexity of the spectrum 
that substantial uncertainty is attached to the weaker 
transitions. From these areas, approximate intensities 
were determined by means of an empirical curve of 
photopeak efficiency vs energy. The original estimates 
made from the collimated singles spectrum were ad- 
justed where necessary to obtain agreement with the 
relative intensities obtained from all of the coincidence 
experiments, The set of relative gamma-ray intensities 
given in Table I (for 9.7-day Sn'*) and Table IV (for 
9.4-minute Sn!*5), and also shown in Fig. 4 is sub- 
stantially self-consistent. They are expressed, in the 
case of the 9.7-day activity, as percentages of the total 
intensity of all beta transitions to excited states. 
Although they are believed to be substantially correct, 
it is very difficult to assign definite limits of error, and 
so none are stated. 

The beta-ray energies are deduced from the gamma- 
ray energies and from the reported spectrometer values 
of 2.35 Mev** and 2.05 Mev’ for the principal com- 
ponents in the 9.7-day and 9.4-minute activities re- 
spectively, The 95% intensity of the 2.35-Mev com- 
ponent is taken from a reported* value and was not 
verified in our experiments. [It is consistent with the 
appearance of our pulse distribution of the normal 
spectrum, Fig. 2(A).] The relative intensities given 
for all other beta rays are based mainly on the gamma- 
ray intensities. One additional independent datum was 
the ratio of 0.4- to 1.3-Mev beta rays in coincidence 
with the 1.07-Mev gamma ray. This ratio was about 3:2 
from both the aluminum absorption curve and from the 
anthracene pulse distribution, consistent with the 
scheme of intensities given. 

Two special points may be mentioned: The quoted 
intensities of the gamma rays entering and leaving 
the 1.41-Mev level in the 9.7-day scheme indicate the 
possible existence of a very weak beta branch to this 
level. Since its intensity is given by the small difference 
of approximate quantities, it must be regarded as very 
uncertain. The component is not actually observed in 
any experiment, and may not exist. 

The second point concerns the 0.64-Mev, 1.07-Mev 
gamma-ray cascade in the 9.4-minute scheme. A beta 
ray of unspecified intensity reported® at 1.17 Mev 
would have approximately the right energy for a level 
at 1,07 Mev, Our measurements indicate equal in- 
tensities for the two gamma rays, however. Even 
granting very generous limits of error on our intensities, 
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it does not seem that a beta ray to this level could have 
an intensity greater than perhaps 0.2%, which would 
probably not have been observable in any ordinary 
spectrometer measurement. Therefore the choice of 
the order of the two gamma rays and the location of the 
intermediate state has been left open. 

A list of all the beta rays is given in Table VI, with 
the energies and intensities given by the considerations 
mentioned above. Those whose existence is doubtful 
are included, but shown in parentheses. Log ft values 
have been calculated for reference in the next section. 


B. Spin Assignments 


The single-particle assignments shown in Fig. 4 for 
the two isomeric states of Sn'*° and for the ground and 
first excited states of Sb'*® have been proposed pre- 
viously.'* There are no other choices for these states 
within the framework of the single-particle model that 
are compatible with the data. If these are accepted, 
the observed intensities of the various gamma rays and 
beta rays permit certain deductions about the spins 
of the remaining states. 

It can be confidently stated that all the excited states 
of Sb!* involved in the decay of 9.7-day Sn! have 
spins of at least 9/2. Furthermore, it seems reasonably 
certain that all have positive parity; tentative assign- 
ments of negative parity for any of them invariably 
involve serious conflicts with the data of one kind or 
another. The specific assignments that seem at all 
possible are shown in Fig. 4. Where only one assign- 
ment is shown, it indicates that this one is definitely 
preferred by the data, although it is not meant to be 
implied that we regard it as established. The choice 
of 15/2 for the 1.88-Mey level is possible only in con- 
junction with an 11/2 choice for the 1.07-Mev level. 
No set of assignments among those shown is without 
one or more mild objections; in particular the large 
log ft of the 1.28-Mev beta ray and the lack of a gamma 
transition from the 1.97-Mev level to the 1.41-Mev 
level are hard to reconcile with the other facts. 

In the 9.4-minute activity, the lowest energy beta 
ray appears to be allowed, indicating that the 1.72-Mev 
level also has positive parity. It is however possible 
that this beta ray is first-forbidden, and that the level 
has negative parity. The intermediate state of the 0.64- 
Mev, 1.07-Mev gamma ray cascade may have negative 
parity since no beta ray to it is seen. In any case, it 
appears that it must have a low spin value, which 
would indicate that it is not the same level as the one 
at 1.07 Mev in the 9.7-day decay. Since the order of 
the cascade is not determined by any experiment, the 
level may lie either near 1.07 Mev or at 0.64 Mev. 


C. Total Decay Energy 
The energies of the principal beta components of the 
two activities of Sn'*, as quoted throughout this paper 


18M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 
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and as shown in Fig. 4, were taken from the litera- 
ture.**4 Our own absorption measurements of these 
energies were, within experimental uncertainty, in com- 
plete accord with these values. However, we do not, on 
the basis of our measurements, take any stand on the 
question of which of the two isomeric states of Sn'*5 
lies lower in energy. With the quoted energies, it 
appears that the Ay,/2 state lies lower by about 0.03 
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DAY AND 9.4-MIN) 633 
Mev; it has been pointed out'* that this may represent 
a singular case of an /y1/, ground state. However, the 
value of 2.35 Mev for the 9.7-day beta is the average 
of two independent values which disagree by 0.04 Mev, 
and the only spectrometer measurement of the 9.4 
minute beta” is from a different source than either of 
these, Consequently, we do not believe that the question 
of which is the ground state can be regarded as settled. 
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The counter ratio technique has been applied to the study of (p,m) thresholds in Mn, Co”, Zn®, and Zn®. 
The ground state thresholds were found at proton energies of 1.895+-0.005 Mev for Co”, 3.7624-0.005 Mev 
for Zn®, and 1.805+0.005 Mev for Zn®’. Thresholds were found corresponding to excited states in Fe® at 
0.924, 1.327, 2.16, 2.554, 2.92, and 3.76 Mev; in Ni® at 0.325, 1.195, 1.776, 2.551, 3.043, 3.543, and 3.340 
Mev; in Ga" at 0.188, 0.342, 0.574, and 0.848 Mev; and in Ga®’ at 0.357, 0.85, and 1.54 Mev. Absolute cross 
sections were measured for neutrons at 0° to the incident beam. 


INTRODUCTION 


HE study of (p,n) reactions in elements of atomic 
number greater than 20 is more complicated than 
in the lighter elements because of the usual presence of 
several isotopes for each element and the smaller cross 
sections for the reactions in the 2- to 4-Mev range of 
bombarding energy. Cobalt and manganese are ideal 
for (p,m) investigations since they occur normally as 
single isotope elements. 

Enriched samples of Zn and Zn® are available from 
electromagnetic separation at Oak Ridge allowing 
separate study of these isotopes. The ground state 
thresholds for these elements lie in the lower portion 
of the proton energy range of the 6-Mev Rice Institute 
Van de Graaff accelerator. This allows, by means of the 
counter ratio technique, the study of the various 
excited states of the residual nucleus as well as the 
ground state thresholds. 

The method of detection of neutron thresholds by the 
counter ratio method has been described in a number of 
articles."* This method utilizes two paraffin-moderated 
BF; proportional counters; the one, called the modified 
long counter, has a fairly uniform sensitivity for neu- 
trons with energies above 200 kev and the other counter, 
called the slow counter, has its strongest sensitivity for 
neutrons of less than 400 kev. The yields shown in the 
present paper are determined by the modified long 
counter in its position behind the slow counter and are 
not corrected for variation of its sensitivity with 

t Supported in part by the U. S. Atomic Energy Commission 

1T, W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 


2 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 
5 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 


neutron energy. The geometrical arrangement of the 
counters and the counter efficiencies are similar to those 
given by Brugger, et al.? 

When one uses this arrangement, the ratio of the counts 
in the slow counter to that in the modified long counter 
will indicate the presence of thresholds in the production 
of neutrons. When there is considerable yield of high- 
energy neutrons below the energy of a particular neu- 
tron threshold, the counter ratio rises to a maximum 
value above each threshold in an energy increment 
roughly equal to target thickness provided that the 
slow-neutron yield shows no strong resonances in this 
energy increment. In the absence of resonances, the 
rise of the ratio is due to the increasing number of slow 
neutrons relative to the high-energy neutron yield and 
continues until the whole target is contributing to the 
slow-neutron yield. When the proton energy is increased 
further, the ratio will in general decrease because of the 
increase in the energy of the threshold neutrons. 

If there is no appreciable yield of high-energy neu- 
trons below a threshold, then the ratio will rise to its 
value immediately above the threshold. 

Resonances may occur which have strong effects on 
the counter ratio for proton energies of less than a few 
hundred kev above an excited state threshold. A rough 
estimate of this effect can be obtained from the variation 
of counter efficiencies with neutron energy.? Consider 
the case of a residual nucleus whose first excited state 
(5/2~) is one Mev above the ground state (3/2>) and 
a resonance in the compound nucleus that is 1~. At 
this resonance, neutrons with /=0 are emitted when the 
nucleus is left in the ground state but /= 2 neutrons are 
required to leave the nucleus in the first excited state. 
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Near threshold the number of these neutrons with /= 2 
will be very small and so the number of fast neutrons 
might be doubled at the resonance with no increase in 
the number of threshold neutrons. If such a resonance 
comes at 100 kev above the first excited state threshold, 
the counter ratio will decrease by approximately 30%. 
On the other hand, if this resonance occurs 500 kev 
above the threshold, the effect on the ratio will be less 
than 4%, 

Experiments carried out with targets that are thick 
compared to the spacing between resonances increase 
the number of neutrons which are not due to the 
resonance in question and thus decreases its relative 
effect. 

Nevertheless, pronounced decreases in the counter 
ratio can occur at a resonance and the subsequent rise 
in the counter ratio above the resonance may be mis- 
taken for a threshold. 

Because of these anomalies in the counter ratio which 

are not due to thresholds, an effort has been made 
throughout this work to be conservative in assigning 
the thresholds. Questionable effects in the ratio will not 
be listed as thresholds but will be discussed in the text 
as anomalies. 
_ The energy calibration of the beam-analyzing magnet 
is accomplished by means of a proton and lithium 
resonance magnetometer and the conventional elec- 
tronics. The Li’(p~,)Be’ threshold served as the 
primary standard for the calibration.‘ A correction to 
the calibration was applied at higher energies because 
of saturation effects. The correction was derived by 
checking the calibration at higher energies against 
several well-known thresholds.’ 


4A. H. Wapstra, Physica 21, 367 (1955). Proton energy at 
threshold: 1882.52-0.9 kev. 
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CROSS SECTIONS 


Cross sections were obtained in the case of Co’, Zn®, 
and Zn by comparison to the Li’(p,n)Be’ cross 
section’ at equal neutron energies to avoid having to 
know the exact counter efficiency variation with neutron 
energy. 

The lithium targets used were in the form of weighted 
LiF evaporated on 2-mil pure aluminum blanks. To 
reduce the chance of error, at least two different LiF 
targets were used for each comparison. The comparisons 
were made at proton energies of 2.18, 1.95, and 3.92 Mev 
for Co”, Zn®’, and Zn, respectively, and at these 
energies the cross sections were found to be 0.074, 
(0.025, and 1.65 mb/sterad, respectively, at 0° to the 
beam of protons. These cross sections are believed to 
be accurate to about 30%. The cross sections noted on 
the figures are less accurate because the yields have not 
been corrected for the variation of counter efficiency 
with neutron energy. This correction would be impos- 
sible to apply without knowledge of the percentage of 
neutrons going to the various excited levels. Thus, a 
cross section read off one of the figures is accurate to 
only about 50%, 

Because of the low yield involved, the cross section 
for Mn*°(p,n)Fe® had to be checked at a bombarding 
energy of 1.97 Mev where two neutron groups were 
present. The approximate energy of the two groups were 
900 kev and 500 kev. Monoenergetic 630-kev neutrons 
from Li’(p,n)Be’ were used for cross-section com- 
parison, and since the efficiency of the modified long 
counter does not change materially in this energy range, 
no additional errors were introduced by the two groups 
of neutrons. Thus, for Mn® the cross section of 0.15 


5R. F. Taschek and A. Hemmindinger, Phys. Rev. 74, 373 
(1948). 
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mb/sterad at 1.97 Mev is approximately of the same 
accuracy as the other cross sections. 

All cross sections given are averaged values from 
0° to 10° in the laboratory system and represent the 
averaged values of the true cross sections over target 
thickness immediately below the comparison proton 
energies. 


Mn°*(p,n)Fe® 


Initial difficulties were encountered in making thick 
manganese targets by evaporation. It was later found 
that aluminum blanks, sanded with No. 320 emery 
paper, would accept the manganese without flaking. 
This was either due to the removal of the thin oxide 
layer or to the roughness of the surface. 

Figure 1 shows the ratio and yield obtained with a 
target of 2.1 mg/cm? which corresponds to a thickness 
of approximately 175 kev for 2.0-Mev protons. Even 
with a target of this thickness, several resonances in 
the yield can be noted. Owing to the small yield at low 
energies, the data were not extended below 1.5 Mev. 
Thus, the ground state threshold and possibly an 
excited state threshold were missed.* Table I presents 
a list of thresholds observed, the calculated Q values, 
and the excited levels in Ni®*. Since the ground state 
threshold was not observed in the present investigation, 
all excitation energies are given relative to the ground 
state Q value of 1.015+0.003 Mev as measured by 
Johnson.’ 

Some anomalous effects can be seen in the ratio 
curve of Fig. 1. Threshold A rises for 150 kev which 
agrees with the known target thickness at this energy. 
Threshold B, however, rises for 60 kev and is then 
followed by a dip in the ratio at 2.496 Mev. Experi- 
ments with a target approximately 4 as thick, showed a 
dip which is much more pronounced. However, since 
the dip is associated with several resonances in the 
yield and since the ratio above B has not risen for target 
thickness before the anomalous effect, the anomaly at 
2.496 Mev is attributed to resonance effects. Stelson 
and Preston,® using nuclear emulsion plates to measure 
proton recoil energies, reported level B to be 60 kev 
wider than level A and suggested the possibility of a 
doublet for B. The present results do not prove the 
existence of such a doublet but cannot rule out this 
possibility. 

Threshold C rises for 200 kev which is somewhat 
larger than the 140-kev target thickness at this energy. 
This rise might be caused by a delayed rise in the slow- 
neutron yield due to high-angular-momentum slow 
neutrons. 

Thresholds E and F have indications of resonance 
dips immediately below threshold at 3.97 Mev and 
4.8 Mev, respectively. This possibility introduced a 
larger error in choosing the energy at which the thresh- 

®P. H. Stelson and W. M. Preston, Phys. Rev. $2, 655 (1951) 

7 Private communication from C. H. Johnson correcting the 


original report by C. C. Trail and C. H. Johnson, Phys. Rev. 91 
474(A) (1953) 
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Threshold e: , oO 


Mev 


1.015+0.003* 


1.975+0.010 
2.385+4-0,015 
3.24 +0.03 
3.63540.015 
4.01 +0.04 
4.87 +0.04 


1.939 
2.342 
3.18 
3.569 
3.94 
4.78 
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* See reference 7 
» This is only the lowest level measured 
level, 


It is possibly the second excited 


old occurs. Thresholds A, B, and C all agree within 
quoted errors to the excited levels observed by Stelson 
and Preston.® 

There is a small anomaly in the ratio at 4.44 Mev 
which flat for target thickness. This could 
possibly be attributed to a threshold, but since it is 
close to a resonance and is not prominent, the effect is 
not listed as a threshold. 

No level in the present work corresponds to the 1.84- 
Mev excited Fe level reported by Caird and Mitchell,* 
who examined the positron decay of Co". Other levels 
which they report at 0.935, 1.41, and 2.17 Mev roughly 
correspond to ones observed here. 


stays 


Co*’( p,n) Ni* 


The Co” target was normal cobalt electroplated from 
a colbalt chloride solution buffered with boric acid onto 
a tungsten blank which had been cleaned in boiling 
potassium hydroxide. The cobalt was evenly electro- 
plated so that, after finishing the threshold investiga- 
tion, the foil was peeled from the tungsten backing and 
weighed on a quartz spring balance and found to be 
1.6 mg/cm’, which corresponds to a thickness of ap- 
proximately 120 kev for 2.0-Mev protons. 

The ratio and yield for Co™"(pn)Ni® are shown 
in Fig. 2, Many resonances appear in the yield. 
Table II presents the thresholds observed. The ground 
state threshold of 1.895+4-0.005 Mev is in agreement 
with the value given by McCue 
1.889+4-0.003 Mev. 


and Preston’ of 


Anomalies in the ratio, which might be interpreted 
as thresholds, occur immediately following thresholds 
C, D, E, and F. However, since these effects follow so 
soon after thresholds and therefore are probably con 


nected with resonances, they cannot be regarded as 
thresholds on the basis of present data. The ratio effect 
at G is chosen as a threshold since it occurs 300 kev above 
threshold F and is a relatively large effect considering 
that it occurs where the ratio would be dropping 
normally. The ratio effect at // is chosen as a threshold 
since if we considered: it a resonance effect the ratio 
would rise for three times above 


target thickness 


‘RS. Caird and A. C. G. Mitchell, Phys. Rev. 94 
+]. J.G. MeCue and W, M. Preston, Phys. Kev 


412 (1954) 
$4, 544 (1951) 
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threshold G. There is a definite possibility that either 
effect G or H is not due to a threshold. There must be 
at least one threshold, however, to explain the fact that 
the ratio remains high for such a long energy interval 
above threshold F. The levels in Ni* at 0.325, 1.195, 
and 1.776 Mev agree with the results of Pratt'® who 
studied the Ni®*(d,p)Ni® reaction. 

Thresholds C, D, F, and G give levels in Ni*® which 
agree within the experimental errors to levels obtained 
from the Ni(n,y) data of Kinsey and Bartholomew," 
if one assumes that 7 rays of energy 7.817, 7.22, 5.99, 
and 5.70 Mev are due to neutron capture in Ni. 

The present results are in agreement with threshold 
work from 1.8 to 5.0 Mev performed by Butler, 
Dunning, and Bondelid,” although interpretation is 
different. The anomalies in the ratio curves above 
thresholds C, D, and £ of the present work are not 
listed as thresholds while Butler et al.,"* have designated 
these effects as thresholds. 


Tasve II. Neutron thresholds in the reaction Co™(p,n)Ni™. 


Ni 
(Mev) 


0 

0.325 
1.195 
1.776 
2.551 
3.043 
3.340 
3.543 


Threshold energy 
(Mev) 


v 
(Mev) 
— 1,863 
~ 2.188 
—~ 3.058 
~ 3,639 
-4.414 
~ 4,906 
~ 5.203 
- 5.406 


1.8954-0.005 
2.2254-0.015 
3.11040.010 
3.7014-0,010 
4.489+-0.015 
4.990 +0.010 
5.2924-0.015 
§.499+-0.015 


G 
H 


WW. W. Pratt, Phys. Rev. 95, 1517 (1954) 

“B. B. Kinsey and G, A. Bartholomew, Phys. Key 
(1953) 

” Butler, Dunning, and Bondelid (private communication) 
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Fic. 2. Co™(p,n)- 
Ni®. The thresholds 
are marked by la- 
beled arrows. See 
in text concerning 
thresholds G and H. 
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Zn(p,n)Ga 


Enriched samples of Zn®* and Zn were obtained in 
the form of zinc oxide by loan from the Isotopes 
Division of the Oak Ridge National Laboratory. One 
sample had a composition (weight percent) of 93.9%, 
Zn® and 0.4% Zn", while the other sample had a 
composition of 8.1% Zn" and 56% Zn*’. The remainder 
of the isotopes present to an appreciable extent were 
Zn and Zn® whose (p,m) ground state thresholds of 
8.140.5 Mev" and 6.05+0.05 Mev," respectively, are 
beyond the range of the present investigations. 

Because of the small amounts of zinc oxide available, 
several methods of target making were investigated by 
using normal zinc. The low boiling point of zinc made 
reduction and evaporation of the metal quite inefficient. 
Electroplating was found to be more efficient and to 
produce satisfactory targets. 

Some targets were made on aluminum blanks and 
weighed on a quartz balance. Those made on tungsten 
backings were more uniform and were used. The 
weights used for the Zn™ and Zn® targets were obtained 
by assuming the same weight as for weighed targets 
made on aluminum blanks under identical conditions. 


TaBLe IIT, Neutron thresholds in the reaction Zn"*(p,n)Ga®, 


Threshold energy 
(Mev) 


Ga‘* 
(Mev) 


0 

0.188 
0,342 
0.574 
0.848 


Q 
(Mev) 


—3,707 
— 3.895 
— 4.049 
—4,281 
—4.555 


3.762+0,005 
3.953+0.006 
4.109+0,.008 
4.3454-0.012 
4.6232-0.010 


4B. L. Cohen, Phys. Rey. 91, 74 (1953) 
Blaser, Boehm, Marmier, and Peaslee, Hely. Phys. Acta 24, 3, 
441 (1951). 
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Fic. 3, Zn (p,n)Ga", The thresholds are marked by labeled arrows, 


Zn"*( p,n)Ga** 

The ratio and yield for a 1.6-mg/cm? Zn® enriched 
target is shown in Fig. 3. This weight corresponds to a 
thickness of approximately 90 kev for 3.7-Mev protons. 
The data extend from 3.6 Mev, which is below the 
Zn**(p,n)Ga® ground state threshold, to 5.6 Mev where 
the effects due to new thresholds are already becoming 


quite small. The region from 3.6 Mev to 5.05 Mev was 
target (results not 
shown). There was a one-to-one correspondence between 
the thresholds observed with the normal zinc target in 
this region and the Zn” thresholds. The two strong 


also examined with a normal zin« 


resonances which appear in the Zn® yield at 4.15 Mev 
and 4.92 Mev also appear in the normal zinc data. 
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TasLe IV. Neutron thresholds in the reaction Zn" (p,n)Ga". 


Ga"* 


(Mev) 


Threshold energy ( 
ev) (Mev) 


—1,778 0 
—2.135 0.357 
— 2.63 0.85 
— 3.32 1.54 


A 1,80540.005 
B 216740.010 
C 2.67 +002 
D 3.37 40.02 
E Zn® 


The thresholds observed in Zn®(p,n)Ga™ are presented 
in Table III. 

The ground state threshold rises quite rapidly due 
to the smallness of the background in comparison to 
the neutron yield slightly above threshold. This ground 
state threshold of 3.76240.005 Mev, which represents 
an average of three runs, is slightly higher than 
3.7494+0.006 Mev as measured by Brugger ef al.? The 
first excited state at 188+ 8 kev is to be compared to 
170+9 kev as measured by Brugger et al. In the present 
data, with separated isotopes, the first excited threshold 
is more pronounced and should be more accurate than 
the older measurements. 

The resonance at 4.15-Mev bombarding energy seems 
to affect threshold C in Fig. 4. Data with a slightly 
thicker target of 1.8 mg/cm’ did not show the dip above 
threshold C. A ratio anomaly at 4.884 Mev can be 
associated with the strong resonance at 4.92 Mev. 
Another ratio anomaly at 5.02 Mev can be associated 
with a resonance at 5.1 Mev. A small anomaly occurs 
at 5.36 Mev. Although this last anomaly shows a rise in 
the ratio for target thickness and does not appear to be 
connected with a strong resonance, it is such a small 
effect that it is not listed as a threshold. 


Zn" (p,n)Ga” 


The Zn” target was made under identical conditions 
to the Zn®™ target used and is also 1.6 mg/cm’. For 
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2.0-Mev protons this target has a thickness of approxi- 
mately 120 kev. The ratio and yield for this target are 
shown in Fig. 4. The data extend from 1.75 Mev, which 
is below the Zn"’(p,n)Ga" ground state threshold, to 
4.5 Mev which is some distance above the Zn®(p,n)Ga® 
ground state threshold. The ratio has been corrected 
for background below 2.35 Mev. Several resonances 
appear in the yield. The thresholds are given in 
Table IV. 

Owing to the presence of 8.1% Zn® in this sample, 
the data above E (3.762 Mev) are complicated by the 
Zn® yield. Knowing the percentages of Zn™ and Zn® 
in the target and the Zn**(p,n)Ga™ cross section, a 
correction could be applied to the yield above the 
Zn® threshold. Figure 4 does not include this correction 
which would lower the ratio above 3.762 Mev by 
roughly 10%. It appears from the experimental curve 
that there are one or more thresholds in Zn™ above E in 
the energy range of from 3.9 to 4.1 Mev. 

No previous information is available on the excited 
levels in Ga, Trail and Johnson,'® however, have 
measured the ground state threshold to occur at 
1.812+0.005 Mev. There is a ratio anomaly at 3.06 Mev 
which is attributed to the resonance at 3.08 Mev. 
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Deuteron-Induced Reactions from N', N", and He‘t 


E. K. WarBurTON* AND J. N. McGruer 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received October 8, 1956) 


A study has been made of the reactions N"*(d,p) N'*, N(d,t)N™, N™(d,p)N"*, N!°(d,a)C™, and He*(d,p) He® 
using 14.8-Mev deuterons. Angular distributions and stripping reduced widths were obtained for five proton 
groups leading to energy levels in N‘. The stripping reduced widths for the first two negative parity levels of 
N" were used to gain information concerning the N“ ground state wave function, The absolute differential 
cross sections obtained for the N'(d,t)N™ reaction were compared to theoretical predictions. Nine proton 
groups observed from the N'*(d,p) N'* reaction were assigned to levels in N“ at 0, 0.126+-0.015, 0.303 40.009, 
0,403+0.015, 3.980+0.02, 4.80+0.05, 5.25+0.05, and possibly at 3.53+-0.03 and 5.01+0.05 Mev. Angular 
distributions were obtained for the first four levels, which have been previously reported. The four angular 
distributions yielded /= 2,0, 2,0 and “reduced widths” of (2/ +1)@*=0,27, 0.19, 0.33, 0.54 for the 0-, 0.12-, 
0.30-, and 0.40-Mev levels, respectively. The results of the angular distributions were combined with 
theoretical predictions to give most probable values of J"=2>, 0~, 3~, and 1~, respectively. Ten alpha 
particle groups were observed from the N'®(d,a)C™ reaction corresponding to previously reported C" levels 
The stripping reduced width obtained for the He*(d,p)He* ground state reaction was @*=0.05, and the 


center-of-mass half-width of the He® ground state was measured to be 0.55+0.030 Mev 


I. INTRODUCTION 


HE apparatus used has been previously described.! 

A collimated beam of 14.8-Mev deuterons was 
incident upon a target placed at the center of the 
scattering chamber. Outgoing particles were magneti- 
cally analyzed and were detected by a CsI(TI) crystal. 
The reactions investigated were N'(d,p)N". 
N'*(d,t)N™, N!5(d,p)N'*, N'°(d,a)C™, and He‘(d,p)He'. 
Angular distributions were obtained for some of the 
proton groups and were analyzed by the stripping theory 
of Butler? to determine the spins and parities of the 
states of the residual nuclei. Absolute differential cross 
sections were measured for all the reactions. For the 
(d,t) and (d,a) reactions, qualitative comparisons are 
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Fic. 1. Two-window gas cell used for scattering angles from 0° 
to 60°. The window frames are shown separated from the cell. The 
vacuum sea] between the frames and the cell was effected by 
O-rings. 


t Work done in the Sarah Mellon Scaife Radiation Laborator 
and assisted by the joint program of the Office of Naval Senneeb 
and the U. S. Atomic Energy Commission. 

* Now at Brookhaven National Laboratory, Upton, New York. 

1 Bender, Reilley, Allen, Ely, Arthur, and Hausman, Rev. Sci. 
Instr. 23, 542 (1952). 

2S, T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 


made between the experimental cross sections and pre- 
dictions based on shell model theory. For the (d,p) 
reactions, comparison of the cross sections with theo- 
retical predictions are made in terms of the stripping 
reduced widths.* 


II. EXPERIMENTAL PROCEDURE 


Most of the observations were made using gas targets. 
The two gas target cells used are shown in Figs. 1 and 2, 
The cell windows consisted of 0,0001-in. nickel foils 
cemented with Gelva V-7 on a cylindrical surface of 4% 
to 4 in. radius of curvature. The target volume viewed 
by the reaction-particle analyzing magnet was defined 
by a movable slit placed directly outside the reaction- 
particle window. For scattering angles less than 10° the 
Faraday cage normally used for beam collection was 
pulled down out of the beam and the beam intensity was 
monitored with a zinc sulfide scintillation counter placed 
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Fic. 2. Three-window gas cell used for scattering angles from 60° 
to 90°. The window frames are shown separated from the cell. The 
vacuum seal between the frames and the cell was effected by 
O-rings. 


*The definition of the reduced width used in this paper is 
OF = 2M ryy*/3h?, where y* is the usual reduced width, 
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Fic, 3. Angular distribution of the N(d,p)N ground state. 


at 50° to the incident beam. By inserting a foil (just 
thick enough to stop 14.8-Mev deuterons) ahead of the 
reaction particle detector, (d,p) data were obtained 
down to 0° despite the large deuteron background, The 
major source of error associated with cross-section 
measurements at scattering angles close to 0° was a high 
proton background which was ascribed to deuteron 
interactions in this foil and in the various apertures and 
baffles of the detecting system. 

The gases used as targets were nitrogen, ammonia, 
helium, nitrogen enriched‘ to 98% in N'®, and ammonia 
enriched to 62% in N'*. The enriched ammonia was 
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Fico. 4. Angular distribution of the N"(d,p)N* 6.33-Mev level. 


‘We are indebted to Professor T. I. Taylor for supplying the 
(N**). See W. Spindell and T. I. Taylor, J. Chem. Phys. 23, 1318 
(1955) 
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made from ammonium nitrate® enriched to 62% in the 
ammonium radical only. A pressure of approximately 
one atmosphere was employed for all gas targets except 
the 98% (N'), which, because of the limited supply, 
was maintained at a pressure of 50-100 mm Hg. 
III. RESULTS AND DISCUSSION OF REACTIONS 
A. N'‘(d,p)N'® 


Results 


A thin nylon target prepared after the method of 
Sperduto ef al.° and an ammonia gas target were used to 
obtain angular distributions for proton groups corre- 
sponding to the N' ground state and the 6.33-, 7.58-, 


’ 
/ 


8.32-, and 8.57-Mev levels.’ Figures 3 through 7 show 
the observed angular distributions, the solid curves 
being the Butler curves which best fit the data. The 
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Fic. 5. Angular distribution of the N“(d,p) N** 7.58-Mev level. 


results for the N'® ground state, 6.33-Mev level, and 
8.32-Mev level are in agreement with previous angular 
distributions.’ For the 7.58-Mev level, a superposition 
of l=0 and 2 provided the best fit; however, the /=0 
component of the angular distribution is considered to 
be doubtful for the following reasons: (a) the large 
uncertainties in the low-angle data, (b) the possibility 
that the Butler theory does not give an adequate 
description of the stripping process near 0°, and (c) the 
proton group corresponding to the O'” 0,.872-Mev level 
could not be separated from the N'® 7.58-Mev level 
proton group at angles less than 30°. The O'*(d,p)O"” 
(0).872-Mev level reaction is known to be an intense /=0 

*Obtained from Distillation Products Industries, Eastman 
Organic Chemicals Department. 

® Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 96, 
1316 (1954). 

7F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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transition and it is possible that the /=0 component of 
Fig. 5 arises in whole or part from a small oxygen 
contamination of the NH, target.’ A superposition of 
/=0 and 2 for the observed 7.58-Mev level transition is 
in agreement with previous work®"’; however, Green 
and Middleton’ assign the /=0 component to the 
O!*(d,p)O" 0.872-Mev reaction. For the 8.57-Mev level 
a theoretical fit was obtained for a superposition of /=0 
and 2 in agreement with the MIT group.’ Green and 
Middleton” report /= 1, but they regard this assignment 
as doubtful. The Butler curve for /=1 is shown for 
comparison in Fig. 7. 

When the NH; gas target was used, absolute differ- 
ential cross sections were obtained in terms of the known 
differential cross sections for the scattering of deuterons 


by hydrogen. The d-p scattering differential cross 


sections were determined at 14.8-Mev deuteron energy 
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Fic. 6. Angular distribution of the N4(d,p) N'® 8.32-Mev level. 


by interpolation of experimental data for deuteron 
energies of 9.94, 10.04, 15.70, and 19.4 Mev."-" In 
Figs. 3 through 7, the standard deviation in the absolute 
differential cross section is shown for the gas target data, 
and the standard deviation in the relative cross section 
is shown for the nylon data. 


5 An upper limit of 1% was estimated for the oxygen contamina- 
tion of the NH; for the low-angle observations; this places an 
upper limit of approximately 2.5 mb/sterad to the contribution of 
the O'” 0.872-Mev level to the /=0 transition at 0°, 

*R. D. Sharp and R. Sperduto, Massachusetts Institute of 
Technology, Laboratory for Nuclear Science Progress Report, 
May, 1955 (unpublished) 

” T, S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1955). 

" Rodgers, Leiter, and Kruger, Phys. Rev. 78, 656 (1950), 

2. Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951). 

4 Brolley, Putnam, and Rosen, Bull. Am. Phys. Soc. Ser. IT, 1, 
246 (1956); also private communication. 

4 Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 
(1952). 
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Fic. 7. Angular distribution of the N'(d,p) N' 8.57-Mev level. 


Discussion 


N"™ ground-state wave funclion.—Reduced widths were 
calculated for the five angular distributions of Figs. 3 
through 7 from Butler’s theory and the observed 
differential cross sections, The reduced widths for the 
N"(d,p)N'® ground state and the 6.33-Mev level were 
found to be (2J/+1)©*?=0.097 and 0.030, respectively. 
The two possible states for the configuration sp", which 
represents a hole in the p shell, are (p-'); and (p™');. The 
ground state may be identified as the (p~'), state, and 
the 6.33-Mev level as the (p''); state.'® In the notation 
of French, the quantities S$; and 5,* are defined by 


Si = O/0,? 


Oy» 


S,*= @?/0,2, 


(1) 


where © and ©” are the stripping reduced widths for 
the N'*(d,p)N™ ground state and the 6.33-Mev state, 
respectively, and © ? and © ** are single-particle re 
duced widths. There is evidence'® that for the nuclear 
p shell © ? is probably constant to within 15%, at least 


for bound states. Within this uncertainty, 


C2 /O*2 = $,/S)*, (2) 


French'® has shown that, insofar as the N“ ground state 
belongs to the configuration sp” and the N'® ground 
state and 6,.33-Mev level belong to s*p", S; and S,* are 
related by 


25;*=4—S\. (3) 
Combining Eqs. (2) and (3) gives 


62/0" = 25,/($—S;) (4) 


© J. B. French, Phys. Rev. 103, 1391 (1956) 
‘©The measurement of the stripping reduced widths for 


N"(d,p)N*® ground state and 6.33-Mevy level, as well as the treat 
ment that follows, were suggested by J. B. French 
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Fic. 8. Contours representing the conditions imposed on the 
amplitudes a and 6, where y(N" g.s.) =a (85;) +BY ('P1) +w (CD), 
by the equation 25; = 1+-47*+-28[y\/} —av/#]. Both contours are 
drawn for y positive. 


The ratio ©?/©* obtained from the experimental cross- 
section ratio was 6.5+0.4. From this value, 5S; is 
calculated to be 1.154-0.02. The reduced widths are 
rather insensitive to the value of ro used in the Butler 
theory, so that S; would not be significantly different if 
the same value of ro were used for the angular distribu- 
tions of both the N' ground state and 6.33-Mev level. 

The absolute value of the stripping reduced width for 
the N*(d,p)N"® ground-state reaction provides an inde- 
pendent check on the value of S, obtained. For the N'® 
ground state, J= 4 and @?=0,097/(2J+-1)=0.049. For 
the nuclear p shell there is evidence'® that 0.0455 ©,’ 
< 0,060. From the definition of S; then, 0.82<,5,< 1.08 
which agrees fairly well with the more accurate de- 
termination from the relative reduced widths. 

With the N“ wave function written in the notation of 
Jancovici and Talmi,"’ 


V(N" g.s.)=a¥(°S,)+8V('Pi)+y¥CD), (5) 

S, is given’® by 
281= 1447+ 2BlyvV$—av/ 4]. (6) 
If y is eliminated from Eq. (6) by the normalization 


condition, a contour representing the relation between a 


TABLE I. Comparison of experimental and theoretical results for 
three positive parity states of N*. 


QJ +1)e" 


Present expt. 
0.06(?), 0.40 


0.47 
0.018, 0.031 


(QJ +1)e" 
Halbert and French 


0.40 
0.49 
0.015, 0.11 


Level 

(Mev) J* ie tr 
7.575 5/2 2 0(?), 2 
8.316 0 0 
8.571 0, 2 0,2 


* Halbert and French 
» Present experiment 


17 B, Jancovici and I. Talmi, Phys. Rev. 95, 289 (1954). 
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and 6 can be drawn for a particular value of S,. Figure 8 
shows the contours for S;=1.15 and S,=1.25. The 
values for a and 8 given by Jancovici and Talmi"’ (J-T), 
Visscher and Ferrell'* (V-F), and Sherr et al. (Sh) are 
shown together with the associated values for 5}. 
Positive parity states of N'*.—Halbert and French” 
have made a complete calculation of the wave functions 
for the positive-parity states of N’ belonging to the 
configurations s‘p!s, s‘pd, and s*p,. Twelve of the 
states obtained were identified with the twelve known 
positive-parity states of N' (most of whose spins are 
unknown) largely by demanding that the values of 
S(= ©?/@,*) and J be consistent with the experimental 
results of stripping and resonance reactions. The values 
of S calculated by Halbert and French for the lower 
levels were converted to approximate stripping reduced 
widths by assuming that @?=0.32 for /=0, and O¢? 
=().11 for /=2, which were deduced by Halbert and 
French from the O'*(d,p)O"" ground state (/=2) and 
0,.872-Mev level (/=0) stripping reactions! (assumed 
to be single-particle reactions). In Table I the results of 
Halbert and French are compared to the results for the 
three positive-parity states examined in the present 
experiment, 


Taste II. Differential cross sections for the N“(d,t)N™ reaction. 


@(@) mb/sterad 
6 (lab) = 18° 6(lab) =24° 


4.0 40.5 1.6 +0.5 
0.01-4-0.005 0.02-40.01 
0.2 +0.05 


0.2 +0.05 


N# level (Mev) 
ground state 
2.37 


3.51, 3.56 


Except for the doubtful /=0 component of the 7.575- 
Mev level reaction which Halbert and French predict to 
be spin forbidden, the experimental and calculated 
results are in better agreement than should be expected. 
If, in actual fact, further experiments should establish 
the /=0 component of the 7.575-Mev level reaction, it 
would establish a serious objection to their predictions, 


B. N'‘(d,t)N* 
Results 


A search was made for triton groups up to an excita- 
tion of approximately 7 Mev in N™ at scattering angles 
of 18° and 24° using an (N"), gas target at 760 mm Hg. 
Only three triton groups were observed, corresponding 
to the N™ ground state, the 2.37-Mev level, and the 
unresolved 3.51- and 3.56-Mev levels. The cross sections, 
obtained at 18° and 24° by comparison with the proton 
group from the N'(d,p)N"® ground-state reaction, are 


18W. M. Visscher and R. A. Ferrell, Phys. Rev. 99, 649(A) 
(1955). 

Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 
(1955). 

*” FE. C, Halbert and J. B. French, Phys. Rev. (to be published). 

* Burge, Burrows, Gibson, and Rotblat, Proc. Roy. Soc. 
(London) A210, 534 (1951). 
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given in Table II. The comparatively large uncertainties 
in the cross sections arise mainly from the presence of a 
deuteron background which was not completely sepa- 
rated from the triton channel. An upper limit to o(6) of 
0.05 mb/sterad may be placed on transitions to any 
other levels in N™ between 0- and 7.0-Mev excitation at 
both angles. 


Discussion 


The first four levels of N“ are thought to have the 
configurations” s‘p*, sp*s, s*p®, and s‘p*d, respectively. 
Since the N™ ground state is largely an sp" configura- 
tion, the N4(d,/)N™ transitions to the second and fourth 
levels involve a change in orbit of two particles and are 
shell model forbidden. Therefore, the cross sections for 
the 2.37- and 3.56-Mev levels are expected to be small. 
The results for the 2.37-Mev level transition are 
consistent with Standing’s* observation of the 
N"(p,d)N® reaction, while the results for the 3.56-Mev 
level reinforce Standing’s argument that the N“ ground 
state is rather pure s*p”. 


TABLE III. Excitation energies and differential cross sections 
obtained for the N'*(d,p)N** reaction at 12.6°. 


N'¢ level (Mev) @(6) mb/sterad 
ground state 
0.12640.015 
0.303 4+-0.009 
0.40340.015 
3.53 +0.03 
3.980+0.02 
4.80 +0.05 
5.01 +0.05 
5.25 +0.05 


0.90+0.25 

24 +0,3 
~13 
~4 
~13 


7), R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
%K. G. Standing, Phys. Rev. 101, 152 (1956). 
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The 3.51-Mev transition is not shell-model-forbidden ; 
however, for the intermediate coupling which gives the 
best agreement with the level spacings of N™, calcula- 
tions of Auerbach and French” predict the 3,51-Mev 
level transition to be ~0.1 as intense as the ground-state 
transition, in fair agreement with the results given in 


Table II. 


C. N'*(d,p)N'® 
Results 


Energy levels.—The proton spectrum obtained from 
the 98% (N!*)s gas target®® at 12.6° is shown in Fig. 9. 
The N'® levels at 0, 0.12, 0.30, and 0.40 Mev have been 
previously reported.’ Five proton groups were identified 
with previously unreported levels in N'*. Surveys were 
made at scattering angles of 12.6°, 18°, 30°, and 60° up 
to 9-Mev excitation in N'*, All five groups peaked in the 
forward direction. At 30° the 3.53-Mev and 5.0-Mev 
levels were not seen and at 60° none of the five levels 
were seen. Identification of the peaks was made only by 
comparison with the proton spectra obtained from 
nickel, carbon, nylon, and Oy, targets. It is concluded 
that the 3.98-, 4.8-, and 5.3-Mev levels are definitely 
established ; while the N#® 3.53- and 5.0-Mev levels are 


* T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 
*%*A mass spectographic analysis made after the work was 
completed showed the composition of the gas to be 


Mass No. Identification 


18 H,O 1.7 
28 (N*), 0.7 
29 NN 1.6 
30 (N"), 95 
40 A 0.05 
44 CO, 1.0 
46 (N*) 0" <1 


Percent 





E. K. WARBURTON 


N14 p)n* 
gs 

L2 
ip 


1° 5.5 0IOGer (Butier) 





60 


4 degrees 
Iom (degrees) 


Fic. 10, Angular distribution of the N"*(d,p)N* ground state. 


somewhat doubtful because they were observed at only 
two angles and had relatively low intensities. The 4.8- 
5.0-Mev levels were observed have widths 
greater than the instrumental resolution. The c¢.m. 
widths were 0.234-0.04 and 0.29+-0.05 Mev, respec- 
tively, after correction for instrumental contributions. 
The results obtained with the 98% (N!®)» target are 
summarized in Table II]. The Q values and excitation 
energies were obtained by calculating the incident 
deuteron energy from the Q of —0.0344-0,005 Mev 


and to 
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Fic. 11, Angular distribution of the N'*(d,p)N'* 0.12-Mev level. 
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obtained by Malm and Beuchner* for the 0.30-Mev 
level. The ground-state Q value was calculated to be 
().2694-0,010 Mev. Cross sections (at 12.6°) are given 
for the five new levels only since cross sections for the 
other four levels were determined with the enriched 
ammonia as discussed below. The cross sections given 
for the last three levels may be too small by a factor of 
two because these peaks were superimposed on a large 
background. Upper limits for any other N'® levels were 
estimated to be 0.1 mb/sterad between 0.4-Mev and 
1.6-Mev excitation, 0.2 mb/sterad between 1.6 and 4.0 
Mev, 1.0 mb/sterad between 4.0 and 4.8 Mev, and 2.0 
mb/sterad between 4- and 9-Mev excitation. 

Angular distributions.—Angular distributions were 
obtained for the four low levels by using the enriched 
NH, gas so that cross sections could be obtained by 
direct comparison with the differential cross sections for 
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Fic. 12. Angular distribution of the N'(d,p)N'® 0.30-Mev level. 


the scattering of deuterons by hydrogen. The angular 
. distributions are shown in Figs. 10 through 13 with the 
Butler curves which best fit the data, The standard 
deviations in the absolute differential cross sections are 
shown; the relative errors are smaller. The angular 
distributions for the three excited states are in agree- 
ment with the work of Zimmerman” at a deuteron 
energy of 2.75 Mev. Zimmerman did not obtain an 
angular distribution for the ground-state transition 
because of interference with the N'(d,p)N'® 8.32-Mev 
level transition. 


Discussion 
Elliott®* has done an intermediate coupling calculation 
for N'*. He included all states of the configurations s‘p"'s 


* R. Malm and W. W. Buechner, Phys. Rev. 80, 771 (1950). 
*7 W. Zimmerman, Jr., Phys. Rev. 104, 387 (1956). 
* J. P. Elliott (private communication to E, U. Baranger). 
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and s‘p"d in the calculation which predicts four low- 
lying states with J"=0~, 1~, 2~, 3> (not necessarily in 
that order). The four states are all predicted to have 
single-particle stripping reduced widths and the 17> state 
(for which /=0 and /=2 are allowed by the selection 
rules) is predicted to have a small reduced width for/= 2. 
The calculation also predicts that the next level in N' 
will occur at least several Mev higher in excitation. 
These predictions are in agreement with the results of 
the present experiment. All four levels were found to 
have negative parity and none of the angular distribu- 
tions demanded a superposition of /=0 and 2. 

The single-particle reduced widths derived from the 
O'8(d,p)O" reaction are ©?= 0.32 for /=0 and @=0.11 
for /=2. The reduced widths for the four low levels of 
N'® are expected to be equal to or less than these values. 
If the assumption is made that the four states do have 


spins 0, 1, 2, and 3 then the two states with /=2 must 
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Fic. 13. Angular distribution of the N'*(d,p)N'*® 0.40-Mey level. 


2 and 3. The N'® ground state is almost cer- 

state,’?* and thus the 0.30 Mev level should 
be the 3~ state. The stripping reduced widths are then 
0.054 and 0.046, respectively. The reduced width for the 
(0).40-Mev level would be larger than expected if this 
Q-, and thus J*=1 
0.40-Mev level (with or without the assumption that the 


have J 
tainly a 2 


state were J” is indicated for the 
four states have spins of 0, 1, 2, and 3). These assign- 
ments leave J*=0-, ©?=0.19 for the 0.12-Mev level. 
The foregoing assignments are consistent with Wilkin- 
son’s” work on the de-excitation gamma rays following 
the N!°(d,p)N"* reaction. 

The results for the angular distributions, including 
the most probable values for J and ©’, are given in 
Table IV. 


* B. J. Toppel, Phys. Rev. 103, 141 (1956) 
» 1). H. Wilkinson, Phys. Rev. 105, 686 (1957), this issue. 
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TABLE IV. Results of the N'5(d,p)N'* angular distributions. 


N!6 level (Mev xX10°" cm 2J7+1)e% @ts 


0.27 
0.19 
0.33 
0.54 


Spin'parity 


0.05 
0.19 
0.05 
0.18 


ground state oe 
0.12 : 
0.30 2 3. 
0.40 


* Most probable value 


D. N'°(d,a)C!* 
Results 


Alpha-particle groups corresponding to energy levels 
in C™ up to 9,9-Mev excitation were observed simul 
taneously with and were identified in the same manner 
as the proton groups from N'*+-d. No levels were looked 
for at excitations higher than 9.9 Mev. The alpha 
particle spectrum observed at a scattering angle of 
12.6° is shown in Fig, 14. The C8 9.0-, 9.5-, and 9.9-Mev 
levels were not looked for at other scattering angles. The 
other levels shown in Fig. 14, as well as the 6.87-Mey 
level (which was not looked for at 12.6°) 
observed at 18° and 30°, All the levels observed have 
been previously reported,73): 

The slight asymmetry in the 3.68-Mev level peak 
(Fig. 14) may arise from a weak group corresponding to 
the 3.86-Mev level. The relative intensities for the C™ 
levels at 0, 3.09, 3.68, and 3.86 Mev are in qualitative 
agreement with the results of Malm and Buechner. 
The alpha-particle group between 36 and 37 Mc/se« 
7.53- and 7,64-Mey 
levels by its width and mean energy. This group could 
7.47-Mey 
level reported by McGruer, Warburton, and Bender.” 
The excitation energy of the 9.0-Mev level was calcu 
lated to be 8.80+0.04 Mev by comparison with the 
accurately known N' 3.95-Mev level which was identi 


were also 


’ 


was ascribed to the unresolved 


also contain a small contribution from the 


fied by the increased intensity of the group upon addition 
of (O'*). to the target. The broad C"™ level at 8.4-Mev 
excitation observed™ through the C"(d,p)C™ reaction 


was not seen in the present experiment. The cross 


TABLE V. Differential cross sections for the 


obtained at 12.6 


N!85(d.a)C™ reaction 


a(0) mb/sterad 


ground state 0.45+0.09 
4.09 0.18 +0.03 
3.68 24 +0.3 
36 <0.3 
6.87 13 +0,2* 

7.47, 7.53, 7.64 11 +0.2 
8.4 not observed 
$.80+-0.04 0.564011 
9.5 0.154-0.04 
99 0.26+-0.06 


* Measured at a scattering angle of 18 
" Bigham, Allen, and Almqvist, Phys. Rev. 99, 631(A) (1955) 
® McGruer, Warburton, and Bender, Phys. Rev. 100, 235 
(1955) 
* R. Malm and W. W. Buechner, Phys. Rev. $1, 519 (1951) 
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sections obtained for the N!°(d,a)C™ reaction at 12.6° 
are given in Table V. 


Discussion 


It is interesting to note that, if the N'*(d,a)C" 
reaction is considered to proceed by a direct interaction, 
the relative intensities of the first four levels and the 
8.4-Mev level are in qualitative agreement with the 
results which are predicted by a naive consideration of 
the shell model. The first four levels are generally 
considered to belong” to the configurations s*p’, s*p*s, 
s‘p®, and s‘p*d, respectively, while Lane™ has suggested 
that the 8.4-Mev level belongs to the configuration 
s‘p*d. The N" ground state is s‘p", and thus direct (d,a) 
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Fic. 14. Alpha-particle spec- 
trum observed at 12.6° from a 
98% (N"*)>. gas target bom- 
barded by 14.8-Mev deuterons. 
The peaks are labeled by the 
state of the residua! nucleus to 
which they belong. 





Mc /sec 


transitions to the configurations s‘p*s and s‘p*d are 
shell-model-forbidden, while transitions to the s‘p* con- 
figuration are allowed. 


E. He‘(d,p)He' 


The proton spectrum obtained from deuteron bom- 
bardment of He‘ gas target at a scattering angle of 
19.5° is shown in Fig. 15. Other spectra were obtained at 
18° and 24°. No evidence was seen for an excited state 
of He®; however, the proton background from the reac- 
tions He*(d,p)He*(n)He* and He‘(d,pn)He* (O= — 2.23 
Mev) would have obscured a broad and/or weak proton 
group. The proton group corresponding to the He‘ 
ground state was broad and had an asymmetrical shape. 


10.0 10.5 110 


1 


Fic. 15. Proton spectrum ob- 
served at 19.5° from a Het gas 
target bombarded by 14.8-Mev 
deuterons. The dashed line is the 
continuation of a Gaussian curve 
fitted to the high-energy side of the 
He® ground-state proton peak. 
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~M A. M. Lane (private communication). 





DEUTERON-INDUCED 


The half-width of the He® ground state was determined 
by fitting a Gaussian curve to the high-energy side of the 
proton peak after background was subtracted out. The 
c.m. half-width was 0.55+0.030 Mev after correction 
for instrumental contributions.*® 

The cross section for the He‘(d,p)He® ground state 
was obtained from the area under the Gaussian curve 
(Fig. 15) which gave 254+5 mb/sterad and 15+4 
mb/sterad at 18° and 24°, respectively. He* has the 
configuration s‘(J*=0*), while the He® ground state has 
the configuration s‘p(J*=4$~); therefore, the stripping 
reaction He‘(d,p)He® ground state is expected to be an 


as Other experimental values for the He® ground-state half- 
width are tabulated by Craig, Cross, and Jarvis, Phys. Rev. 103, 
1427 (1956). 
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1=1 transition with a single-particle reduced width. By 
fitting an /=1, ro=4.5K10~" cm Butler curve to the 
observed cross sections, a reduced width of 0.05 was 
determined for this reaction. This value is within the 
range observed empirically'® for /=1 single-particle 
stripping reduced widths of bound states, but is ap- 
proximately a factor of ten smaller than the reduced 
width obtained from the resonant reaction®* He*(n,n) He, 
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Radioactive Decay of Ne**t 
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The beta and gamma radiations of 38-sec Ne™ have been studied by means of scintillation spectrometer 
techniques. Beta transitions were found to the ground, first, and second excited states of Na™ with end-point 
energies equal to 4.39+0.05, 3.9540.05, and 2.4+0.1 Mev, respectively. Their percent intensities and 
log ft values are: 67+3, 5.25; 3243, 5.38; and 1.00+0.15, 5.88, respectively. Gamma rays are coincident 
with the latter two beta transitions and with one another; their energies and percent relative intensities are; 
436+4 kev; 100; 1647+16 kev, 3.0+0.3, respectively. Higher energy gamma radiation was present in less 
than 0.2% of all decays. No beta transitions with log ft values in the superallowed group were found. A decay 


scheme based on the above data is proposed. 


The half-life of Ne* was remeasured together with the half-lives of O'* and Ne. The results are: Ne®, 
37.6+0.1 sec; O'*, 123.954-0.50 sec; Ne”, 17.7+-0.1 sec. 


INTRODUCTION 


| aia in the decay characteristics of the 
N—Z=3 nuclides was stimulated recently by specu- 
lations of King,' and of Feenberg,? into the origin of the 
reported’ superallowed transition in Ne, In this work 
of Brown and Perez-Mendez’ the beta spectrum of Ne* 
was found to consist of two groups with end-point 
energies of 4.21+0.15 and 1.18+0.04 Mev, and with 
relative intensities of 93 and 7%, respectively. The 
log ft value for the lower energy group was given as 
3.8, which places the transition in the superallowed 
class. 

In their review of the energy levels of light nuclei 


t An abridgement of a thesis presented by J. R. Penning to the 
Graduate School of the University of Washington in partial 
fulfillment of the requirements for the Ph.D. degree. This work 
was supported in part by the U, S, Atomic Energy Commission. 

*Now at the Ramo-Wooldridge Corporation, Los Angeles, 
California. 

1R. W. King, Phys. Rev. 99, 67 (1955). 

2E. Feenberg, Phys. Rev. 99, 71 (1955). 

+H. Brown and V. Perez-Mendez, Phys. Rev. 78, 812 (1950); 
V. Perez-Mendez and H. Brown, Phys. Rev. 78, 812 (1950). 


Endt and Kluyver* pointed out that the end-point 
energy of the high-energy beta group in the decay of 
Ne*, as determined by Brown and Perez-Mendez,’ was 
in disagreement with the value of 4.388+0.007 Mev 
which was calculated from Li’s* compilation of the 
masses of light nuclei. 

For the above reasons we undertook a reexamination 
of the Ne* decay. A preliminary account of our work 
has been published in abstract form.* Concurrently, 
Gerber, Mufioz, Maeder’ 
this radioisotope. Our results are in substantial 
agreement for the more intense radiations. How- 
ever, in the work of Gerber et al., contamination 
from other activities obscured gamma radiation of low 


and also reinvestigated 


intensity above about 500 kev. Nevertheless, they were 
able to quote a lower limit of 5.0 on the log ft value 
associated with the beta decay of Ne” to the 3,0-Mev 
state of Na”, 


*P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

°C. W. Li, Phys. Rev. 88, 1038 (1952). 

* J. R. Penning and F. H. Schmidt, Phys. Rev. 100,954(A) (1955). 

? Gerber, Mufioz, and Maeder, Helv. Phys. Acta 28, 478 (1955) ; 
and Phys. Rev. 101, 774 (1956). 
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Fic, 1. Experimental arrangement of the gas flow system (top) 
and the source and counter geometry (bottom). 


EXPERIMENTAL METHODS 

We produced Ne” by the (d,2p) reaction on Na. A 
NaCl powdered target was bombarded with 22-Mev 
deuterons in the University of Washington 60-in, 
cyclotron.® The active gases were swept by means of a 
continuous flow of helium to a source chamber of small 
volume located outside the cyclotron shielding wall 
about 100 ft away from the target. Contaminating 
activities were removed by an activated cocoanut 
charcoal trap cooled with liquid nitrogen. Figure 1 is 
a schematic diagram of the gas plumbing system. 

For observation of beta rays the source chamber, 
shown also in Fig. 1, was covered on one face by a 
0.001-in, aluminum foil. Space was provided between 
the source chamber and counters for the insertion of 
absorbers. 

Beta particles were detected in a stilbene crystal 1} in, 
in diameter and 1} in. high. Gamma radiation was 
detected in two cylindrical Nal(TI) crystals, 1 by 14 in. 
and 2 by 1} in., respectively. Both RCA type 6342 and 
DuMont type 6292 photomultiplier tubes were used. 
All tubes were checked for variation in gain’ over the 
range of counting rates used. 

The pulses from the photomultipliers were amplified 
in conventional non-overloading linear amplifiers and 
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Fic, 2. Energy calibration curve of the beta counter from which 
the indicated Ne* end-point energies were derived. 


* Schmidt, Farwell, Henderson, Morgan, and Streib, Rev. Sci. 
Instr. 25, 499 (1954). 
* Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
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shaped by means of shorted delay lines. The pulse 
heights were determined with a single-channel analyzer, 
or a 20-channel analyzer as required. For coincidence 
measurements two preamplifier outputs, one differen- 
tiating and the other integrating, were provided at 
each photomultiplier. The differentiated pulses were 
used to trigger a fast coincidence circuit. One of the 
integrated pulses could be selected by a single-channel 
analyzer and, together with the fast-coincidence pulse, 
used to “gate” the pulses into the 20-channel analyzer 
from the other detector. The resolving time 27 of the 
system was 1.5 10~7 sec. 


CALIBRATION OF THE DETECTORS 


The beta detector was calibrated by using known 
radiations’ from several standard radioactive sources; 
viz., the internal conversion electrons from Cs!¥? 
(626 kev) and Bi’, and the end points of the beta 
spectra of In'* (1.984 Mev) and Rh! (3.53 Mev). The 
Bi*”’ internal conversion line was corrected for the finite 
resolution of the spectrometer (25% at 626 kev) and 
the K/L internal conversion ratio, The apparent peak 
of the combination of the K and L lines was 993 kev for 
our spectrometer. 

Calibration with the standard beta spectra was done 
in the following manner: a Kurie plot of each spectrum 
was made by using the calibration indicated from Cs'? 
and Bi*” electrons. The resulting end point then would 
differ from the known value by a small amount. This 
provided a correction to the assumed calibration which 
was then used to reconstruct the Kurie plot. Usually 
one such corrective procedure was sufficient to bring 
the measured end point in agreement with the known 
end point. All beta spectra were corrected for the 
finite resolution of the spectrometer in the manner 
described by Palmer and Laslett." The beta detector 
was linear to less than one percent. A typical calibration 
curve is shown in Fig. 2. 

The gamma-ray detectors were calibrated in energy 
and efficiency by using sources of Y** (908 and 1853 
kev), Na”* (511 and 1277 kev), In'™ (190, 552, and 722 
kev), Cs'87 (662 kev), Hg? (279 kev), Bi?” (569 and 
1063 kev), Na®* (1368 and 2750 kev), and ThB (2614 
kev). Relative efficiencies of the crystals for the photo- 
peaks were determined by measuring the area under 
two such peaks for pairs of gamma rays of known 
relative intensity, for example Y**, where the gamma 
rays are in cascade, Other energy gamma-ray groups 
were then fitted by interpolation. The points for Na” 
were corrected for 11% electron capture.” For measure- 
ment of the higher energy gamma rays a one-half inch 
lead absorber was interposed between the source and 
Nal(Tl) detector in order to reduce the more intense 


” Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). 

uJ. P. Palmer and L. J. Laslett, Iowa State College Report 
ISC-174, 1950 (unpublished). 

#2 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 
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radiations of lower energy. The efficiencies were also 
determined for this arrangement in the manner de- 
scribed above. 

The relative efficiency calibration curves of the 
gamma-ray detectors were normalized to total absolute 
photopeak efficiencies (including the solid angle factor) 
by coincidence methods. Sources of Na**, Y**, and Bi?” 
were used, The total absolute efficiencies were required 
in order to measure the beta-decay branching ratios. 

It should be noted that most of the calibrating sources 
were approximately point sources, whereas the Ne” 
occupied the entire source chamber volume. The effect 
of this geometrical difference on the relative efficiency 
calibration was shown to be negligible by comparison 
of the relative crystal efficiencies obtained for the point 
sources with that obtained for a volume source’ of 
O", The effect of the volume source on the total 
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Fic. 3. Pulse-height spectrum of Ne® taken with a 13-inch 
diameter 2-inch thick NaI(TI) scintillation spectrometer through 


4 in. of lead. 


¥ coin- 
the total 


absolute efficiency was not negligible, and # 


cidences of O' used to renormalize 
absolute efficiency curves. 


All data were appropriately corrected for background 


were 


which was for the most part negligible. 


BETA- AND GAMMA-RAY SPECTRA 


Figure 3 shows the gamma-ray spectrum of Ne* 
taken through 4 inch of lead. Two gamma rays are 
observed : one at 436+-4 and the other at 1647+ 16 kev. 
The photopeak of the 436-kev gamma ray was then used 
as the coincidence gate for the 1647-kev gamma ray. 
The results of this measurement are displayed in Fig. 4 
which demonstrates that the two transitions are in 
cascade, Proof that there are no competing transitions 
is demonstrated by the fact that the relative intensities 

4R. Sherr and J. B. Gerhart, Phys. Rev. 91, 909 (1953); 
J. R. Penning and F. H. Schmidt, Phys. Rev. 94, 779(A) (1954). 
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Fic. 4, Pulse-height spectrum of higher energy gammas in 
coincidence with the photopeak of the 436-kev gamma ray of Ne®™ 
The insert shows the spectrum of the gating pulses together with 
the gating interval, 


of the two gamma rays as measured by coincidence 
methods is the same as that measured by comparison 
of their relative photopeak areas after correction for 
crystal efficiency. The 1647-kev gamma ray is 
(3.0+0.3)% as intense as the 436-kev gamma ray. 
The very weak higher energy spectrum, shown in 
Fig. 3, which extends out to 3.0 Mev was analyzed by 
successive subtraction into six gamma rays of energies 
2.06, 2.20, 2.42, 2.54, 2.87, and 2.99 Mev and with 
intensities relative to the 1647-kev ray of 
0.083, 0.046, 0.010, 0.0215, 0.019, and 0.037, respec 
tively. Although all but one of these six gamma rays 
can be associated fairly well with transitions between 


Zamma 


known energy levels‘ of Na*, we believe it unwise to 
assign them definitely to the decay of Ne, A check run 
with improved shielding would have been desirable, but 
was not feasible because of the limited time available 
on the cyt lotron. The intensities of the higher energy 
gamma rays were used to set upper limits on possible 


lower energy beta transitions in the decay of Ne” 
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Fic. 5. Kurie plot of the Ne* beta-ray spectrum 
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Fic. 6. Kurie plots of the beta-ray spectra of Ne® which 
are in coincidence with the photopeaks of the indicated gamma 
rays. 


The results of the beta-spectrum studies with the 
stilbene scintillation spectrometer are displayed as 
Kurie plots in Figs. 5 and 6. The spectrum in Fig. 5 is 
the one obtained wihtout demanding a coincident 
gamma ray. Figure 6 shows the spectra which are in 
coincidence with the indicated gamma rays. Two 
gamma-ray gates were used: the photopeak of the 436- 
kev gamma ray, and all gamma-ray pulses greater than 
545 kev which therefore includes the photopeak plus 
many Compton events due to the 1647-kev gamma ray. 
The measured end points are 4.40, 3.95+0.05, and 
2.4+0.1 for the three transitions. The end point of the 
intermediate energy transition could be determined 
with the best precision. Since it is in cascade with the 
436-kev gamma ray, we assign a value of 4.39+0.05 
Mev to the ground-state beta transition. The inter- 
mediate-energy transition thus takes place to the well- 
known’ 439-kev level in Na™. The weak 2.4-Mev 
transition is in cascade with the 1647-kev gamma ray, 
and is therefore to the 2.08-Mev level‘ in Na”. 

The relative intensity of the two higher energy beta 
transitions was determined by comparing the beta 
counting rate in a known energy band of the ungated 
spectrum with the beta counting rate when gated by 
the 436-kev gamma ray. Each of these counting rates 
then was normalized to total transitions by assuming 
each beta decay to be allowed. Finally, the gated 
spectrum was corrected for total absolute photopeak 
efficiency of the gamma detector. Ground-state transi- 
tions account for (6743)% of all decays; (324-3)% go 
to the first excited state of Na®*, and (1+0.15)% to 
the second excited state. 


HALF-LIFE MEASUREMENTS 


We remeasured the half-life’ of Ne® and two other 
short-lived radioisotopes, O' and Ne", with a new 
instrument designed for precision measurements of 
short half-lives. This device converts any amplified 
pulses (for example, from a single channel pulse 
analyzer) into pulses the amplitudes of which increase 
with time in a uniform “stairstep” manner. The length 
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of each step is adjustable by factors of 2, 5, or 10 from 
5 msec up to 1000 sec and is obtained by scaling down 
the output of a crystal-controlled 100 kc oscillator. The 
output of the unit is analyzed by means of a 20-channel 
pulse-height selector. The height of each step is made 
equal to one channel of the analyzer, so that each 
channel provides one point on a radioactive decay curve. 

A decay curve was obtained for the 436-kev photo- 
peak of Ne*. The decay was followed well into the 
background and no trace of any longer period activity 
was detected. In order to insure that no active gas 
leaked out of the source chamber during the decay 
measurements, manually operated valves were closed 
at both inlet and outlet. In addition, the system was 
carefully pretested for possible leaks. 

A least-squares analysis of the decay curve (after 
subtraction of background) gave the value 37.6+0.1 
sec. The error quoted is the internal probable error 





Fic. 7, Decay scheme proposed for Ne*. Indicated energy levels 
to which no beta transitions were measured are those reported by 
other groups. 


obtained from the analysis. The half-life of scintillation 
pulses corresponding to energies greater than 800 kev 
was also measured and found to agree with the lower 
energy results. 

The half-lives of O'® and Ne” were also remeasured 
because of their general interest in beta-decay theory. 
The O' was made by the (a,an) reaction on oxygen gas, 
the Ne” by a (p,#) reaction on fluorine using a gaseous 
freon target. The results are: O'%, 123.95+0.50 sec; 
Ne”, 17.7+0.1 sec. 


DISCUSSION OF RESULTS 


The experimental data are summarized in the decay 
scheme displayed in Fig. 7. Included in the figure are 
the levels of Na® which have been reported by other 
groups‘ but to which no beta transitions were observed 
to occur. 
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We note that the end-point energy of 4.39+-0.05 Mev 
for the ground-state transition is in excellent agreement 
with the Ne* disintegration energy (4.388+-0.007 Mev) 
given by Li® based on the nuclear reaction studies of 
Van Patter ef al." 

From our beta-ray end-point measurements and half- 
life determinations we obtain the log ft values 5.25 and 
5.38 for the transitions to the ground and first excited 
states, respectively. These decays are therefore almost 
certainly allowed. Now the ground-state spin of Na™ 
has been measured to be 3/2 and its parity is un- 
doubtedly even.'® The first excited state is known from 
Coulomb excitation studies'® to have the same parity as 
the ground state. These data therefore suggest an 
assignment of 1/2+, 3/2+, or 5/2+ for the ground 
state of Ne**. Of these, the 5/2+ is that derived from 
the simple shell theory which would give Ne* a con- 
figuration with one neutron less than a closed dy sub- 
shell. We therefore adopt 5/2+ for the Ne* ground 
state. 

We turn our attention to the first excited state of Na” 
at 0.436 Mev which can now have any one of the 
assignments 3/2+, 5/2+, or 7/2+-. Since the ground- 
state spin of 3/2 for Na™ is anomalous, and explana- 
tions!” of the anomaly predict a nearby 5/2 state, the 
assignment of 5/2+ to the first excited state is reason- 
able. This assignment is consistent with the lifetime 
measurements for this state by Swann and Porter'* 
which show that the 436-kev radiation must be a 
mixture of M1 and £2. Our data is consistent with spins 
3/2, 5/2, or 7/2, whereas Swann and Porter’s work is 
consistent with 1/2, 3/2, or 5/2. The assignment of 


“4 Van Patter, Sperduto, Endt, Buechner, and Enge, Phys. Rev. 
85, 142 (1952). 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), p. 83. 

16G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). 

171), Kurath, Phys. Rev. 80, 98 (1950); I. Talmi, Helv. Phys. 
Acta 25, 185 (1952); A. Bohr, and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

16 C, P. Swann and W. C. Porter, Bull. Am. Phys. Soc. Ser. II, 
1, 29 (1956). 
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5/2+ is also the one suggested by Krone and Read" 
from an analysis of the angular distribution of the 
gamma rays which resulted from the inelastic scattering 
of protons from this state. 

The weak beta transition to the second excited state 
of Na* at 2.08 Mev has a log ft value of 5.88. Hence, 
this decay is also probably allowed. Again, with a 5/24 
state for Ne*, we can say that the second level in Na™ 
must be 3/2+, 5/2+-, or 7/2+. On the basis of the 
upper limit set on the intensity of a direct ground-state 
transition we conclude that if the state were 3/2+ or 
5/2+, then the resulting M1 transition must be in- 
hibited by a factor of at least 20 over that to the first 
excited state. It is therefore tempting to cite this as 
evidence for an assignment of 7/2+- to the second level. 
However, in view of the wide range in magnitude of 
transition probabilities for M1 transitions” no restric- 
tion on the spin assignment has been imposed on this 
basis. 

We find no evidence for a superallowed transition to 
the 3,01-Mev level as had been reported by Brown and 
Perez-Mendez.’ Further, we find no evidence for a 
superallowed transition to any known level of Na®, 
From the experimental upper limits set on the intensity 
of higher energy gamma radiation we can set a lower 
limit of 4.5 on the log ft value to any level in Na® up 
to an excitation of approximately 4.2 Mev. Thus, not 
only is there no evidence for a superallowed transition 
in the decay of Ne* but it is extremely unlikely that one 
exists. This does not eliminate the possibility that 
lighter nuclei of the N—Z 
transitions by the mechanism proposed by King! and 
by Feenberg.’ 
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Certain experimental results involving the nuclei A= 6-10 are compared with the predictions of the 
simple spin-orbit coupling model for p-shell nuclei in order to investigate the validity of this model and in 
particular to consider the significance of nucleon reduced widths as determined by deuteron reactions. 


I, INTRODUCTION 


N this paper we consider a variety of experimental 

results’ involving nuclei in the range A =6-10 and 
the conclusions which may be drawn from them, One of 
our major interests will be in comparing experimental 
results with the predictions of the simple single- 
particle spin-orbit coupling model for the nuclear p 
shell. As emphasized particularly by Inglis,’ Lane,’ and 
Kurath,‘ this model has been remarkably successful in 
describing many of the features of p-shell nuclei; it may 
well be argued indeed that the model has had far more 
success than it deserves and by this time one is apt to 
learn more from its failures than from its further 
successes. We shall consider specifically a number of 
(d,p), (d,t), and (d,He*) reactions, a few y-ray and 
particle widths and particle channel spin ratios, one 
B-decay case, and certain features of the level spectra. 
We shall not discuss the techniques of calculation, 
since by this time these are quite well known. 

Our other major interest will be in the technique of 
investigating nuclear wave functions by the use of 
relative reduced widths as given particularly by deu- 
teron pickup and stripping reactions.® We are particu- 
larly concerned about this because this technique is a 
remarkably flexible one which can be used to give a 
large variety of information about nuclear structure. 
Its real flexibility is in fact not apparent in the nuclear 
p shell where for the most part a reduced width is 
simply another parameter to be compared with a 
prediction. But accurate deuteron reaction data are 
available in the p shell and these, coupled with other 
available data, can be used to check on the general 
accuracy of the technique. Here our two major interests 
are interconnected and we shall find ourselves com- 


* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

' For experimental data see the review article of F. Ajzenberg 
and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 

2D. R. Inglis, Revs. Modern Phys. 25, 390 (1953) 

3A. M. Lane, Proc. Phys. Soc. (London) A68, 197 (1955) and 
earlier papers referred to therein 

*D. Kurath, Phys. Rev. 101, 216 (1956). 

*T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 
See also A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953). 
The treatment of the stripping process itself is due to S. T 
Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 


paring observed relative deuteron cross sections with 
the predictions of the simple nuclear model men- 
tioned above. 


II. THEORETICAL AND EXPERIMENTAL RESULTS 
(a) Notation and General Comments 


We write the effective nuclear interaction as the sum 
of a central internucleon interaction together with a 
single-particle spin-orbit interaction, 


H= > [aot a,04+0 5+ 4,2)°tj+0570;°0 25°75 | (15) 


<j 


+a>> 8,1, (1) 


and without loss of generality we take a,,=7/30. For 
the ratio of the usual Slater integral parameters we take 
L/K=6. We write also 

z’=a,—4,, 2'=a,+a,, (=|a/K|. 

The reduced widths from deuteron reactions will 
always be deduced by using the simple Butler theory.® 
In units of the usual Wigner limit we write the width 
as 0°= S6o", where 6° is the single-particle width and S 
(n>_8,* of reference 5) is the factor which is directly 
comparable with the predictions of a nuclear model. 
When two channel spins z are available in either a 
deuteron reaction or in the incident or outgoing side of 
a resonant reaction, we have for the usual channel spin 
ratio x= (B22/82)*, where, say, 22> 21. 


(b) A=7 Spectrum 


The difficulty has often been discussed? of reconciling 
the small ratio of the **P splitting (0.48 Mev) to the 
“F splitting (2.85 Mev if we assume the 4.61-Mev and 
the 7.46-Mev levels to be the doublet members. We 
consider specifically Li’; the situation in Be’ is essen- 
tially identical). We point out that, even in the LS 
limit, the ratio of these splittings depends on the 
central interaction parameters.® For if 2’#0 the central 
interaction is not diagonal in the space symmetry [a | 
(we have (??P™! | Heentrat| 2? Pl") = — (40)42’K) and thus 
even in the LS limit the P-doublet wave function has an 


* We owe this comment to Dr. T. Auerbach. 
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TABLE I. Given in Mev are the energies with respect to the 
3/2— ground state of the Li’ levels arising from the “P and @F 
multiplets. K is given in Mev. Set I has apo, 2’, 2” = —0.2, 0.15, 0.1; 
set II has ao, 2’, 2’ =0, 0.15, 0.1; set ITI (the usual Rosenfeld 
mixture*) has do, 2’, z’’=0, 0.1, 0.1; the set used by Inglis’ and 
Kurath® has do, 2’, 2’’=0.12, 0.12, 0.35 


Set 4 Ei;2 Eva Ess 
I : 7 0.48 4.2 

II a ; 0.48 4.6 
It 0.48 4.6 
Expt. 0.48 4.6 


6.0 
6.5 
6.1 
7.5 (?) 


*L. Rosenfeld, Nuclear Forces (North Holland Publishing Company, 


Amsterdam, 1948), p. 233 
» See reference 2 
© See reference 4 


admixture of *P?, The corresponding spin-orbit off 
diagonal matrix element is opposite in sign for the two J 
values. Thus by varying 2’ 
the P doublet splitting without seriously changing the 
F splitting. In this way the discrepancy is reduced, but 
even so a parameter set consistent with the Li® spectrum 
will not actually match the doublet splitting ratio. 
Table I gives the levels for a few parameter sets (the 
wave functions for all the sets are closely similar except 
for the *P?" components). See Sec. (d) for comments 
about a different interpretation. 


we can narrow or broaden 


(c) A=6 Spectrum 


The six levels which develop from the space-sym 
metric multiplets are known.’ The essential structure 
of the spectrum near the LS coupling limit is easily 
found to depend primarily on the parameter y= 2’ 
(9a,,+32'’— 3a) ; this parameter must be quite close to 
0.05 (say 0.04S yS0.055) in order for the first three 
states to be satisfactorily fitted and for the (7/)= (02) 
state to be above these. Combining this with the 
requirement that the states arising from the P multiplets 
should be high, we can conclude that we should have 
0.1<2’<0.15 and on this account it is not worthwhile 
attempting to improve the Li’ results by further in- 
creasing 2’. Of the three sets of parameters in Table I, 
set II (y=0.063) is rather unsatisfactory; the spectra 
for sets I (y=0,05) and III (y=0.042) are given in 
Table I. All in all the Rosenfeld mixture (111) appears 
to be about the most reasonable for Li® and Li’ and we 
shall use it from now on.* 


(d) Particle Widths Connecting A=6, 7 


Relative cross-section results for Li®(d,p) to the first 


two levels of Li’ are given for E4=8 Mev by Holt and 

7See in particular K. Allen, Proceedings of 1954 Glasgow Con 
ference on Nuclear and Meson Physics (Pergamon Press, London, 
1955). 

® For other calculations concerning these nuclei see G. EF. Tauber 
and T. Y. Wu, Phys. Rev. 93, 295 (1954); A. M. Lane, Pro« 
Phys. Soc. (London) A68, 189 (1955); A. Feingold, Phys. Rev 
101, 258 (1956); S. Meshkov and C. W. Ufford, Phys. Rev. 101, 
734 (1956); M. Morita and T. Tamura, Progr. Theoret. Phys. 
Japan 12, 653 (1954). 
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TABLE IT. The calculated Li® levels E(7T,J) which arise from 
the space symmetric multiplets are given in Mev for parameter 
set I (see Table I) with ¢=1.25, K =0.80 Mev and for set IIT with 
¢=1.35, K=1.25 Mev, and are compared with experiment. All 
energies are relative to the ground state (7/) = (01). 


Marsham’; corresponding absolute cross sections for 
Ea=14 Mev given by Bender, and 
McGruer"; absolute (p,d) cross sections to the first 
two states of Li® are given by Reynolds and Standing"! 
(E,=17 Mev) and all the are 
thoroughly by the latter authors, They are all in agree 
ment with each other and with the predictions of the 


are Levine, 


results discussed 


simple nuclear model® [a minor discrepancy is that a 
slightly larger value of ¢ is needed for Li®(d,p) |. It is 
quite important that the reduced width ratio deter 
mined by Holt and Marsham is identical with that of 
LBM though the deuteron energies are quite different. 
The actual value (as deduced by the simple Butler 
theory) of 4° is about 0.060. 

We 


crepancy concerning the 5/2— level at 7.46 Mev. As 


must note however the possibility of a dis- 
long as we are close to the LS limit we find for the 
neutron decay of this level S~4%(*P)*, where (*4P) is 
the amplitude of this multiplet in the 5/2— state. 
Then the intermediate coupling calculation above gives 
S~0.02 for the lowest 5/2 


S~# for the next 5/2 


(predominantly **/’) and 
which would be predominantly 
*“P and should lie roughly 2 Mev higher. The (d,p) 
the 7,.46-Mevy 


measured, but the elastic scattering experiment? gives 


cross sections to level has not been 
a reduced neutron width about | of the Wigner limit 
in striking disagreement with prediction. Besides this 
a discrepancy in the widths for the a+¢ breakup of the 
4.61-"" and 7.46-Mev"™ levels also suggests that these 
levels should not be regarded as members of the same 
doublet, For the 4.61-Mev level the width (not reduced) 
is given as 300+100 kev; for the 7.46-Mev level the 
corresponding width is 114 kev (smaller despite the 
energy). both 
consistent with the view of Meshkov and Ufford® that 
the 7.46-Mev 


which would be largely “P. On the other hand, Lane* 


much larger kinetic These facts are 


level is in fact the second 5/2 state 


has explained the neutron reduced width by using a 
much larger spin-orbit parameter than found above, 
thereby departing considerably from the LS limit 


9J. R. Holt and 7 Soc. (London 
A66, 1032 (1953) 

” Levine, Bender, and McGruer, Phys 
We shall refer to this paper as LBM. 

"J. B. Reynolds and K. G. Standing, Phys 
(1956). 


# Johnson, Willard, and Bair, Phys. Rev. 96, 985 (1954) 


N. Marsham, Proc. Phys 


Rev. 97, 1249 (1955 
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(e) Li’(d,t) and Li’(d,He’) Reactions 


Absolute cross sections are given by LBM” for these 
reactions leading to the first two states of Li’ and of He®. 
Thus they are of particular interest because four 
separate states of the A=6 polyad are involved. How- 
ever the ambiguities and difficulties encountered in the 
usual Butler theory for (d,p) reactions may well be 
expected to be more severe when dealing with these 
cases, For example, it is not at all established that the 
use of a simple transform for finding a deuteron in a 
triton will be satisfactory. On the other hand, these 
reactions would be extremely useful if it should turn 
out eventually that they may safely be used in the 
analysis of nuclear wave functions. 

For the present we use the simple theory and deduce 
from experiment a reduced width 6*, We use Irving’s” 
three-particle wave function and the usual Hulthén 
deuteron wave function. The major formal change" is 
that the usual transform function is now replaced by 


PiK)= fdr exp{iK-[1rs—4(1, +12) ]) 


X $1(1,2,3)o4(1,2)=P(O)I(K), (2) 


where the integration is over the internal three-particle 
coordinates and, in an obvious notation, K= %ko— k,. 
For Irving’s wave function we find P?(0)=113 while 
for KS0.7, 1(K)™14+2.4K?*}-' (the unit of length in 
each case is 10~" cm). 

The results which follow from the LBM data are 
shown in Table III, The reduced widths for the first 
two states are larger by a factor 2 than the (,d) values. 
This could be remedied by abandoning Irving’s trans- 
form and substituting another which is larger in the 
region of interest (KS0.7) but has about the same 
variation with K in this region (in order that the 
excellent agreement with the angular distributions be 
not destroyed). Since £ P?(K)dK is bounded, the trans- 
form must then fall off much more quickly at large K 
than Irving’s transform. We have checked that this 
can be consistently arranged. 

Much more troublesome is the rapid monotonic de- 
crease in 07 as we go to higher levels. It is difficult to 


Tasie IIT, The reduced widths @ as deduced from the Li’ (d,t) 
and Li’(d,He*) data of LBM® are given and divided by the calcu- 
lated relative reduced widths S to give 6¢. The S values for the 
extreme cases ({(Li*) ={(Li’) =0, «) are also listed. K is given in 
units of 10% cm". 


(TJ) K o 


01 0.30 0.11 

03 0.39 0.061 
10 0.44 0.055 
12 0.50 0.017 


S(LS) 


5/6 
7/15 
5/6 
2/3 


S(jd) 


9/20 
21/20 
5/4 
1/4 


S(int) 60? 


0.82 0.13 
6.59 0.10 
0.84 0.065 
0.63 0.027 


* See reference 11 
J. Irving, Phil. Mag. 42, 338 (1951). 


4 See, for example, H. C, Newns, Proc. Phys. Soc. (London) 
A65, 916 (1952). 


AND A. FUJII 
believe that this variation is a true one. It cannot be 
conveniently ascribed to a rapid decrease in the trans- 
form function with increasing K for then the angular 
distributions would not be fitted. Possibly the S values 
for the two T=1 states are seriously in error but in 
view of the many successes of the intermediate coupling 
theory for A=6 this seems improbable. It seems more 
likely that the 6? variation represents a basic defect in 
the way the simple theory treats the dynamics of the 
reaction'® (note that the triton or He’ kinetic energies 
vary from 15 Mev for the ground state to 7 Mev for 
the highest state considered). 

Our final conclusion is that, until more information is 
available concerning (d,t) and (d,He*) reactions we 
cannot safely use them for measuring relative reduced 


. 
16 
LS 


ENERGY, IN UNITS OF |k| 


(TJ) #(10) 


(Td) (13) 


(Td) (Ht) 


(Td)*(12) 
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Fic. 1. The level structure for the first four levels in Li*. The LS 
separation between the two multiplets for an arbitrary exchange 
mixture is 2(3ag,+-2’’ — ao) =22'/3y. 


widths. In this connection more cases where the same 
pair of levels are connected, say, by (p,d) and also by 
(d,t) reactions would be particularly valuable. 


(f) Li’ Spectrum and the Li’(d,p)Li* Reaction 


Figure 1 shows the level structure calculated near LS 
coupling and with the Rosenfeld interaction for the 
first four levels of Li*. Three odd-parity levels only 
have been observed and these can be safely identified 
as J=2,1,3 as indicated. We find the proper relative 
spacing for the three levels at {1.3 with K=1.25 Mev 
but this could be changed somewhat by altering the 
parameters of the central interaction (Kurath’s inter- 


16 In this connection see A. Werner, Nuclear Phys. 1, 9 (1956). 
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action’ favors a value ¢~2.0). In this connection it 
would be very useful to identify the /=0 state arising 
from the *P multiplet. 

LBM" give absolute cross sections for Li’(d,p) lead- 
ing to the first two levels and these yield 6?=0,.054, 
0.028, respectively. Theoretical S values are given in 
Table IV; for ¢=0, 1, 2, we have S*/S=1.6, 2, 2.3, re- 
spectively compared with the experimental value 1.9. 
This too favors the small spin-orbit parameter though 
for any value {$2 the agreement is adequate. For the 
single-particle width we have 0.0503 4? S$ 0.060, 


(g) 440-kev Li’+p Reactions 


The 17.63-Mev resonant state in Be® which is reached 
in this reaction is the analog of the 0.97-Mev level of 
Li and thus with the same wave functions used above 
we can examine some features of the Li’+ p reaction. 

The ground-state y-ray angular distribution is experi- 
mentally isotropic to within ~6%; the theoretical 
angular distribution is 1— { (5—«)/(5+7x)} cos? where 
x=channel spin ratio. For ¢=0,1,2 the calculated 
values of x are found to be 5, 100, 14, respectively, and 
this strongly favors a coupling scheme either very close 
to (LS) or else quite close to {= 2. For {=2 we would 
have da/dw= 1+-0.09 cos*@. The channel spin value also 
affects the elastic scattering angular distribution but 
from the published discussions, it is not clear how 
accurately x is determined by the distribution. A value 
x=5 is satisfactory. 

The experimental y-ray width'® for the ground-state 
transition has the relatively small value (for a 17.6-Mev 
y ray) of about 17 ev. The transition here may reason- 
ably be termed unfavored since, near LS coupling, 
there is no transition between the dominant multiplets 
of each wave function (®P®" and "S™), the major 
contributions arising from *}P@/— "S44 and #pPGl_, 
4p), Tt follows easily then that near LS coupling the 
calculated M1 width will vary as ¢*. The radiation 
width for the 17.6-Mev y ray is calculated to be 0, 3.6, 
12.1 ev for ¢=0, 1, 2, respectively, thus suggesting a 
slightly larger value than ¢=2.!7 

The proton width in Li’+ is about 12 kev which 
corresponds to #~0.13, in strong disagreement with 
the value 0.028 for the corresponding bound state 
reduced neutron width found by Li’(d,p). The two 
cases however are not dynamically identical and the 
significance of this disagreement is not clear. 


(h) Be’(d,p)Be"’ Reaction 


There is fair agreement between prediction and 
experiment for the first two levels of Be". Predicted S 


16 This case has been considered in more detail by D. Kurath, 
Bull. Am. Phys. Soc. Ser. II, 1, 180 (1956). 

17 The calculated values depend somewhat on the central force 
exchange mixture. Near the LS limit we have for the m-reduced 


matrix element of the magnetic moment operator (||u/yo 
=£(3)4{ (2g5—2¢,—1)G,"+Gr"}, where G,=9ay+(4—45)a, 
—10a,+ (9—12s) ag; Go= (4s—13)a,+a,+(12—4s)ag7;5=L/K, 
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TABLE IV, The relative reduced widths calculated for the three 
known Li® levels for different values of the Li® spin-orbit param 
eter. For {=1, 2 the Li’ spin-orbit parameter is 1.1 but for the LS 
limit both values are taken zero 


f=0 


10/9 
2/3 
2/5 


values (using {= 1.5 for Be’, ¢=5 for Be") are, for the 
ground and first excited states, 2.2 and 0.2, respectively. 
For Ea=4 Mev’ the reduced widths 6? are 0,050, 0.010 
and for Ea=14 Mev," 0,093, 0.012; for Ey=8 Mev 
relative reduced widths are given by Green and 
Middleton” as 22 and 8, respectively. Then from the 
ground-state cross section we have roughly 6’0,025 
(Ea=4 Mev), 00° *~0.04(4a=14 Mev) and we 
the apparent increase with increasing deuteron energy. 

For the higher levels things are unclear; one of the 
three levels near 6 Mev could possibly have /=1 and 
correspond to the second 2+ level as predicted by 
Inglis? and Kurath*‘ (there is a rather strong prediction 
that the first four p" levels should be J=0, 2, 2, 3). As 
discussed also by Green and Middleton,” a major 
difficulty with the 7.37-Mev level whose spin is given 
as 3 is that its (d,p) reduced width is @?=0.013 (at 
Ea=14 Mev) which should correspond to S~0.3. The 
calculated width is very small; for ¢(Be*) = ¢(Be™) =0, 
we have S=0; for ¢(Be*®)=1.5, ¢(Be™)=4,5 we have 
S=0.012, 0.011 and we have verified that this value 
cannot be essentially increased while using any reason- 
able ¢ value for Be®. The neutron width as measured by 
elastic scattering*! gives 6?=0.017 which agrees with 
the (d,p) value. 


note 


(i) £2 Lifetime in B'” 


The mean y-ray lifetime of the first excited state of 
B" is given by Thirion and Telegdi®? as (742) 10" 
sec. The £2 lifetime has been calculated for several ¢ 
values. Specifically we find (for an rms radius 3X 10~" 
cm) r= 2.9, (), 8.9, (%), 6.6, (@) and 23K 10°" sec 
for {=0, 1.4, 3.8, and , respectively.” In listing the r 
values, the symbol (#) indicates that the #2 matrix 
element changes sign between the two adjacent values 


and thus must vanish at least once between them 

4 Fulbright, Bruner, Bromley, and Goldman, Phys. Rev. 88, 
700 (1952). 

K. B. Rhodes and J. N. McGruer, Phys. Rev. 92, 1328 
(1953); and J. N. McGruer (private communication). 

”T, S. Green and R, Middleton, Proc, Phys. Soc. 
A69, 28 (1956) 

* Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). See also Willard, Bair, and Kington, Phys. Rev. 98, 669 
(1955), 

"YJ. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953), 
A later measurement by J. S. Severiens and S. S. Hanna [Phys 
Rev. 100, 1254(A) (1955) ] gives 9.54210 sec 

% We are indebted to Dr. D. Kurath, who has also calculated 
this lifetime, for pointing out a numerical error in our original 
calculation, 


(London) 
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(corresponding to infinite lifetime). With this erratic 
variation of the lifetime with ¢ there is no problem in 
fitting the experimental result™ but the significance is 
not clear. 


(j) C’’ § Decay 


This case is interesting because, apart from the for- 
bidden ground state transition, there are two pure 
Gamow-Teller (G.T.) transitions and one pure Fermi 
transition. Thus if we are willing to calculate the nuclear 
matrix elements we may determine from the energies 
and partial lifetimes the absolute strengths of the 
separate interactions. The calculated Fermi matrix 
element, as is well known, is | f'1\*=2. For the G.T. 
matrix element for the first excited state we find 

Sa\*=5,9, 0.77, 0.69, 0.88, 10/3 for ¢=0, 4,5, 7, #. 
The surprisingly large difference between the values for 
t=7 and (= @ is indicative of the fact that the com- 
position of the calculated wave functions changes quite 
markedly between these limits; for ¢S7 the pre- 
dominant symmetry is [42] while for {= @ the domi- 
nant symmetry is [321 |. 

There are experimental uncertainties in the determi- 
nations of both the available energy and the partial 
lifetimes, but at first we choose the values favored by 
Ajzenberg and Lauritsen.' Then, following Gerhart,” 
we write 


(3) 


A nl fal +e fe |, 


where R= (gor/gv)*. The Fermi branch gives A = 5300 
sec indicating, by its satisfactory agreement with the 
value deduced more accurately by Gerhart from his O" 
data, that the adopted energy and partial lifetime are 
not unsatisfactory. With Gerhart’s A (6500 sec) we 
now determine R as a function of the intermediate 
coupling parameter; we find R= 1.0, 7.8, 8.7, 6.7, 1.8 
for ¢=0, 4, 5,7, © and these values may be compared 
with the value R= 1.37_0.40°°” found by Gerhart by 
combining the O' and the isolated neutron data (the 
latter value of R is found by Lane* to be quite satis- 
factory for several simpler p-shell nuclei and is in 
essential agreement with the values deduced indirectly 
by several authors). 

It is quite clear that, except for coupling schemes 
close to the LS or jj extremes, we do not have a satis- 
factory result. We have verified that this conclusion is 
unaltered if we vary the energy and lifetimes within 
the assigned experimental errors and conclude from it 
that the intermediate-coupling wave functions are un- 
satisfactory. We have on this account not calculated 
the matrix element for the Gamow-Teller 
transition, 


scr ond 


* This is contrary to the statement concerning this decay by 
D. H. Wilkinson, Phil. Mag. 1, 127 (1956), footnote on p, 149 

* J. B. Gerhart, Phys. Rev 95, 288 (1954). See also A. Winther 
and O. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat 
fys. Medd. 27, 14 (1953). 


AND A. FUJII 


Ill. CONCLUSIONS 


We now attempt to draw some conclusions. To begin 
with we note that, with one exception, we have been 
unable to unearth any essential troubles with the pre- 
dictions of the simple spin-orbit nuclear model for 
A=6, 7,8. For this one discrepancy (the nature of the 
7.46-Meyv level in Li’), of particular value would be a 
measure of the (d,p) width of this level and further 
studies in general of the Li’ states. With regard to Li’ a 
determination of the position of the 0* level would, as 
pointed out above, be helpful in fixing the parameters 
of the effective nucleon-nucleon interaction. Besides 
this, a measure of the reduced widths for further levels 
of Li* would be instructive; for it seems likely that of 
all the p-shell nuclei which may be studied by (d,p) 
reactions [as opposed to the experimentally more 
difficult (p,d) and (n,d) and apparently untrustworthy 
(d,t) and (d,He*) | the Li® nucleus is that for which 
most definite predictions can be made.*® We make no 
comments about the A=9 polyad which continues in 
comparative experimental obscurity and we refer only 
to earlier calculations.*7 For A=10 there are quite 
strong indications that the simple nuclear model is 
unsatisfactory. 

From one set of experimental results we have con- 
cluded that the simplest treatment of the (d,/) and 
(d,He*) reactions is probably unsatisfactory for deter- 
mining relative reduced widths. But further experiments 
measuring the absolute cross sections for these reactions 
are needed, particularly in cases where they can be 
compared with the simpler (p,d) or (n,d) reactions (or 
their inverses). 

Concerning the use of (d,p) reduced widths we feel, 
as a result of studying the cases above as well as 
heavier nuclei,** that the (d,p) width, as deduced simply 
by using Butler’s theory, is indeed a quantitatively 
useful parameter not only for comparing various levels 
of the same nucleus but for more general applications. 
In particular, as long as we exclude cases where the 
kinetic energies are low, we find no experimental evi- 
dence for the extremely large fluctuations of the single- 
particle (d,p) widths which some authors seem to expect. 
One of the most interesting questions (first discussed by 
Thomas”) then involves the relationship between a 
(d,p) width and the corresponding resonant reaction 
width [and thereby the significance of the absolute 
(d,p) width |. So far as we can find, the situation here 
is still unclear and further cases should be studied. 
Finally we emphasize that the most valuable experi- 
ments which could be done in order to improve our 


* For a B-decay calculation see B, G. Jancovici, Nuovo cimento 
1, 840 (1955) 

*7 French, Halbert, and Pandya, Phys. Rev. 99, 1387 (1955). 
See also Kurath, reference 4. 

** In particular for the situation at A~40 see J. B. French and 
B. J. Raz, Phys. Rev. 104, 1411 (1956). 

” R. G. Thomas, Phys. Rev. 91, 453(A) (1953). 





NUCLEAR 


understanding of (d,p) widths involve the measurement, 
over a wide energy range, of (d,p) cross sections as a 
function of energy. 
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Inelastic Proton Scattering from Gold at 6 Mev* 
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(Received October 10, 1956) 


A thin gold target has been bombarded with 6.0-Mev protons. Inelastically scattered protons, corre 
sponding to Coulomb excitation of the 545-kev, 279-kev, and 268-kev levels in Au'”’, have been observed 
in a magnetic spectrograph. The angular distribution of the inelastic groups seems to follow the semi 


classical theory. 


I, INTRODUCTION 


HE detection of the inelastically scattered par- 

ticles in Coulomb excitation has several advan- 
tages compared with detection of the subsequently 
emitted gamma rays or conversion electrons: 

1. Direct information about the excitation energy is 
obtained independent of the possibility of cascade 
transitions in the decay of the excited levels. 

2. The cross section for excitation of a level can be 
obtained in a very simple way from the ratio of the 
intensity of the corresponding inelastic group to that 
of the elastic group, if one assumes simple Rutherford 
scattering for the elastic group. 

3. The determination of the cross sections does not 
depend on a knowledge of conversion coefficients and 
branching ratios. 

One of the drawbacks of the method is that the purity 
requirements of the target material and its support are 
extreme. Every contamination will give rise to an 
elastic peak with cross section 10? to 10* times larger 
than that of the inelastic groups to be observed. Often 
these contaminant peaks can be identified by energy or 
angle shifts, but for heavy masses the differences in 
shifts become small. In any case, their presence obscures 
regions of the spectrum. 

Another disadvantage compared to gamma-ray meas- 
urement is imposed by the necessity of using targets 
thin to the emitted particles, with consequent loss of 
intensity. 

In view of these considerations, it appeared worth- 

* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission, 

t On leave from the Institute for Theoretical Physics, Uni 
versity of Copenhagen, Copenhagen, Denmark. 

t Now at Yale University, New Haven, Connecticut. 


while to extend into the region of the heavy elements the 
inelastic scattering studies undertaken with the broad- 
range spectrograph! associated with the MIT-ONR 
electrostatic generator. 

Preliminary runs with 7.45-Mev protons on a thin 
gold target showed that it was possible to detect the 
two well-known states in gold at 279 kev and 545 kev.?4 
The barrier penetration at 7.5-Mev bombarding energy 
is low, and the inelastic groups must be due at least in 
part to Coulomb excitation. Interesting information can 
be deduced from the cross sections‘ if only Coulomb 
excitation occurs. To insure that this was the case, it 
was decided to continue the measurements with 6.00- 
Mev protons, even though the background is a little 
higher than at 7.45 Mev. At 6 Mev, the cross section 
for formation of a compound nucleus’ is about 0.2 mb 
compared with a Coulomb excitation cross section of 
about 0.8 mb. 

Il. FORMULAS 


The elastic scattering of 6-Mev protons from gold is 
expected to follow the Rutherford scattering law: 


—*( 1 ) 
16/? \sin‘ (40) 
Z2\? l 
2952 ) ( ) mb/sterad, (1) 
E sin’ (40) 


' Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956); 
C. P. Browne and W. W. Buechner, Rev. Sci. Instr. (to be 
published) 

2 J. W. Mihelich and A, de-Shalit, Phys. Rev. 91, 78 (1953) 

*W. [. Goldburg and R. M. Williamson, Phys. Rev. 95, 767 
(1954) 

*See forthcoming article by Alder, Bohr, Huus, Mottelson, 
and Winther, Revs. Modern Phys. (to be published) 

‘J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952) 
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hic. 1, Elastic proton scattering cross section of gold at 130 
degrees. The curve shows the Rutherford scattering law. 
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CROSS SECTION in MILLIBARN 


where da(@)n/dw is the differential cross section for 
scattering through the angle 6, Z,, and Z, are the atomic 
numbers of the incoming particle and the nucleus, 
respectively, and E is the energy of the incoming 
particle in Mev. 

The differential cross section for Coulomb excitation 
has been calculated in classical approximation® and can, 
for electric excitation of multipole order A, be ex- 
pressed as 


da (0) «¢ (*) (=\(= ¢ a= 
v (6,&), 
dw 2 e ho; ) vj ) a 


(2) 


222° 2220" 1 1 
b a g . ( i ), 
Amo? h ve 0% 


where v, and v, are the initial and final relative velocities 
of the projectile and m the reduced mass. B is the 
reduced transition probability of the excitation. The 
function /(0,¢) has been tabulated by Alder and 
Winther. 


Ill. EXPERIMENTAL PROCEDURE AND RESULTS 
The experimental setup was the same as that de- 
scribed earlier.’ The gold targets were evaporated onto 
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Fic, 2. Angular distribution of elastically scattered 
protons from gold at 6 Mev. 


*K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, No. 18 (1955) ; and private communication. 

7 Buechner, Braams, and Sperduto, Phys. Rev. 100, 1387 
(1956). 
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Formvar from a wolfram wire. Most of the targets 
used were of thicknesses of the order 150 ug/cm?; that 
is, about 7 kev for 6-Mev protons. The beam current 
during the exposures was around 0.1 ya, with an energy 
spread of 10 kev or less. 

Preliminary to obtaining the inelastic cross section, 
it was verified that in the energy range near 6 Mev the 
elastic cross section for protons on gold follows the 
Rutherford scattering law Eq. (1). For this purpose, 
a layer of gold was evaporated onto an aluminum 
support, and the thickness of the layer was determined 
by weighing. This target was inserted in a Faraday cup, 
which had a 100-volt positive bias. The current was 
measured by allowing it to discharge a polystyrene con- 
denser of 0.9940.02 yf capacity which was manu- 
factured by the General Radio Company. An electrom- 
eter measured the null point. The angle of observation 
was 130 degrees; the solid angle of the spectrograph was 
calculated from geometry. 

The cross sections measured at 5.0, 6.0, and 7.0 Mev 
are shown in Fig. 1. These cross sections agree with 
Eq. (1) within 5%, which is estimated to be the com- 
bined error in the measurement. 

To obtain the angular distribution of the elastic 
scattering, a thin gold target evaporated onto a Formvar 
backing was inserted at an angle of 30 degrees with the 
beam. In this way, the scattered particles could be 
examined at angles from 130 to 45 degrees without 
moving the target. Normalization was accomplished by 
monitoring the charge collected on a positively biased 
cup placed several centimeters behind the target. 
A negatively biased guard ring prevented secondary 
electrons released from the target from entering the cup. 
Figure 2 shows angular distribution obtained after a 
small correction for the variation of the cross section 
across the angle of acceptance of the spectrograph. The 
maximum deviation from theory is 7%. 

In the following calculations it has been assumed, in 
accordance with the above-mentioned experiment, that 
the elastic cross section is given by Eq. (1). 

The proton groups scattered at 130 degrees to the 
beam from a Formvar-backed gold target bombarded 
by 6.12-Mev protons are shown in Fig. 3. Elastic peaks 
from gold and from other materials in the target are 
observed. Also shown are inelastically scattered protons 
associated with the excitation of the 279-kev and the 
545-kev levels in Au. The group at d=73 cm has the 
position expected for a 77-kev state® but is considerably 
broader than the other inelastic groups. It is thought 
that an elastic group from silver, present as an impurity 
in the gold, is superimposed. Momentum analyses from 
the 6.00-Mev angular distribution described below con- 
firm these assignments. 

The small peak at d=74 cm in Fig. 3 has the position 
expected for protons elastically scattered from iodine. 
This weak peak was not observed in other exposures 
where lower resolution was used but would have been 
obscured by the intense gold elastic peak. Since the 
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Fic. 3. Proton groups from a gold-Formvar target bombarded with 6-Mev protons. The exposure was 3700 microcoulombs at a magnetic 
field of 6346 gauss. The peaks labeled (1) and (2) correspond to the 279- and 545-kev levels in gold 


evaporator used in the target preparation was being 
used concurrently for the evaporation of iodine com- 
pounds, the presence of traces of iodine was not un- 
likely. 

Previous measurements’ indicate the existence of a 
level at 268 kev in Au. In an attempt to resolve such 
a group from the more intense 279-kev peak, the target 
used for the exposure shown in Fig. 3 was particularly 
thin (about 3 kev, estimated from its yield). The 
spectrograph acceptance angle was narrowed to 3 
degrees, and the incident energy spread was reduced to 
about 5 kev. The data in the region of the 279-kev level 
are shown on an expanded scale in Fig. 4. While the 
number of tracks recorded is too low to define the shape 
of the distribution, the data clearly indicate the presence 
of more than one group of protons in this region. The 
solid line in Fig. 4 is an attempt to fit the data with 
reasonable line shapes in a manner consistent with the 
existence of states at 279 and 268 kev. 

For the angular-distribution measurements, momen- 
tum spectra were obtained at 60, 95, 110, and 130 
degrees for an incident energy of 6.00 Mev. It was not 
possible to go to smaller angles because of the rapid 
increase of the background, presumably caused by 
scattering of particles in the beam from the defining 
slit system in the analyzer. The background followed 
closely the sin~*(6/2) law. The positions of the inelastic 
peaks were calculated before each exposure to make 
sure that no coincidences would occur with the elastic 


groups from the target support and various contami- 
nations. 

The exposure for each angle was about 2000 ycoul. 
In addition to this long exposure, a short exposure of 
about 5 wcoul was taken to obtain a countable elastic 
peak. The intensity of the elastic peak in the long 
exposure was then calculated from the ratio between 
the two exposures. The uncertainty in this procedure 
was only a few percent, much less than the statistics on 
the inelastic peaks that contained only a few hundred 
tracks each. 
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Fic. 4. Proton momentum spectrum corresponding to 
the 268- and 279-kev levels in gold. 
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Fic. 5, Differential cross section for Coulomb excitation of the 545-kev and 279-kev levels in gold by 6-Mev protons. The solid 
lines show the theoretical cross section calculated with the mean B values from Table I. 


The exposures all showed the levels at 279 and 545 


kev. The 279-kev level had a composite structure 
which was ascribed to excitation of the 268-kev level, 
also seen in other Coulomb excitation experiments on 
gold.*.** As a mean of the exposures at 130, 110, and 
95 degrees, the intensity was determined to be 18% of 
the yield of the 279-kev-+ 268-kev groups. 

Accurate information about the 77-kev level was not 
obtained in this experiment. However, a group which is 
attributed to this level was seen at 95 degrees, an angle 
at which the contamination peaks had moved. Because 
of the high background, the cross section determined 
here is not very reliable. 

An average of eight measurements yields 27945 kev 
and 54648 kev for the excitation energies corresponding 
to the prominent inelastic groups from gold, ‘Two meas- 
urements give 75+4 kev for the position of the first 
level. 

The peak intensities were calculated by adding across 
the peak the number of tracks in the $-mm strips in 
which the plates were counted. The background was 
determined by counting a number of strips on each side 
of the peak. From the ratio of the intensity of the in- 
elastic peak to that of the elastic peak, the differential 
inelastic cross section was calculated using Eq. (1). 
This procedure assumes that there was no contaminant 
elastic peak merged with the gold elastic group. Care 

*P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112, 127 
(1955) 

°E. 
(1955). 


M. Bernstein and H. W. Lewis, Phys. Rev. 100, 1345 


was taken to evaporate the gold at as low a temperature 
as was practical ; this was much lower than the melting 
point of the wolfram wire used as a boat. As a direct 
check for the presence of wolfram, one of the targets 
used was bombarded with 6.5-Mev Het? ions accelerated 
in the generator. Use of the heavier He ions allowed a 
better separation of elastic groups than was obtainable 
with protons. The profile of the scattered particles gave 
no indication of wolfram; the exposure obtained set an 
upper limit of 10% on the amount of wolfram impurity. 

The results for the four different angles are shown in 
Fig. 5, together with the theoretical angular dependence 
for quadrupole excitation calculated from Eq. (2) using 
the mean B values obtained in this experiment. The 
B values calculated from the individual points using 
the classical f(6,£) are given in Table I. 

The agreement with theory is satisfactory. It will 
take more accurate experiments to find possible devia- 
tions from the semiclassical theory. At the moment, 
the exact quantum mechanical angular distribution has 
not been worked out. It is known that the distribution in 
the extreme quantum mechanical case (n= Z,Z2/hv=0) 
is isotropic. The B values determined are in reasonable 
agreement with the values of Stelson and McGowan.* 
This is a further evidence that the semiclassical {(6,£) 
function isa good approximation. For the ratio B(E2) 6s: 
B(E2) 7, Bernstein and Lewis’ obtain 0.40+0.13, some- 
what larger than the presently measured ratio of 0.22 
+0.07. For the ratio B(E2) 9: B(E2)77, these authors 
give 1.83+0.4, compared with the value of 1.4+0.4 
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obtained from the one measurement here. The measure- 
ments of Sunyar"® indicate that B(£2);;=0.10. 

The 279-kev (5/2+) and the 545-kev (7/2+) levels 
could be members of the ground-state rotational family.‘ 
The 77-kev (1/2*+) and 268-kev (3/2) levels are then 
supposed to be members of a second rotational family. 
It should be possible to excite the next rotational state 
(5/2*, about 700 kev"') of this family. No indication of 
such a level was seen, in agreement with the expected 
intensity of the excitation. 

The authors wish to thank Professor W. W. Buechner, 
Dr. C. P. Browne, and Mr. A. Sperduto for help and 
advice. Dr. F. J. Eppling’s assistance in the problem 
of the measurement of the beam current is gratefully 
acknowledged. Thanks are also due to Dr. H. Mark 
and Dr. T. Huus for helpful discussions about the 
subject at an early state of the experiment and to 
Dr. A. Winther and Dr. K. Alder for information about 


” A, W. Sunyar, Phys. Rev. 98, 653 (1955). 
4 A. Kerman and B. M. Mottelson (private communication). 
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TABLE I. Values of B/é in units of 10~™* cm‘ calculated by use 
of classical /(@,£) function. The cross section used for the 268-kev 
excitation was calculated as 18° of the cross section for the 
composite (268+ 279)-kev line 


Coulomb excitation of levels in 


Angle 545 kev 279 kev 268 kev 


60 0.47 
95 0.40 
110° 0.41 
130° 0.39 
Mean 0.42 
(a) 0.470 


0.29 
0.30 
0.30 
0.32 
0.30 
0.334 


0.006 
0.088 


* See reference 8 
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Neutron Resonance Structure of Uranium-238* 


L. M. Botuincer, R. E. Cort, D. A. DaniBerG,t ano G, E. THomas 
Argonne National Laboratory, Lemont, Illinois 


(Received October 8, 1956) 


Modifications in the Argonne fast-neutron chopper and its installation at the reactor CP-5 are described 
With this system, neutron transmissions of very pure samples of U™* were measured. Parameters for the 
resonances observed were obtained by a refined wing shape analysis as well as by the conventional area 
analysis. A previously unobserved level having a smaller reduced neutron width than any heretofore re 
ported was detected at 10.2 ev; it is interpreted as being a p-wave resonance, Average parameters of sig 
nificance to nuclear theory are deduced. For reactor application, the resonance capture integral is calculated 
from the parameters and is found to be in excellent agreement with the directly measured value 


I. INTRODUCTION 


DESCRIPTION of the Argonne fast-neutron 

velocity selector and its use at the original heavy 
water moderated pile CP-3’, was given in a previous 
paper.' After modification of all of its major compo- 
nents, the velocity selector was installed at the new 
pile CP-5 in the summer of 1954. The present paper 
lists these modifications and presents the first data 
obtained with the improved system. 


II. APPARATUS 


The great increase in the neutron flux available from 
CP-5 as compared to CP-3' (about a factor of 20) made 
it possible to improve almost every characteristic of 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Operations Research Office, The Johns Hopkins 
University, Chevy Chase, Maryland. 

! Bollinger, Dahlberg, Palmer, and Thomas, Phys. Rev. 100, 
126 (1955). 


the velocity selector; resolution was improved, counting 
rates and signal-to-background ratios were increased, 
a second order effect was almost eliminated, and the 
minimum sample size was decreased. 

The 
chopper rotor. The second order effect, an overlapping 
of neutron bursts, was essentially eliminated by block 
ing 4 of the original 6 slits. Fast-neutron leakage 
through the 16-inch steel rotor was greatly diminished 
by replacing 3 inches of the steel by Monel metal. 
With these changes it was feasible to use a neutron 
flight path of almost 60 meters (58.7), giving a resolu- 
tion of 0.08 usec/meter. 

The detector used, a boron-loaded liquid scintillator, 
has been described elsewhere.’ Its important improve 
ment, as compared with the counter of reference 1, is 
an enlarged area, namely 37 in. 


most important changes were made in the 


7L. M. Bollinger, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 47 
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Fic, 1, Total cross section of U™* as a function of neutron 
energy. The peak cross sections indicated on the figure are meas- 
ured values. 


The increase in the number of time channels required 
to cover a given energy range for a greater neutron 
flight path was to some extent lessened by making the 
100-channel time analyzer more flexible. Simple changes 
in design made it possible to split the channels into 
two groups which could be independently located in 
time. 

Ill. RESULTS 

Because of their importance in determining the char- 
acteristics of thermal nuclear reactors, the slow neutron 
cross sections of uranium have been intensively studied. 
In most of the early studies, only integral properties 
of the resonance structure were measured. The latest 
studies include a careful integral-type determination of 
the absorption resonance integral’ and three measure- 
ments of the energy dependence of the total cross sec- 
tion** of normal uranium in which the instrumental 
resolution used was comparable with that employed for 
the present investigations. In one of these, the scatter- 
ing cross section was also measured, 

In the present measurements, the neutron trans- 
mission of 8 samples of U™*, ranging in thickness from 
(0.001 to 0.70 inch, was studied over the energy range 
5 to 300 ev. The largest known impurity in the samples 
was 0.04% of U™*, hence it is certain that all the 
resonances observed must be attributed to the isotope 
U™*. The full resolution available, namely 0.08 ysec/ 
meter, was used for all resonances at energies greater 
than 20 ev; for the 6.7-ev resonance, the chopper was 
operated at a reduced speed, giving a resolution of 
0.095 yusec/ meter. 

A general view of the resonance structure of U™®* is 

*R. L. Macklin and H. S, Pomerance, Proceedings of the Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1955 (United Nations, New York, 1956), Vol. 5, p. 96. 

‘ Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 

‘J. E. Lynn and N, J. Pattenden, Proceedings of the Inter- 
national Conference on the Peaceful Uses of Atomic Fa Geneva, 


1955 (United Nations, New York, 1956), Vol. 4, p. 210. 
* Fluharty, Simpson, and Simpson, Phys. Rev. 103, 1778 (1956). 


given in Fig. 1, where parts of all the runs taken were 
used in making a plot of total cross section vs neutron 
energy. Two striking qualitative features of the data, 
an apparent tendency toward a uniformity of level 
spacings and strongly asymmetric resonance shapes, 
combine to produce a cross-section behavior of unusual 
interest. 

In obtaining quantitative information about the 
resonance structure, the transmission dips observed 
were assumed to be due to s-wave resonances for which 
the radiative capture and scattering cross sections o, 
and @, are given by’ 


lr, /Eo\? 
0y=I7G- (—) (1+2*)", (1) 


T 


I, 
o,=4rR’+a5 “[1+(2—)z]a+e * (2) 


0 


r=l,+Tr,, 
== (2/T')(E—E)), (3) 
o= 4nkg(T,/T). 


Here E is the kinetic energy of the neutron, the con- 
stants Ho and 2X» are the neutron energy and wave- 
length at resonance, R is the nuclear radius, I’, ',, and 
I’, are the total, neutron, and radiation widths, and oo 
is the cross section at resonance. The statistical factor 
g is unity for U**, The above relationships are expected 
to be valid only for stationary target nuclei, and the 
effect of thermal motion of these nuclei must be 
taken into account by integrating over their velocity 
distribution. 

Uranium is a more favorable case for study than are 
many nuclei because resonance parameters may be 
deduced both from the areas above transmission dips 
and by curve fitting. For the resonances at 6.7, 21.8, 
36.6, and 66.0 ev, all parameters were obtained by a 
straightforward application of the standard transmis- 
sion area method.* This method gives, in essence, a 
value of ool’? for each transmission area, with the 
constant p depending on noo, where n is the sample 
thickness in atoms per cm?*. For noo1, p approaches 1 
and for noo>>1, it approaches 2; hence the independent 
parameters oo and I‘ may be obtained from a measure- 
ment of transmission areas for two samples having 
appropriate values of noo. For resonances at energies 
greater than 75 ev it was felt that greater accuracy was 
obtained by deducing parameters with an assumed 
value of the radiation width I',, the value used being a 
weighted mean of the values that were obtained for the 


TH. A. Bethe, Revs. Modern Phys. 9, 115 (1937). 

* Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 

* Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954) 
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first four resonances. A more detailed discussion of this 
technique is given by Palmer and Bollinger." 

The strong asymmetry observed for the shape of 
most of the uranium resonances provides the second 
approach for deducing parameters. For such cases, a 
convenient technique for curve fitting the wings of a 
resonance, where the effects of resolution and Doppler 
broadening are negligible, has been used!:"'-” in several 
experiments to obtain values of ooI'(R/Ao). If one uses 
the single-level formulas, Eqs. (1) through (3), the 
technique is readily understood by observing that in 
the neighborhood of a particular resonance at 2», having 
parameters go, I’, etc., yet far enough away that x>>1, 
the total cross section 0, may be written in the form 


l,/Eo\! Va] ool? 
(- ) . he, a 3 
E r J(E-Ey)? ‘+ 


1 
_ ool — 


Xo (E- FE) 


+-4rR?, (4) 


The sum over r is a correction for the effect of neigh- 
boring resonances r for which parameters are known. 
A plot of the left-hand side against (E—)~' should 
give a straight line having a slope of ooI’(R/Ao) and an 
intercept of 4rR?. For advantageous cases, such as the 
resonances in uranium, the second and third terms on 
the left of Eq. (4) are small compared to the first term 
on the right; hence, the use of approximate values for 
the constants in these terms does not lead to serious 
inaccuracy in the constants on the right. 

There are two drawbacks to the above technique, as 
previously used, for deducing resonance parameters. 
First, in obtaining Eq. (4) no account was taken of 
the effect of interference between resonances. Second, 
because of large uncertainties" in the absolute value of 
the measured intercept 4rR’, the value of R used in 
getting ool’ from the observed slope was calculated 
from the A! relationship, a procedure which can intro- 
duce a large error in the derived value of ool’. Errors of 
this kind are unnecessary for the present data, however. 
Using the familiar multi-level scattering cross-section 
relationship,” with g=1, it is easily shown" that, in the 


 R.R. Palmer and L. M. Bollinger, Phys. Rev. 102, 228 (1956). 

' Kato, Hughes, and Levin, Phys. Rev. 93, 931 (1954). 

27. S. Levin and D. 3 Hughes, Phys. Rev. 101, 1328 (1956). 

8 Reference 7, Ex a (425). 

4 Expanding Bethe’s multi-level relationship for the case g=1 
and x>>1, one may reduce the expression for the scattering cross 
section to the form 
1 rs ool? 
4r (E -F)* 
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where the subscript 0 refers to the nearest level and q refers to 
all other levels. For widely spaced levels, the range in EF over 
which data are useful for curve fitting is small compared to 
FEo—Eg. Thus to a first approximation the bracketed quantity 
(R+42'nhg(E—E,)~) is a constant, say R,. In an application 
of the method to the uranium data, the variation in R, is un- 
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(E= ey" 
Fic. 2. Illustration of the method of wing shape 5 ag for 
the resonance at 20.8 ev. The ordinate is o;—}ooI?(H—Eo)* 
-Z,o,, it being assumed that over the range of interest 
[(I'y/T) (2o/E)++ (1/1) ]=1. The resonances r for which cor 
rections are made are those at 6.7 and 36.6 ev. The intercept on 
the ordinate gives 4rR,?=10.4 barns and the correction for the 
scattering component of neighboring resonances was 1.5 barns at 
20.8 ev. Thus the effec tive radius R, used in deducing ool" from the 
slope is give - by 4rR?=8.9 barns. This value of RX, differs from Ro 
by about 7%. The re lationship between R, and Ro is explained 
in reference (A 


wings of a resonance, the cross-section relationship, 


including the effect of interference between resonances, 
can be written in the form of Eq. (4), the only difference 


being that the two R’s appearing in (4) are not now 


equal. Let the constant term, the intercept of the cross- 
section axis, be 4rR,’. Then the effective radius R, 
which appears in the (H— £o)~ term is given by 


’ 


be ; 
4nR2=4rR?4 =| ( r) ’ 
r r rIE=Eo 


important for the (Z—E )~ term but it should be reduced in the 
4nR? term. Let the resonances which are primarily responsible 
for variations in R, be labeled with a subscript r. Then 


Tag I i 
2 x f f ? .) nee y ar yy nd ‘ 
dnRomdn) (RHI ZF n) +25 FARE 5 re) 


+4(2 x) } 


where 0#i#r. For the present data the last term in the above 
equation is small compared to the other two terms and no sig 
nificant error is made by moving the squaring operation inside 
the summation sign, thus neglecting cross terms. Having made 
this approximation, 4rR/? becomes the sum of two parts, one 
being essentially a constant 47K, and the other the scattering 
component of the single level contributions of the resonances r 
Further, after adding the capture component, the total cross 
section may be written in the form of Eq. (4) with the constant 
term being 4rR¢ and the radius appearing in the (2 — 2») term 
being R,. The appropriate value of R, to be used is that evaluated 
at Eo, which is related to the constant Rg by Eq. (5) 


(5) 
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TasLe I, Parameters of neutron resonances in U™*, The errors given are standard statistical errors. 


ho 7% ry 


(ev (barnes 


6.67 20 5004-3700 
10,2 15 

20.8 39 0004-3300 : 
46.6 38 0004-7000 5 + 29 
66.0 19 00044000 49 
80.5 26504 320 26 
89 
102 
117 
146 
165 
189 
210 
237 


24* 


24* 


19 2004 700 98 +! 24* 
11 400-4 1000 50 + 24" 

5704 200 25 + 3 24* 
18004 550 27 24* 
11 (0+ 250 166 24* 
70004 800 62 24* 
6300+ 800 56 24* 


* Assumed values of I y 2442) mv was used for these levels 


where the sum is over the same resonances r that were 
considered in Eq. (4). The accuracy of the approxima- 
tion (5) depends on the degree to which | E,—Eo| is 
large compared to | E—Ey\. It is clear, from its defini- 
tion, that R, will vary from level to level. 

The cross sections in off-resonance regions in the 
present measurements are thought to be accurate, with 
regard to systematic errors, to about one percent, an 
accuracy which makes the above refinement in approach 
worthwhile. An application of the method to the 20.8-ev 
resonance in uranium is illustrated in Fig, 2. 

The parameters obtained by combining the results 
from both area and wing analyses are given in Table I. 
In all cases where parameters are obtained in both 
ways, the agreement between the results is exceedingly 
good, as is shown in Table II, where values of ool" are 
compared; the agreement would have been generally 
poorer had Ro, rather than R,, been used in obtaining 
ool’ from the wing curve fit. In the case of the 6.67-ev 
resonance, values of ool” can also be obtained in both 
ways, namely 15.7+0.7 and 14.9+1.0 b-ev® by area 
and wing analyses, respectively. 

Values of Ro, as defined above, are also given in 
Table II. For each of the resonances listed, corrections 
were made for the effect of two neighboring levels, one 
at lower and one at higher energy, except for the 6.67-ev 
resonance, for which the properties of the lower neighbor 
at negative energies were unknown; the effects of the 
10.2-, 80.5-ev, and 89-ev levels were not included in 
these corrections. Because of the way in which it was 
determined, 49R,? is a measure of the potential scatter- 
ing in an energy region from which the effects of nearby 
levels have been removed. It should have a strong 
tendency to be, therefore, an average property of the 
nucleus, insensitive to the effects of particular reso- 
nances. The excellent argeement between the four 
values of Ro obtained gives us confidence in the ac- 
curacy of the measurements and suggests that 9.1 10~-" 
cm is a reliable value of the nuclear radius. This result 
is in satisfactory agreement with the value of 9.3 10-" 


(mv) 
26.0+ 3.0 
21.94 2.3 


+10 
25.64 9 


Tn P'n® K108 
(ev?) 


0.56 
4.410 
2.16 


§rool',/Eo . 
(barns) $ 


125 +12 
0,1 
64.54 4 


(mv) 


145+ 0,12 
1.4 X10 
99 ; 


34 . 5. 44.6413 
12.24 3.4 
1.2+ 0.1 


23.4 
2.1 


74 5 
26 4 
0.78+ 0.27 
314 1.1 
142 +14 
39 + 9 
32) +11 


7. 1.2 
3. 0.9 


cm obtained by Hughes and Pilcher,'® using an entirely 
different technique. The relation R=1.45X10-" At cm 
gives 9.0X10-" cm. 

The parameters of Table I are generally in satis- 
factory agreement with those obtained at Brookhaven,‘ 
Harwell,® and MTR.*® The major pont of disagreement 
is that in the present measurements several small 
resonances were detected which were not observed in 
other studies. The smallest of these, that at 10.2 ev, 
was not detected in any of the other measurements; it 
is discussed in detail in the following paragraphs. A 
second smail resonance, that at 89 ev, was reported in 
reference 4 but not in reference 5 or 6. The present 
measurements give parameters for this level that have 
large uncertainties, but its existence is confirmed.{ 

A sensitive test of the quality of the agreement 
between the several studies of the resonance parameters 
of U™* is provided by a comparison of the values ob- 
tained for radiation widths I',; such a comparison is 
made in Table III. It is seen that essentially all the 
measured values are consistent with a unique value of 
I’, in the range from 0.023 to 0.027 ev. The close simi- 
larity of these four sets of data, which were obtained 
independently using quite different techniques, is one 
of the best demonstrations yet given of the reliability 
of the area method of analysis and of its application. 

The parameters deduced for most of the resonances 
of Table I follow a pattern that is consistent with the 
results obtained for many other nuclei. The reduced 
neutron width for the 10.2-ev resonance is the smallest 
yet reported for any nuclide, however, and suggests a 
need for a closer examination. Careful tests were made 
to establish that the observed transmission dip was not 
caused by an impurity in the sample. In the very pure 


161), J. Hughes and V. E. Pilcher, Bull. Am. Phys. Soc. Ser. IT, 
1, 188 (1956). 

t Note added in proof.—In an exploratory run made with a new 
chopper having a much improved resolution (~0.04 ysec/m), the 
89-ev resonance was observed with great clarity. From the area 
of the transmission dip obtained, the neutron width T°, is found 
to be 0,084+0.014 mv for an assumed I’, of 2442 mv. 
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TABLE II. Comparison of results given by area and wing analyses. 


Standard statistical errors are used. 


Area 
(ev b) 


574+ 50 
1217+ 60 
2280+ 100 


Wing 


ev —b) 


540+ 50 
1240+ 48 
2120+ 165 

930+ 120 


Ro 


(em) 


9.1 10 
9.110 
9.110 
9.310 


U™* sample of 0.70-inch thickness, there were no 


known impurities large enough to explain the effect. 
Moreover, a search of the literature showed that only 
tantalum has a prominent resonance at approximately 
10.2 ev; consecutive runs with the uranium and a thin 
tantalum sample showed that the flight time for the 
tantalum resonance was 6 ywsec longer than that in 
uranium, a time difference too large to be explained by 
instrumental instability. As a second check on the 
possibility of an unknown impurity, a sample of ex- 
ceptionally pure normal uranium was also studied. The 
transmission dip observed for this sample yields reso- 
nance parameters that are consistent with those from 
the U** sample. 

The evidence presented above convinces us that the 
transmission dip observed at 10.2 ev is caused by U™®, 
If one assumes it to be an s-wave resonance, the re- 
duced neutron width is found to be 6000 times smaller 
than the average reduced width. For a p-wave reso- 
nance, on the other hand, the centrifugal barrier factor 
is 24.000 at 10.2 ev; thus the transmission dip observed 
is typical of that which would be expected for a p-wave 
resonance. It seems, then, that the probability is 
greater for the 10.2-ev level to be a p-wave rather than 
an s-wave resonance. 

From the list of parameters given in Table I we may 
deduce several averages that are of interest to nuclear 
theory, namely [',, f',°, D, and [',.°/D, where I’,° is the 
reduced width and D is the level spacing per spin state. 
In calculating these averages, the parameters for the 
level at 10.2 ev are not included because it seems prob- 
able, as shown above, that it is a p-wave resonance. 

All the values of I’, measured are consistent with the 


assumption that I’, is the same for all resonances. 
Under this assumption, we obtain a weighted average 
value of 0.0238+0.0016 ev for I. 

It is believed that the probability is high that all 
resonances below 189 ev were detected. Over this range, 
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TaBLe III. Comparison of measured values of I',. The errors 
listed, which are those given in the original publications, do not 
indicate the relative accuracies of the results because they do not 
have the same meaning for all sets of measurements. The errors 
quoted are as follows: ANL—standard statistical errors; BNL 
no statement of nature of errors given, but they are believed to 
be probable errors, i.e., 0.675 times the standard error; Harwell 
no clear statement of nature of errors given; MTR-—estimates of 
limits of error 


Harwell! 


26.1+1.! 
28.8+2.. 
24.944 
18.642 


ANI BNL* 


6.67 26.04 3.0 24+ 2 
20.8 21.9% 2.3 25+ 5 
36.6 29 +10 29+ 9 
66.0 25.64 9 17410 
80.5 
102 
117 


® See reference 4 
b See reference § 
© See reference 6 


then, D=18+-4 ev. For the ratio f° D, we include 
the wider energy range 0 to 255, since a failure to see 
small resonances will have a negligible influence on the 
ratio. The result obtained is [,°/D= (1.434-0.4) «10 
ev). The above values for [,°/D and D give f,° 

(2.6+0.5)K10-% ev). For these three averages the 
errors quoted are probable errors calculated on the 
basis of the number of levels used, if one assumes an 
exponential density distribution for both T’,° and D. 

In addition to average quantities of interest to 
nuclear theory, the data of Table I allow us to calculate 
integral quantities of importance for reactor design. 
Of particular interest is the capture resonance integral 


aly thadk 
z( ) +k f . (6) 

2*N BF, By ES 
The integral on the right is the contribution by the 1/2 
portion of the cross section, The exact values of the 
limits #, and Ey are unimportant; let them be 0.4 ev 
and 2 Mev. The main part of 2, is caused by the levels 
for which parameters are given in Table I; they give a 
contribution of 264+19 barns. In addition, approximate 
calculations give a value of 14 barns for the effect of 
resonances above 260 ev and 1.2 barns for the 1/0 
contribution, The capture resonance integral deduced 
from the present data is, therefore, 2794-20 barns. The 
excellent agreement between this value and a recent 

integral measurement’ of 282 barns is most gratifying. 
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First Excited State of B": Possibility of Spin-Flip Stripping* 


D. H. Wrixinsont 
Brookhaven National Laboratory, U pton, New York 


(Received October 2, 1956) 


The first excited state of B" at 2.14 Mev emits gamma rays which have an isotropic distribution when 
excited over a wide range of energy in the reaction B"(p,p’) B"* and an isotropic correlation in the reaction 
B(d,p)B"*, The natura] assumption is therefore that the state is of spin 1/2 as is suggested by the shell 
model, This assignment is supported by certain gamma-ray studies in the reaction Li’(a,y) B". However, in 
both the reaction B”(d,p)B" and the mirror reaction B”(d,n)C" leading to this level or its mirror level in C", 
an /=1 stripping pattern is found, suggesting 3/2<J¢9/2. The observed isotropies could be given by 
emission from a state of 3/2— to the 3/2— ground state if the gamma ray were purely E2. In the present 
investigation it is shown by a Doppler shift method using B"(p,p’)B" that the lifetime of the first excited 
state is less than 4X10 sec. It is shown that this limit is inconsistent with £2 sum rules and therefore 
that the transition is chiefly M1 and that the spin of the level must be 1/2—. This is consistent with the 
stripping result only if it is possible for the departing nucleon in such a reaction to flip its intrinsic spin and 
so transmit a further unit of angular momentum to the nucleus. 


INTRODUCTION 


HE low-lying levels of the lighter nuclei are all of 

considerable importance in that they are the ones 
of which any valid nuclear model will be asked to give 
its first account or which are, alternatively, used to fix 
the parameters of putative models. The ground-state 
spins and parities of all stable and “one-off-stable” 
nuclei are now known in the 1p-shell at least. The same 
is true of all first excited states of the stable nuclei with 


the exception of A=11, T7,=+1/2, namely the 2.14- 
Mev state of B'! (the 1.90-Mev state of C!), The shell 
model in intermediate coupling! is firm in requiring 
that this state should be 1/2—. There exists, however, 
sharply conflicting evidence on this point. 

Firstly there is the evidence that suggests that the 


character is indeed 1/2—. Study of the reaction 
Li’(a,y)B" shows no gamma-ray transitions to this 
level from the 5/2+- level at 9.28 Mev.? If the character 
were 3/2— <J<7/2—, the missing /1 transition would 
have |M\*<2x10~ which is much less than one 
usually cares to envisage in light nuclei® if there is no 
inhibition by the isotopic spin selection rule.‘ If the 
state were indeed 1/2—, all would be well. Then there 
are studies of the angular properties of the transition. 
The angular correlation between the protons leading to 
this level and gamma rays leading from it in the reaction 
B'"(d,p)B" has been measured® to be isotropic to 
within 5%. The angular distribution of the gamma rays 
following inelastic scattering of protons into this level 


* Work performed under the auspices of U. S. Atomic Energy 
Commission. 

t Permanent address: Cavendish Laboratory, Cambridge, 
England, This work was performed while the author was Visiting 
Physicist at Brookhaven National Laboratory during the summer 
of 1956 

' PD. R. Inglis, Revs. Modern Phys. 25, 390 (1953); D. Kurath, 
Phys. Rev. 101, 216 (1956) 

*G. A. Jones and D. H. Wilkinson, Phys. Rev. 88, 423 (1952) ; 
see F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) for amended assignments. 

41D. H. Wilkinson, Phil. Mag. 1, 127 (1956), 

‘ We shall assume that the parity is surely odd 

* J. Thirion, Ann. phys. 8, 489 (1953) 


see later. 


is isotropic to within 3% over the whole range of inci- 
dent proton energy from threshold up to 5.2 Mev.® 
Within this energy range, the cross section for this 
inelastic scattering passes through a number of well- 
marked resonances and it is inconceivable that such 
isotropy should result because the intermediate C™ 
state always has J=0 or that only /=0 protons are 
involved in its formation. This isotropy must certainly 
be due to the properties of the B" state. The simplest 
assumption is again that the state is of /=1/2. How- 
ever, since the ground state of B' is 3/2—, exact 
isotropy could still be obtained if the first excited state 
were also 3/2— and the radiation joining them pure 
or almost-pure £2 since W (4 $ 22; 2) is “accidentally” 
identically zero. This possibility has already been re- 
marked upon.* The same possibility would also of 
course explain the isotropic correlation in the stripping 
reaction ; the evidence from the (a,y) reaction may just 
reflect an unusually weak £1 transition. However, the 
simplest explanation of the facts is always that the 
state is 1/2— as is also very much favored by the shell 
model,! 

We now consider the evidence that the character is 
not 1/2—. This comes from the stripping reactions 
B'(d,p)B" and B"(d,n)C". In the first’ the transitions 
to the first excited state were few compared with those 
to neighboring levels. The pattern to the 2.14-Mev state 
was not at all clean and varied somewhat with deuteron 
energy in the neighborhood of Ea=8 Mev but seemed 
to indicate an angular momentum transfer by the 
ingoing neutron of /=1. This then says that the level 
is of odd parity but that 3/2< J <9/2 since the ground 
state of B™ is 34+-. The second reaction,® also performed 
in the neighborhood of Ea=8-9 Mev, also shows only 
relatively weak transitions to the first excited state but 

* Blair, Kington, and Willard, Phys. Rev. 100, 21 (1955) and 
private communication. 

™N. T. S. Evans and W. C. Parkinson, Proc. Phys. Soc. 
(London) A67, 684 (1954). 

*M. Cerineo (private communication); Maslin, Calvert, and 
Jaffe (private communication from J. R. Holt). 
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this time the pattern is much cleaner and is unam- 
biguously of /=1. We therefore have a clear-cut conflict 
between the simplest explanation of the first set of 
experiments and also the indication of the shell model, 
all of which favor J=1/2— and the answer given by 
the stripping measurements. 

The work described in the present paper was carried 
out to clarify this situation. It is based on the earlier 
remark that the only reasonable explanations for the 
results on inelastic proton scattering® in B" are either 
that J=1/2— or that J/=3/2— and that the radiation 
to the ground state is wholly or almost wholly £2. 


E2-M1 MIXTURE 


It is first of all interesting to inquire how much M1 
radiation could be mixed up with the predominant £2 
transition required to give isotropy under the assump- 
tion J=3/2— and yet not have been detected in pro- 
ducing a measurable anisotropy. Since we pass through 
so wide a proton energy range within which other 
reactions such as B'!(p,y)C™ give strongly anisotropic 
reaction products, we can explain the observed ani- 
sotropy neither by J=0 in the compound nucleus nor 
by /=0 nor by any curious accident appropriate only 
to a particular character for the compound nucleus 
state such as a particular mixing of orbital angular 
momenta or gamma-ray multipolarities. 

For illustration only we shall assume that, owing to 
the large energy loss the outgoing protons will tend to 
be of zero orbital angular momentum. This then limits 
the compound nucleus spins to J=1— and J=2—. 
Both could be formed by /=0 protons which would give 
isotropy, so we study their formation by /=2 protons 
which can easily pass into B" at an energy of 3 Mev. 
If we now assume that channel spin which is the more 
disadvantageous to our present purposes, i.e., that 
which gives least anisotropy, we find that a 10% 
anisotropy would result from a 0.8% admixture of M1 
by intensity with the predominant £2 for J=1— and 
4% for J=2-. 

In connection with the expected anisotropy, the 
following remark is of interest. The penetrability of B! 
for incident protons of 3.0 Mev and angular momenta 
1=0, 1, 2 stands in the ratio 4:3:1, respectively. This 
may suggest that formation by protons of zero orbital 
angular momentum is most likely and so we should 
expect in any case a large measure of isotropy. This 
argument is, however, largely false because when we 
use a thick target or a thin target over a wide range of 
bombarding energy, it is the integrated yield across the 
various individual resonances which is the interesting 
consideration and this will be determined entirely by 
the smaller of the two proton widths, incoming and 
outgoing, whichever that may be, since we know that 
inelastic scattering is the dominant inelastic process, 
Owing to the small energy available to it, this smaller 
width will be that of the inelastically scattered proton, 


EXCITED 
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at least in the energy range of interest here, even though 
it may have /=0 and the incident proton /= 2. The 
yields will therefore be essentially the same for all 
incident / values, even though considerations of initial 
penetrability alone may seem to favor /=0 and hence 
isotropy of the gamma ray. 

The argument is still partially true because /= 0 out- 
going protons will be most probable, in which case 
l=0 as well as /=2 is always possible for the ingoing 
proton. But with the penetration amplitudes differing 
by only a factor of 2 between /=0 and /=2 ingoing 
protons, the much wider fluctuations to be expected in 
the reduced proton widths completely swamp this 
slight general preference towards isotropy. 

Also J=0 for the compound nucleus states, another 
way of securing a trivial isotropy, will be celeris paribus 
disfavored by the small associated statistical weight. 

These considerations make it reasonable to require 
that the M1 admixture be less than 50% in intensity 
compared with the £2 strength if the first excited state 
of B" is to be 3/2—. 

In view of these illustrations and remarks, it is clear 
that even allowing for the tendency towards isotropy 
produced by those resonances of J=0 and those in 
duced predominantly by ingoing protons of zero orbital 
angular momentum, we cannot allow anything like 50% 
as much M1 radiation in intensity as compared with 
the £2 component if effective isotropy is to be 
maintained. 


POSSIBLE SPEED OF THE E2-M1 MIXTURE 


A limit on the maximum speed of an £2 transition 
may be placed with the aid of various sum rules, That 
most appropriate to the present problem is that relating 
to £2 transitions without change of isotopic spin in 
T,=0 nuclei.’ Although B! is not of 7,=0, we can 
split it into “B"” plus a neutron for the purposes of 
describing this transition, and since we are dealing 
with an £2 transition the contribution of the odd 
neutron is very small. The “B"””’ then makes a col 
lective transition such as is responsible for gathering 
as much of the summed strength as possible into a 
single gamma ray; such transitions do not change the 
isotopic spin, so the isotopic spin of the B' remains 
T= 4. This sum rule then tells us that 
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where (r*)oo is the mean square proton displacement in 
the ground state. For this quantity we use the value 
3.2 10-* cm’, which comes from an expression derived 
from elastic electron scattering which holds down to the 
very lightest nuclei.” For the case of the B" transition, 


*M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953) 
” R. Hofstadter, Proceedings of the 1956 Amsterdam Conference 
on Nuclear Reactions (to be published) 
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this tells us that the lifetime of the level against /2 
emission must be longer than 2.6 10~™ sec. It would, 
however, be very difficult and artificial to construct a 
model in which all the £2 sum rule were concentrated 
in a transition between two states of J=3/2. The 
strongest transition one could reasonably envisage 
would be one in which a collectively excited core 
(in a 2+ state) was coupled to a py. nucleon, thus 
giving excited states of J=1/2—, 3/2—, 5/2—, and 
7/2— falling to the 3/2— ground state. The above 
sum rule strength would then be shared among the 
four transitions and the transition between the states 
of J=3/2— would receive only a small portion of the 
whole. Even neglecting this final argument, however, 
and allowing the maximum 50% relative contribution 
from the M1 admixture as discussed above, we see 
that for the explanation of the isotropy in terms of a 
state of J=3/2— to hold, the lifetime of the first 
excited state must be greater than 1.7K10~" sec. 
A shorter lifetime would imply a much greater admix- 
ture of M1 radiation than is consistent with the 
observed isotropy, even under the unlikely assumption 
that the £2 component contains the entire sum rule. 

Another cruder estimate of the maximum admissible 
k2 speed can be made in the following way: Take the 
Weisskopf unit for an #2 transition and multiply it 
by Z*; then apportion this speed between transitions 
that do not and transitions that do change the isotopic 
spin proportionally to the square of the Clebsch-Gordan 
coefficients in the isotopic spin. In this way we find 
the limit: 


1, < 2.2K 10 Cy! P/{ [Cyl P+-[Cyo!" PY ev. 


[For R* we set (5/3)(r*)oo of the previous expression. | 
This yields the limiting speed of 5 10~" sec which is 
close to but longer than the earlier estimate. 


DOPPLER SHIFT EXPERIMENT 


To deal with lifetimes of the order we have just dis- 
cussed, the only presently feasible methods are by 
resonant scattering, by Coulomb excitation (including 
inelastic electron scattering), and by studies of the 
Doppler shift on slowing down a moving radiator in 
solid matter. The latter method is suitable for investi- 
gating the interesting lifetime limit in the present case 
and we have used it. 

The gamma ray in question was produced in the 
reaction B''(p,p’)B''* using a thick target and protons 
of initial energy 3.0 Mev. The excited state is very 
prolifically excited as had already been found.’ The 
gamma rays were observed in a 2-in. right cylinder of 
Nal(Tl) mounted on a DuMont type 6292 photo- 
multiplier. A typical pulse spectrum is shown in Fig. 1 
where both the 2.14-Mev gamma ray from B'! and the 
720-kev line from the similarly excited first excited 
state of B™ are seen. Correct identification of the gamma 
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ray was checked by a rough energy measurement in 
terms of the accurately known Co lines. The energy 
measured in this way was 2.11+0.05 Mev. 

Since it was desired to place as sharp a limit as 
possible on the lifetime of the state, we wanted to stop 
the recoiling B'! as quickly as possible and so wanted as 
dense a form of boron as possible for the target. The 
densest form available was boron carbide, ByC, whose 
specific gravity is 2.52. The target with which the 
spectrum shown in Fig. 1 was taken and with which all 
the work in this report was performed was made of 
compacted Norbide Abrasive of 320 grain size. It was 
infinitely thick to the protons and was bonded with a 
very little hydrocarbon cement. It is clear from Fig. 1 
that, as expected, gamma rays from the carbon and 
from other reactions in B” and B" are very few com- 
pared with those that form the object of our investi- 
gation. 

In order to measure the Doppler shift, the gain was 
increased until the full-energy-loss peak fell at about 
116 channels. Only the immediate region of this peak 
was investigated in this stage of the experiment and a 
typical spectrum is shown in Fig. 2. From each such 
spectrum it was felt that the peak may be located with 
an accuracy of the order of two- or three-tenths of a 
channel. However, the estimate of the accuracy of the 
experiment comes entirely from the internal consistency 
of the results. 


The crystal was irradiated broadside on with its 
center 54 in. from the target, at 0° to the proton beam 
and at a mean backward angle of 161°. Spectra were 
taken alternately in the two positions in two con- 
secutive sequences containing 6 alternating pairs of 
spectra each. Since for work of the attempted accuracy 
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Fic. 1. Composite spectrum of the gamma rays resulting from 
the bombardment of a thick target of B,C with protons of 3.0 Mev 
and detected in a 2-in. right cylinder of NaI(Tl). The peak at 
channel 464 is the full-energy peak of the 2.14-Mev gamma ray 
from the first excited state of B"; the peak at channel 17 is due 
to pair production by the same gamma ray with escape of both 
annihilation photons from the crystal. The large bump around 
channel 34 is the combined Compton edge and one-quantum 
escape peak from the same gamma ray. The peak at channel 7 is 
due to the 720-kev gamma ray from the first excited state of B”. 
This spectrum was taken with a bias of 14 channels. 
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a very small drift in the gain of the system would be 
disastrous, a continuous check was kept. Before and 
after each boron run at each angle, a spectrum was 
taken using the 661-kev gamma ray following the 
decay of Cs"*’, In order that the pulse heights should 
be comparable for analysis, a precision attenuator was 
used during the boron runs and removed for the Cs!” 
calibration; its exact value was of course immaterial 
and only constancy was asked of it. This then made a 
total of 72 spectra in the two sequences each of which 
contained 12 boron runs and 24 Cs"? calibrations. 

Since the DuMont 6292 photomultiplier is known to 
have a rate-dependent gain,'! a very close check was 
kept on the total counting rates. The Cs’ source was 
exposed in a standard location, so there was no worry 
on that score. However, the boron counting rate 
fluctuated as the proton current and was always brought 
back to the same value to within a few percent before 
each spectrum was taken and was monitored throughout 
the taking of each spectrum to make sure that it kept 
adequately steady. The particular photomultiplier used 
was chosen for its small dependence of gain on counting 
rate. This was measured both before and immediately 
after the Doppler shift measurements and it was found 
that the gain increased by 0.17% for each increase in 
counting rate by a factor of two over a wide range. The 
counting rates were held so constant that the greatest 
correction called for was completely negligible. (Note 
that since we are not attempting an absolute measure- 
ment of the energy of the boron gamma ray but only 
the accurate measurement of a percentage shift, there 
was no need to correlate the boron and Cs"? rates; it 
was necessary only that they be held individually 
steady.) 

To evaluate the Doppler shift, the following pro- 
cedure was used: The peak position for each of the 72 
spectra was determined by drawing out each spectrum 
logarithmically on large-scale graph paper and was 
recorded to a tenth of a channel. For each boron run, 
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Fic. 2. Typical spectrum as used in the Doppler shift determina- 
tion. It is plotted logarithmically and the peak at channel 144 is 
the full-energy-loss peak of the gamma ray studied. This spectrum 
was taken with a bias of 102 channels. 


4 Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
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TABLE I, Details of the two sequences of measurements 
used for determining the Doppler shift. 


Sequence II 
Mean of 
flanking 
B peaks 


Sequence I 
Mean of 
flanking 
B peaks 


Corrected 
B peak 
height 


Corrected 
peak 
height Shift % 


Shift % 


116.47 
117.78 
116.02 
118.06 
116.23 
117.93 
116.39 
117.80 
116.61 
117.94 
116.67 
118.05 


Mean shift = 1.32+4-0.06% 


115.91 
114.18 
115.71 
114.44 
115.91 
114.57 
115.75 
114.28 
115.90 
114.61 
116.17 
114.80 


Mean shift = 1.25+0.03% 


1.32 
1.64 


116.25 
117.92 
116.12 
118.00 
116.31 
117.86 
116.50 
117.87 
116.64 
118.00 


115.81 
114.31 
115.81 
114.50 
115.83 
114.42 
115.82 
114.45 
116.03 
114.70 


1.43 
1.22 
1.20 
1.23 
1.10 
1.16 
1.35 
1.27 
1,24 
1.28 


the mean of the peak positions of its two flanking Cs"? 
runs was evaluated and then the boron peak position 
was corrected to a standard Cs’ peak value which was 
chosen as the average of all the Cs’ runs at both 
angles for that sequence. These corrections were very 
small. The 12 boron runs in each sequence, thus cor- 
rected, were then listed and each was compared with 
the mean value of the two flanking boron runs at the 
other angle, the one immediately before it in the 
sequence and the other immediately after it. In this 
way each sequence yields 10 estimates of the Doppler 
shift. This final stage in the reduction of the results is 
displayed in Table I. The peak positions were read 
from the graph to a tenth of a channel only; the entries 
in the table are given to a hundredth of a channel 
simply on account of the small corrections described 
above. The two values of (1.25+0.03)% and (1.32 
+0,.06)% for the Doppler shift given by the two 
sequences are consistent with one another and we 


adopt as the figure for discussion (1.28+0.05)%. 


DOPPLER SHIFT CALCULATION 


We must now consider the Doppler shift that would 
be displayed if the lifetime of the state were very short 
compared with the slowing-down time of the recoil- 
ing B!, 

The cross section for the excitation of this level is 
known.® It is very small below a proton bombarding 
energy of 2.6 Mev, then rises sharply to a resonance at 
2.66 Mev, above which it falls to about 0.4 of its peak 
value, then rises again, and at 3.0 Mev has increased 
to about 0.8 of its value at the resonance. Since our 
target was infinitely thick, we integrated the cross 
section along the proton path and obtained an effective 
proton momentum corresponding to an energy of 2.85 
Mev for the Doppler shift calculation. 

An uncertainty is now introduced because the angular 
distribution of the outgoing inelastically-scattered pro- 
ton is not known. However, because its energy is 
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rather small its width will be the determining factor in 
the total yield, and so outgoing protons of /=0 will be 
the most important, in which case the effect on the 
mean Doppler shift is zero because of the isotropic 
emission in the center-of-mass frame. In any case the 
only effect of the outgoing proton on the Doppler shift 
comes through the asymmetry in its emission associated 
with the interference term between compound nucleus 
states of opposite parity. This asymmetry will vary with 
the proton energy and, since the maximum energy of 
the outgoing proton in the center-of-mass system is 
only 0.56 Mev we can probably ignore this uncertainty. 
We have therefore computed the Doppler shift in terms 
of the momentum of a proton of 2.85 Mev. 

The final correction to be considered is that due to 
the finite size of the detector. This correction was made 
by numerically integrating the Doppler shift over the 
detector area in the two positions. This gave a reduction 
of the full 0° to 180° Doppler shift by 3% of its value. 

The final theoretical shift so evaluated for our condi- 
tions and geometry and for a short-lived B"' state 
is 1.26%. 


LIMIT ON THE LIFETIME 


Our experimental shift of (1.284-0.05)% is to be 
compared with the shift of 1.26% calculated for a very 
short lifetime. It therefore seems very unlikely that 
the recoiling B'' can have lost as much as 15% of its 
initial velocity of 2.0% 10* cm/sec before emitting its 
gamma ray. 

We must now convert this limit into a time. To do 
this we have used data on the slowing down of carbon 
atoms.'® Comparison of these data with data on the 
slowing down of nitrogen and oxygen atoms" suggests 
that the difference between the slowing of boron and 
carbon atoms will be very slight at these low speeds. 
We have also assumed that the slowing will depend 
only on the mass traversed. Since the data are presented 
for air, this means that our limit will tend to be con- 
servative because, mass for mass, the stopping power is 
slightly greater for lighter substances. From these data 
we find that the loss of 15% of the initial speed takes 
place in about 4X 10~" sec in our B,C target and so we 
believe that the lifetime is less than this value. 

This figure is considerably shorter than the minimum 
lifetimes derived above for reconciling the observed 
isotropies with a predominantly #2 transition from a 
3/2— state, and we therefore believe that the first 
excited state of B' is now firmly established as 1/2—. 
On the other hand, for an M1 transition our limit 
merely implies that |M\*>0.08 in Weisskopf units 
which is unexceptionable. The intermediate-coupling 
shell model calculations of Kurath predict a lifetime of 
a few times 10~"* sec for this transition (private com- 
munication), 

4G. A. Wrenshall, Phys. Rev. 57, 1095 (1940). 


4PM. S. Blackett and D. S. Lees, Proc, Roy. Soc 
A134, 658 (1932) 


(London) 
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SPIN-FLIP STRIPPING 


The conflict with the strippjng results is now extreme. 
We believe that the state is 1/2—, and yet an /=1 
stripping pattern is obtained where that spin assign- 
ment would demand /=3. A possible resolution of the 
difficulty as discussed in the Introduction was suggested 
to the author by W. C. Parkinson in a conversation at 
the Amsterdam Conference in July, 1956. He pointed 
out that we could go from the B" target nucleus of 3+ 
to a final 1/2— state in B" or C'! in a stripping reaction 
with only an /=1 transfer by the ingoing nucleon if at 
the same time the intrinsic spin of the departing 
nucleon was flipped, the change of spin of one unit 
being transferred to the residual nucleus. It was this 
conversation that stimulated the performance of the 
present investigation which the author had had in mind 
for some time. 

It seems probable that some such spin-flip stripping 
is involved in the present case. This possibility is, of 
course, ignored in standard stripping theory and in all 
published estimates of spins or limits of spins derived 
from stripping reactions. It appears likely, however, 
that it is always present. Usually, however, the ordinary 
stripping, without spin-flip, predominates and the 
ignoring of the possibility of spin-flip is not serious. 
But if the ordinary stripping is for some reason in- 
hibited, then the spin-flip variety may predominate as 
here and may then give a wrong answer for the nuclear 
spin if it is taken for ordinary stripping. The reason why 
ordinary stripping is inhibited in this case is that /=3 
transfer is required and so it will proceed only through 
the presence in the first excited state of B' or C!! of 
the 1/ configuration and this is very remote. The rela- 
tive weakness of the spin-flip stripping is seen in the 
fact that we have noted in the Introduction, namely 
that the stripping to the first excited state tends to be 
feeble compared with the transitions to neighboring 
states for which ordinary stripping is allowed. 

The possible mechanism for the spin-flip is not clear. 
If it were accompanied by a flipping of the intrinsic 
spin of a nucleon in the residual nucleus, then we should 


probably look upon the process as the “backward 
stripping” of that nucleon out of the target nucleus 
and expect the outgoing nucleus to be peaked in the 
backward hemisphere. On the other hand, the spin-flip 
other-orbit interaction and be 
accompanied by a tilting of one of the orbits in the 


may be due to a spin 


residual nucleus, in which case the peak could remain 
in the forward hemisphere. 

In either event it may be expected that the effect 
will be strongest when the whole deuteron has to come 
close to the target nucleus before stripping takes place. 
This will be so when the deuteron wave function is 
itself bemg called upon to supply a lot of momentum 
for the outgoing nucleon, viz., when the energy release 


“4 L.. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
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is high and the deuteron energy rather low. We might 
therefore expect to find spin-flip stripping showing up 
most strongly for the lower lying states in reactions of 
large Q value. 
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Note added in proof.—Professor Parkinson has kindly informed 
me that the idea of spin flip by the departing nucleus in a stripping 
reaction is due not to him but to Professor A. P. French of the 
Cavendish Laboratory, Cambridge, and now of the University of 
South Carolina who conceived of it in about 1952 in terms of an 
exchange process of intrinsic spins. Professor Parkinson also in 
forms me that the possibility of spin flip in the particular case of 
interest here is discussed by Dr. N. T. S. Evans in his Ph.D 
thesis (1956) at the Cavendish Laboratory 
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The quadrupole moment of Os' was determined from the hyperfine structure of the level 5d%6s? °D, of 


Os 1 and was found to be Q(Os!**) 


= (+0.8+0,2) X10 cm? without shielding correction 


The quadrupole 


moments (without shielding correction) of Ta™, Lu'’®, and La’ that were determined previously from the 


configurations 5d*6s*, 5d6s*, and 5d*6s respectively are, in units of 10 
+0.5+0.2 respectively. If one assumes a shielding correction of 
+2.7+0.3, O( Lu!” 


become Q(Os!) = +0.6+0.14, O( Ta!) 


a +3.9+0.4, +5.140.3, and 
0.3 for the 5d electron 


+3.640.2, and QO( La!) 


cm’, 
these values 
+0.3+0.1 in 


units of 10° cm?, where the probable error does not include the uncertainty of the shielding correction 


I. INTRODUCTION 


CCORDING to the calculations of Sternheimer,! 
the atomic core shields or antishields the nuclear 
quadrupole coupling, so that the quadrupole moment 
(QO) deduced from the hyperfine structure (hfs) of 
atomic spectra must be multiplied by the factor 14-4, 
in order to get the true quadrupole moment. A is the 
shielding correction, which we called the “polarization 
correction” in previous work. Sternheimer has recently 
published a more accurate calculation concerning the 
shielding correction.” 

In our previous work’* on Q(La™), QO(Lu'”*), and 
QO(Ta'*), the values of A for the 5d electron were taken 
from the tabulation in reference 1. The more accurate 
calculation? shows that these values must be revised. 
Sternheimer’ calculated the values of A for the con- 
figurations Cu 1 3d%4s* and W1 5d‘; the other values 
are concerned with p electrons only. According to 
Sternheimer,® concerning the shielding correction for 


Institute of Nuclear Study, University of 


* Present address 
Tokyo, Tanashi, Tokyo, Japan. 

1R. M. Sternheimer, Phys. Rev. 80, 102 (1950) ; 84, 244 (1951); 
86, 316 (1952), 

2R. M. Sternheimer, Phys. Rev. 95, 736 (1954). Sternheimer’s 
1/(1—R) is our 1+A. 

3K. Murakawa, Phys. Rev. 98, 1285 (1955). Erratum 


Eq. (5) 
should read (2/4375) (S84R,'—91R,” 
+1325»). 

‘T, Kamei, Phys. Rev. 99, 789 (1955). 

5R. M. Sternheimer (private communication). We thank 
Professor Sternheimer for these suggestions and for communicat 
ing to us the result of his improved calculations prior to 


publication. 


(d‘s *Dy3\w| d*s *Dy8) = 


the states Ta 1 5d°6s? and Os 1 5d°s?, it is likely from his 
calculations for W 15d‘ that for these states the anti- 
shielding will predominate, leading to A <0; however, 
such a conclusion cannot be drawn with certainty, but 
could be verified only by specific calculations for these 
elements with the appropriate wave functions. In the 
present work, therefore, we shall leave the accurate 
calculation of the shielding correction of the 5d electron 
of La, Os, Lu, and Ta for future work and tentatively 
assume that it is the same as in the case of W1 5d‘, 
namely A 
reasonable values of Q. 


0,3, and examine whether it leads to 


Il, QUADRUPOLE MOMENT OF Os'** 


In previous work,*® the hfs of Os 1\4260(5d%6s* *D, 
— 5d°6s6p 'Ds)’ was studied, but the splitting of the 
final level for the isotope Os'”(J= 4%) could not be 
deduced from the observed hfs by a purely empirical 
method, and this introduced uncertainty in deducing 
the value of O(Os'®) (footnote 22 of reference 3) 
In the present work the hfs of Os 14420(5d%6s? §D, 

5d*6s6p 'D,) was studied, and the result of the 
measurement is shown schematically in Fig. 1. From 
Fig. 1 of the present work and Fig. 3 of reference 3, we 
0.008 cm™', and the quad- 
rupole coupling constant B=0.104% 10% cm™ for the 
common final level 5d%6s**D, for the isotope Os!™, 


get the interval factor A 


®*K. Murakawa and S. Suwa, Phys. Rev. 87, 1048 (1952) 
’ The classification and the term notation of the Os 1 spectrum 
are taken from W. Albertson, Phys. Rev. 45, 304 (1934) 
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Using the formula given in reference 3, we get Q(Os'®) 
= (+0.8+-0.2) K 10- cm? without shielding correction. 
If we assume a shielding correction A= —0.3, this 
becomes Q(Os!™) = (+-0,6+0.14) K 10-*4 cm’, 


Ill. QUADRUPOLE MOMENT OF Ta'* 


Analysis‘ of the hfs of Ta 1 5d*6s* yielded the result 
that O(Ta'") = (+4.340.4)K10~" cm’, if we assume 
that A=0,.103; this shows that 0(Ta')= (+3.9+0.4) 
« 10~** cm? without shielding correction. If we assume 
A=-—0.3, this becomes Q0(Ta!*) = (+2.740.3) kK 10-4 
cm’, If we assume a strong coupling between the un- 
balanced nucleon and the nuclear surface, our spectro- 
scopic quadrupole moment yields (according to the 
formula given by Bohr*) the intrinsic quadrupole 
moment Qo(Ta'™)=6x10~* cm*. On the other hand, 
the Coulomb excitation experiment of Huus ef al.* 
yielded the result that Qo(Ta'')=710~* cm’, and 
Goodman’s investigation’ gave Qo(Ta'*')=6.7 x 10~* 

*A. Bohr, Phys. Rev. 81, 134 (1951); A. Bohr and B. R. 
Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 27, 
No. 16 (1953). 

*Huss, Bjerregaard, and Elbek, Kgl. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

”C, Goodman, quoted by C. H. Townes, Symposium on 


Quadrupole Moment held at the University of Kyoto (Japan) in 
June, 1956 (unpublished). 


Danske Videnskab. 


ADOT. 


KAMEI 


cm’. The spectroscopic value of Qo is now in good agree- 
ment with these values, and this shows that the above- 
mentioned value of A is correct at least qualitatively. 


IV. QUADRUPOLE MOMENT OF Lu'’s 


Using the data published by Gollnow," Kamei‘ got 
Q(Lu!”*)=+5.710-* cm? from the hfs of the level 
Lu 1 5d6s* *D, assuming that A=0.107. This shows that 
Q(Lu'”*)=+5.5%10-* cm? without shielding correc- 
tion. If we assume A= —0.3, this becomes Q(Lu!”®) 
=+3.9K10-*% cm’; Qo(Lu'”*)=8X10~* cm*. On the 
other hand, Huus ef al.* gave Qo(Lu'™®) =9X 10-*4 cm’, 
and Goodman” obtained Qo(Lu'”)=7.8X10~* cm’. 
The spectroscopic Qo is again in good agreement with 
Q» obtained from the Coulomb excitation experiment. 


V. QUADRUPOLE MOMENT OF La’? 


Under the assumption A,=0.164, it was concluded? 
that O(La™) = (0.64+0.2) K 10-“ cm? from the hfs of the 
level 5d*6s ‘Fy. This means that Q(La™) = (+0.5+0.2) 
x 10~* cm? without shielding correction. If we assume 
that Ag= —0.3, we get O(La™) = (+0.3,+0.1) K 10-* 
cm*, On the other hand,” the value +0.310-*4 cm? 
without shielding correction was obtained from the hfs 
of the level 5d6s*D, of Lat. This small discrepancy 
can apparently be understood by assuming that the 
shielding correction for the configuration 5d*6s of La 1 
is somewhat larger than that for 5d6s of Law in 
absolute magnitude.” 

In summary, we may conclude that the data shown 
in Secs. III and IV indicate the validity of Sternheimer’s 
idea of shielding or antishielding of the nuclear quad- 
rupole coupling by the atomic core. However, owing to 
the rather small accuracy of the calculations, only one- 
digit discussions seem to be possible at the present time. 


" H. Gollnow, Z. Physik 103, 443 (1936). 

” Full details of the deduction of Q(La™) were published by 
K. Murakawa, J. Phys. Soc. (Japan) 10, 927 (1955). 

In a recent work G. Liihrs eA Physik 141, 486 (1955) ] has 
come to the conclusion that the level 5d%6s ‘7’, of La 1 is appreci- 
ably perturbed by the level 5d6s* *),, and therefore he proposes to 
abandon the value of Q deduced from the level 5d*6s ‘/y. This 
conclusion is not in agreement with that of M. F. Crawford 
[ Phys. Rev. 47, 768 (1935) ], who showed that ie peeote 
is negligibly small. Liihrs’ conclusion is also in conflict with the 
theory of G. Racah [Phys. Rev. 63, 367 (1943), Table II and Eq. 
(81) ], and is therefore extremely difficult to accept. 
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The electron-neutrino angular correlation coefficient a has been determined in the beta decay of Ne” by 
observing the spectrum of positrons coincident with nuclear recoils emitted approximately antiparallel to 
the positrons. The source region in the volume containing the Ne” activity was defined by a retarding grid 
system and by the requirement that coincident recoils from the source exhibit the correct delay relative 
to the positrons. Negatively charged recoils were detected in a silver-magnesium alloy electron multiplier, 
which was also found to be fairly sensitive to uncharged recoils in the energy range below two hundred 
electron volts. Positron energies were determined with a crystal-photomultiplier spectrometer and multi 


channel analyzer. Comparison of the measurements with calculated spectra yields a value of a= 


0.15+40.2, 


confirming earlier conclusions that the beta interactions has the form ST(P) rather than V7(P) 


Earlier measurements on the recoil spectrum using this apparatus had given a= 


0.8+0.4. The difference 


between this value and the present measurements was found to be due to uncertainties in circuit timing 
which have small effects on the electron spectrum but much larger effects on the spectrum of recoils 


I. INTRODUCTION 


[' is well known that the spectrum of electrons 
emitted in allowed beta transitions is independent 
of the form of the beta interaction except for possible 
Fierz interference effects which appear to be small.'? 
The expression for the decay rate, however, contains a 
term [1+ <a/(v/c) cos@], where @ is the angle between the 
emitted electron and neutrino, v the electron velocity, 
and a@ the electron-neutrino angular correlation coeffi- 
cient which is defined by its appearance in the above 
term and is found in beta-decay theory to be given by* 


| |2 | 2 
(Cy?—Cs?") fi +4(C7?—Ca4?) fo 
—, (1 
2 | |2 
(Cy?+Cs") fi + cr+cr)| fo} 


The absence of interference effects in allowed spectra 
and in K-capture-to-positron-emission ratios‘ means 
that one member of each of the pairs (Cy,Cs) and 
(C7,Ca) is much larger than the other, and in the 
following we have assumed that only one member of 
each pair is different from zero, Actually, the effects of 
interference terms would be more easily observed in 
ordinary measurements of beta spectra than in experi- 
ments involving the electron-neutrino angular corre- 
lation.*® We have also ignored any effect of a possible 
contribution from the pseudoscalar interaction. 

The actual determination of a may be made in a 
number of ways, all involving observation of the recoil 
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t Supported by the U. S. Atomic Energy Commission and the 
Eugene Higgins Scientific Trust Fund. 
*Now at Physics Department, 

Rochester, New York. 
1 J. P. Davidson and D. C. Peaslee, Phys. Rev. 91, 1232 (1953) 
*Q. Kofoed-Hansen and A. Winther, Phys. Rev. 89, 526 
(1953). 
+S. B. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). 
*R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 
5B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955) 
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nucleus following the beta decay.*’ In the decay of He®, 
a super-allowed transition with unit spin change, 
| /'1| =0 so that one expects to find a= + 4. A measure- 
ment of the electron-recoil angular correlation, and of 
the spectrum of electrons coincident with recoils in a 
restricted angular range, has yielded the result a= 0.36 
£0.11 in this case,® clearly identifying the Gamow 
Teller part of the interaction as T. An equally direct 
determination of the Fermi part of the interaction 
could be made by measuring a in a 0—0 allowed transi 
tion, in which case | fo! =0 and one expects to find 
a= +1. Actually, the Fermi interaction can be identified 
as S or V by measuring a in an allowed transition be 
tween states of equal nonzero spin; in this case 


ICr' fo EC! fi 


q= ’ 
| |’ | 2 
co fel tee fi 


where Cry=Cy or Cy, L.e., Cr represents the Fermi-type 
contribution. It is seen that —1<a<4 if Cy=C,x while 
§<a<1 if Cy=Cy. Presumably the various C’s are 
characteristic of the fundamental beta interaction and 
not of the individual nucleus. The matrix elements 
|f1| and | fe@|, however, are dependent on the 
properties of the nucleus in question; hence there is no 
unique value of a. Given the determination of Cy as Cg 
or Cy, the exact value of a then gives information on 
these matrix elements. 

Measurements of the spectrum of recoils in the decay 


of Ne™ have yielded values of a of —0.840.4,* —0.21 


*O. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 28, No. 9 (1954). 

70. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 26, No. 8 (1951) 

*W. Parker Alford and D. R. Hamilton, Phys. Rev. 95, 1351 
(1954). 
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+0.08,° and 4+-0.14+0.15."° Observation of the electron 
spectrum coincident with recoils in the decay of the 
free neutron has given a= +-0,089+0.108."' The present 
experiment is a redetermination of a in the Ne'* decay 
by observation of the electron spectrum coincident with 
recoils at angles near 180°. 


Il. APPARATUS AND PROCEDURE 


Ne” was chosen as a suitable source for a recoil 
experiment since it can be readily produced by cyclotron 
bombardment and is readily purified of possible con- 
taminating activities; and since it is a monatomic 
noble gas, the nuclear recoils suffer no initial surface 
or molecular binding effects. There is, however, some 
problem of source definition in the use of a gaseous 
source, 

The recoils produced by positron emission carry a 
single negative charge, and since the F~ ion is stable by 
about 4.5 ev, a large percentage of the recoils remain 
negative ions until collision with some surface. The 
rearrangement of the electron orbits following the 
change in nuclear charge may however release one or 
more electrons from the atom; neutral recoils were 
observed in the present measurements, and Maxson’ 
reports that about 10% of the recoils carry a single 
positive charge. The maximum recoil kinetic energy, 
calculated from the F'(p,n)Ne'® QO value" is 205 ev. 

The apparatus used in the measurements, shown in 
rig. 1, consisted of two separately pumped vacuum 
systems separated by a 0.0005-in. aluminized Mylar 
foil F. The electron detector was a 1-cm thick X4-cm 
diameter terphenyl crystal, and photomultiplier, en- 
closed in a 14-in. diameter brass can with 4-in. Lucite 
lining to minimize wall scattering of the positrons. The 
pressure in this can was maintained at 10~* mm Hg or 
less by a small diffusion pump. The vacuum can con- 
taining the recoil detector and Ne'’ was maintained at 
a pressure of less than 5X10°° mm Hg by an oil 
diffusion pump and liquid nitrogen trap. The line to 
the cyclotron was evacuated through this part of the 
system, and Ne", produced by bombarding Li or Mg 
fluoride with protons in the internal cyclotron beam, 
diffused out of the fluoride, along the evacuated line, 
and through another liquid nitrogen trap into the 
apparatus. G was actually a series of grids, shown in 
more detail in Fig. 5, serving to define the region in 
the gas from which positron-recoil coincidences could 
be recorded; this is discussed in more detail below. 
Baffles B,, By, By, By were jg-in.-thick aluminum rings 
placed so as to minimize the possibility of the detectors 
recording a coincidence if one of the particles was 
scattered from the walls of the source region S. 

In operation, G was normally maintained at a suffi- 
ciently high negative potential to prevent recoils arising 

® Maxson, Allen, and Jentschke, Phys. Rev. 97, 109 (1955) 

Myron L, Good and Eugene J. Lauer, University of California 
Radiation Laboratory Report-3450 (unpublished). 


"J. M. Robson, Phys. Rev. 100, 933 (1955). 
" H. B. Willard and J. K. Bair, Phys. Rev. 86, 629 (1952). 
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Fic. 1. Simplified schematic diagram of apparatus and 
electronics used in the measurements. 














in the region between G and F from reaching the recoil 
detector. At a suitable time after the detection of a 
positron, however, a signal from the pulse generator 
(the signal being described in more detail below) was 
applied to G, allowing coincident recoils from the source 
region S to pass the grid and be accelerated into the 
recoil detector. If a recoil count was recorded in the 
appropriate time interval, the twenty-channel analyzer 
gate was opened and the positron energy recorded. 
Production of Ne'’ 

Ne” was produced by a F'(p,m) reaction in the 
internal beam of the Princeton cyclotron. The fluorine 
was in the form of a finely powdered metallic fluoride 
held in the tip of the evacuated probe with a plug of 
glass wool. No carrier or flushing gas was used and the 
neon simply diffused from the probe tip to the recoil 
apparatus through 25 ft of 1-in. copper tubing. The 
maximum activity attainable in the source region this 
way gave several thousand decays per cc per second, 
which was two to three times the amount needed to 
provide a usable true to chance ratio in the coincidence 
rate. 

It did not seem likely that any other activities would 
be produced which could diffuse from the probe to the 
source region. Nevertheless a liquid nitrogen trap was 
maintained on the line to the cyclotron while running, 
and the half-life and beta spectrum of the activity 
measured to look for contaminants. The measured half- 
life was 18.34+0.5 sec, in good agreement with other 
measurements," and no activities in excess of 3% of 

8G. Schrank and J. R. Richardson, Phys. Rev. 86, 248 (1952). 
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the neon activity were found with half-lives in the range 
from 2 seconds to 10 minutes. The Kurie plot of the 
spectrum as measured with the crystal and photo- 
multiplier was linear down to 700 kev at which point 
background gammas due to annihilation of positrons in 
flight"* became important. The extrapolated end point 
was 2.23+0.05 Mev which is slightly higher than the 
value of 2.18 Mev reported from spectrum measure- 
ments," but in good agreement with the result ob- 
tained from measurements of the F'(p,n) Q value” 
(2.235 Mev). 


Detectors 


A 1-cm thickX4-cm diameter terphenyl crystal 
mounted on a 5819 photomultiplier was used as the 
electron detector. The resolution and linearity were 
determined by using a thin lens spectrograph to focus 
approximately monoenergetic electrons or positrons 
from a beta source on to the crystal. The resultant 
pulse-height distributions were examined with a twenty- 
channel analyzer and it was found that the detector 
response was linear in energy to within 2% in the 
energy range from 0.5 Mev to 2.2 Mev and that the full 
width at half-maximum of the distribution was pro- 
portional to [kinetic energy ]*. Pulse-height distribu- 
tions for electrons and positrons of 0.65 Mev are shown 
in Fig. 2 and it is seen that the positron curve exhibits 
the expected high-energy tail due to Compton scatter- 
ing, within the crystal of one of the quanta produced by 
annihilation of the detected positron. The low-energy 
tail is due to backscattering at the crystal surface. 
A slowly varying background which was found to be 
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Fic. 2. Pulse-height distributions produced by 0.65-Mev electrons 
and positrons in the beta detector. 


4 Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954). 
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Fic. 3. Integral pulse-height distributions produced by low 
energy electrons in the recoil detector. A counting rate of 100 
represents 100% efficiency for detection of the electrons 


due to scattering in the spectrometer is not shown in 
this curve. This and similar measured resolution curves 
taken at other energies were later used in calculating 
spectra for comparison with the present measurements 
for various assumed values of the correlation coefficient 
(see Fig. 8). The response of the crystal to Cs"? con 
version electrons was also measured at a series of points 
over the crystal surface and the average pulse height 
was found to be constant to within 2% except for an 
area, comprising about 10% of the surface, in which 
the average pulse height was high by 5%. Since the 
resolution at 2 Mev was 9% it was not felt necessary 
to make any further correction for this effect. Very 
near the crystal edge the pulse height also dropped due 
to scattering of electrons out through the sides of the 
crystal, and in all the measurements the outer 4 cm of 
the crystal was covered by a /,-in. aluminum ring to 
avoid such effects. 

The recoil detector was a silver-magnesium electron 
multiplier of the type described by Stone.'® Since the 
information did not appear to be available, measure- 
ments were made of its response to various types of 
particles, with typical results shown in Figs. 3 and 4. 
In each case a counting rate of 100 corresponds to 
100%, efficiency. Pulse-height distributions for Po alphas 
and Co” gammas were similar with maximum effi- 


'*R. P, Stone, Rev. Sci. Instr. 20, 935 (1949). A multiplier of 
this type was loaned for these measurements by the David Sarnoff 
Research Center, Princeton, New Jersey. It later became possible 
to purchase these tubes from Bendix Aviation Corporation, Red 
Bank Division, Eatontown, New Jersey. 
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ciencies of 100% and 0.1%, respectively. The response 
to negative ions was not measured directly but, from 
coincidence measurements using the F" recoils, ap- 
peared to be intermediate between that for electrons 
and for positive ions. In particular it was found that 
500-ev F"™ recoils were detected with about one-third 
the efficiency of 2-kev recoils, and that there was no 
appreciable change in efficiency over the range 1700 
2000 ev. Ions were usually counted after acceleration 
by 1800 v, and in analyzing the data it was assumed that 
recoils were detected with constant efficiency regardless 
of initial energy. 

The multiplier was also found to be sensitive to 
uncharged recoil atoms of energies below 200 ev. 
With Gz (see Fig. 5) held at — 225 v, the electron-recoil 
coincidence rate showed an excess of approximately 
10% above random background as calculated from the 
single rates, This excess persisted when the voltage 
accelerating negative ions into the multiplier was re- 
moved, but disappeared when G was covered with a 
single layer of aluminum leaf. The percentage of un- 
charged recoils was not known but theoretical estimates 
would indicate a value of the order of 25%,'® which 
would suggest that this type of multiplier should be 
useful for detecting neutral atoms of a few hundred 
electron volts energy. 


Source Definition 


The system used to define the source in this experi- 
ment is shown in detail in Fig. 5. The 0.0005-in. Mylar 
foil /, defining one end of the source volume, had a 
conducting coating of aluminum evaporated on the 
surface facing the source to prevent surface charges 
from affecting the recoils. The root-mean-square scat- 
tering angle in this foil for the lowest energy electron 
used in this measurement (600 kev) was 4° which was 
much less than the angular aperture of the detectors, 
and consequently was ignored, 

Grids G; and G; were grounded to the walls of the 
apparatus, G2, wound with 200 turns/in. of 0.0004-in. 
tungsten wire, was normally held at a_ potential 
Vo=—205 v, just sufficient to prevent the most 
energetic recoils from passing from the source region 
to the recoil detector. Recoil ions which were allowed 
to pass when Gy was pulsed to a voltage less than Vo 
(see below) were then accelerated by 1800 v applied 
between G; and G4, which was mounted on an aluminum 
shield surrounding the electron multiplier and connected 
electrically to its cathode. The operation of the grids in 
defining the source region may be seen by considering a 
recoil ion which originates in a plane A, a distance L 
from G; and proceeds towards the grids with velocity 
v, as shown. Taking the instant of the beta decay as 
t=(, this ion reaches G, at t= L/v,; hence the energy of 
a recoil from plane A arriving at G, at a time ¢ is 


A. Winther, Kgl 
Medd. 27, No. 2 (1952) 
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given by 
2,= 4n(L/t)*= eV o(7/t)?, (3) 


where r is the time required for ions of the maximum 
energy eV to travel the distance L. Hence if the voltage 
on Gz is given by 


V= Vo, t< T, 
V= Vo(r/t)?, 


with the zero of time defined as the time at which the 
positron is detected (effectively the time at which it is 
emitted), then all recoils originating between plane A 
and the foil F will be able to pass G, and be detected if 
the coincident positron is detected; on the other hand 
recoils originating between G, and plane A are unable 
to pass Gz whether the coincident positron is detected 
or not. 

Actually the grid system G,G,G; had an energy 
resolution (zero to full transmission) of 4%, with the 
result that the source volume is not bounded by an 
actual plane at A, but by a region of finite thickness. 
Coincident recoils from the side of this region nearest F 
are all transmitted at Ge, with the transmission de- 
creasing to zero for recoils originating at the side 
nearest G. The same source volume is defined for all 
recoil energies however, so that no spectrum distortion 
is introduced by this finite grid resolution. Coincidences 
arising from decays occurring between G, and the recoil 
detector are prevented from being recorded by requiring 
a delay of at least 7 before the detection of the recoil. 
The above discussion has assumed the recoils to be 
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Fic. 4. Integral pulse-height distributions produced by low- 
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incident normally on G; but it is readily seen that the 
same source volume is defined by this system regardless 
of the angle of incidence of the recoil. 

Since the region accessible to decays giving rise to 
true coincidences between positrons and uncharged 
recoils was not limited by this system, the coincidence 
rate due to uncharged recoils was determined periodi- 
cally during the measurements by measuring the excess 
coincidence above chance background with G» at 
— 225 v and this excess was then subtracted from the 
measured spectrum along with random background. 

The required voltage pulse for Gz was approximated 
using the circuit of Fig. 6. The condensers were charged 
to successively smaller voltages Vo, Vi, V2 as shown. 
At time /=0 the charging tubes 72, 73, 7, were turned 
off and at t= 7 the 2D21 thyratron, 7), was fired. The 
required (7/1)? shape is shown in Fig. 7 along with the 
exponentials used to approximate this shape. The 
actual shape was measured by using a fast discriminator 
to deliver a signal at a time corresponding to a given 
signal voltage, and a typical measurement is shown by 
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Fic. 5. Grid system used for defining the region S from which 
recoil-electron coincidences could be observed 











the points on Fig. 7. It is seen that the maximum 
deviation between the desired and the actual shape is 
less than 4% and this represents the accuracy with 
which the source volume was defined. It did not appear 
profitable to get a better approximation by increasing 
the number of exponential segments since the measured 
delay as a function of signal voltage (i.e., the time at 
which a given voltage level is reached) showed a day- 
to-day variation of a few percent due to fluctuations in 
the operation of the thyratron. 


Ill. RESULTS 


The calculation of the spectrum of positrons coinci- 
dent with recoils at a given angle has been given by 
Kofoed-Hansen® and Rose’? and will not be described 
in detail here. It is sufficient to note that all these 
calculated spectra can be written in the form P(/,¢,a) 
=N,+aN2, where N; and Ny» are functions of the 
positron energy £ and the positron-recoil angle @, but 


7M, E. Rose, Oak Ridge Nationa] Laboratory Report ORNL 
1593 (unpublished). 
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Fic. 6, Circuit used in generating the voltage pulse applied to G, 


not of the angular correlation coefficient a. Since the 
function P exhibits a discontinuity with respect to 
energy at an energy which depends on ¢, the measured 
spectrum will be strongly affected by the energy and 
angular resolution of the detectors. The energy resolu- 
tion function of the beta detector Y (/2,/’) defined as the 
probability of observing a pulse of height corresponding 
to an energy /, with a positron of energy ’ incident on 
the detector, was obtained from measurements described 
earlier. The efficiency of the system for detecting a recoil 
and positron emitted at an angle @, e(@), was calculated 
by representing the source volume by a plane centered 
in this volume, which was then divided into a series of 
annular rings. For a source point in a given ring, it was 
possible to make a graphical integration giving the 
probability ¢’(@) that if a positron from this point were 
detected, then a recoil going at an angle @ would also 
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Fic, 7. Shape of the (r/t)* voltage pulse for Gs, and of the 
exponential approximation used in the measurements, Circles are 
measured values of the time required for the pulse to go from V» 
(205 v) to the indicated voltage. 
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Fic, 8. Spectrum of electrons coincident with recoils at angles 
near 180°. Bars on the experimental points represent the standard 
deviation of the counting statistics. All curves are normalized to 
the same area, 


be detected, e(@) was then obtained by graphically 
integrating ¢'(@) over the area of the source plane. 
To calculate ¢’ it was necessary to neglect the variation 
in solid angle subtended by the detectors for different 
source points, which had the effect of overestimating ¢ 
by 2 to 3% for smaller angles ¢. The effect of choosing 
a different plane in the source volume to represent the 
source was also calculated and found to be negligible. 
The spectrum for comparison with the measurements 
was then obtained as 


F (Ea) f f P(E! ba)e(o) V (E,E’) sinodod E’ 
G\(E)+eG,(E). (4) 


The experimental points were fitted to the theoretical 
curves by a least-squares procedure, with the result 
shown in Fig. 8. In this figure, curves for various values 
of a are normalized to a constant area. The best fit was 
obtained for a 0.15+0.2, where the quoted error 
represents the range within which the fit of the data 
to the theoretical curves is statistically significant as 
measured by a chi-squared test. (More specifically, the 
probability that a random sample gives no better fit to 
the theoretical curve than do the experimental points 
is 0.1 for a=0.15, and 0.01 for a= —0,154-0.2.) 

Measurements were previously reported of the spec- 
trum of recoils coincident with electrons with this 
apparatus,*® the recoil energy distribution being meas- 
ured in terms of the delay between the recoil and the 
beta particle. It now appears probable that the dis- 
crepancy between the value of a as measured that way, 
and the value obtained from the present measurements 
was caused by small inaccuracies in timing of the recoil 
delays, and in the shape of the (7/t)* pulse. The present 
electron spectrum measurements depend upon recoil 
timing and upon (r/?)* pulse shape only for localization 
of the sensitive volume from which the recoils come and 
hence for limitation of the electron-recoil angle ¢, 
while the recoil spectrum measurement in addition 
depended critically upon timing and pulse shape to give 
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the actual recoil energy. It was realization of the con- 
sequent considerable sensitivity of the earlier measure- 
ment to timing uncertainties as a possible origin of the 
large quoted error which led to the improved methods 
of the present measurements. The latter give results 
having a greater degree of internal consistency than 
did the recoil spectrum method with same apparatus. 


IV. DISCUSSION 


As has been noted above, the fact that a= —0.15 
+0.2 lies clearly in the range +4>a2>—1 indicates 
that the Fermi component of the beta interaction is of 
the scalar type. Over and above this conclusion it 
remains relevant to inquire whether the specific value 
of a is in agreement with that to be expected from the 
comparative half-life of the transition. 

The comparative half-life ft for beta-decay is given by 


\2 
Ca’ fo 
|? | | 22*h’ \n2 
1+ =—_——, 


fice! fi) 
12 
cf 


Gy has been measured'* and | f1| may be calculated 
to within a few percent for mirror transitions. Hence 
from the measured ft for Ne’, the value of the quantity 


| 6’ pay 
x=C’ fe [crf 


is found to be 2.43+0.13. The theoretically expected 
angular correlation coefficient may then be calculated 
from (1) as 


(5) 


m°c4 


dat] 
x+1 
For Ne", the corresponding predicted values of a are 


a= —0,05+0.01 for ST(P), 
a=+0.53+0.01 for V7(P). 


a 


Hence this measurement confirms previous observa- 
tions*"' in identifying the beta-decay interaction as 
ST(P), while VT(P) seems definitely excluded; and 
the actual value of a is in satisfactory agreement with 
that expected from measurements of the comparative 
half-life and theoretical calculation of | f1! for Ne”. 
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Possible Existence of Cm**’ or Its Daughters in Nature* 
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The absence of any detectable Pu daughter activity in a sample of curium containing two micrograms 
of Cm*’ indicates that the alpha half-life of Cm*’ exceeds 4 10’ years and probably exceeds 9X 10" years 
The possibilities of finding Cm*’ in nature and of finding high U™*; U™* ratios in very old rare-earth minerals 


are discussed. 


INTRODUCTION 


| cale-sanergs neutron irradiation of plutonium has 
produced curium enriched in the heavier curium 
isotopes.'! Earlier attempts to measure the half-life of 
Cm**? were made with samples too small to yield sig- 
nificant results. A recent sample (isotopic composition 
in Table I) containing two micrograms of Cm*’ led to 
a lower limit for the Cm*” half-life of 4107 years. 
This implies a strong possibility of finding this nuclide 
or its effect in nature, 

The elimination of other possible modes of decay, 
and arguments based on systematics indicate that the 
principal mode of Cm*’ decay is alpha emission. 
Studies of thermonuclear test debris? have demonstrated 
that Cm*? is stable toward electron capture. The 
observed electron capture’ by Bk**’ is strong evidence 
for the beta stability of Cm’, Spontaneous-fission 
systematics would predict the fission half-life of Cm?” 
to be greater than that of Fm*®® (6X 10° years). 

The decay of Cm*’ leads to the following chain of 
nuclides : 


a Bs a B 
Cm*47->P us »>Am*43 »>Np239 = 
4.98 hr 8600 yr 2.33 days 


a a 
[45 


24 400 yr 


Pu” 


7.1108 yr 


The most sensitive measure of the alpha half-life would 
be a determination of the amount of Pu*® formed by 
the decay of Cm”? in a known time. Pu is readily 
detected by its (4.98+0.02)-hour half-life, its 560-kev 
beta energy, and its 84-kev gamma ray.* ® 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

! Bentley, Diamond, Fields, Friedman, Gindler, Hess, Huizenga, 
Inghram, Jaffey, Magnusson, Manning, Mech, Pyle, Sjoblom, 
Stevens, and Studier, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations, New York, 1956), Vol. VII, Paper 809. 

2 Fields, Studier, Diamond, Mech, Inghram, Pyle, Stevens, 
Fried, Manning, Ghiorso, Thompson, Higgins, and Seaborg, 
Phys. Rev. 102, 180 (1956) 

3 J. R. Huizenga (private communication from B. G. Harvey, 
September, 1955). 

4A. Ghiorso, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. VII, Paper 718. 

® Engelkemeir, Fields, and Huizenga, Phys. Rev. 90, 6 (1953) 

* Engelkemeir, Freedman, Porter, and Wagner (private com 
munication, 1956). 


EXPERIMENTAL 


An accurate initial time for the growth of Pu’ was 
obtained by passing a 12M HCI, 0.05M HNO, solution 
of the curium through a Dowex A-1 anion exchange 
column. This removed all of the plutonium and many 
of the interfering fission products resulting from the 
spontaneous fission of Cm, Fifteen to seventeen hours 
after the initial purification, the plutonium produced 
by the curium decay was isolated by: an anion ex- 
change column, fluoride and hydroxide precipitations, 
another anion exchange column, and finally a thenoy] 
trifluoroacetone (in benzene) The plu 
tonium was mounted on a disk for 
counting. The separation took approximately five hours. 
The ratio of the Pu’® alpha activity expected to grow 
into the plutonium fraction in the 15 to 17 hour decay 
period to the Pu’ activity on the final sample plate 
gave the chemical yield. This yield ranged from 20 
to 60%. 

The earliest Pu* could not be 
perceived above background and persisting radioactive 
impurities in a proportional flowing gas beta counter or 
in a Nal crystal used with a single-channel pulse 
analyzer. A much lower background and a more 
definitive identification of Pu’ activity was obtained 
by counting the coincidences between the beta emission 
and the 84-kev gamma rays that occur in 21% of the 
Pu disintegrations.* The gamma rays were detected 
with a Nal(T]) crystal and their energy measured in a 
20-channel pulse analyzer; the beta particles were 
detected with an anthracene crystal after passing 


extraction, 
stainless steel 


runs showed that 


through 8.3 mg/cm? of aluminum absorber. In the most 
run, all 120 kev were 
rejected. The counter’s efficiency was determined by 


sensitive betas below about 


simultaneously counting aliquots of Pu’ (produced by 


neutron irradiation of Pu**) in both the coincidence 
counter and in a 4 counter. The efficiency in the most 


TABLE I. Mass spectrometric analysis of Cm 


Mole % 


Cm isotope 


242 0.76 +0.03 
243 0.054-+0.005 
244 956 +01 
245 1.04 +002 
246 21 +01 
247 0.024 +-0.003 
248 0.010+0.001 
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sensitive run was 232 disintegrations per coincidence 
count in the three peak channels. The experimental 
error is estimated at 17%, arising mostly from the un- 
certainty in the mass spectrometric determination of 
Cm", 

RESULTS AND CONCLUSIONS 


No peak corresponding to the 84-kev gamma rays in 
coincidence with beta emission was observed. The 
activity in the three peak channels was analyzed to 
determine the maximum amount of Pu’ (4.98-hour 
component) activity that might have been present. 
The most probable maximum amount of Pu that 
might have been present was 0.05 count per minute, 
implying that the Cm*” half-life exceeds 9X10" years. 
A more conservative lower limit to the half-life is 
obtained by using 0.1 count/min, the upper limit to the 
amount of Pu activity consistent with the data, and 
compensating for the 17% experimental error. This 
gives a lower limit to the alpha emission half-life of 
Cm* of 4X10" years. The validity of this limit rests 
on the assumption that there is no long-lived isomeric 
state of Pu to which Cm*”’ decays. 

Terrestrial material is believed to have assumed its 
present nuclear form five to nine billion years ago.’ The 
amount of Cm*’ formed at that time, plus the amount 
of higher mass 4n+-3 series that quickly decayed into 
Cm’, can be crudely estimated by extrapolating from 


the measured variation of lighter odd-mass nuclides’ 
abundances with atomic weight.* The estimate of one 
Cm*"’ atom per thousand rare-earth atoms is probably 
within two orders of magnitude of being correct. An 
error of a factor of 100 would not seriously effect the 


7 Reviewed by T. P. Kohman and N. Saito, Annual Review of 
Nuclear Science (Annual Reviews Inc., Stanford, California, 1954), 
Vol. 4, pp. 439-440, and by T. P. Kohman, Ann. N. Y. Acad. Sci 
62, 503 (1956). 

*H. E. Suess and H. C. 
(1956). 


Urey, Revs. Modern Phys. 28, 53 


GINDLER, AND FIELDS 

estimate of the half-life necessary for Cm*” to be found 
in nature, but would be important to an estimate of the 
probability for finding an unusual U**:U* ratio in 
nature, 

If we arbitrarily set the limit of detection of curium 
in nature by mass-spectrometric methods at one atom 
of Cm™? per 10! atoms of rare earth, then Cm*? can 
be found if it has not decayed for more than 40 half- 
lives, Cm*’, then would require a half-life of 1.3 10* 
years to be found in nature if the age of terrestrial 
materials is five billion years, or 2.2 10* years if the 
age is nine billion years. 

If the time between the formation of Cm*’ and the 
separation of curium and uranium into separate mineral 
phases were less than seven times the Cm*’ half-life, 
an identifiable increase (2%) in the U*®: U8 ratio 
would be found in rare-earth minerals having a rare- 
earth to uranium ratio of 1000 or more. Older minerals, 
and lower natural uranium content in the mineral 
would enhance the enrichment. 

Cm*” and its daughters should have been an im- 
portant source of radioactive heat’ for at least the 
first half-billion years after the formation of the ele- 
ments. The decay of one atom of Cm’ into U* 
releases (6.23+0.13)10~" calories.” 

Programs to look for Cm’ in nature, and for high 
U%*:U%* ratios in rare-earth ores, are currently in 
progress at Argonne. 
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Fluorescence Yields of Ni, Cu, Zn, and Pbt{* 


E. T. Patronis, Jr., C. H. Brapen, AND L. D. Wyty 
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 
(Received August 23, 1956) 


A new method for measuring fluorescence yields is described. The method employs a radioactive source 
for fluorescence excitation and a proportional counter as a radiation detector. The K-shell fluorescence 
yields for Ni, Cu, and Zn were found to be 0.33+0,02, 0.39+0.02, 0.44+0.02, respectively. The mean 


L-shell fluorescence yield of Pb was found to be 0.39+0.02. 


INTRODUCTION 


KNOWLEDGE of K- and L-shell fluorescence 

yields is important in atomic theory and in the 
interpretation of certain nuclear disintegration experi- 
ments, e.g., the ratio of K- to L-orbital electron capture.! 
Burhop’ and Broyles, Thomas, and Haynes? have given 
comprehensive reviews of fluorescence yield measure- 
ments. In the present work, a new method of measuring 
fluorescence yields is introduced which utilizes a gas 
proportional counter for a detector. 


APPARATUS 


The proportional counter is made of Alcoa grade 
2SF aluminum. This grade of aluminum was chosen 
because it is practically free of elements other than 
aluminum, and hence fluorescence radiation from the 
counter wall is widely separated in energy from the 
fluorescence radiation from the samples of interest. 
The counter has a length of 30 cm, an inside diameter of 
4 cm, and a wall thickness of 0.4 cm. The ends of the 
counter are closed off by threaded Lucite plugs. The 
anode of the counter is a 0.005-inch tungsten wire 
(Sylvania Electric Company process NS 30) held in 
position by Kovar seals mounted in the center of each 
of the Lucite end plugs. Two ports, 0.25 in. in diameter, 
located at 90° with respect to one another and 15 cm 
from one end of the counter were drilled through the 
counter wall. One of the ports is fitted with an aluminum 
foil window of 6.62 mg per cm? thickness. The window 
of the second port is formed from the sample material 
under investigation. The counter was filled to a pressure 
of one atmosphere with a mixture of 92% argon and 8% 
carbon dioxide. 


EXPERIMENTAL PROCEDURE 


Essentially the procedure consists of comparing the 
x-ray intensities incident on and fluorescent from the 
sample material. The source of excitation was the 22-kev 


t Supported in part by a grant from the National Science 
Foundation. 

* This paper is based on a thesis submitted (by ETP) in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

1B. L. Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 
(1955). 

2 E. H. Burhop, The Auger Effect (Cambridge University Press, 
London, 1952). 

3 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 


K-series x-rays arising from the decay of Cd. L-series 
x-rays and partially converted 89-kev gamma rays also 
attend the decay of Cd. The L-series x-rays and the 
conversion electrons are absorbed before reaching the 
sample. Absorption of the gamma rays in the sample is 
negligible. The Cd'™ source was mounted at a distance 
of 3 cm from the sample in a 0.125-in. diam collimator 
made of concentric cylinders of lead and aluminum. 
The materials investigated were in the form of foils 
of thickness ranging from 1 to 5 mils. The thicknesses 
of the individual samples were determined by weighing 
a known area of the material. Each sample was covered 
with a 15-mg/cm? polythene foil to prevent Auger 
electrons from entering the counter. The x-ray absorp- 
tion in the polythene foil was negligible. The collimated 
Cd source was positioned over the port with the alu- 
minum window, and a pulse-height analysis of the 
counter signals was performed. The collimated source 
jas then positioned over the port containing the sample 
and a pulse-height analysis was again performed, Figure 
1 is a typical curve of the pulse counting rate versus 
pulse height obtained with the collimated source 
positioned over a Ni sample. The efficiency of the 
counter for detection of the fluorescence radiation was 
calculated from data on the counting rate due to the 
fluorescence quanta versus gas pressure in the counter 
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Fic. 1. Curve of pulse counting rate versus pulse height for a Ni 
sample. The excitation peak is at 22 kev and the fluorescence peak 
is at 7.5 kev. 
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Fic. 2. Geometrical ar- 
rangement of the source 
of excitation, the sam 
ple material, and the 
counter. The thickness 
of the sample has been 
exaggerated for clarity. 
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for pressures in the range 0.5 to 1.75 atmos. At a 
pressure of one atmosphere the efficiency ranged from 
50 to 89% for the various samples. 


ANALYSIS OF DATA 


Figure 2 illustrates the geometry of the source of 
excitation, the sample material, and the counting tube. 
The K-shell fluorescence yield, wx, is given by 


WK : (1) 
(Ai/Qs) exp (Hulw) Ail’ xl 


where 


1-f f exp[ —fi,(t—x) } 


exp(—fyx secO) sinddédx. (2) 
In these expressions the subscripts f and i refer, re- 
spectively, to the fluorescence and excitation radiation ; 
A is the area under the curves of pulse counting rate 
versus pulse height; Q is the efficiency of the counter; 
A is the weighted average absorption coefficient of the 
sample’; u, and ¢, are, respectively, the absorption 
coefficient for the excitation radiation‘ and the thickness 
of the aluminum window ; and /’x is the probability that 
photoelectric absorption in the sample occurs in the 
K shell..° This expression for wx takes into account 
attenuation of the excitation x-ray beam as it traverses 
the sample, absorption of the fluorescence radiation in 
the sample, and the solid angle subtended by the 
counter at various depths of the sample. The expression 
assumes the collimator delimits the portion of the 
sample struck by the excitation radiation to a small 
axial region. The for the mean L-shell 
fluorescence yield is the same as Eq. (1) except that 
Px is replaced by /P:, the probability that the 
photoelectric absorption occurs in the ZL shell. The 


CX] yression 


‘Handbook of Chemistry and Physics (Chemical Rubber 

Publishing Company, Cleveland, Ohio, 1953), thirty-fifth edition. 
*A. H. Compton and S. K. Allison, X-Rays in Theory and 
xperiment (I). Van Nostrand Company, Inc., New York, 1935 
* Burhop, reference 2, p. 27 
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TaBLe I, Fluorescence yields. 


Fluorescence yield 
measured value 


K shell L. shell 


0.3340.02 
0.394-0.02 
0.4440.02 


Theoretical 
value* 


0.34 


0.37 
0.40 


Element 


Ni(28) 
Cu(29) 
Zn (30) 


Pb (82) 0.39+0.02 


* See reference 7 


efficiency of the counter for the excitation radiation 
is QOj=1—exp(—yd), where uw. is the absorption 
coefficient of the counter gas for the excitation radiation 
and d is the inside diameter of the counting tube. This 
efficiency was 4.2% for a gas pressure of one atmos- 
phere. The efficiency was studied as a function of 
pressure to verify the abscence of a wall effect. The 
integrals, 7, were evaluated graphically. 


RESULTS AND DISCUSSION 


Table I lists the values obtained for the K-shell 
fluorescence yields of Ni, Cu, and Zn and the mean 
L-shell fluorescence yield of Pb. The A-shell results are 
in good agreement with the measurement of Arends in 
all cases and Berkey in the case of Zn while the other 
values listed by Burhop tend to be slightly higher.’ 
More recent work by Harrison*® on Cu and Roos* on 
Ni, Cu, and Zn are in agreement with the present 
results. Burhop’s theoretical values for the K-shell 
fluorescence yields’ are given in Table I. The agreement 
with the measured values is satisfactory except for Zn 
where the theoretical value is slightly low. A preliminary 
report of more recent calculations” indicates higher 
theoretical values. The L-shell result for Pb is in good 
agreement with the measurements for this region of the 
periodic table made by Lay and Kinsey but is higher 
than Kinsey’s estimates based on x-ray line widths.’ 

The response of the proportional counter to low- 
energy fluorescence quanta should permit the extension 
of the present method to the measurement of K-shell 
fluorescence yields for elements with atomic number as 
low as 15 and L-shell fluorescence yields for elements 
with atomic number as low as 30. 
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The reaction N'(p,y)O"* has been studied up to a proton energy of 4 Mev by using a gas target and 
NalI(TI) detectors. Above the well-known resonance at a proton energy of 1.05 Mev where the peak cross 
section is 1 mb, the cross section drops to a minimum of about 8 wb around a proton energy of 3 Mev and 
then increases slightly towards the higher energies. There are no pronounced new resonances and in par 
ticular the cross section up to a proton energy of about 3 Mev can be largely accounted for in terms of the 
high-energy tail of the 1.05-Mev resonance. There is no sign of the very strong quadrupole emission which 
earlier results on the inverse photodisintegration reaction had led one to expect near a proton energy of 


2.8 Mev with a peak cross section of about 90 wb. Over the whole range of proton energy the gamma-ray 
emission is isotropic to within about 109), and this suggests that the 13.09-Mev state of O' (the 1.05-Mevy 
resonance) is well described as p-'2s and probably contains less than 3% in intensity of p 'd 


INTRODUCTION 


HE radiative capture of protons by N!® has been 

investigated over the range of proton energy 
below 1.4 Mev.! Within this interval, only one resonance 
has been discovered, but it was a rather interesting one 
at a proton energy of 1.05 Mev corresponding to an 
excitation in the O'® nucleus of 13.09 Mev. This level 
is of width 150 kev and, from the great strength 
(T,=150 ev, |M|?=0.10 Weisskopf unit) of its radi- 
ative transition to the ground state, must be 1— and 
chiefly T=1.? It has a large proton width consistent 
only with its chief formation by s-wave protons for 
which its reduced width is the greater part of a single- 
particle unit.’ This is confirmed! by the isotropy of the 
gamma-ray Both proton and gamma-ray 
widths are quantitatively consistent with a description 
of the state as p~'2s in which the ground state of N' is 
the unique parent. Although this extreme description 
seems to be quite satisfactory, we must inquire whether 
or not the admixture of p-'d may not be considerable. 
The 2s and 1d shells lie rather close together and, for 
the nuclei just above A = 16 at any rate, are rather well 
mixed up,‘ although that case is different from the 
present one because there the particle-particle inter 
actions outside the closed shell are of great importance. 


emission. 


Even if p~'d figured quite largely in the description of 
the 13.09-Mev state, we should be ignorant of it from 
work performed so far because the importance of 


d waves in the formation of the state would be greatly 


diminished relative to that of s waves by the angular 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Permanent address: Cavendish Laboratory, Cambridge, Eng 
land. This work was performed while this author was Visiting 
Physicist at Brookhaven National Laboratory during the summer 
of 1956. 

t Present address: Cavendish Laboratory, Cambridge, England 

'Schardt, Fowler, and Lauritsen, Phys. Rev. 86, 527 (1952); 
A. Kraus, Phys. Rev. 94, 975 (1954) 

21). H. Wilkinson, Phys. Rev. 90, 721 (1953) 

4A, M. Lane, Atomic Energy Research Establishment Report 
T/R 1289, 1954 (unpublished). 

‘J. P. Elliott and B. H. Flowers, Proc. Ro 
A229, 536 (1955); M. G. Redlich, Phys. Rev. 


r, Soc, (London) 
, 1427 (1955). 


momentum barrier. The relative penetrabilities stand 
in the ratio 40:1 for protons of 1.05 Mev. It is also of 
some importance to locate the states containing a large 
proportion of p-'d, if they exist, because such states 
are held by the shell model® to be chietly responsible for 
the giant resonance seen® in the photodisintegration 
of O'*® and 
22.5 Mev. An approach to both these problems is ob 
viously to carry investigation of the reaction N'®(p,y)O" 
to higher energies and this we have done, The im- 
portance of p~'d in the make-up of the 13.09-Mev state 
should become clearer in the high-energy tail of this 


this is found at an excitation of about 


resonance as the relative penetrability of d-wave protons 
improves. Again, new states described chiefly as pu'd 
may be found with strong radiative capture to the 
ground 
carried through the region of the giant resonance, but 
this is to be found at a proton energy of about 11 Mev 
and was not attainable in the present investigation, 

A further reason for the present work is the possibility 
of finding strong /:2 transitions. There has been re 
ported’ a resonance in the inverse reaction O'(y,p)N"™ 
at a gamma-ray energy of 14.7 Mev of characteristics 
which seemed to require® an exceptionally strong /2 
nature for the photon absorption and suggested a state 


state. Ideally this investigation should be 


of collective motion. This resonance would be found at 
a proton energy of about 2.8 Mev in the present 
investigation, with a peak cross section of about 90 yb. 


EXPERIMENTAL METHOD 


Gaseous N!® of 99%, purity® at a pressure of 157 mm 
Hg at 21°C thin-walled brass 
cylinder of length 5 cm and diameter 1 cm sealed at one 
end by a thin brass plate and at the other by a nickel 


was contained in a 


®° 1D. H. Wilkinson, Proceedings of the 1954 Glasgow Conference on 
Nuclear and Meson Physics (Pergamon Press, London, 1955), 
p. 161 

* A. 5S. Penfold and B. M., Spicer, Phys. Rev. 100, 1377 (1955); 
Stephens, Mann, Patton, and Winhold, Phys. Rev. 98, 839 (1955) 

7B. M, Spicer, Phys. Rev. 99, 33 (1955) 

* 1D. H. Wilkinson, Phys. Rev. 99, 1347 (1955), 

* This N'* was supplied by Professor T. I. Taylor of Columbia 
University, to whom our very best thanks are given 
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* YIELD AT 90° TO PROTON BEAM 
+ YIELD AT O° TO PROTON BEAM 
-~-- YIELD OF 1,05-Mev RESONANCE 
EXTRAPOLATED BY SINGLE-LEVEL 
FORMULA 
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Fic. 1. The gamma-ray yield as a function of proton energy in 
the reaction N'*(p,y)O” taken with a target semithick at the 
lowest pre energies and thin at the high. The energy shown is 
that of the protons incident upon the nickel foil of thickness 
50 micro-inches which sealed the gas target. The energy of the 
protons entering the gas is therefore less than that shown here by 
about 120 kev at 1.25 Mev, 90 kev at 2.5 Mev, and 50 kev at 
4 Mev. The (total) cross section scale has been corrected for the 
target thickness and applies only over the higher proton energies. 
Yields at both 0° and 90° are shown. The dashed curve gives the 
simple theoretical extrapolation of the s-wave resonance at a 
proton energy of 1.05 Mev (1.25-Mevy incident proton energy 
under our conditions). 


foil of thickness 50 micro-inches. The inside of the gas 
target was coated with gold to minimize unwanted 
reactions, Proton currents of from 0.02 to 1 ya were 
used depending on the conditions. Gamma rays were 
detected in a cylindrical NaI(T1) crystal of length 5 cm 
and diameter 4 cm. The crystal was placed at a distance 
of about 7 cm from the target in the 90° position with 
its axis parallel to that of the target tube for the greater 
part of the measurements. The measurements at 0° 
were made with the crystal at the same distance from 
the center of the target tube and again in the “broad- 
side” position, 

Over the whole range of bombarding energy used 
here, namely up to 4.0 Mev, the overwhelming majority 
of the gamma rays observed by the crystal came from 
the N'® as was checked by replacing the nitrogen by 
300 mm Hg of hydrogen and repeating the observations. 

The response of the crystal to high-energy gamma 
rays was determined in bombardments in the region of 
the 1.05-Mev resonance where the yield of capture 
gamma rays is great. At higher proton energies the 
high-energy spectrum observed with a 20-channel kick- 
sorter was generally clearly that of a high-energy 
gamma ray and showed a well-defined peak which 
enabled the intensity to be estimated with accuracy. 


BLOOM 


In the region of resonances in the much more prolific 
reaction N'*(p,a)C!™*, the great intensity of 4.4-Mev 
gamma rays from the first excited state of C' caused 
some trouble as their piling-up tended to interfere with 
clear definition of the spectrum of capture radiation. 
In such cases the proton current was lowered until the 
spectrum of the capture radiation showed either a peak 
or at least a plateau over several channels of the kick- 
sorter, from which the intensity could again be accu- 
rately found. 

An absolute measurement was not attempted but 
rather the results were reduced in terms of the already- 
determined parameters! of the 1.05-Mev resonance. 
Because of the protons’ energy loss in the nickel foil 
and of the considerable thickness of the target, the 
1.05-Mev resonance did not appear at that energy but 
rather at about 1.25 Mev. This accorded well with 
calculations. Again, because of the thickness of the 
target the relative yields at the resonance and at a high 
proton energy could not be taken as a direct measure 
of the relative cross sections. The cross section for a 
low proton bombarding energy varied considerably 
from point to point within the target as the proton 
energy changed on passing through the gas, whereas at 
the higher proton energies the cross section was effec- 
tively constant within the target tube. The correction 
on this account was again computed by using the 
published constants for the resonance. 

Corrections for the background above the spectrum 
due to the capture radiation were always carefully 
determined. They varied from negligible proportions at 
the lower proton energies to as much as 15% at those 
higher proton energies which were in the region of 
resonances in the N'*(p,a)C!* reaction. This back- 
ground correction was due in part to cosmic rays, the 
irradiation being naturally longer when the competing 
reaction necessitated the use of very small currents. 
It was also due in part to addition pulses between the 
capture radiation and the 4.4-Mev radiation from C". 
The current was always lowered until this latter source 
was very small. 

The observed intensities of the capture radiation 
were finally corrected for the change of gamma-ray 
energy with proton energy which was observed to take 
place in the expected manner and also for the change in 
the pair-production cross section in sodium iodide with 
gamma-ray energy. 

The final results of the investigation are shown in 
Fig. 1. The 1.05-Mev resonance is seen at higher energy 
for the reason given; its width is also greater than 
150 kev because the target is semithick at these low 
energies. The right-hand ordinate, the cross-section 
scale, has been corrected for the target thickness and 
should not be extrapolated for measurements at the 
lower proton energies. For a direct cross-section com- 
parison rather than the displayed comparison of yields, 
it should be remarked that the cross section on the 
1.05-Mev resonance has been taken’ as 1 mb. It is 





REACTION 


seen then from the figure that the correction applied in 
deducing the absolute cross sections at the higher 
energies on account of the target thickness for protons 
in the neighborhood of the resonance is roughly a 
factor of two. 

The figure also shows the results obtained at 0° in 
the region of higher energies, corrected for the differing 
geometry in the two positions of irradiation. 


DISCUSSION 


The results displayed in Fig. 1 demonstrate at once 
that no resonance of height within an order of magni- 
tude of 90 ub is present anywhere near a proton energy 
of 2.8 Mev. The photodisintegration results’ must 
therefore contain some misinterpretation and we need 
have no further concern with the possibility of strong 
collective quadrupole oscillations in this present region 
of excitation in O'*, 

No other strong resonance than that at 1.05 Mev is 
manifest in these results." 

The dashed line of Fig. 1 is obtained simply by 
extrapolating the 1.05-Mev resonance to higher energies 
assuming that the reduced proton and gamma-ray 
widths are energy-independent, viz., increasing the 
proton width proportionally to the product of the 
proton’s momentum and s-wave penetrability and the 
gamma-ray width proportionally to the cube of its 
energy. This simple procedure is incorrect over so wide 
an energy range but the agreement to within 50% 
between the dashed line and the experimental points, 
which persists as high as a proton energy of 3 Mev by 
which time the cross section has fallen to less than 1% 
of its peak value, shows that the s-wave resonance at 
1.05 Mev dominates the cross section over a wide range 
of proton energy. The increase in cross section towards 
4 Mev shows the effect of resonances at higher energy. 

From the 0° results it can be seen that the emission 
is isotropic to 10% or better over the whole range 
investigated. As we mentioned in the Introduction, we 
may use this fact to make some remarks about the 
possible admixture of p~'d in the predominantly p~'s 


” Similar work to that reported here has been carried out at 
Columbia University [R. D. Bent (private communication) ]. 
The same general trend is shown in that work which, however, 
indicates a broad feeble resonance centered on a proton energy 
of about 3 Mev. Such a resonance cannot be excluded by the 
present work although it does not seem comparable in strength 
with the nonresonant background. 


N'5(p,y7)0'8 685 
state at 13.09 Mev since we have just seen that this 
state seems to be responsible for most of the yield even 
as high as a proton energy of 3 Mev. For formation of 
the 1— intermediate state by both s-wave and d-wave 
protons, only channel spin 1 can be used and so the 
theoretical angular distribution due to interference be- 
tween the s- and d-wave effects is unambiguous, at 
least when the admixture of d wave remains small. The 
result is that, at 3 Mev, an admixture of 5% of d wave 
in amplitude in the formation of the compound state 
would give rise to a 10% anisotropy in the gamma-ray 
emission. This, together with the remark that the 
relative penetrabilities of s and d waves at 3 Mev are 
about 6:1 suggests that the 13,09-Mev state probably 
contains less than about 39% in intensity of pu'd. In 
making this estimate we assume that the s- and d-wave 
reduced widths are simply proportional to the intensities 
of the p's and p~'d components. This small admixture 
of d state may be a little surprising and suggests that 
the center-of-gravity of the T=1 p-'d may indeed be 
rather far away as would be desired according to the 
shell model of the giant resonance.° 

The observed isotropy of emission allows a stronger 
remark to be made about possible quadrupole transi- 
tions in this region because such emission is proportional 
to 1+ cos*@. The observed isotropy therefore excludes 
the cross section containing very much more than 10% 
of quadrupole state and this corresponds to a peak 
cross section of about 1 yb. 

More recent work! on the inverse O'*(y,p)N" reac 
tion has failed to reproduce the earlier results’ near a 
gamma-ray energy of 15 Mev. However, a group of 
low-energy protons is found which, if they represent 
transitions to the ground state of N'®, would imply for 
the (p,y) reaction here studied a resonance at a proton 
energy of about 2.6 Mev with a peak cross section of 
about 30 wb. This does not appear in these present 
results and so the alternative interpretation, that the 
photoproton peak represents resonant absorption at a 
gamma-ray energy of about 20 Mev with transitions to 
the N' states at 5.3 Mev, must be correct, 
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The gamma rays of low energy resulting from the reaction N"*(d,p)N™ have been studied. Gamma rays 
of energy 387 +5 kev, 26845 kev, and 118+3 kev are observed by using Nal scintillation techniques, and 
the presence of another gamma ray of 285+8 kev is inferred. These results indicate states of N" at 118, 285, 
and 387 kev consistent with earlier studies of heavy particles. The gamma ray of 268 kev results from a 
cascade from the 387-kev state through the first excited state which is shown to have a lifetime of a few 
microseconds. By combining these results with the earlier work on heavy particles, it is possible to fix the 
first excited state of N'* as 0— and the third as 1—. The second excited state is with very good probability 


2— or 3— with a slight preference for 3 


. The ground state is already known to be 2—. These results are 


in good accord with the theoretical (shell model) predictions of J. P. Elliott. 


INTRODUCTION 


ITROGEN-16 is a very interesting nucleus. It 

displays directly the T7=1 states of O' which is 
itself one of the direct testing-places and meeting- 
grounds of the models currently employed in attempts 
to describe light nuclei. In particular, the alpha- 
particle model of O'* contrasts with the shell model in 
that it can say nothing significant about the 7= 1 states. 
Consequently, if the two models should give equally 
plausible accounts of the low-lying T7=0 states of O', 
a clear choice between them may reasonably be made if 
the shell model can give a good description of N'* about 
which the alpha-particle model gives no information, 
The shell-model calculation has been partially carried 
through,' at least in so far as single-particle excitation 
from the O' ground state goes. It was with the specific 
objective of testing this calculation that the present 
investigation was carried out. But N'° is also interesting 
for the experimenter without reference to any theo- 
retical prediction for it has been known for some time 
to have a level scheme unique in light nuclei: the four 
lowest states are found within a total energy range of 
400 kev followed by at least 850 kev devoid of further 
levels. The two interests are linked by the fact that this 
is exactly what the shell model predicts. 


LEVELS OF N"* 


The first indication of the interesting structure of N'° 
came from a study? of the reaction O'8(dja)N'* which 
indicated excited states at 116+6, 300+12, and 391 
+12 kev. This structure was confirmed’ through the 
reaction N'°(d,p)N'® which indicated excited states at 
0.11, 0.29, and 0.39 Mev. These studies revealed no 


further levels below an excitation of 1.24 Mev.? 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission 

* Permanent address: Cavendish Laboratory, Cambridge, Eng 
land. This work was carried out while the author was Visiting 
Physicist at Brookhaven National Laboratory during the summer 
of 1956 

! J. P. Elliott, Atomic Energy Research Establishment, Harwell, 
England (private communication), 

*R. T. Pauli, Arkiv, Fysik 9, 571 (1955) 

* Thirion, Cohen, and Whaling, Phys. Rev. 96, 850 (1954). 


Studies of the 8 decay of N'® and of the gamma rays 
from O'* following this decay* have shown that the 
ground state of N'* has the character 2—. Such an 
assignment is reasonable on the basis of the shell model 
since the promotion of a 1p nucleon into the mixed 2s 
and 1d shells can give rise to states of spin 0 to 4, all of 
odd parity. In fact, the detailed shell-model calculation! 
in intermediate coupling predicts that four states of 
character 0—, 1—, 2—, 3— should lie very close to- 
gether in N'* followed by a relatively large gap. If this 
prediction is correct, then we should expect the three 
excited states all to be of odd parity and to have spins 
0, 1, and 3 in an unspecified order. 

That this prediction may well be correct is suggested 
by work® on the angular distribution of the protons 
from the reaction N'(d,p)N'® using deuterons of 
2.8 Mev. These distributions all show pronounced 
“stripping” characteristics with angular momentum 
transfers /=0, /= 2 and 1=0 to the three excited states 
in order. This shows that all four states in question are 
indeed of odd parity and that the predicted spins are 
at any rate possible since the permitted J values for 
the excited states are respectively 0 or 1, 1, 2 or 3, and 
0 or 1. As Zimmermann has remarked,’ it is less likely 
that the second excited state should be of spin 1 than 
2 or 3 since J=1 could be reached through /=0, pre- 
sumably with greater ease, and there is no suggestion 
of this.® 


PRESENT INVESTIGATION 


It is clear that much more will be learned about these 
levels if their radiative decay schemes can be determined 
since the spins are already limited and the parity deter- 
mined by the stripping observations. To this end we 
have sought such radiative decay using Nal(TI) 
crystals. 

The N'® was prepared through the same reaction 

4 Millar, Bartholomew, and Kinsey, Phys. Rev. 81, 150 (1951); 
B. J. Toppel, Phys. Rev. 103, 141 (1956). 

’ W. Zimmermann, Phys. Rev. 104, 387 (1956). 

6 As is now well known, the 2s and 1d shells are rather com- 
pletely mixed up and it is unlikely that a state of N" of J=1 
should be so well described by p~'d as to give no detectable !=0 
stripping. 
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N'*(d,p)N'* as was used to limit the spins. Gaseous N'® 
at a pressure of 180 mm Hg and of 99% purity was 
contained in a thin-walled brass tube of length 5 cm 
and diameter 1 cm sealed by a nickel foil of thickness 
50 micro-inches.’ Deuterons of energy 3.0 Mev were 
incident upon the nickel, traversed it and the gas, and 
were then stopped by the end of the gas cell which was 
coated on the inner surface with gold to minimize un- 
wanted reactions. Under these conditions, the energy of 
the deuterons in the gas ranged from roughly 2.6 to 
2.9 Mev. This is just the energy used in the proton 
investigation® and so we have been able to use the 
integrated angular distributions found in that work in 
order to determine the relative initial populations of 
the three excited states in our own investigation. Apart 
from a slight uncertainty involved in extrapolating the 
proton results beyond 6= 140°, the largest angle there 
studied, this procedure is reliable since it has been 
shown’ that the relative proton yields at a fixed angle 
are constant to +4% over the range of deuteron energy 
2.70 to 2.80 Mev. 

The gamma rays issuing from the N!° target under 
these conditions were examined by a Nal(TI) crystal, 
a cylinder of length 5.0 cm and diameter 4.5 cm, which 
was placed at the side of and almost touching the gas 
target with the two axes of target and crystal parallel. 
That the radiations came from the N!® was checked by 
replacing it with helium. 

Extremely small deuteron currents, less than 5X 10~° 
wa, were used in this work. They were not measured 
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Fic. 1. The 118-kev line is at channel 8. The bump around 
channel 16 is the 160-170 kev radiation discussed in detail in the 
text. This spectrum was taken with a bias of 8 channels 


7 This N'® was very kindly made available by Professor T. I. 
Taylor of the Chemistry Department, Columbia University, to 
whom best thanks are expressed 


ST 


ATES OF N'!®* 





Fic, 2. The 275-kev radiation is at channel 17. This spectrum 
was taken with a bias of 22 channels 


and control was derived from the gamma rays them 
selves. It was found that the best results were obtained 
with this close juxtaposition of target and detector. 
As the detector was moved further from the target, 
the background counts from deuteron reactions other 
than in the target, from stray neutrons, and so on 
increased rapidly in relative importance until, with the 
crystal about 50 cm from the target, it was difficult to 
discern the wanted gamma rays at all, However, in the 
close-up position quite adequate resolution of the low 


energy gamma rays was obtained, as will now be 


described. 
GAMMA-RAY SPECTRA 

Three gamma rays were easily and strongly seen and 
their energies were accurately measured. This was done 
many times with annihilation radiation and the 198-kev 
gamma-ray from In'" being used as standards, Typical 
pulse spectra of these three lines are shown in the first 
three figures. Figure 1 shows the lowest energy gamma 
ray, which we measured as having an energy of 118 
+3 kev and which we believe to correspond to the 
decay of the first excited state of N' which is located 
at an energy of 11646 kev by the particle measure 
ments.” There is thus good accord between gamma-ray 
and particle measurements for this level. Another 
gamma ray of similar energy could result from a cascade 
between the second and third excited states but we 
shall show later that such a transition is weak. 

Above this main peak, seen at channel 8 in Fig. 1, 
there is a small peak or shoulder at channel 16. This was 
always present and was investigated in great detail. 
If it were due to a gamma ray its energy would be 
about 160-170 kev. We shall return to this later. 

Figure 2 shows the next gamma ray whose energy we 
measure as 275+ 4 kev. As we shall see, it is in fact a 
superposition of two lines, one the ground-state transi 
tion from the second excited state, the other the first 
member of the cascade from the third excited state 
through the first. This probable error therefore has no 
immediate significance. 
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Fic, 3, The 387-kev line is at channel 8. The rise at high channel 
numbers is due to the 490-kev radiation from F'’—see text. 
This spectrum was taken with a bias of 47 channels 


Figure 3 shows the highest energy gamma ray that 
we associated with N'*; its energy is 387+5 kev.* This 
is the ground-state transition from the third excited 
state and its energy accords well with the value 391+ 12 
kev for the energy of the level derived from the particle 
measurements.” The rapid rise towards high channel 
numbers seen in Fig. 3 is due to the low-energy tail of 
an intense gamma ray of 490 kev which comes from the 
first excited state of F'’ made by O'*(d,n)F"’ from O'* 
impurity in the N*. 

We now return to the problem of the possible gamma 
ray of 170 kev seen in Fig. 1. Since, as we shall see, the 
presence of such a transition would be of far-reaching 
consequence for the comparison with the shell-model 
calculation, it has been investigated in detail. 

The experimental pulse distribution could be due 
either to a real gamma ray of 160-170 kev or to some 
backscattering effect from the higher energy lines which 
are present in abundance, If it were due to scattering 
of a higher energy line it might be possible, if the 
scattering took place outside the immediate target 
assembly, to modify it by placing scattering masses in 
the neighborhood. This was tried in many ways and, 
although changes in the pulse spectrum were of course 
produced, it could never be said that the appearance 
of the bump at channel 16 had been radically affected. 
This then suggested either that there was a real gamma 
ray of 160-170 kev or that it was due to scattering in 

* Gamma rays from the present reaction are also reported by 
Hanna, Freeman, and Newton, Proceedings of the 1956 Amsterdam 
Conference on Nuclear Reactions (to be published), They report 


energies of 120, 275, and 390 kev in good agreement with the 
present measurements. 
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the target assembly or the detector assembly. This 
latter possibility was next investigated by measuring 
the absorption of the various gamma rays in lead. If the 
scattering were in the detector assembly, then the 
absorption coefficient of the 165-kev bump would be 
appropriate to a gamma ray of higher energy; if the 
scattering were in the target assembly or if we were 
dealing with a real gamma ray, the absorption would be 
that of radiation of about 165 kev. For the reasons 
given, it was not possible to pull back the detector 
system far from the target and measure the absorption 
coefficients in good geometry. Instead the whole as- 
sembly was left as already described and a 180° lead 
absorber of superficial density 1.2 g/cm? was slipped 
into close contact with the gas target and between it 
and the crystal. The effect of the absorption on the 
composite spectrum is shown in Fig. 4. The strong lines 
are now at channel numbers 3, 26}, and 424 and show 
absorptions agreeing well with those calculated for the 
bad geometry used. The 165-kev bump which now 
appears around channel 9 in the spectrum without lead 
is seen to be strongly absorbed as it would be if it were 
due to radiation of that energy leaving the target 
assembly, and not weakly absorbed as it would be if it 
left the assembly as one of the higher energy lines which 
was later degraded. To test the scattering of gamma 
rays within the target assembly, tiny sources of Au'®* 
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Fic. 4. Composite spectra showing the 118-, 275-, and 387-kev 
peaks at channels 3, 264, and 424 are shown with and without the 
presence of a lead absorber of superficial density 1.2 g/cm*. The 
160-170 kev bump seen around channel 9 without lead is strongly 
absorbed by the lead. These spectra were taken with a bias of 
14 channels. 
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Fic. 5. Composite spectra with and without the same lead 
absorber used in Fig. 4, of the 411-kev radiation from Au from 
tiny sources situated within the gas-target tube, The strongly- 
absorbed peak seen at channel 12 has an energy of about 188 kev. 
The points on the spectrum with lead have not been shown be- 
tween channels 25 and 34 to avoid confusion of the figure. These 
spectra were taken with a bias of 14 channels. 


were placed inside the gas target and the 411-kev 
radiation was studied with and without the same lead 
absorber in exactly the same conditions as the experi- 
ment proper. The results are shown in Fig, 5. It is seen 
that the spectrum taken without the lead absorber 
indeed shows a strong peak at around channel number 
12. This peak completely disappears with the inter- 
position of the absorber and is replaced by the normal 
Compton edge around channel 18. The region of the 
pulse spectrum around the Compton edge shows the 
absorption characteristic of the 411-kev gamma ray’ 
(compare with the absorption of the main photoelectric 
peak at channel 46), while the peak around channel 12 
has shown the very much stronger absorption charac- 
teristic of a gamma ray of its own energy which is 
measured from the figure as 188 kev. This demonstrates 
then that backscattering does take place within the 
target assembly and gives rise to spurious peaks. 
Gamma rays of 411 kev backscattered through 180° 
have an energy of 157 kev, viz., 31 kev lower in energy 
than the scattered peak of Fig. 5. This difference is 
due simply to the fact that gamma rays may scatter 

9 We see from Fig. 5 that while the regions of the Compton 
edge and of the photoelectric peak show roughly the same absorp- 
tion, the region of the trough around channel 30 seems to show no 
absorption at all. This is simply due to Compton scattering into 


this especially sensitive region of gamma-ray energy by the lead 
absorber of the primary 411-kev radiation. 
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through any angle to reach the detector and so the peak 
is somewhat higher in energy than appropriate to the 
full backscattering. Full backscattering from the 275- 
kev radiation would give a gamma ray of 132 kev, 
and since the influence of the incomplete backscattering 
will be similar for both radiations we may anticipate a 
peak between 160 and 170 kev such as is observed. 
Furthermore, from the data of Fig. 5 we may compute 
the amount of backscattering to be expected from the 
275-kev radiations and it agrees to within 20°) with 
the amount of 160-170 kev radiation actually observed. 
We therefore think it extremely likely that the bump 
observed around 165 kev is not due to a gamma ray 
from N'* but to backscattering of the 275-kev radiation 
within the target assembly. For purposes of discussion 
we shall assume that any real line of 165 kev has a 
strength no greater than 30% of that appropriate to 
the full 165-kev bump. 


COINCIDENCE MEASUREMENTS 


The radiation at 275 kev could come from the ground 
state transition of the second excited state or from the 
cascade from the third through the first excited states 
or from both. To test the possibility of a cascade, 
coincidence measurements were made in which a second 
Nal(Tl) crystal was brought close to the target, Pulses 
in the original crystal which were in coincidence with 
pulses in the energy range 80 to 135 kev in this second 
crystal were displayed. It was immediately apparent 
that genuine coincidences were present but that their 
number fell far short of that to be expected if a sub- 
stantial fraction of the 275-kev radiation were due to a 
cascade through a first excited state whose lifetime was 
shorter than the coincidence time used, namely 0.15 
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Fic. 6. Spectrum of the 268-key line taken in coincidence with 
the 118-kev radiation on a delay of 0.2 microsecond. This spectrum 
was taken with a bias of 17 channels. 
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Fic. 7, Decay curve for the 118-kev radiation. The half-life 
indicated by this figure is (2.64-1.0) microseconds but this value 
is not to be relied upon heavily—see text, 


microsecond. This sparsity of coincidences is in fact due 
to the long life of the 118-kev state. When no delay is 
used between the two crystals, the coincidence spectrum 
displays a peak at about 270 kev but there is a very 
large amount of low-energy pulses which almost ‘fills 
up the trough below the peak and the ratio of the 
number of counts per channel in and above the peak 
is only about 2.5 to 1. When, however, a 0.2-micro- 
second delay is inserted in the high-energy or display 
leg of the coincidence circuit, a clean spectrum is 
obtained as is shown in Fig. 6. When the same 0.2- 
microsecond delay was inserted in the low-energy leg, 
coincidences dropped to a low and uniform level of 
about 3 per channel under the remaining conditions of 
Fig. 6. Many such coincidence spectra were measured 
and compared with the singles spectra obtained simply 
by relaxing the coincidence condition, In this way it was 
determined that the energy of the gamma ray in coinci- 
dence with the 118-kev gamma-ray is 7+3 kev less 
than the 27544 kev measured for the radiations of 
Fig. 2 and so the energy of the cascade partner is 
268+5 kev. This agrees exactly with the difference 
26946 kev between the gamma-ray energies of the 
ground state transitions from the first and third excited 
states. This then is our first suggestion that in fact the 
275-kev radiation is a composite of gamma rays of 
slightly differing energy. 

Coincidence spectra similar to that of Fig. 6 were 
taken over as wide a range of delay in the display leg 
as was available, namely 2.6 microsecond. From these 
results, a decay curve was constructed and is shown in 
Fig. 7. The half-life indicated by these results is 2.64 1.0 
microseconds, However, the measurements were diffi- 
cult to correlate with one another, owing to monitoring 
difficulties that in turn came from the very small 
deuteron currents that were used, and this lifetime 
measurement should not be relied upon. Figure 7 should 
rather be used to demonstrate that the first excited 
state is long-lived in the region of several microseconds. 
Another even rougher estimate of the lifetime was 
obtained from the absolute coincidence rate and was 
10 microseconds, These two estimates are certainly 
consistent with each other. 
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INTENSITIES AND THE DECAY SCHEME 


The intensities of the three strong lines were deter- 
mined as 96410, 1504-15, and 26+5 for the 118-, 275-, 
and 387-kev radiations, respectively, in arbitrary units. 
Although the intensities were estimated for a single 
position of the detector, they must be fairly good esti- 
mates of the total intensities since the detector was 
large and close to the extended source and centered on 
6=90°. It is at once sure that the 275-kev radiation 
must be composite since there is more of it than of 
118 kev. To determine the decay scheme in more detail, 
we made use of the stripping results® in the manner 
discussed above. These results show that under our 
conditions the three excited states are initially popu- 
lated with intensities 1, 1.7+-0.1 and 3.4+-0.2 in ascend- 
ing order of energy. A set of gamma-ray intensities 
consistent with these various pieces of information is 
shown in Fig. 8. The limit on the intensity of the 
cascade from the second excited state is obtained in the 
manner already discussed. That on the intensity of the 
transition between the third and second excited states 
comes from the coincidence measurements. If this 
cascade were present, the upper member would have an 
energy of 102 kev and so fall in the coincidence channel. 
The following 285-kev gamma ray which would be 
presumably in prompt coincidence (see later) would 
then appear when there was no delay in the display leg 
and disappear when the delay was inserted. In fact, 
no increase in the intensity of the coincidence peak was 
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Fic. 8. Decay scheme and proposed spin assignments for N'*. 
The energies of the levels are those derived in the present work. 
The numbers on the transitions are the relative intensities in 
arbitrary units when the levels are excited in the reaction 
N!*(d,p)N"* by using deuterons of from 2.6 to 2.9 Mev. They have 
been derived from the present investigation and by comparing it 
with work on the protons themselves in the same reactions under 

the same conditions. 
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detected when there was no delay in the display leg. 
The long life of the 118-kev state makes this an 
especially sensitive test for the alternative cascade 
(a half-life as indicated by Fig. 7 was used for working 
out the limit on the abundance shown in Fig. 8). 

The energy shown for the second excited state in 
Fig. 8 is derived from the energy of the cascade con- 
tribution to the 275+4 kev radiation, namely 269+6 
kev, and from the relative intensities of the cascade 
radiation and the ground-state transition from the 
second excited state derived as explained above by 
comparing the gamma-ray and proton results. Our 
figure of 285+8 kev is in fair accord with the energy 
300+ 12 kev derived from the particle work.? 


SPIN ASSIGNMENTS 


The stripping results® allow spins 0 to 1 for the first 
excited state. The long lifetime makes J=0 very 
probable because a mean life as short as 3 microseconds 
for this state would imply | M|*=7X10~* in Weisskopf 
units for the M1 transition if in fact J/=1. In fact, the 
mean life is probably quite a bit longer than this and 
so |M{* is even smaller. So small a value of |M|? is 
unconscionable. On the other hand, the J=0 assign- 
ment leads to |M|*=1.7 for the #2 transition for the 
half-life of Fig. 7 and this is very reasonable. (The 
correction due to internal conversion is negligible.) 

J=0 for the first excited state fixes the spin of the 
third excited state as J/=1 since the stripping results 
allow 0 or 1 but the observed cascade eliminates the 
possibility J=0, 

We have already remarked that, of the possibilities 
J=1, 2, or 3 that the stripping results allow for the 
second excited state, J/=1 is not very likely. This is 
reinforced by the absence or weakness of the cascade 
from this state through the /=0 state as found in our 
work. The stripping and gamma-ray results then both 
suggest J=2 or 3 although even in conjunction they 
cannot eliminate J=1 completely. Similarly the weak- 
ness of the transition between the third and second 
excited state argues, though only very weakly, in favor 
of J=3 rather than J=2 for the second excited state. 
In our analysis of the coincidence work, we have 


presumed that the second excited state is short-lived 


compared with 0.15 microsecond. This is extremely 
likely for any of the three choices of spin allowed by the 
stripping results since an M1 transition to the 2— 
ground state would always be possible. 


STATES 


OF N'® 


COMPARISON WITH THEORY 


The theoretical prediction’ that these four states 
should be J =0, 1, 2, and 3 and of odd parity seems very 
well borne out. The choice J=0, 1, and 2 with odd 
parity seems fairly sure for three of the four while the 
experimental preference for J=3 or 2 with odd parity 
for the remaining one is in agreement with the remaining 
theoretical assignment of J=3. We might here notice 
the great importance of the 165-kev bump on which we 
dwelt in detail: had it represented a real gamma ray, 
then J=3 would have been impossible for the second 
excited state and the theoretical model would have 
faced a severe contradiction. It is desirable that this 
point should be returned to if cleaner experimental con- 
ditions can be obtained. In particular, a repetition of 
the present work using proportional counters instead of 
scintillation counters should enable, by virtue of the 
greater resolution, an easier discrimination between a 
true gamma-ray line and backscattered radiation to be 
made. On the theoretical side it will be interesting to 
see whether an account is given of the branching of 
the third excited state which favors the cascade over 
the ground-state transition, A better measurement of 
the lifetime of the first excited will also be 
interesting since, if the present figure should be correct, 
it seems that this #2 transition may be a little enhanced 
over single-particle speed and the shell model clearly 


state 


cannot account for such an enhancement in this case. 
The situation may then be similar to the familiar case 
of the second excited state of F™. 


COMPARISON WITH O' 


It is probable that the first T= 1 state of O'* is the 
2— state at 12.95 Mev"; the next 7'=1 state is 1— 
and is at 13.09 Mev.” This spacing of only 140 kev as 
compared with the 387 kev for the corresponding 
spacing in N'* is probably due to a large Thomas shift 
for the upper O"* level which is 150 kev wide and has a 
very large reduced width for s-wave proton emission to 
the ground state of N'®. Also the partial breakdown of 
isotopic spin in this region of O'* will result in certain 
level displacements." 
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* A Het hyperfragment is observed in a cosmic-ray star. The disintegration is nonmesonic and results in 
the collinear production of a triton and proton. The binding of the A® particle was measured and found to 


be 4.31.6 Mev. 


HE hyperfragment Het‘ pictured in Fig. 1 was 
found in a stack of 600 micron Ilford G-5 pellicles 
exposed to cosmic rays at an altitude of 104 000 feet at 
San Angelo, Texas. The initial star was produced by a 
high-energy proton and can be classified as 144-3p. 
The connecting track is 354 microns long; and the 
particle comes to rest in the emulsion before producing 
the secondary star. Multiple-scattering measurements 
using the constant sagitta method’ indicate that the 
particle has a mass of (4,24.».*'*) proton masses. The 
delta-ray count along the track, using a three-grain 
cutoff, was found to be 1.98 delta rays per 100 microns, 
This indicates a charge of at least two, and the particle 
is assumed to be ,Het, 

The secondary star consists of two tracks which 
were collinear within the range of (177_4**) degrees in 
the vertical plane and within 8 minutes in the horizontal 
plane. The heavy saturated track 3 was traced through 
four pellicles and came to rest after a range of 3276456 
microns. The error in the range includes straggling, 
uncertainty in shrinkage factor, and surface wiping. 
The shrinkage factor was obtained by measuring the 
thickness of the pellicle before and after processing. 
The dip angle of track 3 was (+34+3)°. Constant- 
sagitta scattering measurements indicate that the 
particle has a mass of (3.2_,.4*'*) proton masses. The 


Fic. 1. The disintegration from rest of a Het hyperfragment into 
two collinear particles, a proton and a triton, 


* Supported in part by the National Science Foundation. 
1R. G, Glasser, Phys. Rev. 98, 174 (1955). 


delta-ray count was 0.52 delta per 100 microns and the 
particle was assumed to be a triton. The energy and 
momentum of the triton was evaluated from the 
range-energy relation of Fay, Gottstein, and Hain? and 
is tabulated in Table I. 

Track 2 has an angle of dip of (—37+4)°, was 
traced through six pellicles and left the stack after 
5200 microns. The grain density of the track was found 
to be (3.10+0.2) times minimum at breakup, and 
(3.1540.3) times minimum at the time the particle 
leaves the stack, 5200 microns later. The constancy of 
grain density eliminates the possibility of track 2 
being a pion, and on the assumption of being a proton 
corresponds to an energy of about 130 Mev. Multiple 
scattering measurement indicates a momentum of 
(420_79+'*) Mev/c per nucleon. The delta-ray count 
was 0.48 delta ray per 100 microns. The energy of the 
proton can be determined more accurately from mo- 
mentum balance. A proton balancing the triton mo- 
mentum of (503.7+2.7) Mev/c has an energy of 
(126.7+1.2) Mev. 

The disintegration scheme of the hyperfragment can 
be written 


sHe*—H'+ H?+(,, (1) 


where Q, was found to be 171.5+1.6 Mev. The binding 
energy’ is found as follows: 
(My—M,)e+[(Munet+M,)e—(Mwt+My ce | 
=O+B.E.(A°), 
B.E.(A°) = 175.14+-0.80—171.5+1.6 Mev, 
B.E.(A°)=4.34+1.6 Mev. 


TABLE I. Measurements on the Het hyperfragment. 


Delita- 
ray 
count 
(deltas 
per 100 
microns) 


Mass by 
scattering 
(proton 
mass) 


4.245.714 


Angle 
of dip 


—9.5° 
(—37+4)° 
(34+3)° 


Energy 
(Mev) 


Range in 
Track microns 


1 354 aHe* 
2 >5200 H! 
3 3276456 H! 


Identity 


30.5 
126.7+1.2 
44.8404 3.2_,,* 


1.98 
0.48 
0.52 


* Fay, Gottstein, and Hain, Suppl. Nuovo cimento 11, 234 
(1954). 

* Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955); 101, 
1526 (1956). 
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NONMESONIC DECAY OF 

The value 36.92 Mev given by Friedlander et al.‘ is 
used for the Q of the free A° decay. 

Within the error of charge and mass there exists 
alternate possible interpretation of the disintegration 
scheme of the hyperfragment. The following alternate 
reactions have been considered : 


asHe’->H?+ H?+(Q,, 
sHe®—>H*+ H'+n+(Qs, 


sHe*—+H!+ H?2+(,. (4) 


Reaction 2 was rejected because of the lack of 
momentum balance between H? and H®. If we assume 
the variation in linearity between the proton and triton 
in the vertical plane to be due to a neutral particle, 
reaction 3 is possible. The emission of a neutron must 


4 Friedlander, Keefe, Menon, and Merlin, Phil. Mag. 45, 533 
(1954). 
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be assumed to balance momentum. The energy of the 
proton from grain count was found to be 124+ 12 Mev. 
This would permit a neutron to have an energy range 
of 0.4—2 Mev, where 0.4 Mev would give a Q value of 
169 Mev, while 2.0-Mev neutrons would give a Q 
value of about 159 Mev. Reaction 4 is not admitted by 
theory.* 

The results of 4.3+1.6 Mev for the binding energy 
of A°® in a nonmesonic decay of ,He* is in agreement 


with that found from the charged mesoni 
3,5,6 


decays 
reported by others. 

The authors are very grateful to Professor Marcel 
Schein of the University of Chicago for his generous 
assistance in regard to this problem, and to Dr. W. F. 
Fry of the University of Wisconsin, for his very helpful 
and stimulating discussions. 


* Hill, Salant, Widgoff, Osborne, Pevsner, Ritson, Crussard, 
and Walker, Phys. Rev. 94, 797(A) (1954) 
® Naugle, Ney, Freier, and Cheston, Phys. Rev. 96, 1383 (1954) 
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Masses of Identified Positive Heavy Mesons* 


James Ray Petersont 
Radiation Laboratory, University of California, Berkeley, California 
(Received October 8, 1956) 


The charged secondary particles from all presently known decay modes of positive K mesons have been 
identified, and the masses of the primaries measured by the momentum-range method. More than 2000 K 
mesons were found in a rather large stack of nuclear emulsion after its exposure, behind the strong-focusing 
magnetic spectrometer at the Bevatron, to a target plunged into the 6.2-Bev circulating proton beam. The 
mean K-meson momentum at the stack was 360 Mev/c, and the proper time of flight was 1.4 10™* sec. The 
masses of 263 systematically selected K mesons were measured, and the averages for the various decay 
modes are 


M (r+ 1’) =966.64+1.9m,, 967 .242.2m,, 


M(K 43) =969+5m,, 


M(Ky2)=966.942.0m,, M(Ky2)= 
M(K gy) = 967 48m, 
The standard errors indicated apply to the relative masses; the uncertainties on the absolute masses are 
slightly larger. Various corrections are described, The results are discussed in the light of recent ideas con 
cerning heavy-meson characteristics 
I, INTRODUCTION of the rest masses of the secondaries. This method can 
be used if all secondaries are charged, as in the r or 
in the cases of two-body decay, such as the Ky» and 
K,2. The second approach is to measure various 


HE existence of at least six different decay modes 

available to positive K mesons (see Table I) has 
given importance to mass measurements on the mesons 
as a means of determining whether a single particle is 
ultimately responsible for all modes of decay or if there 
is more than one distinct parent. 

Two general approaches to the determination of the 
mass of an unstable particle have been employed in the 
investigation of K mesons. The Q-value method deduces 
the mass of the parent meson from a measurement of 
the total kinetic energy of the decay and a knowledge 


Taste I. Modes of decay of positive K mesons 


% 


Name Decay mode 


the 
D4 gf 


or more neutral particles* 
2 or more neutral particles” 


* This work was performed under the auspices of the U. S, 
Atomic Energy Commission. It is the basis of a doctoral thesis 
submitted to the University of California at Berkeley. 

t Now at Stanford Research Institute, Menlo Park, California. 


* Yekutieli, Kaplon, and Hoang (Phys. Rev, 101, 506 (1956) }], have 
found an electron pair emitted from an otherwise typical Kus ending, which 
suggests the presence of a rin some cases 

> The exact composition of the neutral particles here is not known 
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dynamical characteristics of the K particle itself before 
it has decayed, and shall be referred to as a primary-mass 
measurement. It can obviously be used regardless of 
the decay mode. The two methods should yield the 
same results unless the primary K meson has undergone 
an undetected energy transition to a lower state (the 
immediate parent) which has then decayed according 
to the observed mode.' In this case the Q-value deter- 
mination should yield a mass value lower than the 
primary mass by an amount equal to the energy 
released in the undetected transition. 

The mass of the + was known to be close to 965m, 
from a Q-value determination as early as 1951.2 How- 
ever, prior to 1955, the results of measurements on the 
other positive K-meson masses were confusing.’ They 
were generally primary mass determinations based on 
measurements of specific ionization and multiple scatter- 
ing as functions of range in emulsion, methods that are 
unfortunately subject to significant systematic errors 
as well as low statistical weights. There were some 
apparent inconsistencies among these emulsion data 
as well as some of the early cloud chamber results*“ 
based on both Q-value measurements and momentum- 
range evaluations of the primary mass. 

At the Pisa Conference in July, 1955,° results were 
presented that considerably clarified the situation. 
The large “G”’ stack® had been exposed to cosmic rays 
in October 1954 by a group of collaborating European 
laboratories and was designed to obtain Q-value meas- 
urements for the Ky» and K,» by actually stopping the 
secondaries in the emulsion and accurately measuring 
ranges. Furthermore, accurate determination of the 
relative masses of all the various A* particles had 
been made possible at the Berkeley Bevatron in early 
1955 by the development of the strong-focusing spec- 
trometer.’ In addition to increasing the scanning 
efficiency in emulsion by a factor of 100, this system 
allowed the application of the momentum-range method 
to primary mass measurements in emulsion. Both the 
“G”’ stack data® (range of secondaries) and the results 
from the Bevatron* (momentum-range of primaries) 
placed the masses of the K,» and the K,2 equal to that 
of the r to within 15m,. In addition the momentum- 


'S. B. Treiman and H. W. Wyld, Jr., Phys. Rev. 99, 1039 
(1955); T. D. Lee and J. Orear, Phys. Rev. 100, 932 (1955). 

* Fowler, Menon, Powell, and Rochat, Phil. Mag. 42, 1040 
(1951). 

* Report of the Committee on K particles, Padua Conference, 
Suppl. Nuovo cimento 12, 433 (1954). 

* Gregory, Lagarrigue, Leprince-Ringuet, Muller, and Peyrou, 
Nuovo cimento I1, 292 (1954), 

® Report on the Pisa Conference on Elementary Particles, 1955, 
Suppl. Nuovo cimento (to be published), 

®“G Stack Collaboration Experiment (1954),”” Nature 175, 971 
(1955); also Nuovo cimento 2, 1063 (1955) 

’ Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99 O41(A) (1955) 

* Birge, Peterson, Stork, and Whitehead, Phys. Rev. 100, 430 
(1955); Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, Suppl. Nuovo cimento (to be published). 
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range measurements gave the K,;—7 mass difference 
to be 12+ 16m,. 

On the other hand, the analysis® of all existing data 
on r decays indicated different spin-parity configura- 
tions for the K,. and r. The Pisa Conference thus 
pointed to a situation wherein there might exist a 
fundamental difference between the mesons parent to 
the K,, and the r-decay products with no measurable 
mass difference attendant. It made manifest the need 
of further, more precise, measurements on all observable 
characteristics of the K* mesons. 

The experiment described herein was designed to 
reduce the errors in the relative and absolute primary- 
mass values of identified K* mesons by means of the 
momentum-range method and is part of a general 
investigation of positive heavy mesons, the results of 
which are being published elsewhere." 


Il. EXPERIMENTAL PROCEDURE 
A. General Method 


A momentum-range determination of the mass of a 
charged particle is based on well-established relation- 
ships that are known to describe the range of a particle 
of given charge, mass, and momentum. In general, a 
measure of the momentum is achieved through a 
knowledge of the particle’s charge and its trajectory 
in a magnetic field through which it passes before 
entering the stopping medium or detector in which the 
range is measured. 

In the case of the strong-focusing spectrometer, 
shown schematically in Fig. 1, the particles are some- 
what collimated before entering the magnetic field. If 
the magnetic field is directed vertically, all particles 
entering any particular vertical section of the detector 
are characterized by a small band of momenta whose 
width is inversely proportional to the resolution of the 
system and whose average value is determined by the 
value of the magnetic field and the radius of curvature 
of the corresponding average trajectory. The momentum 
characteristic of a given entrance position is evaluated 
from a measurement of the average range of a particle 
of known mass (e.g., the proton) that has entered the 
detector at that point. The relative momentum spread 
obtained in this experiment was about 1% and is 
discussed in Appendix D. 


B. Experimental Apparatus and Details 
of the Exposure 


The essential elements of the strong-focusing mag- 
netic spectrometer are shown in Fig. 2. A target was 


*E. Amaldi, Mimeographed Report on the Pisa Conference, 
1955, p. 1. 

 R, P. Haddock, Nuovo cimento 4, 240 (1956). Also University 
of California Radiation Laboratory Report UCRL-3284, February, 
1956 (unpublished). 

' Birge, Perkins, Peterson, Stork, and Whitehead, Nuovo 
cimento 4, 834 (1956). 
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Fic. 1, Sketch of the basic experimental arrangement, indicating 
the coordinate system assigned to the emulsion stack. 


plunged into the 6.2-Bev proton beam in one of the 
straight sections of the Bevatron. Particles of proper 
charge and momentum coming from the target at 90° 
to the incident beam passed through the 0,090-inch 
aluminum wall of the Bevatron vacuum tank and 
through a compound lens formed by a series of quad- 
rupole magnets, and were brought to a focus in a stack 
of nuclear emulsions placed behind a momentum- 
analyzing magnet. The flux of positively charged 
particles consisted mainly of protons, K mesons, and 
pions. The momentum selection of the analyzing 
magnet restricted the protons entering the stack to 
ranges typically in the vicinity of 1.5cm and the K 
mesons to about 7 cm, while the pions passed com- 
pletely through the stack. Brass was placed on the low- 
energy side of the magnet to shield the detector from 
neutral radiation from the target, and a considerable 
amount of lead and concrete was also used to shield 
from secondary radiation associated with beam “spill- 
out” during the early part of the accelerating cycle. 
The copper target used was } in. high and § in. in the 
proton beam direction. The aperture of the lens was 
2 inches and the analyzing magnet had a 2.5-in. gap. 
In order to obtain sufficient strength in the lens it was 
necessary to use four quadrupole magnets. The first 
two formed a lens converging vertically and diverging 
horizontally, while the last two magnets were operated 
so as to diverge vertically and converge horizontally. 
The compound lens formed by these two elements 
was both vertically and horizontally convergent; how- 
ever, it was astigmatic. Since the momentum resolution 
of the system was determined principally by the 
horizontal size of the target image at the stack (see 
Appendix D), there was an incentive to minimize the 
horizontal magnification to a value that was satisfactory 
in consideration of the concomitant increase in the 
vertical magnification. If the latter became too large, 
particles would be lost by striking the pole pieces of 
the analyzing magnet. The horizontal magnification 
used was about 0.6, and the vertical magnification 
was about 1.5X. It turned out that a significant number 
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Fic. 2. The strong-focusing spectrometer, 


of particles did in fact strike the pole pieces, The 
particle density spectrum in the stack, taken in a direc- 
tion perpendicular to the plane of the pole faces, showed 
a sharp cutoff on one end corresponding to the shadow 
of the top pole piece. This was apparently caused by a 
vertical misalignment of the lens “telescope” and 
perhaps by a poorer-than-expected vertical focus. 

Proper current values for all the magnets were 
obtained from a series of wire-trajectory measurements 
made for particles of momenta in the vicinity of 360 
Mev/c. This method was found to be quite satisfactory 
in achieving proper focus and magnification conditions, 
The measurements were made considerably easier and 
more accurate after the construction by Mr. Leroy 
Kerth of a current regulator which compensated for 
currents induced in the wire by motion in the mag- 
netic field. 

The trajectories obtained from these wire measure- 
ments were used to position the stack when the ex- 
posure was made, so that the particles would enter 
approximately perpendicular to the front face of the 
stack. If we assign rectangular coordinates to the 
detector such that the ¢ axis is in the direction of the 
magnetic field and the x axis represents the average 
direction of the particles entering the detector, the 
stack is oriented with the plane of the emulsion lying 
in the x-z (vertical) plane as shown in Fig. 1. The y 
axis is in the direction of increasing particle momentum. 
The stack was placed so that the particles entered the 
middle of the long (17.5-in.) side, thus allowing enough 
emulsion above and below the beam to stop the muons 
from the K,»’s that- decayed in these directions. 

The emulsions were clamped firmly between two 
sheets of Bakelite 0.75 in. thick, and all four sides of 
the stack were milled flat. This allowed a fairly accurate 
determination of the volume of the stack and thus of 
its density, and in addition presented a smooth surface 
to the incident particles for an accurate range measure- 
ment. Fiducial marks for aligning the emulsions were 
provided at various points by exposing the milled sides 
to x-rays passed through a slit system. When developed, 
each emulsion thus contained a set of 18 black lines 
about 254 wide, extending about 0.5 inch into the 
emulsion. 

After processing, the glass-mounted emulsions were 
cut parallel to the x axis (short dimension) into three 
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Fic. 3. A typical proton-ending distribution (plate 75). 


equal sections for ease in scanning. The center plates con- 
tained the incident particles, while some of the K-meson 
secondaries went into the side sections. 


C. Determination of the Proton Momenta 
1. Measurement of the Projected Ranges 


The stack was oriented so that the plane of the 
emulsions was parallel to the momentum-analyzing 
magnetic field; thus the average momentum of all 
particles entering a particular emulsion could be 
represented as a function of the index number of that 
emulsion, the numbers running from 1 to 95 in the 
direction of increasing momentum. The momentum 
variation across the stack was obtained from the pro- 
jected ranges of the protons in eight plates. Since the 
absolute mass value obtained by this method is quite 
sensitive to the value of the estimated initial momentum, 
considerable effort was made to achieve an accurate 
representation of the proton range distribution in the 
stack. The average projected range was measured by 
determining the density of proton endings in strips 330 
wide. These strips spanned the distribution of endings 
in a given plate. The range distributions were character- 
ized by a root-mean-square deviation of about 6.5%, 
resulting from effects discussed in Appendix D. A curve 
was drawn to best fit each distribution, and the median 
range was taken as that corresponding to the peak 
value of the curve. A typical example of the distribution 
of proton endings in a single plate is shown in Fig. 3. 

It was necessary to make certain modifications to 
these values before the incident-proton momentum 
could be obtained. 


2. Corrections lo the Measured Projected Ranges 


(a) Range shortening due to scattering The measured 
projected range was shorter than the true range along 


the track because of the multiple scattering incurred 
while the protons were slowing down in the emulsion. 
The average shortening for protons of a particular 
range was calculated by a method described in Appendix 
A, and this quantity was then added to the measured 
projected range. The effect amounted to about 0.5% 
of the total range and varied slightly across the stack. 

(b) Effect of the entrance angle.—It follows from the 
geometry of the apparatus that an “‘average” particle 
would enter perpendicular to the face of the stack at 
only one lateral (y) position, the remainder either 
climbing or diving in the emulsion when viewed on the 
microscope. This small but quite significant effect both 
shortened the projected range and created a difference 
between the entrance plate and the plate in which the 
protons actually came to rest. The correction is de- 
scribed in Appendix B. 

(c) Effect of the air path—-The above corrections 
afforded an accurate description of the true average 
proton range Rop(y) and momentum fop(y) as a func- 
tion of the entrance position y as shown in Figs. 4 and 5, 
respectively. However, in order to arrive at a quantity 
relating to the true average AK-meson momentum 
pox(y), which was of actual interest, it was necessary 
to correct for the difference between pox and pop in 
each plate. This difference resulted from the different 
rates of energy loss experienced by the mesons and 
protons in the air path between the entrance to the 
analyzing magnet and the emulsion stack. As a result 
of the correction, a modified proton range curve was 
constructed to represent the ranges Rop(pox) for 
protons of momentum equal to the average K-meson 
momentum as a function of entrance position at the 
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Fic. 4. The corrected proton range curves Rp(pp) and Rp(px) vs 
entrance-plate number. The upper curve was used to represent 
the K-meson momentum px in the mass determination as indi- 
cated in Fig. 7. (All measured K particles entered in Plates 10 
to 87.) 
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stack. This curve has been included in Fig. 4. The 
correction is described further in Appendix C, 


D. Scanning for the K Mesons 


K mesons entered the emulsion with a relative 
ionization about 1.8 times minimum. A swath perpen- 
dicular to the incident-particle direction, and about 1 
cm behind the stopping protons was scanned for 
tracks whose grain densities were estimated to be 
from 1.5 to 3 times minimum and whose directions lay 
within about 15° of that of the x axis. Such tracks were 
followed to their endings. The observation of one or 
more secondary tracks at the end point identified 
the primary as a K meson. The average K-meson track 
was thus followed for about 4cm. This procedure 
allowed a reasonably uniform efficiency for the observa- 
tion of particles of mass 800 to 1150 electron masses. 
Pions were at minimum ionization and were not 
followed. 


E. Identification of the Modes of Decay 


Almost all tau mesons, with their striking three-prong 
decay, were identified at once by the scanners. Further- 
more, the scanners followed to their endings all other 
secondaries recognized as being of low energy. In this 
manner most of the low-energy decay r’’s and some 
K,3’s were identified. Systematic identification of all 
other events was accomplished either by following the 
secondaries or by a blob count taken either near or at 
some distance from the decay point. These methods 
are described in detail elsewhere." 

Of those particles whose masses were measured, all 
7’s, 7s, Kys’s, Kgs’s, 32 Ky2’s, and 60 K,»’s were posi- 
tively identified by methods other than the simple blob 
count near the decay point. The results of the latter 
method are shown in Fig. 6. Shaded areas correspond 


to secondaries also identified by other methods. Events 
lying in the 4% overlap region between the K,» and 
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Fic. 5. Incident proton momentum pp plotted as 
By = (1/c)(pr/Mp) vs plate number. 
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Fic. 6. Normalized results of blob counts made on K, second- 
aries near the point of decay. Average number of blobs counted 
per track: 790. Curve = 3.75%, 


K,» distributions were eliminated in the selection of 
events for mass measurement. The remainder were 
considered to be either K,»’s or K,2’s. It was thought 
that the small number of K,3 and Kg; modes that might 
contribute to the main Ky» and K,» blob count dis- 
tributions would not be sufficient to significantly affect 
the mass values obtained with their inclusion, Forty 
K,o’s and twenty-eight A ,.’s from their respective blob- 
count groups were used in the mass measurements. 


F. Measurement of the K Ranges 


After the decay mode of a meson had been identified, 
the range of the primary meson was measured, The 
following procedure was selected as the most accurate 
method of determining the true ranges of the particles, 
considering the general character of their tracks. Most 
of the tracks were within 10° of being parallel to the 
x axis in the emulsion, which was one of the two direc- 
tions of motion of the microscope stage. Each track was 
followed backward from the point of decay. Coordinates 
(xi, yi, 2;) were recorded for each point where there had 
accrued a change in direction (from that of the previous 
point) greater than about 3°. The range was then ob- 
tained essentially from the sum of the chord lengths 
that were computed from these sets of coordinates. 
This method avoided errors due to random misalignment 
of the emulsions (which was less than 25 yw), air gaps,’ 
and “rub-off” or other similar losses of parts of the 
tracks near the surfaces of the emulsion. Occasional 
systematic error in the computed total range was 
negligible. Statistical errors were very small (less than 
100 4) compared to the range straggling. 


” The effect of air gaps is taken into account in the density 
correction in Appendix E, 
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Fic, 7, Curves giving R«(Mx,px) vs Re(Mp,px) 
for various values of Mx. 


Each track was followed to as near the edge of the 
emulsion as possible in order to establish its entrance 
position for the momentum determination. When a 
track was lost in the densely populated region of the 
protons, the entrance point was estimated by assuming 
that the track went half the remaining distance to the 
edge, maintaining the direction when last seen, and 
then followed the average particle direction for that 
plate as determined from the protons. An error of one 
plate in the entrance position would have resulted in 
an individual mass error of 1.5 m,. Most estimates 
should have erred randomly by less than half a plate, 
or O.8 m,. 


G. Evaluation of the Masses 


The range Rx(px) of a particle of charge Z«, mass 
Mx, and momentum px can be expressed in terms of the 
known range Rp(pp) of a particle of charge Zp, mass 


Mp, and momentum pp as 
Zr\?*Mk Mp 
Rx«(px) ( ) Rf x). 
Zx/ Mp Mx 
This equation forms the basis of the momentum-range 
method. The mass Mx is thus determined from a 
knowledge of Z«, Zp, Mp, and the range-momentum 
relation Rp(p) of the reference particle over the mo- 
mentum regions (Mx/Mp)px and px. The latter region 
is concerned in the determination of the momentum px 
as indicated in Sec. ILC. In this experiment Z« = Zp=1, 
the proton mass Mp was taken to be 1836.1 m., and 
Rp(p) was taken from the proton range tables of 
Barkas and Young" and the recent values of Barkas, 
Heckman, and Smith" (see Appendix E, 2). 
By means of Eq, (1) and the proton range-momentum 


(1) 


“W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579 (Rev.), September, 
1954 (unpublished) 

4 Barkas, Heckman, and Smith, University of California 
Radiation Laboratory Report UCRL-3298 (Abstract), February, 
1956 (unpublished) 
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relations, it was possible to construct a family of 
isomass curves by plotting, for various masses, the 
meson range Rx(px) as a function of the proton range 
for the same momentum, Rp(px). A small-scale re- 
production is shown in Fig. 7. Each event was recorded 
as a point on the graph with coordinates (Rx,Rp), using 
the measured value of Rx and the value Rp= Rop(pox) 
appropriate to the meson’s entrance position as de- 
scribed in Sec. IIC2. The corresponding mass was ob- 
tained by interpolating between the two nearest isomass 
lines. The masses were estimable to 0.5 m,, but actually 
the nearest integral value was used. 


Ill. EXPERIMENTAL RESULTS 
A. Characteristics of the Mass Distributions 


Histograms showing the actual distributions of the 
Ky3=7+17', Kyo, and Ky,» masses are presented in Fig. 
8. The results of an examination of these distributions 
are found in Table II. In each group were a few ab- 
normally high mass values. These probably resulted 
from collisions with the magnet pole piece or from 
inelastic scatters in the emulsion, which would have 
shortened the range and thus increased the apparent 
mass (see Appendix E, 5). In order to obtain the most 
valid average of the masses, these events were eliminated 
on the basis of Chauvenet’s Criterion.’ It is of some 
interest that the relative number of events in this 
category was about the same for all decay modes. As 
distributions were nearly Gaussian, no great error 
should have resulted from the assignment of the mass 
cut-off values on the basis of the normal probability 


ee meee 


M+ 966.4142.0 
o=14,9 Mm, 


LFA PTAA, PA __, 


WM «= 966,9+2.2 
o=21.3mM, 





A 


W*966.3+1.9 
o-16.7 mM, 


NUMBER /1O m, INTERVAL 


- - 
~~" @0o 


Kyy(T+T) 





os. @ 


1000 “1040 1080 21100 


MASS (ELECTRON MASSES) 


Fic. 8. Histograms showing the r+r’, Kyo, and Kyo mass dis- 
tributions. The shaded events were eliminated from the mass 
averages by Chauvenet’s criterion. 


® Chauvenet’s Criterion eliminates events from a sample of 
size m, where the probability is less than 4m that the event in 
question is a part of the distribution. See, for instance, Y. Beers, 
Introduction to the Theory of Error (Addison-Wesley Press, 
Cambridge, 1953), p. 23. 
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TABLE IT. Characteristics of the main mass distributions. 
(All mass quantities are in units of the electron mass.) 


Particle 


Total No. measured 


Number accepted in averaging 


Mean mass 

Standard error 
Standard deviation @ 
Chauvenet’s (AM max/a) 
Chauvenet’s cutoff 
Nearest excluded mass | 
AM,/a 

Alternate mean mass* 
Alternate std. error* 
Alternate std. dev. o’* 
Alternate A’M,/o’ 


Kr 
104 
98 
966.3 
+1.9 
18.7 
2.79 
1017.7 
1021 
2.90 
966.8 
+19 
19.3 
2.80 


Kw Kus 
60 100 
54 96 
966.4 966.9 
+2.0 +2.2 
14.9 21.3 
2.60 2.79 
1005.2 1026.5 
1017 
3.40 
967.4 
+2.2 
16.3 
3.05 
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* The alternate values include excluded mass M, nearest the cutoff. 


distribution and the standard deviations of the indi- 
vidual distributions. As a check, the averages and 
standard deviations were computed for the mass dis- 
tributions modified by the inclusion of the excluded 
value nearest the cutoff. These results are also given 
in Table IT. 


B. Predicted Mass Distribution 


For a test of the reasonableness of the experimental 
mass distribution, it was possible to construct a dis- 
tribution curve predicted from the expected behavior 
of the variables influencing the measurement. It was 
necessary to consider the effects of range straggling and 
the momentum distribution characterizing each en- 
trance point in the following way. 

In the velocity region of the AK mesons, the mean 
range R’ of a particle of mass My and momentum p 
behaves as R’/My=C,(p/M>»)*", where C, is constant. 
A measure M of the mass My based on the known 
momentum p and the actual range R will not in general 
yield the true mass M=Mp because of the range 
straggling of R about R’. In fact, the measured value 
M will follow the relation M=C,R™'*p'*. We define 
Ro by the equation 


M, CrRo ’ ® Do! r. 


where po(y) is the average momentum of all particles 
of the same entrance position y. The true momentum 
p varies about po because of the finite target width 
(Appendix D). From these relations, it follows that the 
mass value M obtained by using the measured range 
R and the mean momentum fo(y) can be expressed as 


5 


M R 0.5 p 1.5 
- ( ) ( ) | (2) 
My Ro(y) poly) 


We make the reasonable assumption that the relative 
rms range straggle op:,)/Ro(y) was constant across 
the stack, as was the relative momentum standard 
deviation op :,)/p(y). From the average standard devia- 
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tion om 
distributions, we find in Appendix D that o,/p 
for the calculated value of or/R=0.016. 

We can now obtain a plot of the relative mass dis 
tribution function P(M/Mo) by graphical methods. We 
first construct a curve defining the distribution P?(R/ Roy) 
by using the relation R’/ Ro= (p/ po)*® and a plot of the 
Gaussian distribution P(p/po) of standard deviation 
0.012, weighted according to d(R’/Ry)/d(p/ po). Next, 
the distribution P(R/R») is obtained by folding into 
P(R’/Ro) the straggling distribution P(R/R’), a 
Gaussian of the calculated standard deviation 0.016 
Finally, the function P(M/M,) can be plotted by 
using the relation M/Mo= (R/Ro) °° and the distribu- 
tion P(R/ Ro) weighted according to d(M/M,y)/d(R/ Ro). 
From P(M/Mo) the distribution function P(M) was 
obtained by using My=966.5 m,., and a normalized 
curve of this predicted distribution was plotted along 
with a histogram of all events combined; the result is 
shown in Fig. 9, The fit is surprisingly good. Deviations 
from a Gaussian are greatest in the high-mass tail, 
but can be noticed in the peak as well. The total effect 
of these deviations is not large; nevertheless the 
skewness is apparent and its result on the mass average 
is discussed below in Appendix E. The curve also demon 
strates the validity of the mass cutoff used in the 


19.1 m, actually obtained from the mass 
0.012 


averaging. 
C. Average Masses 


In Table LII are presented the averages of the masses 
obtained from the measurements, the errors, and certain 
small corrections that are discussed in Appendix E 
along with the systematic uncertainties. Also listed are 
the values and standard errors of the mass differences 
Mx-—-M, and M«r—M,,,,'). The standard errors are 
based on the standard deviations of the individual distri- 
butions, except for those of the K,3and Kg, whose small 
number of events made it more reasonable to use the 
average standard deviation of the other distributions. 

The average mass values and standard errors are 
such that any mass differences existing among the 1, 
K,2, and K,» mesons are less than 3m, with a prob- 
ability of 70%, and that the K,,; and Kgs masses are 
similarly equa! to the others to within 5 m, and 8 m,, 
respectively. These results are in agreement with other 
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Fic. 9. Histogram of the masses of all decay modes combined, 
and the predicted mass distribution (normalized). The shaded 
events were eliminated from the mass average. 
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Taste III. Values of the average masses and corrections. (All quantities pertaining 
to the mass are in units of the electron mass m,.) 


, , 


t+rT 


966.3 

+1,9 

+1.6 
98 


Particle type r r 


966.0 967.4 
42.1 +4 
+1.6 +1.6 
77 21 
—0.34+01 —0.340.1 
+0.740.5 40.7405 
+04+0.1 +0440.1 
—~0.5+0.5 —0.5+0.5 
966.3 967.7 


Mean measured mass 
Standard error (m,) 
Estimated systematic error 
Number of events used 
Averaging correction* 
Range-momentum correction* 
Emulsion density correction* 
Inelastic events correction* 
Corrected absolute mass 
Combined statistical and 

systematic uncertainty 

on absolute mass 
Mkx-—M, (standard errors) 
Mk-~-M,.4.,' (standard errors) 


966.6 


+2.7 +4.3 


1444.5 


+2.6 


* See Appendix EK. 


recent relative mass measurements*'®'? and are im- 
proved by a twofold reduction in the standard errors. 
In addition, an evaluation of the meson masses relative 
to the proton mass indicates that the primary mass 
values are equal to those obtained from Q-value deter- 
minations"' to within the experimental errors of about 
3 m,. 
D. Significance of the Results 


The results indicate at least a very near degeneracy 
among the K-meson masses regardless of the associated 


decay modes. Less than two years ago this fact would 
have been exciting if not startling ; however, in the past 
year, there has been a general trend toward an accep- 
tance of the idea, and in recent months some theoretical 
attempts have been made to reconcile this degeneracy 
with the increasingly apparent difference between the 


spin-parity configurations of the r(0,—)"!* and 
Kaz (0, +). It has also been established that, at least 
for the particles that come to rest in the order of 10~* 
sec,” the r, Ky2, and K,» all have very nearly the same 
mean life.”! 

Lee and Orear' propose a scheme wherein there are 
two primary heavy mesons, the @ and the r, the heavier 
of which is capable of decaying via y decay into the 
lighter, which has a different spin-parity configuration. 
The lifetime of the heavier corresponds to the measured 
value of about 10~* sec, and the lighter (daughter) 
decays in a time short compared to 10~* sec, so that its 


Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and Gold 
haber, Phys. Rev. 101, 1085 (1956). 

7 Heckman, Smith, and Barkas, Nuovo cimento 3, 85 (1956) 

'® Orear, Harris, and Taylor, Phys. Rey. 102, 1676 (1956) 

” Evidence of the @-+2° decay, hence even-integer spin of 
the @, has been found by J. Osher, University of California 
Radiation Laboratory Report UCRL-3449, June, 1956 (un 
published). Spin zero is more naturally favored than a spin two 
or greater, 

*® The proper time of flight of the K mesons in this experiment 
was 1.4 10"* sec. 

"V. Fitch and R. Motley, Phys. Rev. 101, 496 (1956); R. 
Motley and V. Fitch, Phys. Rev. 105, 265 (1957); Alvarez, 
Crawford, Good, and Stevenson, Phys. Rev. 101, 503 (1956), and 
to be published 


—~0.3+0.1 
+0.7+0.5 
+04+0.1 
—~0,5+0.5 


All 


966.7 
+1.1 
+1.6 
267 
—0.3+0.1 
+0.7+0.5 
+04+0.1 
—0.5+0.5 
967.0 


Kw 
966.6 
+2.0 
+1.6 

55 

~0.3+0.1 
+0.7+0.5 
+04+0.1 
—0.5+0.5 
966.9 


Kus 


966.9 
+2.2 +8 
+1.6 +1.6 
96 6 
—0.340.1 —0.340.1 —0.340.1 
+0.7405 +0.740.5 +0.740.5 
+04+01 +04+0.1 +04+0.1 
—0.5+0.5 -—-0.540.5 —0.52-0.5 
967.2 969 967 


Kgs 
967 


+8 +2.1 
—2.7+8 


—3.0+8 


+2.7 
0.64+2.9 
0.342.8 


+2.8 
0.9+3.0 
0,643.0 


+5 
1.345 
1.045 


measured lifetime is the same as the parent’s if the 
measurement is made on stopped particles. Either or 
both the r and @ may contribute to the Ky», Kys, and 
Kgs. Thus, if this scheme is correct, the primaries of 
all decay modes in this experiment are the same particle 
(hence no primary mass differences). However, the 
masses based on the Q-value determinations should 
differ between the @ and r, unless the transition energy 
between the two states is too small to be detectable as 
a mass difference. Several variations of the scheme are 
possible. Accurate Q-value determinations of the K,2 
and Ky,» masses as well as of the 7 mass are obviously 
important as a means of evaluating the validity of this 
cascade concept of K-meson behavior. It might be 
mentioned that the recoil from the decay of a K particle 
at rest into a y ray and another K particle would have 
been too short for identification as such unless the 
energy transition were greater than about 15 Mev 
(recoil of 3 microns). Q-value mass measurements! 
dictate that any transition must be an order of magni- 
tude smaller, and hence the recoil would not have been 
detected. 

Lee and Yang” and Gell-Mann™ have recently sug- 
gested that the apparent 6— 7 mass degeneracy actually 
follows from an invariance law, They assume that the 
7 and @ have identical spin (0) but opposite parity, 
and propose a new “parity conjugation” operator that 
changes the r of minus parity into a @ of plus parity, 
and vice versa. The identity or near identity of the r 
and @ masses results from conservation of parity con- 
jugation by strong interactions. Gell-Mann believes 
that parity conjugation is conserved by electromagnetic 
as well as strong interactions, and that the conservation 
fails only in weak (leptonic) interactions, hence the 
mass difference should be only a small fraction of an 
electron mass. One would expect rather long (~ 10~* sec) 
but not identical lifetimes. On the other hand, Lee and 
Yang admit the possibility of a violation of the con- 


* T, D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956) 
*M. Gell-Mann (private communication), 
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servation of parity conjugation in electromagnetic inter- 
actions, and thus the existence of a mass difference 
between the @* and r* of the same order of magnitude 
at that between the 7° and w+, or smaller, which could 
be compatible with the Lee-Orear scheme. A spin 0—0 
transition requires the emission of at least two y’s, 
and a mass difference should be of the order of 10 Mev’ 
(thus measurable) for a lifetime of about 10~* sec. 
From the results of this experiment alone one can 
make no choice between these ideas; the data simply 
indicate that the particles passing through the system, 
with lifetimes of at least 10~* sec, have close to the same 
mass. A genetic relationship as per Lee and Orear is, in 
principle, allowed by these data; however, the Q-value 
measurements require @, 7+ mass difference in this 
parity 


“ee 


scheme to be less than about 2 or 3 Mev." The 
conjugation” ideas are agreeable with existing data, 
with the stipulation that the measured stopped- 
particle lifetimes are the same”! and that, from this 
experiment, if the actual lifetimes are the same, any 
mass difference is no greater than about 1 Mev, for if 
the lifetimes are equal we have indeed measured the 
masses of the actual parents to the decay products. 
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APPENDIX A. SHORTENING OF THE PROJECTED 
PROTON RANGE DUE TO MULTIPLE 
SCATTERING IN THE EMULSION 


The range-energy relation deals with the average 
range (R), along the track and includes the effect of 
range straggling. 

The difference between the actual total length of 
track Ro and its projection Ro, along an axis representing 
the initial direction of the particle is 


Ro 
Ro— Roz® f (1 -cos@)dR, (3) 


0 


where @ is the spatial angle between the actual path and 
the initial direction. For small angles we use the approxi- 
mation cosé= 1—46*. The average shortening of a large 
number of tracks of equal initial energy is 


Ro, @(R) 
(Ro - Roz) f ( ) dR, 
0 2 hy 


and, as the distribution in 6 is Gaussian, we have 


+ fo Ova’ R) 
(Ro— Roz) | —AR, (4) 


) 2 
The range shortening is calculated in terms of the 
root-mean-square multiple-scattering angle (a function 
of the range). 

In order to most satisfactorily describe the scattering 


in photographic emulsion, we choose to use an expression 
basically derived from theory but fitted to experimental 
data on multiple scattering in emulsion. This function 
evaluates the mean absolute projected angle between 
two successive chords connecting points at intervals 
At along the path. We shall refer to this angle as 
A, chord, and when expressed in radians it has the 


average value” 


n Kf At! 
(AOx chord) wv ( ) radians, (5) 
180 pu \100 


for a singly charged particle of momentum p(Mev/c) 
and velocity v(cm/sec), when measured over a length 
Al(microns). The ‘scattering K (degrees 
 Mev/100 microns) is determined empirically for a 
particular type of emulsion, and is a slowly varying 
function of velocity and the cell length Ad. 

The relation between (AG, hora) in (5) 
spatial angle A@ between successive tangents to the 
path used in (4) can be shown to be 


constant”’ 


and the 


AO pins (3ar/ 2)8 (As chord) we?” 


Using the nonrelativistic relation pu=27 and the ap 
% Gottstein, Menon, Mulvey, O’Ceallaigh, and Rochat, Phil. 
Mag. 42, 708 (1951) 
% J. R. Peterson, University of California Radiation Laboratory 
Report UCRL-3244, April, 1956 (unpublished) 
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proximate range-energy relation 


T= AR, 


jn f wr \? At 
ans (- ) KR any 201 »(—) 

8A?\ 180 100 
for a particle of residual range R(microns), mass m in 
units of the proton mass, and kinetic energy T(Mev). 
Aé is in radians. 

A large number of particles, initially traveling in the 
same direction with residual range Ro, will, after 
reaching a point with residual range R, exhibit a mean- 
square angular deflection that may be expressed as 


R WB yn Ps 
Ou? -f dR 
hO dR 


We let At-»—dR in Eq. (7) (the minus sign derives 
from the fact that R is measured backwards from the 
end of the range), and A0,m,.’*d0,,?, then Eq. (8) be- 
comes, upon integration : 


(6) 


we obtain 


MB rine? (7) 


(8) 


eX? K%n-2-» 
Osmo = 10 (. ) - (Ro *"— RR"), (9) 
A*(1—2n) 


180 


The evaluation of Eq. (4), with the use of Eqs. (9) 
and (6), yields the desired expression for the average 
range shortening for protons of initial range Ro (microns) 
and kinetic energy 7(Mev): 


2 "2 2 
(Ry— Ros) 10e(* )(*) Z (=). (10) 
180 167 2(1—n)\To 


Taking the value of K=27 (degrees Mev/100 mi- 
crons) from Menon’s data” as a suitable average over 
the ranges considered, and an average »=0.57 from 
Barkas," we obtain the final result: 


(Ro Ros) w= 1.53X 107*(Ro/To)*. (11) 


These corrections amounted to roughly 0.5% of the 
proton ranges. The proton tracks had a mean absolute 
angular deviation of less than 20° to within 20 yu of the 
end, justifying the small angle approximation. The 
approximation pou= 27 holds for 65-Mev protons, but 
the assumed constant values of » and K may have 
caused an error, probably less than 15% of the total 
correction, or 0.075% of the range. The result would 
have been an error in momentum of 0.022% or 0.03% 
in meson mass. Any systematic mass error incurred 
in this correction, then, was probably less than 0.3 m,. 


APPENDIX B, CORRECTION FOR NONNORMAL 
ANGLES OF INCIDENCE 


As described briefly in Sec. ITC, the average incident 
angle varied according to the entrance position. The 
resulting dip of the track caused a shortening of the 


PETERSON 





1 1 4 L 
40 60 60 100 
Piate Number 


——+ 











j 
20 


Fic. 10. The tangent of the incident dip angle ¢p vs plate number. 


projected proton ranges and also meant that the en- 
trance plate was not that in which the ranges were 
measured. The average tangent of the dip angle op 
that a track makes with the emulsion plane was deter- 
mined in four different plates across the stack. These 
averages were plotted as shown in Fig. 10, and a 
straight line was drawn to approximate a fit. The 
measured proton ranges were then modified and the 
appropriate entrance plate was chosen on the basis 
of the values of tand, taken from the curve. 

The average of the tangent was taken from the 
measurements on a group of individual proton tracks 
selected in a systematic manner to avoid any bias. In 
each emulsion, these tracks were followed from about 
3mm from the edge of the emulsion until they either 
left the plate or had traveled about 2mm. The depth 
of the track in the emulsion was recorded at each end 
point and the difference was increased by the factor 
2.5 to compensate for shrinkage during development. 
It was also necessary to correct the measured distance 
between the end points on all diving tracks because of 
a distortion of the original y-z plane (parallel to the 
face of the stack) in each emulsion as shown in Fig. 11. 
This distortion resulted from an inward shift of the bulk 
of the emulsion during development, while the bottom 
(glass) surface remained fixed. It can be seen that the 
uppermost 40 » of the emulsion was left relatively un- 
distorted, the shift having been equal for all depths in 
this region. The effect was greatest at the edge of the 
emulsion, decreasing to zero at about 10 mm from the 
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Fic. 11. The typical lateral (inward) shift of the emulsion after 
development, measured about 3 mm from the leading edge of one 
of the plates. Experimental points taken from measurements on 
three different tracks are shown. Direction of the incident particles 
in the emulsion is indicated. 
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edge. The character and magnitude of the shift appro- 
priate to the dip angle measurements were determined 
by examining steeply diving tracks in the region of the 
measurements. The original direction of a track was 
established in the undistorted upper region of the 
emulsion and the relative distortion of the emulsion 
below was ascertained from the measured displacement 
of the actual track from the projection of the undis- 
torted track at various depths, A curve similar to Fig. 11 
was constructed for each plate in which the dip angles 
were measured. It can be seen that for diving tracks 
this distortion would effectively increase the dip that 
had characterized the track in the unprocessed emulsion. 


APPENDIX C. CORRECTION FOR MOMENTUM 
LOSS IN AIR 


The fact that protons and mesons of equal momentum 
have different rates of loss of energy and momentum 
in matter assumed significance in the air path following 
the onset of the momentum analysis, and resulted in a 
difference in the momenta of the mesons and protons 
of the same entrance position. A correction for the effect 
was made by computing this difference and shifting the 
proton range curve (Fig. 4) laterally in the y direction 
a distance dictated by the momentum dispersion dp/dy 
so that the new range corresponded to a proton mo- 
mentum identical to that of the K’s for the same 
entrance y. Several values of dp/dy were obtained by 
graphically differentiating the (proton) momentum 
curve (Fig. 5) and from these values a curve (Fig. 12) 
was constructed to represent dp/dy as a function of the 
entrance plate. 

In the correction, it was necessary to consider the 
paths between the entrance to the magnet and the 
emulsion stack (see Fig. 2). An exact analytical treat- 
ment would have been very difficult because of com- 
plexities arising from the action of the magnetic field 
and the geometry of the system. The help of several 
justifiable approximations, however, made possible a 
relatively simple yet quite accurate semianalytic 
procedure. 

Since the total change in momentum, and hence in 
radius of curvature along the air path in the magnet, 
was only about 0.7% for the protons and 0.2% for the 
mesons, we can restrict the approximation to the 
first order in small quantities. The rate of change of 
momentum, dp/dx, can be treated as a constant over 
the air path, its magnitude depending on the particle 
type and initial momentum po. 


dp/dx = —k;(po). (12) 


While in the magnetic field B, the particle trajectory 
has a radius of curvature 


p= (3.336pc/BZ) cm, (13) 


where pc is in Mev, B is in kilogauss, and the net 
charge Z on the particle is in electronic charge units 
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Fic. 12. The momentum dispersion dp/dy according 
to the entrance plate number. 


(Z=1 here). Assuming B is constant, we have p equal 
to a constant times the momentum: 


g@= hop, (14) 


and hence 


dp/dx Ss kika. 


If @ represents the angle through which the trajectory 
turns in a path length x, and if ¢=0 at the entrance 
to the magnet, then at any value of ¢, we have 


dx(p) = pd 
= [pot (dp/dp)o \do. 


Since (dp/dd)drora1 is less than 0.01po, we obtain 


dx™ pod, (15) 
and thus 


dp= — kkoppdp = — kyo. (16) 


The trajectory of a particle in the magnet, then, can 
be well approximated by the involute of an inextensible 
string of initial length po winding around a cylinder of 


radius k3=k,kopo, as shown in Fig. 13, with ks exag- 
gerated relative to the other dimensions (ky~10™%pp). 
The locus of the center of curvature is actually a spiral, 
but the error caused by the circle approximation is 
very small (~3% of the correction). 

Referring to Fig. 13, we note that, at the exit from 
the magnet, the lateral separation Ay, between a 


circular trajectory 


Coord/nate 4% 
System i. v~ Analyzing 
Magnet 


. Approa/mate trajectory 
wilh momentum 


/oss in alr / 


a 
7 ~~ o, 
/ C 


p\fo tbe 
o“\\_¢ 
\e 


by cos i 
.& 
ce 


Fic. 13. Diagram used in obtaining the correction 
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truly circular trajectory and the “actual” trajectory 


can be expressed as 


A¥m= m —¥m= pot Apt+ky sind — po 
Ap+ ky sind, 


and using Eq. (16), we have 


Ay-m kal sing). 


The angle Ad between the two trajectories is 


Ad = od! — b= (ks/ po) (1—cos). (18) 
If the path length between the magnet and the stack 


is x4 (po), the difference in y at the stack is 
Ay.= Ve — Ve 


Ym. Vm —XA sinAg—Ay m —x Ah 


kil (b— sind) + (x4/po)(1—cos@) | 


dp dp 


[ po(@— sind) +x,4(1—cos¢) }. (19) 


dp dx 


We designate the path length in the magnet as x,,(po). 
The total path in air, x7, after momentum analysis 
begins, is xr=x,,+x,, and we assume that these dis- 
tances are the same for both mesons and protons of the 
same momentum. We now assign the subscripts A and 
P to all functions representing mesons and protons 
when these functions are significantly different for the 
two cases. If the momentum dispersion at the magnet 
is dp/dy (slowly varying function of y), then the 
difference Ap, in the momentum between the protons 
and mesons at the entrance to the stack for any value 
of y is 


Ap.(y) = (pr 


(= 
‘i (y,' 


d y ; 


(= 
dx 


Pr)s 
dpp 
) 
dx 
Vat (¥' — 


~*) | 
XT 
dx | 


X [polo 


yp] 


dpo dp 
dp dy 


sing) +x,4(1—cos@)]}. (20) 


The value of Ap was computed for three different 
values of y. The proton momenta appropriate to these 
points were obtained from Fig. 5, and dp/dy from 
Fig. 13. The remaining quantities in Eq. (20) were 
determined for each point as follows: 


1. dp/dx= (1/fc)(dT'/dx): values of d7/dx in air for 


both the protons and mesons were obtained from the 


PETERSON 


range-energy tables (for protons) of Rich and Madey.” 
Appropriate numbers in the table were modified to hold 
for the mesons. The air density was taken equal to 
1.19 10~* g/cm*(23°C). 

2. po and dpo/dp were determined by using the 
measured values of p and B (=9.25 kilogauss) in 
Eq. (13). 

3. @(po) was extracted from the original wire-tra- 
jectory data. 

4. In order to include the effect of the fringe field, 
Xm was taken to be equal to pop rather than x» (geom), 
the length predicted by po, by the angle of incidence at 
the magnet, and by the magnet dimensions. 

5. x4, the magnetic-field-free path length was taken 
to be the physical distance from the stack to the 
magnet for a particular po, less the effective extent of 
the fringe field as estimated from }4[4m—%m (geom) | 
(factor 4 so as to include only the exit edge). 


Knowing the momentum difference Ap between the 
mesons and the protons, one could calculate the 
distance Ay by which the proton range curve should be 
shifted so as to accurately represent the true meson 
momentum, The expression 


Ay=—Ap/(dp/dy) (function of y) 


was used in computing the shift for each of the three 
points. A smooth curve Ay(y) was then constructed to 
fit the points, and the proton range curve was changed 
accordingly. It was then possible to compute the masses 
as described in Sec. IG, 

This correction effectively increased the K mass 
values by an amount varying from 6.3m, at the 
high-momentum side to 8.5 m, for the low momenta. 
The calculation should have been good to about 20%, 
or 1.5 m,. 


APPENDIX D. DISCUSSION OF THE 
STATISTICAL ERRORS 

Deviations of the individual mass values from the 
means were due largely to the spread in momentum 
characterizing any point at the face of the stack, and 
the range straggling of the K mesons. To a much lesser 
extent the precision of measurement was also affected 
by the uncertainty in determining the entrance position 
of a particular meson and by errors in measuring the 
true ranges of the mesons and the protons. 

The incident K mesons were in a velocity region 
such that the range-momentum relationship could be 
expressed by 
(21) 


R/M =C,(p/M)*, 


hence 
M=C,(R)°*(p)!, (22) 
where C; and C» are constants. 
The percentage straggling can be considered inde- 
pendent of momentum over the small momentum in- 


*©M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, March, 1954 (unpublished). 
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terval existing at each entrance position. Thus we can 
consider, as contributing to the variations of M about 
the actual mass Mo, the independent variations of R, 
due to straggling, about Ro(y) and p about po(y). Ro is 
defined (Sec. IIIA1) by Myp=C.Ro*po'> where po(y) 
is the mean momentum of particles entering the stack 
at a given position y. We assume that the relative 
standard deviations op/Ry and o,/po were constant 
across the stack. The root-mean-square deviations are 
related according to 


om or\? op\")' 
_{ (asi) + (18%) 
M, Ro Po 

The dominant contribution to op/Ry was the K-meson 
range straggling of 1.697. The errors in measurement of 
the meson range were less than 0.2% and could be 
neglected in og compared to the straggling, since each 
type of error enters the total in quadrature. 

The total o,/po=1.2% was obtained from Eq. (23) 
by use of the observed value of o4/My=1.9% and the 
calculated op/Ro= 1.6%. The errors in momentum de- 
riving from inaccuracies in estimating the entrance 
position (0.1%) and in ascertaining the true mean 
proton range (0.2[)) were an order of magnitude smaller 
than the total, and thus were negligible compared to 
the spread in incident momentum at each point on the 
face of the emulsion stack. This momentum spread 
was due mainly to the multiple scattering in the 0.09- 
inch Al window in the Bevatron vacuum tank and to a 
smaller extent to the finite size of the target and the 
multiple scattering in the air. The effect of the scattering 
in such a system is to give an apparently finite width 
to a line target, resulting in an apparent target that 
varies in density according to a Gaussian distribution. 

In this experiment the scattering was such as to 
produce a 1.2-inch width for a line target for the protons 
and a 0.63-in. width for the mesons, where the width 
represents twive the standard deviation on the Gaussian, 
The actual target was 0.625 in. wide, and when the 
effect of the scattering was folded into this square 
distribution, there resulted apparent targets that were 
in both cases almost Gaussian and had widths of 1.2 in. 
(protons) and 0.70 in (mesons). 

The resulting magnitude of the relative spread in 
momentum may be estimated by the equation 


(23) 


dp 1 dp 
p pdy 


Malu, (24) 


where dp/dy is the change in momentum per cm across 
the stack, My the horizontal magnification of the lens 
system, and Ly the effective width of the target. The 
quantities p and dp/dy were found (from the proton 
ranges) to be about 360 Mev/c and 6.6 (Mev/c)/cm. 
The magnification was estimated from the wire measure- 
ments with an accuracy of about 30% to be about 0.6. 
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These values and those above for the estimated effective 
target size yield momentum spreads of 0.9% for the 
mesons, to be compared with the value 1.2%) deduced 
from the mass distribution, and 1.6% for the protons, 
compared to 1.9% deduced from the proton range dis- 
tribution. The magnitude of the increase in the momen- 
tum uncertainty due to scattering in the air was not 
calculated. However, a simple estimate indicated that 
the effect was no more than one-third as large as_ that 
caused by the scattering in the aluminum window. It is 
probable, then, that the slight disagreement between 
the predicted and deduced momentum spreads is due 
to the air-scattering. In general the agreement is very 
good, considering the uncertainty in the horizontal 
magnification, 


APPENDIX E. DISCUSSION OF POSSIBLE SYSTEMATIC 
ERRORS AND SOME SMALL CORRECTIONS 
AFFECTING THE ABSOLUTE MASS VALUES 


The results may have been affected by certain sys- 
tematic errors other than those corrected for in Ap- 
pendices A, B, and C. Some of the effects indicated 
below may be more properly classed as corrections 
than errors, and some possess the properties of both. It 
is to be noticed that in any case these errors apply to 
the absolute mass values alone; the values of the 
masses relative to each other are affected by only the 
nonsystematic errors discussed above unless there exist 
differences in energy-loss processes among the various 
types. The effects treated in the Appendices A, B, and 
C would have given slightly greater spreads to the mass 
distributions, as well as systematic deviations of the 
averages had they not been considered, 

Systematic errors may have resulted from: 


1. Errors in the various corrections considered in 
appendices above. The magnitudes of these errors are 
estimated at the end of each Appendix and they affect 
the absolute mass as follows: 


~0.3 my, 
~0.4 m,, 
~1.5 m,. 


Error in range-shortening correction 
Error in entrance-angle correction 
Error in effect-of-air correction 


We shall assume that these are randomly distributed 
and may be added in quadrature. Then the total un- 
certainty of these corrections should have been less 
than 1.6 m,. 

2. Errors in the range-momentum The 
masses were determined on the basis of Eq. (1) re 


relations. 


written as 


Mx 
Mx MrRx(ps) /| Re — re) (25) 
Mp 


where Rx(px) is the measured range of a meson of 
momentum px, and Rp is the proton range for momen- 
tum (Mp/Mx)px. The momentum px was obtained 
from the tables of Barkas and Young,” for the proton 
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range Rp(px) from Fig. 5. Thus, the mass determination 
involves the two different momentum regions px and 
(M p/M x) px. In the region of px, the proton range R, 
follows the approximation R,= K,px’*, and in the re- 
gion of po= (Mp/Mx)px it obeys Eq. (21): Ro= Kp?”. 
It can be shown that if the ranges R; and R, should be 
increased by AR; and AR», respectively, in order to 
correct errors in the range-momentum relations, then 
the mass values obtained in the experiment should be 
corrected by adding 


(26) 


AR, 3.0 AR, 
au-(—--—- =) 
R, 3.35 Ry 


to the measured values. The range curves used were 
compared with the range tables recently recalculated 
by Barkas.”* The curve expressing R,(p,) was found to 
agree almost exactly with the new values, but the 
values for R,(p.) were slightly lower than the revised 
points in the upper third of the momentum region con- 
cerned, the maximum, error being about 0.55% in Ro. 
It was estimated, by examining the particles’ range- 
distribution, that one third of the mass values should 
be increased by 2 m,, thus a total correction of 0.7 m, 
on all mass values should be made if the new range 
values are correct. 

An error in the value of the mean ionization potential 
used (323+ 11 ev)" is reflected in a constant percentage 
error in the momentum deduced from any range, 
according to Barkas.*?’ Equation (26) may be re- 
written as 


AM = 3.0(Ap2/po—Api/piM. 


Thus if the percentage error in the momentum is 
constant owing to an error in the mean ionization 
potential, the mass should not be affected by the latter 
error. 

In summary, we find that all mass values in this ex- 
periment should be increased by about 0.7m, to 
correct for small errors in the range-momentum 
relations" that were used. This correction appears in 


Table III. 


7 W. H. Barkas (private communication). 
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3. Deviation of the average mass from the true mass. 
Equation (22) indicates the behavior of the mass 
values determined as a function of the meson range R 
and momentum ». Symmetric distributions in R 
(straggling) and px (finite target thickness) thus lead 
to a small asymmetry in the mass distribution, and 
hence, to a deviation of the average value of the mass 
from the true mass. A calculation based on Eq. (22) 
and good to the second order in small variations of R 
and p yielded (M)—My=+0.2 m,, where (M) is the 
average obtained by our method and M> the true mass. 

The average mass given by the predicted mass dis- 
tribution (Fig. 9) was computed to be 0.3 m, higher 
than Mo, in good agreement with the above calculated 
results. Choosing the value obtained from the predicted 
distribution as the more reliable, we then must lower all 
average mass values by 0.3 m,, as indicated in Table III. 

4. Correction for emulsion density. The measured 
density of the emulsion was 3.80+0.02 g/cm’. Barkas 
and Young’s tables” were based on an emulsion density 
of 3.815 g/cm*. In order to be valid for the measured 
density, all ranges in the tables should be increased by 
0.04+0.05%. From Eq. (26) and M=965 m, it follows 
that all masses should be increased by 0.04+0.5 m,, 
as has been done in Table ITI. 

5. Acceptance of inelastically scattered particles. 
An examination of the entrance angles and positions 
of all r’s and K,2’s indicated that a significant fraction 
of the abnormally high mass values may have resulted 
from particles having scattered off the pole pieces; 
others may have experienced inelastic collisions in the 
emulsion. If this was true, none of these events should 
have been included in the mass averaging, and the mass 
cutoff was justified. There may have been cases similar 
to these, whose mass values still lay within the accep- 
tance limits, thus affecting the average mass in spite of 
the cutoff procedure. In an attempt to determine the 
result of their inclusion, it was assumed that the 
distribution of these events was of constant density from 
the average mass value to the point at 1100 m,. The 
density was taken from the points lying outside the 
curve in Fig. 9. Such a distribution would have in- 
creased the average value by 0.5 m,. A correction of 
—0.5+0.5 m, has been included in Table IIT to account 
for this effect. 
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The amount of information contained in the moments of the angular and radial distribution functions 
of an electron-photon cascade is investigated. Methods of reconstructing the distribution functions from 
their moments are analyzed. It is shown that under the Landau approximation the moments determine 
accurately the angular distribution for all values of 46/E, greater than 0.5, and the radial distribution for 


all values of Er/E, greater than 3. 


1. PHYSICAL SIGNIFICANCE OF THE MOMENTS 


HE evaluation of the radial and angular dis- 
tribution functions for the particles in an elec- 
tron-photon cascade has proved to be an extremely 
difficult problem. Six different calculations have been 
made of the angular distribution'’~’ and three of the 
radial distribution,':? The performance of these calcu- 
lations has required the use of rather severe approxi- 
mations such as highly approximate cascade cross 
section and, in all cases except that of reference 6, the 
Landau approximation,® while the length of the calcu- 
lations involved has restricted their application to a 
few discrete values of the “age” parameter s. On the 
other hand, the calculation of the moments of these 
distributions is a straightforward process*” when the 
only approximations made are the use of the asymptotic 
cross sections for bremsstrahlung and pair production 
and the assumption that all angles involved are small. 
As the moments of the angular and radial distribution 
functions can be obtained so very much more easily 
than can the functions themselves, and as the use of 
fewer approximations enables them to be evaluated to 
greater precision than the functions, it is obviously 
worthwhile paying considerable attention to the prob- 
lem of extracting from the moments as much informa- 
tion as possible concerning the functions. 

The second moments, both angular and radial, have 
an immediate significance in that they give us a rough 
estimate of the average spread of the shower particles. 
It is possible, in principle, to measure the second 
moments experimentally, but we must note two diffi- 
culties here. Firstly, if one wishes to make a measure- 


* Also supported by the Nuclear Research Foundation within 
the University of Sydney. 
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ment of the second radial moment of the particles in 
a shower, without being given any information as to the 
shape of the radial distribution, then it is necessary to 
spread the measuring equipment over an area many 
times greater than the expected mean square spread. 
This is because the relatively few particles in the “tail” 
of the distribution may make quite a large contribution 
to the moment. Secondly, one must measure only those 
particles whose energies are an order of magnitude 
greater than the characteristic scattering energy L,= 21 
Mev, for only at these energies will particles in the 
tail of the distribution still satisfy the small-angle 
approximation. Obviously these sources of error become 
much worse when we try to measure the higher 
moments. 

Another factor which limits the applicability of the 
higher moments of the distributions is that they depend 
upon, not only the lower moments, but the higher 
moments of the elastic scattering cross section as well, 
and these are not at all well known as they depend 
quite sensitively upon the charge distribution within 
the nucleus. In the Landau approximation these 
moments are simply put equal to zero, Therefore the 
higher angular and radial moments of the distributions 
as calculated for various models such as those of 
Moliére,' Belenky,’ and Kalos and Blatt® under the 
Landau approximation have little or no direct physical 
significance at all. 

Thus we see that the moments are of very little prac- 
tical interest in themselves, and their usefulness must 
be assessed on their ability to provide us with infor- 
mation concerning the distribution functions. It is the 
purpose of this paper firstly to discover just how much 
information about the distribution functions is con- 
tained in the moments, and secondly to find a simple 
way of evaluating the functions from their moments, 

Where actual numerical values of the moments are 
required we shall use values computed under the 
Landau approximation, As shown elsewhere,® this 
approximation is considerably less accurate than has 
hitherto been supposed, even at small angles, and it 
becomes extremely inaccurate at large angles where, as 
we shall see, the moments are most important. How- 
ever, as more accurate values of the moments are not 
available, we have no choice but to use the Landau 
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approximation. It is hoped that this paper will assist in 
the assessment of the usefulness of the moments and 
will indicate the desirability, or otherwise of repeating 
their calculation without the Landau approximation. 


2. MOMENT GENERATING FUNCTION 


The most direct way of recovering the distribution 
function from its moments is by use of the moment 
generating function, that is, the Hankel transform of 
the distribution function (or Fourier transform in the 
case of the distribution of projected angles). This 
method is of particular interest because it is the only 
method which sets out to define the distribution 
function completely in terms of its moments alone. In 
those cases when it is applicable it also provides a proof 
that the moments are sufficient in themselves to 
uniquely determine the function. 

Consider a function 

f(x) xdx, (1) 


its even moments 


jue f "ate f(a)xde, (2) 


and its Hankel transform 


‘ © (-9)"fn 
g(y) -{ J (xy) {(x)xdx= ¥ — ; (3) 


0 n=? 4"(n!)? 


If we are given all the moments /,, we can, in principle, 
construct the function g(y) from its power series and 
invert the transform to find f(x). 


fa)= f Jolxy)eodvdy. (4) 


Firstly, we must note that we cannot simplify this 
procedure by inverting the series expansion of g term 
by term. Doing this gives us a purely formal expansion 
of /(x) in a series of derivatives of the delta function. 

In the rather unlikely case that the series in equation 
(3) can be summed analytically we have no trouble in 
finding f(x), but otherwise we must consider the re- 
striction imposed on this method by the possibility of 
this series having only a finite radius of convergence. 
The radius of convergence yo is defined by 


In 
yor =4 im | (n+ 4) - | (5) 
oiiens n+l 


So it is apparent that we must know the asymptotic 
behavior of /, quite accurately before we can estimate 
the radius of convergence. Let us consider some par- 
ticular examples. 

To find what the radius of convergence would be if 
we applied this method to the reconstruction of the 
track-length angular distribution of the electron-photon 
cascade, we shall use the Tamm-Beienky model." This 


J. Tamm and S. Belenky, J. Phys. U.S.S.R. 1, 177 (1939) 
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model gives for the track-length angular distribution 
under the Landau approximation’: 


f(x=e*, (6) 
where 


a=2q'K6/E,, q= 2.289. 


The moments of this distribution are 


fa= (2n+1) l, 
whence 
yo= Be 


Now although the series, Eq. (3), can in principle be 
summed for all values of y less than yo, a large number 
of terms will be required if y is of the same order of 
magnitude as yo. We can, then, say that a calculation 
of the Hankel transform g(y) by means of the power 
series is feasible only for y much less than yo. The inverse 
of this function can therefore be found fairly accurately 
for values of x much greater than 1/o. Using the Tamm- 
Belenky moments again we see that the track-length 
angular distribution can be found only in the range 


FO>E,/ 2/4, (8) 


that is, at values of the angle much greater than the 
half-width of the distribution. In other words, only 
the tail of the distribution can be found in this way. 

If we do not use the Landau approximation, the 
higher angular and radial moments are increased. We 
can no longer make a simple estimate of the radius of 
convergence because it depends upon the asymptotic 
form of the higher moments of the elastic scattering 
cross section. But as the true moments increase with 
n much more rapidly than they do under the Landau 
approximation we can be certain that the radius of 
convergence will be decreased. Consequently the 
minimum value of @ for which the track-length angular 
distribution can be found by this technique will be even 
further out in the tail of the distribution. 

To consider the possibility of recovering the radial] 
distribution in this way, we shall use the interpolation 
formula for the track-length radial moments given by 
Kalos” who has for the mth radial moment 


((Er)*") = 1-10(0.09372E,2)"[_(2n) ! P. (9) 


The radius of convergence is therefore zero; so this 
method can yield us no information at all about the 
track-length radial distribution. 

This is a result which has important implications. 
The fact that this series expansion of the Hankel trans- 
form of the radial distribution has zero radius of con- 
vergence means that this transformed function has a 
singularity of some type at the origin which prevents us 
from expressing it as a power series. It follows that the 
first few terms of such a series do not give even a crude 
approximation to the form of this function at the origin. 
Now, in his calculation of the radial distribution of the 

“M. H. Kalos, Ph.D. thesis, University of Illinois, 1952 
(unpublished). 
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electron-photon cascade, Moliére' commenced his 
numerical evaluation of the transformed function at 
the origin, using the first few terms of the power series 
expansion to define it there. This means that this trans- 
formed function is completely wrong at the origin, 
thereby invalidating his radial distribution at large 
values of r. The agreement between his radial distri- 
bution and that of Nishimura and Kamata’ at small 
values of r indicates that this initial error was sub- 
merged in the numerical development of the function 
towards smaller values of r. 


3. USE OF THE MELLIN TRANSFORM 


As the moment-generating-function method, the only 
available method which sets out to define the distri- 
bution function in terms of its moments alone, is 
unsatisfactory for the angular distribution and entirely 
useless for the radia] distribution, we are forced to 
resort to a method which uses, in addition to the 
moments, some further knowledge of the behavior of 
the function. This additional information normally 
consists of a knowledge (or guess) of the general over-all 
behavior of the distribution, and is typically expressed 
in the form of a “trial function” which is to be suitably 
modified to bring it into agreement with the known 
moments. 

Two different approaches based on this general 
pattern are typified by the method suggested: by Green 
and Messel!*:* in which the trial function is brought 
into agreement with moments by multiplying it by 
a polynomial of degree n, and the method used by 
Spencer'®'® for the problems of electron and x-ray 
diffusion in which he uses a series of trial functions each 
of the same form and differing only by a scaling factor. 
In problems where the general form of the distribution 
is well known and the trial function is expected to be 
fairly accurate by itself, these methods are quite 
suitable. But for our present purpose they suffer from 
the disadvantage that they cannot tell us to what 
extent the distribution so obtained is dependent upon 
the particular choice of trial function or of the method 
of modifying it. Hence they cannot help us in our 
endeavor to assess the amount of information that is 
actually contained in the moments. 

A method of reconstructing the function from its 
moments that is suitable for our purposes must have 
the following properties: 

(1) There should be no need to postulate a knowledge 
of the general behavior of the function, apart, of course, 
from the fact that it is continuous and monotonically 
decreasing. This means that, in so far as a trial function 
is required, it should be derivable from the moments 
themselves. 


4H. S. Green and H. Messel, Phys. Rev. 87, 738 (1952) 
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(2) It should be possible to assess the contribution 
made to the distribution function by each individual 
moment. This is necessary to enable us to find out how 
many moments should be evaluated and to see what 
degree of accuracy is required in the calculation of each 
moment, 

The method about 
criteria. 

Define the Mellin transform 


to be described satisfies these 


h(s)= x** f(x)xdx, 


which has the inverse 


sot io 
f(x)= (ri) f 


40 


x2 h(s)ds. (11) 


For integral values n of s we have 
h(n)=fn, 


so a knowledge of the moments defines the Mellin 
transform at positive integral values of its argument. 

In order to carry out the inverse transformation, 
Eq. (11), it is necessary first to extend our knowledge 
of the function to other values of s. We have two choices 
of approach here. We can either fit the known values 
of the function by the adjustment of suitable parameters 
in a function (or series of functions) whose inversion 
can be performed analytically, or we can perform a 
straight out interpolation of the function between the 
integral values and find the inversion by the saddle 
point method. The first method is of the type used by 
Green and Messel and Spencer which we have already 
discussed and classed as unsuitable for the problem in 
hand, We shall now see that the saddle point method is 
highly satisfactory and is furthermore very informative 
as to the actual physical significance of the moments. 
The application of this method to cascades is due to 
Nishimura and Kamata,'’ but they give no discussion 
of its accuracy nor of its range of application. 

The interpolation that is required for the saddle 
point method needs to be done rather accurately as the 
distribution function varies inversely as the square root 
of the second derivative of the transformed function. 
However an accurate interpolation is facilitated by the 
fact that interpolation functions, obtained from the 
moments themselves, already exist—see Eqs. (6) and 
(9). These functions play the same role in this method 
that the “trial function” plays in other methods, so we 
see that we are essentially using only the moments 
alone and are not assuming any additional knowledge 
of the behavior of the distribution. 

The interesting thing about the saddle point method, 
and it is this that makes it peculiarly suitable to our 
problem, is that it derives a particular point of the dis- 


(10a) 


wy Nishimura and K. Kamata, Progr. Theoret. Phys. (Japan) 
7, 185 (1952). 
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tribution from a corresponding point of the Mellin 
transformed function, and consequently from a par- 
ticular moment. Thus in deriving the function in this 
way we automatically discover which of the moments 
are the most important ones in determining the function 
in any particular range of angles or radii. 


We write 
h(s) =0(s)e™*), (12) 


where exp[ho(s) ] is the interpolation function (assumed 
given for all s) and o(s) is the correction function, known 
only for integral values of s but assumed to be a slowly 
varying continuous function. 

Now the saddle point method of evaluating an 
integral consists of writing 


sotto H 
Ta) a ala 


where s is chosen so that 
H'(s)=0. (13a) 


If, then, we neglect the derivatives of o(s) as being 
small compared to those of the interpolation function 
we have 


f(x) =1/(mi) 


aotio 
x *ta(s) exp[ho(s) ]ds 


sg i 


‘) ax 2+) f(s) 
(; [ho!”(s)}’ 


ho’ (s)= 2 Inx. 


To perform the calculation we choose integral values 
of s, for which h(s)=/, is known, calculate x from Eq. 
(14a) and f(x) from Eq. (14). If further values of f(x) 
are required we need only interpolate for h(s) to the 
same degree of accuracy that is required in f(x), It must 
be noted that the accuracy of this method depends 
throughout upon the availability of an accurate inter- 
polation function. 

When the inverse transform of the interpolation 
formula can be found analytically the calculation 
becomes even simpler. If fo(«) is the inverse transform 
of exp[ho(s) ], that is, if fo(x) is the distribution function 
whose moments are given exactly by the interpolation 
formula, then Eq. (14) reduces to 


f(x) =fo(x)o(s), 


where s and are still connected by Eq. (14a). 

The physical principle underlying the above described 
method can be best appreciated by the following 
argument.'* Suppose we have obtained an approxima- 
tion to the distribution function, denoted by fo(x). We 
wish to modify this function so as to make its moments 
agree with the known values of the true function. Let 


(14) 


with 
(14a) 


(15) 


I am indebted to Dr. J. M. Blatt for the suggestion of this 
approach, 
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us use Eq. (15) for this modification, i.e., we wish to 
find the function o(s). Let us look at the expression for 
the (2n)th moment of fo(x). 


fon= f x°” fo(x)xdx = exp[ho(m) J. (16) 


Now fo(x) is a monotonically decreasing function and 
x" is a monotonically increasing function of x, so ideally 
we should find that the integrand in Eq. (16) has a 
sharp maximum at some value of x, say at x=x,. Then 
the magnitude of the (2m)th moment depends almost 
entirely upon the value of fo(~) at and near the point ». 
Consequently the (2n)th moment of fo(x) can be 
adjusted simply by multiplying the function at, and 
near, the point x, by the ratio of the true moment and 
the moment of fo(x). That is, we define f(x) by Eq. 
(15), with o(s) defined by Eq. (12), but now instead 
of Eq. (14a) we relate s and x by x=, 

If now we replace m in Eq. (16) by s and then dif- 
ferentiate with respect to s, we obtain 


h,'(s) = f 2 inset foa)ude / x" fo(x)xdx. (17) 


If the integrand in Eq. (16) has a sharp maximum, then 
the integrands in both the numerator and denominator 
of Eq. (17) have sharp maxima at very nearly the 
same value of x. Hence Eq. (17) reduces to Eq. (14a) 
and the two methods are equivalent. The requirement 
that the integrand in Eq. (16) have a sharp maximum 
is exactly equivalent to the underlying approximation 
inherent in the saddle point method, which is that the 
integrand should have a sharp minimum along the real 
axis. This is a fairly rigorous requirement, but in 
practice it does not appear to affect the accuracy of the 
method except for the cases n=0 and, perhaps n=1, 
as we shall see later. 

We can now also see what role the moment inter- 
polation function [or the equivalent trial function 
fo(x)] plays. It determines the relation between s and 
x, as seen by Eqs. (14a) and (17). Thus the interpolation 
function tells us at what value of x the distribution 
makes the most contribution to the (2n)th moment, and 
then the moment itself is used to adjust the value of 
the function at this point. 

We have calculated both the track-length angular and 
radial distributions of an electron-photon cascade by 
the above method. The projected angular distribution 
was chosen because the numerical results of a calcu- 
lation of this function by Kalos and Blatt® were readily 
available for comparison. This calculation used ‘“super- 
simple” ” cross sections so we have used as “exact” 
moments the moments of the super-simple model as 
calculated by Kalos,” For the moment interpolation 

“F, L. Friedman, Massachusetts Institute of Technology 
Technical Report No. 31, 1949 (unpublished). 
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function we have used the formula 
exp[ho(m) ]= (2n) !/(4q1)", 


“a= 2.145. 


This expression was deduced from the projected 
moments of the Tamm-Belenky model (renormalized to 
agree with the super-simple model—hence the new 
value for the parameter g) which are greater than Eq. 
(18) by the factor 


(18) 
where 


2C (n+1)/m}}. 


The expression we have used does not give as good a 
second moment but yields much more accurate higher 
moments. For the variable x we have used 


x= E0/E,. (19) 

The results of this calculation of the projected angular 
distribution are given in Table I and Fig. 1. The solid 
line in Fig. 1 is the projected track-length angular dis- 
tribution calculated by Kalos and Blatt. The values 
calculated by us from the moments are entered as 
circled dots. It can be seen that our calculation agrees 


Taste I. Calculation under the Landau approximation of the 
projected track-length angular distribution of the super-simple 
model from its moments. 





Interpolation 
formula 


1.000 
0.233 
0.326 
1.191 1.140 1.04 2.221 
5.940 7,440 0.798 2.904 


“Exact” 
moment 


1.000 


0.300 
0.406 


E6/E, 


0.192 
0.859 
1.539 


a(n) 


“1.00 
1.29 
1.25 


J(E6/E,) 


0.812 
0.160 
2.2710 
2.77104 
3.06 10~¢ 





almost exactly with that of Kalos and Blatt. We also 
see that these few discrete points, although widely 
spaced, are sufficient to define the angular distribution 
at all points except in the region, 


K0/E, <}. 


The remarkably close agreement between the angular 
distribution of Kalos and Blatt and our distribution 
obtained from the moments provides a verification both 
of the accuracy of the Kalos and Blatt distribution” 
and of the validity of the method we have used to 
recover the distribution from the moments. 

This method of reconstructing the distribution 
function from its moments must fail at small values of 
the variable, because in this region the integrand in the 
Mellin transform inversion integral does not have a 
sufficiently sharp minimum to allow the saddle point 
method to be used. 

For the calculation of the track-length radial dis- 
tribution (not projected) by this method, we have used 


® The distribution is, of course, invalidated by its dependence 
on the Landau approximation. By “accuracy” here we mean 
that there has been no additional error introduced in its deriva- 
tion. 
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Fic. 1. Calculation under the Landau approximation of the 
projected track-length angular distribution of the super-simple 
model from its moments. Each circled dot is the value of the 
function as calculated from the (2m)th moment with the specified 
value of m. The curve is the distribution as calculated by Kalos 
and Blatt.® 


for the moment interpolation formula Kalos’ expression 


exp[ho(n) }= 1.10(0.09372)"[ (2n) | P, (20) 
where 


x= Er/E,, (21) 


while for the “exact” moments we have used the 
moments of Approximation-A.** The results of this 
calculation are recorded in Table LI and Fig. 2, The 
full line in Fig. 2 is the track-length radial distribution 
as calculated by Eyges and Fernbach‘ who also used a 
method of reconstructing the function from its moments. 
It can be seen that our points agree perfectly with their 
curve. The broken line is a continuation of the Eyges 
and Fernbach curve drawn so as to pass through our 
points. 

The agreement between our points at n=0 and n= 1 
with the result of Eyges and Fernbach is certainly 


TABLE II. Calculation under the Landau approximation of the 
track-length radial distribution of Approximation-A from its 
moments. 


“Exact” 
moment 
1.00 
0.72 
7.20 
4.93 10? 
1.38 10° 
1.04 108 
1.7110" 


Interpolation 
formula 


1.10 
0.41 
5.55 
4.68 x 107 
1.38 10° 
1.05 K 108 
1.71 10" 


Er/Bs 


0.096 

1.94 

6.22 
13.0 
22.1 
33.7 
47.8 


a(n) 


0.91 
1.76 
1.30 
1.05 
1.00 
0.99 
1.00 


S(Hir/ Ba) 


23.6 
2.29 107% 
743% 107% 
4.461077 
4.01 107% 
443x104 
5.32 10°" 
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Fic. 2. Calculation under the Landau approximation of the 
track-length radial distribution of electrons in an electron-photon 
cascade from its moments. Each circled dot is the value of the 
function as calculated from the (2n)th moment with the specified 
value of n. The full line is the distribution as calculated by Eyges 
and Fernbach.* 


heatening, but is not sufficient to guarantee the accuracy 
of the function in this region, Our value at n=0 is very 
doubtful because the saddle point method is not at all 
accurate here. Furthermore, the rather rapid fluctuation 
of the moment correction function o(n) between n=0 
and n= 1 throws doubt upon the accuracy of both these 
points. The agreement with Eyges and Fernbach does 
not allay these doubts because their calculation, being 
also based upon the moments, is probably open to 
similar sources of error. However our calculation is 
valid for all values of Er/E, greater than about 3, 
although it must be noted that the particle density at 
this distance falls to 10~* of its value at the origin so 
that the behavior of the radial distribution at these 
large distances is not likely to be of very great physical 
interest. The distance defined by Er/E,=3 is, for an 
electron of energy 100 Mev at sea level in air, equal to 
175 meters. 

It is apparent that this method of obtaining the dis- 
tribution function from its moments is not nearly as 
successful with the radial distribution as it is with the 
angular distribution. Not only is the region of small 
values of the variable where the function is not accu- 
rately determined much greater in the radial distribu- 
tion than it is in the angular distribution, but also the 
discrete points at which the distribution is well defined 
are much further apart. Note that, in going from one 


point to the next, the angular distribution changes by 
roughly a factor of 10 whereas the radial distribution 
moves in steps of 100 to 1. 


4. DISCUSSION 


We have studied the problem of recovering the 
cascade angular and radial distribution functions from 
their moments with particular emphasis on finding out 
how much information about the functions is actually 
contained in the moments. We investigated the use of 
the Hankel (or Fourier) transform as the only method 
which allows, in principle, of a complete and exact 
determination of the function from the moments when 
all of the moments, are known. However it is only 
capable of doing this when the power series expansion 
of the transformed function has an infinite radius of 
convergence. When the radius of convergence is finite, 
as in the case of the angular distribution, this method 
will yield information of the function only in the “tail” 
of the distribution. If the radius of convergence is zero, 
as in the case of the cascade radial distribution, the 
method fails entirely. 

On the other hand, we found that the use of the 
closely related Mellin transform gave a very practical 
and simple method, It requires a knowledge of a fairly 
accurate interpolation function for the moments, but 
this is available for both the cascade angular and radial 
moments. It is an extremely simple method in its 
application and has the advantage that it is not limited, 
as is the Hankel transform method, to any particular 
class of function. However we find that the same condi- 
tions which render the Hankel transform method 
useless also limit the applicability of the Mellin trans- 
form method to points in the extreme tail of the dis- 
tribution. 

In the course of our analysis of these methods we 
have discovered a true measure of the actual amount of 
information about the distribution that is contained in 
the moments. We have seen that each moment contains 
information about the value of the function only at and 
near the value of « at which the maximum contribution 
to that moment arises. Thus the higher moments yield 
information only about the tail of the distribution. It 
follows that as the physical significance of the distribu- 
tion fades away as we go further into the tail so must 
the importance of the higher moments become less and 
less. In other words, only a small number of the moments 
are worth calculating. 

Analyses of the importance of the moments which 
are based entirely upon the Hankel (or Fourier) 
transform method tend to yield an opposite conclusion, 
namely that as the behavior of the distribution near 
the origin depends upon the behavior of the tail of the 
transformed function, so must it depend upon the 
values of the higher moments. In fact this reasoning 
leads one to the conclusion that a knowledge of all the 
moments yields a knowledge of the distribution at all 
values of the variable. But we can now see that this 
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reasoning only applies when the distribution is of such 
a form that the Hankel transformed function has an 
infinite radius of convergence. As neither the cascade 
angular or radial distributions satisfy this criterion, 
we find that there is no reason to believe that a knowledge 
of their moments can ever yield the behavior of the distribu- 
tions at small values of the variables. 

The calculations we have performed of the track- 
length angular and radial distributions of the electron- 
photon cascade under the Landau approximation indi- 
cate that the Mellin transform method of reconstructing 
a function from its moments can be used for the evalu- 
ation of these distributions for all values of the angular 
variable H6/F, greater than 0.5 and of the radial 
variable Er/E, greater than about 3. As this is a very 
simple calculation, it indicates that any future direct 
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evaluation of the angular or radial distribution functions 
need only be carried out for smaller values of the vari- 
ables; at the larger values the functions are much more 
easily obtained from their moments. However, it must 
be pointed out that these estimates were made using 
values of the moments calculated under the Landau 
approximation. The increase in the higher moments that 
will ensue when this approximation is dropped will 
increase the minimum angle or radius at which the dis- 
tribution can be obtained from its moments. The actual 
magnitude of this increase cannot as yet be estimated. 
The author wishes to thank Professor H. Messel and 
Dr. J. M. Blatt for helpful discussions. He is also 
indebted to the Commonwealth Scientific and Indus- 
trial Research Organization for the provision of a 
research grant. 
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Charged-Pion Production in Lithium{* 
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This article reports the measurement of charged-pion production cross sections in Li* and Li’. The meas 
urements were made on 40- and 52-Mev pions emitted at 90° to a proton beam of 242-Mev energy. The 


results show a higher r*/x 
the Pauli exclusion principle. 


I, INTRODUCTION 


W* have measured the absolute cross sections for 
the production of charged pions by 242-Mev 
protons on Li’ and Li’. The pions were emitted at 90° 
to the proton beam and measurements were made at 
pion energies of 40 and 52 Mev in the laboratory 
system. 

The charge-independence prediction' for the produc- 
tion of pions by protons on nuclei of isotopic spin 0 is 
given by the Watson relation 


200=04+0-, 


where go is the differential production cross section for 
neutral pions, and o, and o— are the corresponding 
differential cross sections for positive and negative 
pions. Since this experiment determines o,-+-¢_, a meas- 
urement of oo at the same proton energy would con- 
stitute a test of the charge independence hypothesis. 


t This research was assisted by the U. S, Atomic Energy Com- 
mission. 

* Based on a thesis submitted to the Graduate School of the 
University of Rochester in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

t Now at RCA Laboratories, Princeton, New Jersey. 

1K. M. Watson, Phys. Rev. 85, 852 (1952); A. M. L. Messiah, 
Phys. Rev. 86, 430 (1952); J. M. Luttinger, Phys. Rev. 86, 581 
(1952). 


ratio for Li® than for Li’; this observation can be qualitatively explained by 


This prediction assumes, however, that equivalent final 
nucleon states are available for each of the three modes 
of meson production. At proton energies not greatly in 
excess of threshold, the details of nuclear structure may 
obscure the charge-independence prediction. This ex- 
periment was undertaken to obtain new data on pion 
production in low-Z materials and to explore the utility 
of the Watson relation as a test of charge independence 
at the energies available with the Rochester synchro- 
cyclotron. 


Il. EXPERIMENTAL ARRANGEMENT 


The internal proton beam bombarded a 3 in. X ;% in. 
4 in. Li target located at a radius of 59 in. in the 
synchrocyclotron. Pions emitted in the median plane at 
90° to the proton beam followed curved trajectories in 
the fringing field of the cyclotron. Floating-wire meas- 
urements were used to design a channel that defined 
the solid angle and energy interval of the emitted pions. 
The pions were detected in a scintillation crystal 
telescope by using pulse-height analysis to separate the 
pions from the background. The proton beam was 
measured absolutely using the C!*(p,pn)C" reaction 
from the carbon in a 2-mil polyethylene foil attached 
to the target. 
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Ill. PROCEDURE 
A. Solid Angle and Energy Interval 


The solid angle defined by a small rectangular crystal 
is A{YL= ApAd, where Aé is the plane angle in the hori- 
zontal plane and A@ is the angle in the vertical plane. 
Consider the horizontal plane first. The paths of 
trajectories in the median plane were mapped by the 
floating-wire technique. A rod simulating the target was 
mounted in bronze bearings so that it was free to rotate. 
The wire from the center of the rod, simulating the pion 
trajectory, then passed over a pulley and was loaded 
with a mass of 500 g. The current was then adjusted so 
that the wire corresponded to a given pion energy. The 
angle of emission of the wire with respect to a radius 
through the center of the target was measured by re- 
flecting a cross hair from a mirror mounted on the rod 
in the same manner that galvanometer deflections are 
measured, Five or six trajectories separated by approxi- 
mately 2° in horizontal emission angle were taken in 
the neighborhood of 90° at 35, 40, 45, 50, 55, and 
60 Mev. 

By using these trajectories, channels at 40 and 52 
Mev were designed and analyzed. Figure 1 shows the 
geometry of the channel for 52-Mev pions where the 
emission angle in the horizontal plane is defined by the 
channel entrance and a }-in. square scintillation crystal 
along axis (2). By plotting the intersection of trajec- 
tories of one energy with channel axis (1) or (2) as a 
function of horizontal emission angle, one can predict 
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Fic. 2. Horizontal acceptance angle as a function of pion energy 
for 52-Mev pion channel. 


EDWIN K. GATCHELL 


the horizontal emission angle, Ag, subtended by the 
channel and scintillation crystal combination. Figure 2 
shows the result of the analysis for the 52-Mev channel. 
The area under the curve then is A@AE. Since the target 
is y's in. thick and the above procedure assumes a point 
source, the  omnlyele was repeated with the trajectories 
displaced 3%; in. on either side of the target position. 
The result is that AGAE changes by less than 8% while 
the mean energy of the accepted pions changes by 
1.3 Mev. 

For small vertical displacements from the median 
plane, it can be shown that 


dz e OH, 
—=— — sinb, 
ds* pe Os 


where z=vertical displacement of pion from median 
plane, b=angle between radius vector from the center 
of the machine and the velocity vector of the pion, 
H,= vertical component of magnetic field, and s=path 
length of pion from target. The function? 0H,/dr has 


TABLE I, Energy interval for Li® and Li’ targets—error 
in standard deviations. 


AQAE (sterad Mev) 


(1.25-+-0.06) 4 10- 3 
(1.404-0.07) x 10~* 
(1.2140.06) x 10-% 
(1.38+0.07) x 10-8 


Target energy 


Li® 40 Mev 
Li® 52 Mev 
Li’ 40 Mev 
Li’ 52 Mev 





recently been measured to better than 0.5%. Sinb was 
measured from the trajectories and the equation was 
integrated numerically. The }-in.X-in. crystal, along 
channel axis (2), defined the beam vertically. From 
the numerical solutions, it was possible to determine Aq, 
the vertical angle subtended by the defining crystal, 
for any point along the target. The vertical proton 
distribution over the target, measured by cutting the 
polyethylene foil into strips and measuring the activity, 
was folded in with A to give (Ad), the mean vertical 
angle. 

The largest error in the solid-angle—energy interval, 
(Ad)wAbAE, is in A@ which results from the error in 
emission angle of the wire of 0.1° giving a 5% error 
in A@. Since the Li® target was 2} in. long and the Li’ 
target was 3 in. long, there is a small difference between 
(Ad) for the two cases due to the difference in proton 
distribution. Table I lists the results for Li® and Li’ 
targets at 40 and 52 Mev. 


B. Proton Beam 


As an absolute beam intensity standard we used the 
C'*(p,pn)C™ reaction and counted positrons from a 
2-mil polyethylene foil attached to the target. The 
counting was done with an end-window Geiger tube 
placed inside a Lucite-lined lead shield. The target foil 


*E. M .Hafner (private communication). 
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was 20 cm below the counter so that the counting 
efficiency was constant over the 3-in. target length. 
This counting arrangement had been previously cali- 
brated’ by using a radium D-E source from the Bureau 
of Standards for measuring p-p and p-d cross sections. 
Since that time Crandall et al. have remeasured the 
C"(p,pn)C"™ cross section at 240 Mev and the agree- 
ment between Berkeley and Rochester p-p cross sections 
is closer than the error quoted in either experiment. 
This development gives one considerable confidence in 
using this technique for absolute beam measurement. 

The counter was equipped with a univibrator which 
reduced the counter voltage below threshold after each 
pulse thereby introducing a fixed dead time. All count- 
ing was done at rates such that the dead-time correction 
was less than 10%. The activity was followed for 4 half- 
lives and no other activity than the 20.5-min C" 
half-life was ever observed. 

In order to take pion production data, it was neces- 
sary to have a monitor and, for this purpose, two 
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separate neutron-monitor telescopes were used as shown 
in Fig. 3. The axes of the telescopes were set at about 
20° to the forward neutron beam and detected scattered 
protons from a block of paraffin placed at the entrance 
of the channel. Each telescope consisted of two Sintilon 
crystals separated by 3 in. 

Since the proton beam was reversed to obtain both 
plus and minus pions, it was convenient to have some 
method of intercalibrating the two neutron monitors. 
This was accomplished by using a thermocouple to 
measure the heat flow from the target. Constantan wires 
were soldered at either end of the copper rod supporting 
the target. The thermal emf developed across the two 
constantan leads was measured by a Leeds and Northrup 
slide wire potentiometer. Since the heat flow down the 
rod is proportional to energy loss in the target, the 


+R. Schamberger, University of Rochester thesis, 1954 (unpub- 
lished); D. Klein, University of Rochester thesis, 1954 (unpub- 
lished). 

4 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 329 
(1956). 
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thermal emf is proportional to the proton beam. 
Figure 4 shows the linearity between the neutron 
monitor counts/min and the thermal emf. The thermal 
emf served as a check on the stability of the neutron 
monitors as well as a means of intercalibration. No 
significant drifts were found. 

After the pion data were taken, the activity in the 
polyethylene foil was allowed to die out. A short 
calibration run was then made, the neutron-monitor 
counts recorded, and the foil beta counted. Upon using 
a value of 37.2 mb for the C'*(p,pn)C" reaction, the 
number of protons per neutron monitor was calculated, 
Then, by means of the thermal emf data, the other 
neutron monitor readings could be expressed in terms 
of protons. 


C, Energy of the Proton Beam 


Since pion production cross section is a sharp function 
of the proton energy, meaningful results require that 
the proton energy be carefully monitored. Radial 
oscillations produce an energy spread in the primary 
beam striking a fixed target and changes in radial 
oscillations cause variations in the mean energy of the 
proton beam. The energy of a proton is, for all practical 
purposes, equal to the synchronous orbit energy. How- 
ever, a radial oscillation may cause a proton to strike 
the target at 59 in. with a synchronous orbit radius less 
than 59 in. and the proton energy would then be less 
than the synchronous orbit energy of 59 in. 

Now the synchronous orbit energy and frequency of 
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revolution of the proton are related to the synchronous 
orbit radius H(r) by 


H (r)ec 
2nf(r)’ 


where E is the total energy of the proton. Since H(r) is 
known for the Rochester machine, one obtains “D” 
voltage frequency as a function of the proton energy. 
For each prompt event such as a fast neutron or a 
meson, one needs only to measure the instantaneous 
frequency of the synchrocyclotron oscillator to deter- 
mine the energy of the proton causing the event. This 

yas accomplished by displaying the prompt pulses on a 
scope whose horizontal sweep was calibrated in terms 
of the frequency of the synchrocyclotron oscillator. The 
operating parameters of the cyclotron were adjusted to 
give the highest mean energy of the beam and the 
proton energy distributions were monitored continuously 
while final data on pion production were taken. 

While the above method measures the effect of 
radial oscillations, it does not take recirculation into 
account. Clark® has measured recirculation in the 
Rochester machine as a function of the multiple 
scattering in the target. By using his results, the effect 
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Fic. 7. Pion pulse-height distributions 


*D. L. Clark, University of Rochester thesis, 1952 (unpub 


lished). 


of recirculation was calculated for the Li target and the 
effect of recirculation was folded into the distribution 
due to radial oscillations. The final distribution is 
shown in Fig. 5. 


Pion Detection 


Figure 6 shows the geometry of the pion channel and 
the scintillation telescope for the 40-Mev case. The 
geometry is such that the channel entrance and counter 
(1) define the beam. The distance between the (1) 
counter and the (2) counter represents a compromise 
between low signal-to-noise ratio when this distance is 
small and large multiple-scattering losses and inaccu- 
racy in determining the solid-angle—energy interval 
when the one two distance is large. 

In order to separate out the pions from the large 
background (caused by neutron-induced events), pulse 
height analysis is extremely useful. The electronics for 
this were straightforward. A fourfold coincidence with 
5X10~*-sec resolving time opened a 0.1-usec gate of a 
gated amplifier and the signal causing the coincidence 
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Fic. 8. Pion range curve for 40-Mev pions. 


from counter two, appropriately centered in the gate, 
was fed into the input of the gated amplifier. The output 
of the amplifier fed a 24-channel pulse-height analyzer. 

The counters were calibrated in a 50-Mev pion beam, 
deflected and focused with a wedge magnet into a well 
shielded auxiliary channel. Delay curves and voltage 
plateaus were taken and the pulse-height analyzer 
calibrated, Since 1-meter light pipes were necessary in 
order to shield the phototubes, high collection efficiency 
in the phototubes was necessary. For this reason rela- 
tively slow DuMont 6292 and 6291 phototubes were 
used. The flat-topped voltage plateaus and delay curves 
obtained indicated 100% efficiency for the counters. 

After calibration the crystals were moved to their 
correct position in the 90° pion channel. Pion identifi- 
cation was based on: 

1. Particles passing through the channel as deter- 
mined by taking differences between the channel open 
and the channel plugged. Figure 6 shows a 2-in. long 
brass plug which could be removed or inserted remotely. 
This defines momentum. Figure 7 shows a typical pair 
of plug-in plug-out pulse-height distributions. The 
difference between the two curves is a measure of the 
pions through the channel. 
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2. Correct pulse-height amplitude which is a measure 
of specific ionization. 

3. Range of the particles corresponding to the range 
of pions predicted by wire measurements. Figure 8 
shows a range curve obtained for the 40-Mev channel. 
After allowing for the energy loss in the crystals, the 
mean pion energy is found to be 40.2 Mev. 50% of the 
mesons stopped in a thickness of copper equivalent to 
2.8 Mev. Analysis of the wire measurements, assuming 
a constant distribution of mesons over the ;'g-in. target, 
predicts a mean energy of 40.4 Mev and predicts that 
50% of the pions should have a spread of 2.5 Mev. 
The 52-Mev channel yielded similar agreement. 

The raw data were corrected for pion decay in flight, 
multiple-scattering losses, and slit scattering. The 
largest of these corrections, due to pion decay in flight, 
is 10%. Since neither the Li® nor the Li’ target was 
100% pure isotope but contained approximately 8% of 
the other isotope, a subtraction had to be made to 
take into account the target contamination. This in- 
creased the errors and was particularly unfortunate in 


TABLE IT. Differential production cross sections for 40- and 
52-Mev pions produced in Li® and Li’. 


Cross section in units 
of 107%? cm? Mev™ 


Process sterad™ nucleus™ 


Li? 40-Mev rt 19 +10% 
Li’ 40-Mev x 2.0 +10% 
Li? 52-Mev x 0.46+10% 
Li® 40-Mev rt 45 +13% 
Li® 40-Mey r 0.704-29% 
Li® 52-Mevy r* 27 +10% 
Li® 52-Mev x 0.57414% 


the case of Li? r+ at 52 Mev where the correction factor 
was so large that the result was not reliable. 

Table II lists the results together with the errors. 
The over-all error expressed as a standard deviation 
includes statistical counting errors, a 5% error in the 
solid angle, and a 7.5% error in the proton beam. 

The striking feature of the above data is the much 
higher w+/m~ ratio found for Li® than for Li’. Qualita- 
tively this can be explained by Pauli exclusion principle. 
After pion production, the residual nucleons exist most 
probably as a mixture of bound and unbound states, 
The binding energy of the residual nucleons adds to 
the amount of energy available for pion production and 
therefore increases the probability of pion production. 
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TABLE ITI. Lowest energy reactions leading to pion production, 


Threshold 


167.9 Mev 
156.7 Mev 
161.9 Mev 
159.5 Mev 


»Het+3p+9 
»Li?-+x* 
Be’ +-p+rn 


»Lit+nrt 


Consider the case of Li®. For positive pion production 
we are left with 3 protons and 4 neutrons while for 
negative pion production we are left with 5 protons 
and 2 neutrons. The Pauli principle permits the residual 
nucleons in the positive pion case to be more tightly 
bound than in the negative pion case, and hence near 
threshold for pion production greatly enhances the 
production of positive pions. For Li’, however, the 

case gives 5 protons and 3 neutrons and the mt case 
gives 3 protons and 5 neutrons. The difference in proton- 
neutron asymmetry between the two cases is not so 
large and neither is the binding-energy difference. 
Therefore, the m+/m~ difference should be smaller in 
the Li’ case. This is borne out in the threshold values 
for pion production for the two cases. Table IIT lists 
the reactions with the lowest possible threshold energy 
for the reaction where threshold energy® is given by 


t= [ (m+ M )?—(Mi+M2)*|/2M2, 


where Mo=total final mass of colliding particles, 
m=mass of pion, M,=mass of target nucleus, and 
M,=mass of proton. 
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Fifty-seven x~-p scattering events in the energy range 10-30 Mev have been observed in a hydrogen 
bubble chamber. The S-wave scattering length $n7!(2a;-+-as) =0.077+0.011 is found to give the best fit to 
the data assuming ais= a9; = a1 = 0, a33=0.235n'. This result is combined with the results of other low-energy 


scattering experiments to give estimates of a; and ay. 


I, INTRODUCTION 


HE elastic scattering of low-energy negative pions 

by protons has been studied in emulsions! and in 

a hydrogen-filled diffusion cloud chamber.’ In this 

paper we report a hydrogen bubble-chamber measure- 

ment of the same process’ which confirms the previous 

results and provides somewhat improved statistical 

accuracy. These experiments cover the energy range 

2 to 30 Mev where S-wave scattering is dominant and 

where counter experiments are difficult because of the 
short range of the scattered particles. 

From the scattering distributions one may obtain a 
value for the scattering length a_ which is related to the 
S-wave phase shifts by the expression a_ = 4y~!(2a;+<as), 
where 9 is the pion momentum in units of m,c and a 
and ay are the S-wave phase shifts for isotopic spins 4 
and 4, respectively. Combining this result with recent 
low-energy positive pion scattering results, one may 
obtain values for a, and as independently. 

The assumptions and errors involved in the various 
low-energy nonexchange scattering experiments are 
sufficiently similar so that the results may be combined 
in a consistent way for any assumed P waves provided 
the original data are at hand. Accordingly, we shall 
present a complete list of our scattering events and 
other essential data in addition to our own analysis. 

A review of the whole field of S-wave meson-nucleon 
interactions would have to discuss quite different types 
of assumptions and errors for other S-wave processes. 
Thus the charge-exchange experiments which have been 
performed involve either corrections for radiative 
capture‘ or counter geometry®; the photomeson produc- 
tion experiments® involve corrections for the effects of 
binding a neutron in a deuteron; and the pi-mesonic 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

t Now at Columbia University, New York, New York. 

' Orear, Slater, Lord, Eilenberg, and Weaver, Phys. Rev. 96, 174 
(1954). 

* Rinehart, Rogers, and Lederman, Phys. Rev. 100, 883 (1955). 

*A brief account of this experiment is contained in the Pro- 
ceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, June 1956 (to be published), 

‘W. Spry, Phys. Rev. 95, 1295 (1954). 

* J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954). 

*G. Bernardini, Proceedings of the CERN Symposium on High 
Energy Accelerators and Pion Physics, June 1956 (to be published). 


x-ray analysis’ involves the assumption of additivity of 
the effects of the individual nucleons. 

We make no attempt to examine the consistency of 
all the observations in this vast field. We confine this 
paper to remarks on the bubble-chamber technique, a 
presentation of the essential data of this measurement, 
and a brief summary of closely related experimental 
results. 


Il. HYDROGEN BUBBLE CHAMBER 


A general account of the construction and operation 
of the bubble chamber has been given in a previous 
paper.* The features we shall emphasize here are those 
associated with the optical system and the bubble 
tracks. 

The chamber itself has inside dimensions 2.5 X 2.5 10 
cm with the long axis parallel to the beam. A grid of 
lines is etched on the outer surfaces to provide a refer- 
ence system for the tracks. These lines allow a measure- 
ment of the magnification of the optical system and are 
also used in focusing and aligning the cameras. 

The cameras are arranged as shown in Fig. 1. When 
they are placed so that the grid lines in the centers of the 
near and far walls of the chamber appear superimposed, 
their optic axes are at 90°+-0°15’ to each other and to 
the beam. The accuracy of the alignment is determined 
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Fic. 1. Arrangement of counters, cameras, and bubble chamber. 


7 Stearns, Stearns, Di Benedetti, and Leipuner, Phys. Rev. 96, 
804 (1954); Camac, McGuire, Platt, and Schulte, Phys. Rev. 99, 
897 (1955). 

§ Nagle, Hildebrand, and Plano, Rev. Sci. Instr. 27, 203 (1956). 
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by the optical resolution at the outside surfaces (about 
10 lines/mm) and by the distance between the surfaces 
(3.4 cm). 

The two pictures of the chamber can, in most cases, 
be treated as orthographic projections at 90° to each 
other so that the geometrical analysis is trivial. This is 
possible because the distance from the chamber to the 
camera lenses (110 cm) is very large compared to the 
dimensions of the chamber. In some cases small correc- 
tions must be made for point projection effects. These 
corrections have been described by Pless.’ 

Opposite each camera is a ground glass screen illu- 
minated by a flash lamp to provide a bright field 
against which the bubbles appear as dark spots. 

The two pictures are reprojected side by side at 3.5 
times life size and separate measurements are made in 
each view. The angles are measured with Bruning 
drafting machines, and the true angles and ranges in 
space are then calculated. When the reprojected pictures 
with the images of the etched grids are compared with 
the same patterns on the chamber itself, no distortions 
appear. A discrepancy of 5’ in angle or 0.2% in over-all 
magnification would be detected. 

We thus conclude that all distortions and alignment 
errors in the optical system are negligible. 

The resolution of the optical system is optimized by 
reducing the f stop of the cameras to the point (f20) at 
which the blurring due to poor focus at the near and 
far limits of the object is reduced to the same order of 
magnitude as the diffraction effects of the small camera 
aperature. Both these effects transform points in the 
chamber into patterns on the film of dimensions some- 
what greater than the resolving power of the film 
(Linograph Ortho film: 95 lines/mm). The combination 
of these effects gives an over-all resolving power of 
about 10 lines/mm in the chamber. 

With this resolving power the details of the bubble 
tracks become clear when the bubbles reach a diameter 
of 0.15 mm. This bubble size is reached about 3.5 msec 
after the particle traverses the chamber. The delay 
between the coincidence counter pulse and the firing of 
the flash lamps is set accordingly. The scintillation 
coincidence counters are placed as shown in Fig. 1. 

The absence of errors in the optical system allows us, 
within the limits of our resolution, to test for errors 
associated directly with the bubble tracks. A careful 
examination of high-energy particle tracks in all regions 
of the chamber, including some parallel to the axis and 
others crossing the chamber at various angles, has re- 
vealed no deviations from straight lines to suggest 
turbulence or other spurious curvatures. A radius of 
curvature less than 200 cm could be easily detected in 
a 10-cm track. Low-energy meson tracks, on the other 
hand, are multiply scattered and show considerable 
deviations from straight lines. This effect limits the 

‘Irwin A. Pless, thesis, University of Chicago, 1956 (un- 
published) ; also Phys. Rev. 104, 205 (1956). See also N. Campbell 
and I. Pless, Rev. Sci. Instr. (to be published). 
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measurement of 20-Mev meson scattering angles to an 
accuracy of about +1.5°. 

The energy of a scattering event is determined by the 
range of the recoil proton. Thus a typical proton 
recoiling 7.75+-0.30 mm or 46.5+1.8 mg/cm? from a 
pion scattered through 112° indicates an incident pion 
energy of 26.0+-1.3 Mev. The accuracy of this measure- 
ment depends on the bubble size (about 0.15 mm), the 
number of bubbles per centimeter (about 35),° and the 
uncertainty in our knowledge of the hydrogen density 
at the time of the photograph. 

The figure for the hydrogen density is obtained from 
a measurement of the equilibrium vapor pressure of the 
hydrogen at the temperature of operation (5.90+0.05 
atmos indicating a temperature of 28.2°K) and a 
measurement of the pressure at the time of the photo- 
graph (2.0+0.5 atmos). With these figures one can 
extrapolate the known vapor pressure density data" to 
obtain the value 


p= (0.0584-0.001) g cm™*. 


The uniformity of the tracks throughout the chamber 
indicates that the temperature must be uniform to 
within 0.2°K. 

Examples of photographs taken with this apparatus 
appear in references 3 and 8. 


Ill, MESON BEAM 


A suitable beam for this experiment should have an 
energy low enough so that the analysis of the results 
will not depend strongly on the assumed P-wave phase 
shifts (see Sec. V). On the other hand, the energy 
should be high enough so that a large fraction of the 
scattering events will produce recoil protons of measur 
able length. These considerations indicate a desirable 
energy of 15 to 20 Mey. Other important beam prop- 
erties are, of course, adequate intensity and an adequate 
fraction of pi mesons. 

To produce a beam of these characteristics the follow- 
ing arrangement was used: The pions, which were 
produced in a 6-mm thick beryllium target exposed to 
the 450-Mev proton beam of the cyclotron, were 
focussed by the fringing field into a nearly parallel 
beam and then passed through a hole in the shielding 
wall into the experimental area, There they were 
deflected 68° by a wedge magnet and brought to a focus 
about a meter from the edge of the magnet pole. 

The general features of the beam were determined by 
taking a range curve with a telescope of three scintilla- 
tion counters (see Fig. 2). Adding the copper equivalent 
(4.2 g cm™*) of the counter telescope to the observed 
range, we find a range for the incident particles corre- 
sponding to a pion energy of 56 Mev. This agrees well 
with the value (55 Mev) computed from the deflection 


” Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 


Standards 41, 379 (1948); A. Euken, Verhandl. deut. physik, 
Ges. 18, 18 (1916); Johnston, Keller, and Friedman, J. Am. Chem. 
Soc. 76, 1482 (1954). 
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Fic. 2. Range curve for mesons traversing counter telescope. 
The first drop in transmission occurs at the range predicted for 
pions using the observed magnétic deflection. The remaining 
particles are mu mesons and electrons. 


by the wedge magnet. The fraction of pions indicated 
by the range curve is about 38%, the remainder being 
mu-mesons and electrons of higher energies. 

When the bubble chamber was moved into place 
near the focus of the meson beam the total absorber, 
including counters, beryllium disks, bubble chamber 
walls, and 5 cm of hydrogen was adjusted to be 13.7 g 


copper equivalent, which moderated the pions to about 


19 Mev at the center of the hydrogen. 

During the experiment the beam intensity was 
reduced to about half its maximum value in order to 
give an average of about 2 tracks per picture, since this 
number was found to allow the optimum rate of 
scanning. 

The best determination of the pion energy distribu- 
tion was not obtained from the range curve but was 
computed from the observation of w-4 decay events in 
the bubble chamber. This technique and the distribu- 
tion obtained by it are described in the following 
section. 


IV. SCANNING TECHNIQUE AND DATA 


Some 75000 pairs of pictures containing about 4 
kilometers of pion track had to be scanned in such a 
way as to give reliable figures for the total pion track 
length, the energy distribution of the pion beam, and 
the energy and angle of each pion scattering event. The 
scanning rules were chosen in an attempt to maximize 
the efficiency for detecting events while allowing a 
reasonably high scanning speed. 

We shall first describe the technique, rules, and 
efficiency of the scanning, and then discuss the analysis 
of the measurements. 


(A) Scanning Procedure 
The scanner sits at a table onto which the two views 
of the chamber are projected side by side. He first 
decides whether the pair of pictures is free of faults 
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which could impair the reliability of the measurements. 
He requires that not more than eight tracks be visible 
entering the chamber. He also disqualifies pictures in 
which there is an obvious fault in the operation of either 
camera or light source. Usually such faults occur in a 
number of successive pictures. In a good roll of film 
nearly every picture is acceptable. 

If the picture is acceptable the scanner then looks for 
deflections in the tracks. No deflections occurring within 
4 mm of the chamber wall are recorded since 2-p 
scattering events this close to the wall could give recoil 
protons ending in the glass instead of in the hydrogen. 
The range of such protons could not be measured. 

All deflections in the acceptable region of the chamber 
for which the projected angle in either view is greater 
than 5° are measured and recorded. As an aid in de- 
tecting small angles, mirrors are placed at the sides of 
the scanning table in such a way that the scanner 
can easily sight along the tracks. 

True angles in space are computed from the measure- 
ments of the two projected views. 


(B) x-p Scattering Events 


A three-pronged event for which the short (proton) 
prong ends in the chamber and is longer than 0.45 mm 
is classed as an observable -p scattering event, pro- 
vided it satisfies the tests of coplanarity and proper 
relationship between the pion and proton angles. The 
minimum track length of 0.45 mm, which corresponds 
to a recoil proton energy of 2 Mev, is fixed, somewhat 
arbitrarily, to insure adequate accuracy in determining 
the energy of the event. This limit on the proton range 
imposes an energy-dependent lower limit on the range 
of acceptable pion scattering angles which must be 
considered in analyzing the results. Table I shows how 
the minimum angle varies throughout the energy range 
of the experiment. 

Table II lists the 57 observed -p events. The letter 
f after an event means that the incident pion satisfied 
the same limitations on direction and position as the 
tracks which were used to determine the pion flux. The 
28 events of this type may be used in determining the 
total cross section. All 57 may be used to determine the 
angular distribution. 

An estimate of the efficiency for finding r-p events 


TABLE I. Pion scattering angles corresponding to the minimum 
acceptable recoil proton track length (0.45 mm). Energies and 
angles are given in the center-of-mass system. 


Pion energy Angle for minimum- 
Mev 


6 

9 
12 
15 
18 
21 
24 
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TABLE II. List of pion scattering events. 


cm scattering 
angle 


1 69° 59/ fs 
5 139° 52’ f 
6 120° 14’ 
8 77° 18’ 
x 110° 39’ 
2 83° 38’ 
60° 53’ 
89° 00’ 
105° 22’ | 
14.9 80° 43' 
15.2 75° 58’ 
15.7 62° 19’ 
15.7 70° 32’ | 
16.4 76° 27’ 
16.4 132° 54’ | 
16.8 128° 02’ 
75° 39’ 17.4 56° 52’ 
168° 38’ 17.4 85° 06’ 
76° 55’ f 17.8 65° 52’ f 
68° 21’ f 17.9 89° 47’ f 
98° 56’ 18.6 56° 07’ 
65° 23’ 19.1 90° 37’ f 
81° 22’ 19.3 90° 23’ 
82° 12’ f 19.3 121° 24’ 
131° 41’ 22.2 61° 11’ f 
147° 54’ 22.6 6A° 52’ f 
59° 05’ f 23.7 §7° 39’ f 
58° 40’ 34.2 37° 30’ f 
103° 46’ f 


cm energy 
(Mev) 


cm scattering cm energy 
angle (Mev) 


109° 45’ 3. 
120° 30’ o 
112° 52’ f* 3. 
79° 33’ 3. 
117° 12’ 3. 
89° 26’ 4. 
93° 48’ 
83° O1’ 
145° 26’ 
77° 34’ f 
111° 43’ f 
111° 26’ 
148° 11’ 
162° 16’ f 
110° 57’ f 
ja ov f 


14.6 
14.7 
14.8 


12.2 
12.3 
12.3 
12.5 
12.5 
12.7 
12.8 
12.8 


* The letter vr following a scattering | angle in columns two and four 
indicates that the event is a ‘flux event"’ as defined in Sec. IV. 


was made by comparing the number of events seen by 
two scanners who scanned a common strip of film. The 
second scanner saw 18 of the 19 events found by the 
first and no others. On the basis of this test we estimate 
an average scanner efficiency for r-p events of about 


97%. This figure is taken into account in computing 
the appropriate pion track length [Eq. (2) ]. 


(C) Track Deflections with No Recoil: Pion 
Flux and Energy Distribution 


A deflection with no visible recoil track is recorded 
as a “kink.” Such events may be m-y decays, low- 
energy m-p scattering events, electron scattering events, 
u-e decays, or u-p scattering events. Measurement of 
these kinks provides a basis for determining the pion 
flux and energy distribution (see below). In order to 
relate such a flux determination to the 2-p events in an 
unambiguous way, it is necessary to place certain 
restrictions on the direction of the incident track and on 
the position at which it enters the chamber. 

A total of 1149 kinks were found which satisfied the 
above criteria and which had true angles greater than 
8 degrees. To determine the efficiency of the scanners 
for finding kinks, film containing 257 kinks was re- 
scanned once, The average efficiency was found to be 
89%. No appreciable angular dependence of the 
efficiency was found. Taking into account the film which 
was rescanned, the kink efficiency for all the film was 
92%+ 2%. This correction is applied in computing the 
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pion track length [Eq. (2)]. The reproducibility for 
measuring kink angles was +1.6° (rms deviation). 
Using the information of Sec. III that the mean energy 
of the pions is about 19 Mev and the fraction of pions 
about 389% we would expect that the kink distribution 
would have: (a) a peak near 30° due to m-u decays, since 
the pion velocity is such as to favor this laboratory 
decay angle, (b) a sharp rise in the forward direction due 
to Coulomb scattering of pions, muons, and electrons, 
and (c) very few events beyond 50” since such events 
cannot be due to -~ decays except at the lower extreme 
of our energy range and since w-e decays are expected 
to contribute less than 1% to the total number of kinks. 
The actual distribution which is shown in Table III 
has exactly these features. Since most of the kinks are 
m-u decays and since the angles of these events depend 
on the pion velocities the kink distribution may be 
used to infer the pion energy distribution. An analysis 
of this type was made using an IBM 701 computer, by 
making a least-squares fit to a linear combination of 
five distributions corresponding to decays of 10-, 15-, 
20-, and 25-Mev pions, respectively, plus a distribution 
characteristic of the scattering of 20-Mev pions. The 
last distribution function was chosen to represent all 
Coulomb scattering of electrons, mesons, and pions. 
Because of the small overlap of the pion decay functions 


Taste IIT. Kink distribution. The number of deflections with 
no visible recoil is listed as a function of angle. 


Interval 
(degrees) 


Initial angle 


(degrees) No. of kinks* 


112 
66 
56 
57 
62 
58 
6A 
71 
98 

101 

100 
90 
66 
50 
39 


52 
54 
56 
58 
Oo 
70 
80 
90 
120 
150 


* This list includes 109 events which can properly be applied to the kink 
angular distribution but which should not be included in the flux 
determination, 





NAGLE, 


Taste IV. Energy distribution of pions as 
determined from kink analysis. 


Pion energy km of pion 
(Mev) No. of decays trac 


0.304-0.052 
1.15+0.12 
1.54+-0.18 
0.6240.18 


10 102418 
15 320434 
20 3694-45 
25 1324-39 


with the last function, the result of the analysis is 
insensitive to the details of its assumed shape. Only 
the goodness-of-fit is harmed by a poor estimate of the 
Coulomb scattering distribution. This point was checked 
by altering the assumed shape of the scattering distribu- 
tion and repeating the calculation. 

The result of the analysis is shown in Table IV. The 
flux at each energy has been converted to km of pion 
track using a pion lifetime of (2.544+0.10) x 10~* sec." 
The distribution given in the table was then smoothed 
by fitting a Gaussian distribution to it. The track length 
8 then given by 


L(E) = 3.054 X 10*X (14-0.086) 
exp —0.02(Z—18.7)?] cm Mev™, (1) 


where £ is the pion energy in the laboratory system in 
Mev. The error given in Eq. (1) is the standard devi- 
ation of the total track length as computed from Table 
IV compounded with the error in the pion life time. The 
effect of errors in this expression on the final result will 
be discussed in Sec. V. 

As a rough check on this method for determining the 
track length, the total number of tracks passing through 
the chamber was counted on a portion of the film. This 
count combined with the chamber length and the in- 
formation on the fraction of pions in the beam (see 
Sec. III) indicated a pion track length of (8.1+-1.3) 
10 cm while the pi-mu decay technique indicated 
a length of (8.54 1.0) 10‘ cm for the same portion of 
film. Track counting was discontinued for the remainder 
of the scanning since the other technique was faster and 
more reliable. 

The track length in protons cm~* Mev~ is found by 
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u aeshoen, Shulz, and Steinberger, Phys. Rev. 81, 894 (1951); 
Durbin, Loar, and Havens, Phys. Rev. 88, 179 (1952). 
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multiplying Eq. (1) by 3.375 10”(1+0.033), which is 
the product of Avogadro’s number, the hydrogen 
density, the correction factor for scanning efficiencies, 
and the factor for the extra kinks mentioned in the 
footnote to Table III. The error shown is compounded 
of the errors in the above factors. Our final expression 
for the track length is 


n(E) = 1.031 (140.092) x 10°” exp[ —0.02(E—18.7)?] 
atoms cm™ Mev. (2) 


V. ANALYSIS OF RESULTS 


The final experimental results are presented in the 
list of w-p events (Table II) corresponding to the pion 
energy spectrum given by Eq. (2) and to the angular 
range limited as shown in Table I. 

The differential scattering cross section of the 
process x~+ p+ p is related, at low energies, to the 
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Fic. 4. Integral angular distributions for pion-proton scattering. 
The smooth curves are calculated for various values of a_, taking 
into account the energy spectrum and the dependence of the 
observable angular range upon the energy. At each angle, 0,, the 
curves show the total number of events expected for all 
angles 0<0,. 


scattering length a_ by the expression” 


da /dQ=Ke*{ (a_+-e*[henB(1—x) + Fassxn')? 
+ (1/9)ass’n*(1—x?)}, (3) 


where Ac is the pion Compton wavelength, as; is the 
phase shift for the Py, isotopic spin } state (the other 
P-wave phase shifts are assumed to be negligibly small 
in this energy range), x is the cosine of the c.m. scatter- 
ing angle of the pion, » is the c.m. momentum (in units 
of m,c), and 8 is v,/c in the laboratory system. 

For ass, we use the expression 


a33 0.235n', (4) 


which comes from higher energy experiments.” (The 
effect of altering this expression is discussed in Sec. VI.) 
Since these assumptions have also been made by 


~ 9 L, van Hove, Phys. Rev. 88, 1358 (1952). 
4 J. Orear, Phys. Rev. 96, 176 (1954). 





SCATTERING OF 10-30 
Rinehart ef al.2 and Orear et al.' in analyzing their x 
scattering data, a direct comparison of their experiments 
with ours is possible. 

Using a maximum likelihood technique, we have 
determined the value of a. which makes the observed 
distribution of events most probable. The likelihood 
function is plotted against a_ in Fig. 3. The best value is 


(5) 


Figure 4 shows how the integral scattering distribution 
varies with the scattering length. The actual distribu- 
tion is shown for comparison. It should be pointed out 
that the shape of the actual distribution is given by all 
57 events while the absolute value is given only by the 
28 events which correspond to the pion flux measure- 
ment [see Sec. IV(B) ]. 

Although the error in the scattering length which is 
shown above includes the effect of the uncertainty in 
the total track length, it does not include the effect of 
uncertainty in the energy distribution. To test this, a 
new distribution was assumed with a mean energy 


a_=0.077+0.011. 


TABLE V. Results of low-energy w~-p scattering measurements. 


Mean energy 
of pion beam 
in fab system 
ev) 2ai +a 


Orear, Slater, Lord, 

Eilenberg, and Weaver* 26 
Rinehart, Rogers, and 

Lederman® 15 
Nagle, Hildebrand, 

and Planc 
Combined result 


(0.15 +0.09)n> 
(0.25 +:0.05)n 


(0.231 -+-0.033)n 
(0.234-40.027)9 


* See reference 1, 

» The published result was 4.7°+2.7° at 26 Mev. » is the center-of-mass 
momentum in units of myc. The errors are standard deviations 

* See reference 2. 


shifted by the maximum amount compatible with the 
errors in the spectrum analysis (i.e., from 18.7 Mev to 
16.6 Mev). The data were then reanalyzed and a new 
scattering length was found which differed from the 
best estimate by less than 0.001. Accordingly we may 
neglect this contribution to the error and adopt (6) as 
our final result. 

A calculation of the dependence of the result on agg 
shows that 7’da_/dasz= —0.1 under the conditions of 
our experiment. Thus if ass were decreased from 0.235n° 
to, say, 0.210n’, then the value of a_ would be increased 
by (—0.10) (—0.025) = +0.0025 and (2a:+ as) would 
be increased by 0.0075». Since this change is less than 
one fourth as large as the error we assign to our result, 
we may conclude that our analysis is insensitive to 
changes of the order of 10% in ags. 

One should note that the above value of n’da_/dags 
applies to this experiment only, since the effect of ass 
changes rapidly with the energy of the mesons and with 
the angular range observed. 
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Tas.e VI. Results of low-energy x*-p scattering measurements, 





Mean energy 
of pion beam 
in lab system 
(Mev) a 


21.5 


“(—0.098-4.0.014)q" 
(—0.13 +0.03)y 
(—0.107+-0.013)y 





Whetstone and Stork* 
Evans*® 
Combined result4 


* See reference 14. 

> Published result was 
as, = 0.000 +0.016 at » =0.49, 

* See reference 15, 

4 See discussion in Sec. VI. 


as=(~—0,048 40.007), an 0.013 40.015, 


VI. DISCUSSION 


In Table V we summarize the results of the low- 
energy m-p scattering experiments. It will be seen that 
there is no evidence for a nonlinear momentum de- 
pendence of the S-wave phase shifts. Since the assump- 
tions and sources of error in these three experiments are 
similar, and, we believe, well understood, we feel 
justified in combining the results to get an estimate of 
the best value for the phase shift combination 2a)+-as. 
This combined result appears in the last line of the table. 

In order to obtain a and a; independently, we must 
use information from other low-energy experiments 
involving the S-wave phase shifts. The only such experi- 
ments depending on similar assumptions and similar 
sources of error are the low-energy m*t-p scattering 
experiments. The results of these experiments are 
summarized in Table VI."'® Again we have combined 
the results to give a best estimate for as. In this case we 
are not entirely justified in combining the published 
results as they stand since they involve somewhat 
different assumptions concerning the P-wave phase 
shifts (see footnote to Table VI). A more careful treat- 
ment of these results is hardly feasible at this time, 


0.05r- 











0.15. 
0.10 


Fic. 5. Results of scattering analysis plotted in the ai/n, as/n 
plane. The solid horizontal line is the combined result of Table VI 
(x* scattering). The solid diagonal line is the combined result of 
Table V (w~ scattering). The dotted lines are drawn at intervals 
of 4 standard deviation. The ovals are contours of equal proba- 
bility for various combinations of a;/y and a;/n. The number on 
each oval represents the probability that the true result lies within 
that contour. 


4S. L. Whetstone and D. H. Stork, Phys. Rev. 102, 251 (1956). 
‘°W. H. Evans, Proceedings of the CERN Symposium on High 
Energy Accelerators and Pion Physics, June, 1956 (to be published). 
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however, since some of the experimental data necessary 
for 4 reanalysis have not yet been published and since 
further experiments of the same type are now in 
progress. 

If we accept the combined result for as, then we may 
obtain a value for a; of 0.170n. Since the errors on a; 
and az, are related, it is not appropriate to present the 
phase shifts in the form a,+Aa;, astAay. Figure 5 
shows the results of the xt-p and w~-p experiments 
plotted in the a;/n vs a3/n plane. The intersection of the 
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solid lines gives the best estimate of a; and ag and the 
ovals are contours of equal probability for other 
combinations of a; and ag. 
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Pion-Proton Scattering at 220 Mev* 


J. Asuxin, J. P. Braser,t F. Ferver,t anp M. O. Srern§ 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received October 8, 1956) 


Pion-proton differential scattering cross sections have been measured at 220+7 Mev. Measurements 
were made at eight angles using scintillation counters and a liquid hydrogen target. Statistical errors range 
from 5 to 10%. Phase shift analyses have been made of the data in the customary manner. No evidence 


for d-wave scattering has been found. 


INTRODUCTION 


I‘ a recent article’ we reported on experiments at 
( 


‘arnegie Institute of Technology to measure the 
angular distribution of negative and positive pions of 
150 and 170 Mev scattered in hydrogen. It was found, 
in agreement with earlier results obtained by Fermi 
and his co-workers at Chicago, that the data could be 
analyzed on the assumptions that charge independence 
was valid in meson-nucleon interactions, and that only 
s and p waves were strongly scattered, Since it was 
interesting to see at what point d-wave scattering could 
no longer be neglected, we decided to do an accurate 
differential scattering experiment with pions of the 
highest energy for which the yield in our cyclotron is 
sufficient. This energy turned out to be 220 Mev and 
this paper presents the results of the investigation. 
Measurements at nearly the same energy (217 Mev) 
have been reported by workers** at the University of 
Chicago; the agreement is good. Our corrected cross 
section values are summarized in Table I. In Table IV 
we present two sets of phase shifts which give a good 
fit to our data, 


* Research partially supported by the U. S. Atomic Energy 
Commission. 

t Now at Observatoire Cantonal, Neuchatel, Switzerland. 

t Now at Knolls Atomic Power Laboratory, Schenectady, 
New York. 

§ Now at General Atomic, San Diego, California. 

1 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 
(1956), hereafter referred to as I. 

*M. Glicksman, Phys. Rev. 94, 1334 (1954). 

*H. Taft, Phys. Rev. 101, 1116 (1956). 
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EXPERIMENTAL PROCEDURE 


For details on the internally produced negative meson 
beam, scattering geometry, scintillation counters, 
hydrogen target, electronics, and experimental pro- 
cedure, the reader is referred to I. 

It had previously been found‘ that for practical 
purposes the positive pion beam had an upper energy 
limit of 195 Mev. To extend this limit, an externally 
produced positive pion beam was used, The arrange- 
ment is shown in Fig. 1. A bundle of protons coming 
out of the cyclotron is focused horizontally by a wedge 
magnet onto a carbon target 1.5 in. by 3 in. in cross 


TaBLe I, Experimental cross sections in the center-of-mass 
system at 220 Mev, in mb sterad™, Errors shown include statistical 
and angle-dependent uncertainties, but do not include an over-all 
uncertainty in the scale of the cross sections amounting to 5% 
for the negative pion cross sections and 4% for the positive pion 
cross sections, oy(0) is the differential cross section for detecting 
either of the two y rays resulting from decay of the neutral pion 
produced in charge-exchange scattering. o_(@) and o,(@) refer to 
the elastic scattering of negative and positive pions respectively. 


bem a,(6) a.(6) a9) 

7.55+0.22 
6.5140.22 
4.704-0.23 
3.7140.24 
4.114+0.31 
4.95+0.32 
5.23+0.41 
6.5540.57 


2.55+0.15 
1.68+0.11 
1,16+0.09 
0.92+0.09 
1.10+0.10 
1.33+0.12 
1,99+0.15 
2.60+0,28 


37° 18.6+1.1 
3° 15.524:0.9 
70° 9340.8 
90° 5.8+0.7 
110° 6140.8 
128° 9.340.9 
143° 14.0+1.1 
162.5° 16.24+1.5 


‘ Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954), 
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Fic. 1, Experimental arrangement for the * measurements, showing proton-focusing magnet, external carbon target, meson-deflecting 
magnets, and detecting apparatus. Counters 1, 2, and 3 form the monitor with time-of-flight discrimination. Two telescopes incorporating 


two counters (5,6) each detect scattered pions. 


section located near the entrance to the shielding wall. 
Some pions produced at around 30° proceed through 
the channel in the shielding into the experimental area. 
Here two 45° bending magnets separate the positive 
pions from the negative ones, electrons and most muons 
and protons, and bring the beam to a crude focus in 
the neighborhood of the liquid hydrogen target. By 
varying the current in the magnets, pions of varying 
energies can be obtained. 

As the energy is increased, the r+ beam is found to 
be increasingly contaminated by protons of the same 
stiffness. The first of the three monitor counters is 
therefore placed between the two deflecting magnets, 
thereby affording about 2 meters of time-of-flight 
discrimination against the much slower protons. The 
detecting counters and geometry for positive pions are 
the same as in I, In this manner a beam of about 30 mt 
mesons per second was obtained at 220 Mev. 

Both positive and negative pion beams contained 
about 5% muon contamination. The beam energy and 
spread, 2200+7 Mev, were determined from analysis of 
range curves. 

Differential scattering measurements were carried 
out in the same manner as in I, Copper absorbers 
preceded the elastic scattering detectors at small angles 


to stop recoiling protons, Suitable allowance was made 
for pion absorption in the copper. Gamma rays from 
charge-exchange scattering were detected by counting 
the electrons produced by the gamma rays in a }-inch 
lead converter. 

In addition we measured the total 
in hydrogen by transmission. 


cross section 


PROCESSING OF DATA 


A detailed discussion of the necessary corrections to 
the data is contained in I. The same applies to the 
determination of the efficiency of the gamma-ray con- 
version telescope. Uncertainty in the absolute efficiency 
contributes a major part of the indeterminacy in abso- 
lute value of the w~ cross sections, estimated as 5%. 

Table I gives the experimental differential cross 
sections in the center-of-mass system after the correc- 
tions have been applied. a (6) and o,(@) are the differ- 
ential cross sections for elastic scattering of w~ and 
mesons, respectively, and a,(6) is the differential cross 
section for detecting either of the two gamma rays 
resulting from decay of the ® meson produced in 
charge-exchange scattering. A theoretical 
between the 


correction 


for interference nuclear and Coulomb 
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Taste IT. Correction for Coulomb interference. Addition to 
the experimental elastic scattering cross sections (7~-—+r~ and 
x*-+n*) of Table I gives the purely nuclear scattering cross 
sections. The correction is different for the two sets of phase 
shifts (i) and (ii) of Table IV. 





Correction (mb/sterad) 
Set (i) Set (ii) 

aes a g”~_" "9 

—0.44 0.06 —0.44 

—0.19 0.04 —0.19 

—0.08 0,03 —0.08 

—0.03 0.02 —0,03 
0.00 0.02 0.00 
0.01 0.02 0.01 
0.02 0.01 0.02 
0.02 0.01 0.02 


| eed 


Oem 


37° 0.07 
52° 0.02 
70° 0.00 
90° —0,01 
110° —0,01 
128° —0.02 
143° —0,02 
162.5° —0,02 


scattering amplitudes as described in I is not yet 
included (see below). 

The errors given in Table I have been obtained by 
combining the statistical counting errors with the 
uncertainties in the angle-dependent corrections at the 
different angles. An additional over-all uncertainty in 
the scale of the cross sections, amounting to 5% for 
the w~ cross sections and 4% for the a* cross sections, 
is not included in the quoted errors. 

The angular distributions for the three reactions 
listed in Table I were analyzed for a least squares fit to 
the form a+b cos0+-c cos?@. From the nine coefficients 
a, b, c, a graphical phase shift analysis’ was made, 
yielding scattering phase shifts of the Fermi type in the 
neighborhood of those given in Table IV. Two sets, (i) 
and (ii), were obtained, differing mainly in the sign of 
the phase shift a;. Their properties will be discussed 
further below. As was done for the scattering at 150 
and 170 Mev in I, these preliminary phase shifts were 
used to derive a theoretical correction, contained in 
Table II, to eliminate the effect of the Coulomb scat- 


Taste III, Least-squares analysis of the data of Table I in 
the form a-+-b cosé+c¢ cos”, after correcting for Coulomb inter- 
ference. a, b, and ¢ are given in mb/sterad. Errors shown have the 
same meaning as in Table I. The coefficients for the x® angular 
distribution oan section oo(@) ] are obtained from those corre- 
sponding to 7,(@) by the method of Fermi (reference 6). @ is the 
integrated cross section for each process in mb. A measure of the 
goodness of fit is given by the quantity M, having the expectation 
value 5, 


Phase 
shift Cross 
set section a b 


5.864048 3,9340.62 
0.86 40,06 0.30 40.08 
1,30 40.18 


3.87 40.16 
1.234013 0,8840,12 


c ¢ 


16.0641,.27 140.9 
2.07 40,18 19.5 


. 7 a,(@) 
(i) e A 
© ) 
o4(0) 


(ii) o.@) 


4. 
0. 
66.6 +1. 


2 
o* 
3 


+ 
+ 
4.31 40.39 +1.3 
4.26 40,39 33.3 40,7 


0.8940,06 0,28 40.08 2.06 40,18 19.8 +-0.6> 
Coefficients for the remaining reactions are the same as 
for eet (i) 





* The w™ total cross section as measured by transmission is 53.7 41.5 mb. 
After correction for the radiative capture reaction (#~ +) —-n +7 estimated 
to have 0.6 mb total cross section) and for Coulomb interference (requiring 
an estimated addition of 0.1 mb), the total #~ cross section is 53.2 41.5 mb. 
The error quoted is the total error. 

» Because of the different Coulomb correction associated with the phase 
shift set (li), the corrected total cross section in this case is 53.5 41.5 mb. 


‘J. Ashkin and S. Vosko, Phys. Rev. 91, 1248 (1953). 
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tering amplitude. Application of this correction to the 
experimental elastic scattering cross sections of Table I 
in principle gives the purely nuclear scattering, but the 
result depends on the particular set of phase shifts 
chosen. The sign of the correction has been taken to 
agree with the observation of Taft* that the Coulomb 
interference for w+ scattering at small angles is con- 
structive at 217 Mev. The correction is appreciable for 
the forward scattering angles. Figure 2 gives the 


30 
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Fic. 2. 220-Mev pion-proton differential cross sections. The 

experimental points represent the cross-section values of Table I 
after Coulomb correction using set (i) of Table II. The solid 
curves give the cross sections corresponding to the phase shift 
set (i) of Table IV. The dotted curve represents the sum of 
elastic and charge-exchange differential cross sections for negative 
pions (multiplied by 3) as taken from the least-squares coefficients 
a, b, and ¢ corresponding to o_(@) and oo(@) of Table III. The 
difference between the dotted curve and the x* cross section is 
proportional to the differential scattering cross section for isotopic 
spin 4; see Eq. (1) of text. 


differential center-of-mass cross sections o4(0), o (6), 
and ¢,(@) corrected for the Coulomb interference 
according to the phase shift set (i). 

A final least-squares analysis of the angular distri- 
butions was made based on the cross sections corrected 
for the Coulomb effect. The resulting coefficients a, b, c 
are listed in Table III for each of the two types of 
phase shift sets. A noticeable difference between the 
two cases was obtained only for the elastic r~ scattering. 
The coefficients for the x angular distribution in charge- 
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exchange scattering [cross section o9(@)] are obtained 
from those corresponding to the angular distribution of 
the decay gamma rays [cross section o,(@)] by the 
method first proposed by Fermi.* 

The total cross sections o obtained by integration of 
the angular distributions are given in the next to last 
column of Table III. In the case of x~ we have also 
measured the total cross section by transmission with 
the result given in the footnotes to Table III. The 
requirement that there be agreement between the a~ 
cross sections obtained by transmission and by inte- 
gration was important for the determination of the 
absolute gamma-ray detection efficiency. Comparison 
with other total cross-section measurements?:?'* in this 
energy range shows satisfactory agreement. 

The last column of Table III gives the quantity 
M=> «#, where the « are the deviations of the 
experimental points from the least squares fit, measured 
in units of the experimental error. Since there are eight 
angles and three constants, M has the expectation 
value 5. From the values obtained it is clear that the 
inclusion of a d wave, equivalent to the addition of 
terms d cos*#+-e cos‘@ to our polynomial representing 
the cross sections, cannot lead to a significant improve- 
ment in fit. Thus no positive evidence for d-wave 
scattering has been found at 220 Mev. 

Before proceeding to the analysis of the scattering in 
terms of the phase shifts for the different states of 
angular momentum and isotopic spin, it is worth re- 
marking that the isotopic spin dependence can in 
principle be extracted directly from the differential 
cross sections themselves. On the assumption that the 
total isotopic spin is conserved by the pion-nucleon 
interaction, it is easy to verify that 


da(—) da(0) | da (3/2) 
3) _ he - 4 


we) 
te eS eee dQ 


da(+) eott/a) 
dQ dQ 


’ 


where the (—), (0), and (+-) refer to the elastic scat- 
tering of m~, charge-exchange scattering of w~, and 
elastic scattering of x*, respectively, and the (3/2) and 
(1/2) refer to the scattering in isotopic spin states 4 
and }, respectively. Although the $ and 4 amplitudes 
interfere in the elastic and charge scattering of 
taken separately, the interference terms drop out in 
the sum. Comparison of the “total” differential cross 
section for negative pions (multiplied by 3) with the 
differential cross section for positive pions therefore 
indicates the differential scattering in the state with 
isotopic spin 4. 

— Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
Oey. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 


(1955). 
* Ignatenko, Mukhin, Ozerov, and Pontecorvo, Zhur. Eksptl. 
ji Teoret. Fiz. 30, 7 (1956), 
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TaBLe IV. Phase shifts representing the pion scattering at 
220 Mev. Notation is that of Fermi (reference 6). See the text 
for explanation of the alternative sets (i) and (ii). 


Phase shift Set (i) Set (ii) 


—18° 
112° 
0° 
—8,5° 
11.3” 
3° 


— 14.5° 


This comparison is made in Fig. 2. The dotted curve 
represents the left-hand side of Eq. (1) as taken from 
the least squares coefficients a, b, c of Table III. It is 
clear that the J=4 scattering is small but definite. A 
similar comparison at 150 and 170 Mev (see 1) shows 
that the J=4 scattering is smaller at these energies 
than at 220 Mev. 


PHASE SHIFT ANALYSIS 


The final phase shift analysis of the scattering was 
performed by a graphical method® based on the coeffi- 
cients a, b, c given in Table IIT. The phase shifts so 
obtained were then varied until we achieved by trial 
and error a good over-all fit to the three w+ coefficients 
and the six m~ coefficients. Only “Fermi-type” phase 
shifts were considered. We thereby arrived at two sets 
of phase shifts presented in Table IV and labeled (i) 
and (ii), respectively. The phase shift notation is that 
of Fermi.® 

In Fig. 2 the a, b, c derived from the set (i) are used 
to plot the solid curves which may be compared with 
the experimental points obtained from Table I after 
applying the Coulomb correction of Table II. An 
indication of the quality of the fit is provided by the 
quantity M representing the sum of squares of the 
deviations (in units of the errors). Since there are 24 
experimental points and 6 independent phase shifts to 
be adjusted, M has the expectation value 24—6= 18. 
The actual value for the phase shift set (i) is 17. For 
the phase shift set (ii) M has the value 18 so that the 
two sets give equally good fits to the data, 

The main difference between the two sets of phase 
shifts is in the sign of a, (and possibly of ay). For set 
(ii) the s-wave phase shift a, is in reasonable agreement 


TABLE V. Comparison of the real parts of the forward scattering 
amplitudes D, and D, for isotopic spins 4 and 4 at 220 Mev, as 
calculated from the dispersion relations (reference 12) and from 
the two sets of phase shifts of Table IV representing our meagure- 
ments. 


Dispersion Phase shifts 

relations (i) (ii) 

—1.95 
0.27 


~ 2.05 
0.39 


- 1,98 
0.59 


D,* 
D,» 


* The amplitude Ds as given here is dimensionless, Dy «sin2as+2 sinday 
+sin2an. 
» Dy =sin2ai +2 sin2aig +8in2a41, 





ASHKIN, BLASER, 





CHEW - LOW DIAGRAM 
lee Roca 10" Cont 7988) 
STANGHT Lill" Cor OK yy 408 sw? 
ig 


POINTS: 4. 
6. ANDEMION, SEAM, MARTIN, NAGLE 
| CMAN 


DADA SKY, SACHS, STEINBERG LA 


408D, WEAVER 
. ANDER ION, CL/CH SAAN 


. GLICNSMAN 
ASH IM, BLADER, FLIER, FTORN 
, AGHA IN, BLADE, PLINER, STERN 
10. Tarr 


J. 
4 

5 

6. ANDLPS OM, DAV (DOM, GLI GMAN, SRUGL 
7 

4 

4 








Fic. 3. Plot of (n*/w,*) cotas; against w,* (G. F. Chew and 
F. E. Low, reference 13). 9 is the center-of-mass momentum of 
the pion in units of wc and w,* is the center-of-mass energy minus 
the proton rest energy in units of wc*. 1: Bodansky, Sachs, and 
Steinberger, Phys. Rev. 93, 1367 (1954); 2: Anderson, Fermi, 
Martin, and Nagle, Phys. Rev. 91, 155 (1953); 3: J. Orear, Phys. 
Rev. 96, 1417 (1954); 4: J. J. Lord and A. B. Weaver (quoted by 
reference 12); 5: H. L. Anderson and M, Glicksman, Phys. Rev. 
100, 268 (1955); 6: Anderson, Davidon, Glicksman, and Kruse, 
Phys. Rev. 100, 279 (1955); 7: M. Glicksman, Phys. Rev. 94, 
1335 (1954); 8: Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 
101, 1149 (1956); 9: Point corresponding to the present experi- 
ment; 10: H. D. Taft, Phys. Rev. 101, 1116 (1956). 


with the preferred solution of de Hoffmann et al.’ 
according to which a; passes continuously from positive 
values below 190 Mev to negative values above. For 
set (i), on the other hand, a maintains its positive 
value and increases from 150 and 170 to 220 Mev more 
or less linearly with meson momentum. a; maintains 
its negative value and similarly increases in size in 
going to 220 Mev. This behavior is in fact consistent 
with the linear extrapolations of Orear': a,;=0.16n 

*de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 


1586 (1954), 
J. Orear Phys. Rev. 96, 176 (1954) and 100, 288 (1955). 


FEINER, 


AND STERN 


and a;=-—0.11 (in radians), where 7 is the meson 
momentum in units of yc. 

It is interesting to compare the two sets of phase 
shifts on the basis of the dispersion relations recently 
introduced into the discussion of meson scattering." 
The second column of Table V gives values for the 
quantities D; and D, calculated for laboratory energy 
220 Mev from the dispersion formulas.” D,; and D, 
are the real parts of the forward scattering amplitudes 
for isotopic spin } and 4, respectively. The third and 
fourth columns give the values calculated from phase 
shift sets (i) and (ii). The agreement with set (i) is 
slightly, but probably not significantly, better. 

The large phase shift a; is the same for both sets (i) 
and (ii) at 220 Mev and has passed from below to 
above 90° with increasing energy. This is consistent 
with the observed change in the forward to backward 
asymmetry of the positive pion scattering (favoring 
backward scattering at 150 Mev, and forward scattering 
at 220 Mev) and corresponds to a change of sign of the 
real part of the p-wave amplitude relative to the s wave 
amplitude. The corresponding change in the Coulomb 
interference from destructive to constructive has been 
observed by Taft.’ 

Figure 3 shows a plot of (7°/w,*) cotass vs w,*, where 
n is the pion momentum in units of yc and w,* is the 
energy in the center-of-mass system minus the proton 
rest energy in units of wc. According to Chew and 
Low’s cutoff meson theory,” the relationship should be 
approximately linear. Our new point is shown, and 
gives reasonable agreement. 

In this connection it should be mentioned that 
according to the cutoff theory aj; and aj; should be 
small, negative and equal,” while a; should be small 
and its sign negative or positive depending on whether 
the coupling constant is small or large. Friedman, 
Lee, and Christian,“ using an intermediate coupling 
method, have calculated a; and aj; to be approximately 
— 3° at 220 Mev while a, is near +-6°. It is interesting 
that these are close to the values given in our phase 
shift set (i). 

We wish to thank J. Kunze and R. MclIlwain for 
their help in setting up the equipment and taking data. 


4 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 
(1955). 

% Anderson Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 

4G. F, Chew and F. E. Low, Phys. Rev. 101 1570 (1956) 
and Proceedings of the Fifth Annual Rochester Conference on 
High-Energy Physics (University of Rochester Press, Rochester, 
1955). 

4 Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955). 
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Search for Antiprotons* 


DonaLtp H. Stork, Robert W. Birce, Roy P. Happock, Leroy T. Kertu, 
Jack SANDWEISS, AND MARIAN N. WHITEHEAD 
Radiation Laboratory, University of California, Berkeley, California 
(Received October 8, 1956) 


Two examples of antiproton annihilation have been observed in an emulsion stack exposed at the 
Bevatron. The experimental arrangement was designed to affect a partial separation of antiproton and pion 
fluxes. From the yield of antiprotons, we estimate the total cross section for antiprotons in beryllium to 
be (1_0.1*°*) barn. The average energy of the antiprotons in the beryllium was 315 Mev. 


I. INTRODUCTION 

W* have calculated the energy spectrum (in the 

laboratory system) of antiprotons produced by 
bombarding complex nuclei with 6.2-Bev_ protons. 
This calculation employed the Fermi statistical model! 
for nucleon-nucleon encounters and averaged the 
results over a Gaussian momentum distribution? of 
target nucleons.’ Because this experiment was planned 
prior to the discovery of the antiproton,‘ it was neces- 
sary to carry out the work on the basis of various 
theoretical calculations. As we expected, our calcula- 
tions indicate that even in the most favorable case, the 
antiprotons would have to be detected in the midst of 
a very large background of negative pions. We therefore 
decided to make a partial separation of the antiproton 
and pion fluxes. The method employed was that of 
placing an absorber between two momentum-analyzing 
magnets; the antiprotons and pions impinging on the 
absorber with equal momenta had different rates of 
energy and left the different 
momenta. The second analyzing magnet then caused 


loss absorber with 


a spatial separation between the pions and antiprotons. 
Assuming the total cross section for antiprotons 
in Be to be the same as that of positive protons, we 
estimated an improvement in the antiproton-to-pion 
ratio by a factor of 30, and an antiproton flux sufficient 
to put about 150 antiprotons into our emulsion stack in 
several days of Bevatron operation. However, sub- 
stantially no improvement in the antiproton-to-pion 
ratio was found. This result is a consequence of the 


anomalously large cross sections for antiproton 


interactions.°® 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Enrico Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950) 

2 Peter A. Wolff, Phys. Rev. 87, 434 (1952). 

3A similar calculation employing a Fermi gas distribution for 
the target nucleons is reported by Chamberlain, Chupp, Gold- 
haber, Segre, Wiegand, Amaldi, Baroni, Castagnoli, Franzinetti, 
and Manfredini, Nuovo cimento 10, 447 (1956). 

4 Chamberlain, Segre, Wiegand, and Ypsilantis, Phys. Rev. 100, 
947 (1955). 

5 Chamberlain, Keller, Segre, Steiner, Wiegand, and Ypsilantis, 
Phys. Rev. 102, 1637 (1956) 


Il. EXPERIMENTAL METHOD 
A. Production Exergy and Degrader 


The system accepted antiprotons that had been 
produced at 0° with a mean energy of 430 Mev (a 
momentum of 1 Bev/c). The beam particles passed 
through 12 g/cm? of stainless steel and 6 g/cm® of 


6.2 Bev 
PROTON BEAM 


1a" Yo"x Vo" - 
COPPER TARGET 


ANT/IPROTON 


TRAJECTORY BEVATRON 


VACUUM 
WALL 


QUADRUPOLE J 
FOCUSING 
SETS 





ANALYZING MAGNET 


( EMULSION STACK 


Fic, 1. The arrangement of quadrupole focusing magnets, 
degrader, and final analyzing magnet. For clarity the shielding is 
is not shown. 
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Taste I. Expected number of antipertene in the scanned 
portion of the stack for different ratios of total cross section a7 to 
nuclear area oo equal to r(1.4 10™%A!)? cm?, 


No. of antiprotons expected 


125 


1.0 


Lucite in leaving the Bevatron tank. After they had 
passed through 70 g/cm* Be absorber, the average 
antiproton energy was 200 Mev. The choice of produc- 
tion energy and final energy was made on the basis 
of the theoretical production spectrum mentioned 
above and an assumption that the total cross section 
for antiprotons in Be was equal to that of positive 
protons. 
B. Arrangement of Magnets 


Figure 1 shows the arrangement of the focusing 
magnets, degrader, and final analyzing magnet. The 
magnetic field of the Bevatron served as the first 
analyzing magnet. The first quadrupole set formed an 
image of the target at the degrader, and the second 
quadrupole set (together with the final analyzing 
magnet) formed an image of the degrader at the stack 
location. The aperture of the second quadrupole set 
was large enough so that the loss caused by multiple 
scattering in the Be degrader was not severe. 


C. Bevatron Operation 


The proton beam was operated at full energy (6.2 
Bev). The copper target was located 5° upstream in the 
southwest curved section as shown in Fig. 1. 


D. Exposure 


The limiting factor in the exposure was thought to be 
the flux of background pions, and the stack (one 
hundred and eighty 6-by 9-inch pellicles of 600 u G5 
emulsion) was exposed to as large a flux of pions as was 
consistent with efficient scanning for tracks of twice- 
minimum ionization (the antiprotons). The exposure 


H, SANDWEISS, AND WHITEHEAD 

was monitored by 50-u test plates located at the beryl- 
lium and at the stack. In actual scanning of the stack, 
the most troublesome background was found to be the 
flux of positive protons produced by pions striking the 
pole tips of the analyzing magnet. The scanning 
efficiency for twice-minimum tracks has been checked by 
rescanning parts of the stack, and is essentially 100%. 


Ill. RESULTS 


Approximately 50% of the stack has been scanned, 
yielding two examples of antiproton annihilation.® 
Because the yield of antiprotons in this experiment is 
dependent upon the total cross sections for antiprotons 
in beryllium, stainless steel, and Lucite, the low yield 
can be understood in terms of anomalously large cross 
sections in these materials. The experimental setup is 
of the “good-geometry” type and thus provides a 
rough measurement of the total cross sections. Table I 
shows the number of antiprotons expected in the 
scanned portion of the stack, for different ratios 
of total cross section or to nuclear area oo equal to 
m(1.4X10~%A1)? cm’, where the antiproton-to-pion 
ratio at production is 1/48 000.4 

Because two antiprotons were found, the total cross 
sections in the materials mentioned above, are very 
probably between 3 and 4.5 nuclear areas. In Be, this 
is a cross section of 0.9 to 1.2 barns. This result cannot 
be compared directly with the previously reported 
attenuation experiment,’ because in that experiment 
scatterings less than 19° were not counted as attenu- 
ation events, whereas in this experiment scatterings 
greater than 2.5° would be counted as attenuation 
events. However, if those results are corrected for 
small-angle scattering by assuming that the small- 
angle scattering is determined solely by “black-sphere”’ 
diffraction, a total cross section of 0.7+0.1 barn is 
obtained. 
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* The data on the annihilation stars of one of these have been 


included in the antiproton collaboration experiment (to be 
published). 
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Pion Production by Inelastic Scattering of Electrons in Hydrogen* 


G. B. Yopuft ann W. K. H. Panorsxy 
Department of Physics and High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received October 4, 1956) 


Measurements have been continued on the ratio of single-pion production yield in hydrogen by electrons 
to the yield by the corresponding photons. At an incident electron energy of 600 Mev, pions were detected 
at energies of 60, 147, and 170 Mev, emitted at 75° to the beam; and of 70 Mev at 135° to the beam. The 
results are expressed in terms of “the equivalent number of photons” N,: 


Diab T; 
75° 60 Mev 
75° 147 Mev 
hag 170 Mev 

135° 70 Mev 


N, 
0.0202 +0,0007 
0.0177 +0.0007 
0.0145 +0,0020 
0.0178 +0,0007 


The results are compared with theoretical calculations and found to be in good agreement. 


I. INTRODUCTION 


HE study of positive-pion production by electrons 
inelastically scattered from hydrogen (e+ p—e’ 
+n-+n*) has been extended.'* A measurement of the 
ratio of the pion-production yield by 600-Mev-electrons 
to the yield by the corresponding photon brems- 
strahlung was carried out. Measurements were made of 
pions of kinetic energies 60, 147, and 170 Mev at a 
laboratory angle @= 75°, and of pions of kinetic energy 
70 Mev at a laboratory angle 6= 135°. The results are 
expressed in terms of ‘the equivalent radiation length’? 
X, defined so that the pion yield due to direct electron 
production is equal to the pion yield due to photons 
produced by electrons in a radiator of thickness X, 
radiation lengths. 

The equivalent radiation length X, is very nearly 
equal to a quantity .V, as used previously*® and as used 
by Dalitz and Yennie* and Curtis.‘ The “equivalent 
number of virtual photons” JV, relates the cross section 
a, for electron production of mesons to the cross section 
a(k) of production of mesons of a specific energy by 


the relation 
dk 
waNif a(k)—, (1) 
Ak k 


where Ak defines the energy band of photons useful in 
producing pions of energies as limited by the energy 
acceptance band of the detector. 

The quantities X, and \, are related by the equation? 


N.=X (RN) (1—aZ*), (2) 


where \,dk is the number of photons produced in the 


*The research reported here was sponsored by the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

+t Now at Tata Institute for Fundamental Research, Bombay, 
India. 

1 Panofsky, Newton, and Yodh, Phys. Rev. 98, 751 (1955). 

* Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1392 (1956). 

§5R. H. Dalitz and D. R. Yennie (to be published). 

*R. Curtis (private communication). 


photon energy band k to k+-dk per unit radiation length 
thickness of a thin radiator; (1—a@Z*) is the Coulomb 
correction to the Bethe-Heitler formula as measured 
by Brown’ and calculated by Bethe and Maximon® and 
Olsen.’ 

The results quoted in the previous paper® (hereafter 
referred to as I) do not include certain corrections. 
These have now been incorporated, and the old and 
newer results have been analyzed jointly. As discussed 
in I, this experiment requires precise knowledge of the 
location of the liquid hydrogen volume along the beam 
direction. For this reason primarily, a new vacuum 
insulated liquid hydrogen target was constructed which 
enabled us to locate the leading edge of the hydrogen 
volume to within 0.020 in. The arrangement is shown 
in Fig. 1. The design of the target follows in general the 
design of the Chicago target,* as to the use of a separate 
hydrogen reservoir and level-indicating condensers. The 
target cell was a cylinder 6 in. long and 3 in. in diameter 
with y-in. brass wall; the front and back windows 
through which the electron beam passed was 0.002-in. 
beryllium-copper. The outer vacuum envelope had 
(0).002-in. stainless steel windows in the path of the 
beam ; the outgoing pions pass through ,% in. of copper 
of the outer envelope in addition to 0.020-in. copper of 
a radiation shield and the hydrogen cell wall. 


Il, EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is basically the same 
as described in I. The geometries of the setup at 75° 
and 135° are shown in Fig. 2. 

Improvement was made in the method of determining 
the pion-detection profile? f(x). A thin copper target 
was exactly located on a slide, positioned with a 
graduated screw. By means of a transit, the front edge 

*K. L. Brown, Phys. Rev. 103, 243 (1956). 

*H. A. Bethe and L. C. Maximon, Phys. Rev. 87, 156 (1952), 
and 93, 768 (1954), 

7H, Olsen, Phys. Rev. 99, 1335 (1955). 


* Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 
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Fic. 1, The target chamber of the liquid hydrogen vessel. Note 
the viewing port used for locating the front edge of the target 
accurately, the thin windows, and the capacitor-type hydrogen- 
level indicators 


of the hydrogen target was lined up with the front edge 
of the thin target located at the start of the pion 
detection profile f(x). Thus all the errors in the knowl- 
edge of the position of the target were reduced to 
negligible values. 

One secondary electron monitor was placed ahead of 
the hydrogen target and a second one behind. This 
eliminated any systematic errors due to beam modifi- 
cation when the radiator was inserted. 

A close check was maintained of the beam centering 
and size during the runs. This was particularly im- 
portant for the backward (135°) measurement. 


III, PROCEDURE 


The experimental procedure is the same as in I. The 
pion yield was measured with the radiator in and then 
out. The neutron and gamma-ray contamination of the 
incident beam was measured by deflecting the electron 
beam so as to miss the hydrogen target altogether. In 
previous calculations of X,, no account was taken of 
the thick-target and degradation corrections; these are 
now included. 

Let us use the same notation as in I: Let A be the 
yield of pions produced by the electron-induced pion 


Wr ie, 


PANOFSKY 


reaction plus that produced by the photons radiated 
in the material in the electron beam of radiation length 
X,; other than the additional radiator. Let B be the 
yield as in A but including the yield due to the photo- 
pions produced by the x-rays from an additional 
radiator Xz radiation lengths thick. Let counts be 
taken as in Table I. Then 


A=C-+—C——— (Ca-+—Ca)X j fat Xf, 3) 
B=Ct+—Ct-— (Catt—Cat)X rf +X fat X Saf, 

where f/f, is the reduction in thickness of radiator due to 
thick-target corrections, f, is the reduction in thickness 
of the material other than the radiator due to thick- 
target corrections, fs; is the reduction in X, due to 
degeneration of primary electron energy by radiation 
straggling in the radiator, and f, is the reduction in X, 
due to degeneration of primary electron energy from 
radiation straggling in the extraneous material. This 


gives 
4 R-1 2 
f(R-fa) \R—fal fi 


where R equals B/A. 


IV. CORRECTIONS 


The thick-target corrections made according to 
formulas derived by Wilson’ give 


Xr Ko dk 
fi=i1-—- lf 
2 Eo-k FR 


X; Ho dk 
pexi—z/—| f - 2.8) +2.(8) ; (6) 
Zz Eo—k R 


2, (k) +2.(0)| ; 


radiator 


extraneous material 


k is the energy of a photon producing a given pion 
calculated from the kinematics of the reaction y+p— 
rt+n; [Z,(k)}" and [2.(k)}' are the mean free 
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Fic. 2. Target geometries for 6=75° and @=135°. Note the 
positions of the pion detection profiles relative to the front edge 
of the target and the material traversed by pions during exit from 
the target. 


*R. Wilson, Proc. Phys. Soc. (London) A66, 638 (1953). 





INELASTIC SCATTERING OF 


paths for pair production and Compton scattering, 
respectively, measured in units of radiation length. 

The radiation length, pair-production mean free 
path, and Compton mean free path were used as 
tabulated by Bethe and Ashkin.” 

In order to calculate the correction factors f; and f,, 
it was necessary to use the theoretically-calculated 
values of X, for incident electrons of different energies. 
Approximate values of X,(2,k) for a given photon of 
energy k and for different incident electron energies E 
were used as calculated from the formulas of Blair and 
others."' The correction factor fs is then given by 


Eq-k 
= f X,(E,k)W (Eo,E)dE / X.(Eo,k), (7) 
Eo 


where W(£»,E), the probability that an electron of 
initial energy Eo emerges from the radiator with” a 
degraded energy £, is calculated by using the radiation- 
straggling formula”: 


W (Eo,E) =T (bi,yo)/T (bi) ; (8) 


where I'(b;,yo) is the incomplete gamma function; yo 
equals log(£y/k); and 0; is essentially the thickness in 
radiation lengths of the material in question. A similar 
definition applies for f, where W(£o,£) is the proba- 
bility for energy degradation in the extraneous ma- 
terial. The reduction factor f, is found to be almost 
equal to unity. 


V. PION ENERGY 


The mean pion energy for a given magnet setting was 
determined by measuring a yield curve of pions as a 
function of the beam energy. The derivative of this 
excitation curve was obtained and the first moment 
calculated to define the mean energy of the incident 
beam. From this, the pion energy was calculated by 
the kinematics of the reaction y+p-—mt-+n. Figure 3 
shows the yield curves for 70-Mev pions at 135° and 


TABLE I. Definition of symbols used to designate 
counts under various conditions. 


Hydrogen 
target 


Additional 
radiator 


Type 
count 
cer in full 
cr? out full 
in empty 
out empty 
in full 
out full 
in empty 
out empty 


Beam 


undeflected 
undeflected 
undeflected 
undeflected 
deflected 
deflected 
deflected 
deflected 


 H. A. Bethe and J. Ashkin in Experimental Nuclear Physics, 
edited by E. Segre (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, p. 264 ff. 

“J. S. Blair, Phys. Rev. 75, 907 (1948) and mimeographed 
notes (unpublished); Thie, Mullin, and Guth, Phys. Rev. 87, 
962 (1952). 

”2W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1944), second edition, p. 224, Eq. (15). 
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Fic. 3. Pion yield curves as a function of the maximum energy 


of the photon beam. The mean pion energy and its energy spread 
were calculated from the derivative of these curves. 


for 147-Mev pions at 75°. The energies of the pions 
were found to be 7,=(60+10), (147415), and 
(170415) Mev for 6=75°; and (70+10) Mev for 
6= 135°. 

VI. RESULTS AND DISCUSSION 


The results, indicating all the corrections, are given 
in Table II, in which all runs are included. The weighted 
averages of all the measurements of X, and N, for a 
given pion energy and angle are given in the last column. 
For the 60-Mev case, a correction has to be made for 
double-pion production, as described previously,? and 
the value of X,*'"*'* is shown It is seen that the final 
accuracy achieved is about 4% in all except the 170- 
Mev case. The correction factors discussed above are 
tabulated also. Dalitz and Yennie’ have calculated 
theoretical values of \V, using the exact kinematics 
pertaining to this experiment under various physical 
assumptions; V, values were calculated for various 
multipole orders of the absorbed photons. In the 
theoretical curves in Fig. 4, the curve labeled “phe- 
nomenological mixture” represents a weighted average 
of these values corresponding to the analysis of photo- 
production of pions made by Watson." The contribution 
from longitudinal matrix elements is neglected. The 
curve labeled ‘Chew Low’”’ is based on the static model 


4K. M. Watson (private communication), and Watson, Keck, 
Tollestrup, and Walker, Phys. Rev. 101, 1159 (1956). 
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Taste II, Summary of experimental results. Here R= B/A; Xx is the thickness of additional radiator in radiation lengths; X, is 
the thickness in radiation lengths of material other than the additional radiator; f; and f, are thick-target correction factors for Xz 
and Xj, respectively ; f; is the correction factor for energy degradation of the electron beam in Xz. The “equivalent number of photons” 


N, is related to X, by 


the equation N,=X, 


he 


Te 


bier E=Eg—k fh ti 


(kN x) (1—aZ*); the notation is discussed in the text. 





R Xr Xi Xe Mean values 





2.100 
1.936 
2.383 
2.367 
2,307 


@ Mey 75° 230Mev 370 Mev 


147 Mev 75° 360 Mev 240 Mev 


400 Mev 200 Mev 0,969 0.996 0,971 


300 Mey 300 Mev 0.988 0.975 


of Chew and Low" for the pion-nucleon interaction. 
Both of these calculations are sensitive to the behavior 
of the interaction “off the energy shell”—.e., for 
momentum transfers in excess of the energy transfer. 
Hence the theoretical values can be depressed somewhat 
by increasing the size of the region of interaction. 
The experimental measurements do not permit us to 
distinguish these possibilities to a significant extent. 
Large longitudinal contributions are however ruled out. 
This is a consequence of the fact that the largest 
fraction of the contribution to electron production 
originates from small electron-scattering angles where 
the theoretical predictions become insensitive to de- 
tailed physical assumptions pertaining to the meson 
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Fic. 4, Plot of theoretical values of N, as a function of pion 
energy for 0=75° and @=135°. Two sets of curves are given: 
(1) based on the Chew-Low model for the pion-nucleon inter- 
action; and (2) based on the phenomenological analysis of photo- 
production according to Watson and others. The experimental 
results are also plotted with the experimental errors. 


“4G. F, Chew and F. E. Low, Phys. Rey. 101, 1570, 1579 (1956). 


1.875 
1,955 


2.3192 


1.8106 
1.8611 


0.0358 
0.0358 
0.03593 
0.03593 
0.03593 


0,02096 +-0.00112 
0.02110 +-0.00167 
0.01456 +0.00332 
0.01868 +0,00133 
0.01943 +0,00199 


0.01092 
0.1638 

0.01092 
0.00705 
0.00748 


_ KX, =0.01988 4-0,00069 
X pinele =0,02091 +-0,00069 
Nrinale = 0.02022 4-0,00067 


| 


| 


X. =0.02000 +-0.00081 
N, =0.01766 +4-0,00072 


0.0358 
0.0358 


0.01659 
0,01659 


0.02275 4+-0,00214 
0.01955 +.0.00087 


¥,. =0.01663 +0.0023 


0.0352 = 
Ne 0.01445 +-0,0020 


0.00890 =0,01662 +0.00231 


0.0358 
0.0358 


0.02096 
0.02096 


0.02170 +-0,00140 


X. =0.02000 +0,00082 
0.01929 +-0,00101 W 


Nz =0,01775 4-0,00073 





processes. Therefore we can conclude only that the 
results are in excellent agreement with the calculations; 
this is more significant regarding the electrodynamic 
than the meson-theoretical assumptions of the calcu- 
lations. 

A point of interest relates to the fact that the ‘Wat- 
son phenomenological mixture” for our lowest-energy 
measurement (7,=70 Mev, 6=75°) corresponds pri- 
marily to electric-dipole absorption of the incident 
photon. The theoretical magnetic-dipole value (N, 
= 0.0238) is five standard deviations away from the 
experimental value. The agreement with the \V, value 
for x* production near threshold (S-wave production) 
for electric-dipole absorption of the photon is, of course, 
a direct consequence of the pseudoscalar nature of the 
charged pion, without any assumption of a more 
detailed nature. 

The complementary experiment—observing the ine- 
elastically-scattered electrons, while integrating over 
all pions produced in the process—is being carried out 
at this laboratory. This experiment should be more 
sensitive to the physical assumptions such as the 
physical extent in space of the matrix elements, since 
it is possible to focus attention on large electron- 
scattering angles. 
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An attempt is made to give a phenomenological approach to a unified field theory by imposing four 
restrictions based on known experimental and theoretical considerations. The first two criteria, namely, 
that for weak electromagnetic fields the unified equations obey the flat space principle of conservation of 
energy and that the first-order corrections to Maxwell’s equations not violate known experiments con 
cerning the electron, lead to the requirement that a microscopic length appear in the Lagrangian. The 
remaining two conditions are a correspondence principle constraint for determining the form of the affinity 
and a gauge invariance condition. These four restrictions lead to a Lagrangian. The gauge invariance 
requirement forces the existence of a cosmological term. The field equations have been investigated for the 
spherically symmetric static solutions around a point electron. They lead to finite Coulomb energies, the 


microscopic length acting as the cut-off parameter. 


1, INTRODUCTION 


VER since Einstein’s fundamental work in general 

relativity appeared, attempts have been made to 
generalize it in order to include, within a single geo- 
metrical framework, both electromagnetic and gravita- 
tional phenomena. In recent years, approaches have 
tended towards broadening the geometrical foundation 
of space-time by assuming the existence of asymmetric 
affinities and metric tensors! in order that the antisym- 
metric Maxwell field be included in a natural fashion. 
This is, indeed, the next step in generalizing Riemannian 
geometry (though wider generalizations involving pro- 
jective geometries may be considered) and we will 
restrict ourselves here to theories of this kind. Within 
this framework, then, the question arises as to what 
general considerations can be imposed to limit the pos- 
sibilities available, in this fashion obtaining a pheno- 
menological approach to unification. 

Before turning to a detailed discussion of these 
points, it is perhaps important to ask why one should 
attempt to unify two theories which at first glance 
appear to have only one feature in common in that they 
both deal with macroscopic range (massless) fields. 
First, from the viewpoint of general relativity, it is well 
known that the general theory is incomplete as it 
stands. It derives a geometrical quantity representing 
the gravitational phenomena, R,,—4}g,,R, which is pro- 
portional to the stress-energy tensor, 7,,. The latter is 
not determined by the theory and thus when distributed 
energy is present in space one does not have a complete 
set of equations. On the other hand, for point singu- 
larities, the dynamics is completely determined by the 
geometry.’ It is natural (though, of course, not logically 
necessary) to try to extend the analysis so that both 
sides of Einstein’s equation are obtained from a geo- 

* Now at Department of Physics, Syracuse University, Syracuse 
10, New York. 

1A. Einstein and E. G. Straus, Ann. Math. 47, 731 (1946); 
A. Einstein, The Meaning of Relativity (Princeton University 
Press, Princeton, 1953), fourth edition, Appendix; E. Schrédinger, 
Proc. Roy. Irish Acad. A52, 1 (1948). 


2 Einstein, Infeld, and Hoffman, Ann. Math. 39, 65 (1938); 
L. Infeld and P. Wallace, Phys. Rev. 57, 797 (1940). 


metrical idea when the source term is a field, The inclu- 
sion of electromagnetic phenomena is thus a first step 
in this direction. 

Second, it may be observed that electromagnetic 
effects have already entered into the gravitational theory 
in that a light ray is assumed to travel along the null 
geodesic. Thus the equations of motion for ‘‘ray optics” 
has already been included within the geometrical ideas 
of the general theory. In order to better understand this 
assumption, it would again seem reasonable to try to 
include “physical optics” within the same framework 
as the gravitational phenomena. 

As a final point, it may be noted that if the above 
arguments suggesting a connection between the Maxwell 
field and general relativity are valid, the electromag- 
netic field is in the unique position of being coupled both 
to the macroscopic gravitational phenomena and the 
microscopic charged fields. It has recently been sug- 
gested,’ also, that the inconsistencies discovered in 
quantum electrodynamics may be removed when gravi- 
tational effects are included. Since one of the roles of 
classical theory in quantum mechanics is to furnish 
one with a Lagrangian to be quantized, a deeper study 
as to what that Lagrangian is (and how it is modified by 
its interaction with the gravitational field) may prove 
fruitful. 


2. PRELIMINARY THEORY 


Recently Gupta and Kraichnan‘ have given an alter- 
nate derivation of general relativity based on Lorentz 
covariance rather than general covariance. Briefly, if 
one assumes that the gravitational field is represented 
by a spin-two particle, one might write down the fol- 
lowing Lorentz covariant field equations for free space : 

Pe=0; 0,”=0, Ww =h. (1) 

*L. D. Landau, in Niels Bohr and the Development of Physics, 
edited by W. Pauli (McGraw-Hill Book Company, Inc., New 
York, 1955), pp. 60-61. 

‘S. N. Gupta, Phys. Rev. 96, 1683 (1954); R. H. Kraichnan, 
Phys. Rev. 98, 1118 (1955); see also A. Papapetrou, Proc. Roy. 
Irish Acad. A52, 11 (1948). 
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Since the only divergenceless symmetric tensor available 
is the stress-energy tensor, 7”, the sources of the gravi- 
tational field must be 7”. Further, since it is the total 
energy that must be conserved, any inhomogeneous 
term inserted on the right of Eq. (1) must include the 
stress-energy of any external fields present plus that 
carried by the gravitational field itself. Equation (1) 
can be generated by some Lagrangian 1, from which 
one can derive the energy tensor 7” representing the 
gravitational field. Thus to next order, one amends 
Eq. (1) to read 

—3 Pr =Ty. (2) 


The procedure may now be continued [by finding an 
L, which generates Eq. (2) | and in this way one obtains 
an infinite series representation of the Einstein equa- 
tions 

Rw} guR=0, (3) 
where® 
Rw = Boe — 74. et r* ot T'? 1". re _sl'¢.,, 


R= "Ry, 


(4) 
gh om n+ hy, 


and 7” is the Lorentz metric. The basic ingredients that 
go into the derivation, thus, are the spin of the field 
and conservation of energy. 

One may well ask what such an approach leads to 
when one considers the combined gravitational and 
electromagnetic equations, i.e., when one starts the 
analysis with Eq. (1) and 


fr.=0; fer =n” fas, Sw Asp Ay,» (5) 


One must now augment Eq. (2) with an extra term of 
the form —«l — [**fnaatin” f°" f°'neanrs | and even- 
tually the entire Lagrangian with the term —}«(—g)'f,» 
x fasg’*g’*. One thus is lead to the field theory equa- 
tions: 


Ry— AgwR — KT 
=e KL S Sua Supg*® + bgurfor fang’ "g"* |, 
C(—g)*gneg"* fap ],»=0. 


Equations (6) are, of course, quite well-known repre- 
senting the simplest generalizations of Einstein’s and 
Maxwell’s theories according to the principle of equiva- 
lence. It is not a unified theory in that a geometrical 
interpretation of the electromagnetic field has not been 
made. However, one may easily be found in the fol- 
lowing fashion. Even with a symmetric affinity, the 
contracted curvature tensor is not necessarlly sym- 
metric, the antisymmetric part being given by 


(6a) 
(6b) 


Rye P40 0 Tye, y. (7) 


* The comma denotes ordinary differentiation, A,q=0A/dx*, 
while A.q or Aja will be retained for covariant derivatives with 
respect to a specified affinity. 
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For the usual Christoffel affinity, ',« is a gradient and 
thus R,, does indeed vanish. In order to obtain an anti- 
symmetric tensor, this suggests the adding of a con- 
tribution to the usual affinity such that I'¢,, is no longer 
restricted to being a pure gradient. We therefore assume 
that the affinity is given by 


P+ag=C*ap tT pa, (8) 
C*ap= bg" (a0, p+ 8 be, ” ian Sap,«) (9) 


where 


In terms of the new affinity, the curvature tensor 


becomes 
Btypl Ty] me BtyplC%rg ]+8%, vB, (10) 
Jo=T,,.—T > (11) 


Thus space is flat only when both the gravitational 
field and the electromagnetic field, f,,, vanish. The 
contracted tensor becomes® 


where 


(12) 


Rul Tr] - Rw Cry J+ Sui ” Rw+ j a 


Choosing a Lagrangian density of the form 
V= (—g)'g’Rapl Ing ]—3(—g)'RuaRopgg”® (13) 


to be varied with respect to g,, and I’, one obtains Eqs. 
(6) (provided one measures the electromagnetic field, 
fu, in units such that f,,=«!f,»).” 


3. CONDITIONS ON THE CHOICE OF LAGRANGIAN 


Though the theory discussed in the preceding section 
does not disagree with any of the well-known experi- 
mental tests of Maxwell’s and Einstein’s theories,’ it is 
somewhat artificial in construction. In view of the fact, 
however, that Eqs. (6) depend mainly on the flat 
space concept of conservation of energy, they can act 
as a guide to the formulation of a more satisfactory 
theory. We thus adopt as our first assumption? : 


A.—Any theory should reduce to the theory of Eqs. 
(6) (perhaps with a cosmological term) to a first 
approximation for weak electromagnetic fields. 


We have required that Eqs. (6) be satisfied only for 
weak fields since the arguments leading to the form of 
the electromagnetic stress-energy tensor are based 
essentially upon the principle of equivalence and may 
not be valid for fields where space is more strongly 
curved. 


*The second contraction gives nothing new since B%qy,= 
—4Ryy. 

7 While it has not been shown that the choice of affinity, Eq. 
(8), is the only one that will generate Eqs. (6), the simplicity of 
these equations make it hard to see how anything more compli- 
cated could be used. 

* For electronic charge and mass, the warping of space causes 
deviations at r~10™ cm. 

* That the Einstein-Strauss theory does not satisfy this assump- 
tion has been first noted by A. Papapetrou, Proc. Roy. Irish 
Acad. A52, 69 (1948). 
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Electromagnetic theory has been quite successful, of 
course, within its domain of validity. One must there- 
fore require that any new unified theory not disturb 
this. Coupled with the procedure of quantization this 
domain of acceptability of Maxwell’s equations seems 
to be down to within at least ~ 10~* cm of the electron. 
We thus further assume 


B—First-order corrections to the Coulomb field of 
the electron should not become appreciable for 
r>10-" cm. 


Conditions A and B do not at first sight seem to be 
very restrictive. However, we will try to indicate how 
the simultaneous validity of both A and B implies the 
necessity of a microscopic constant appearing in the 
Lagrangian while B alone implies the necessity of 
measuring the electromagnetic field in microscopic units 
for many schemes. 

Let us consider a theory built from an asymmetric 
affinity and metric tensor. Presumably g,, will be related 
to the electromagnetic field while g,, will be gravita- 
tional potential. One has, according to condition A, 
then, that for weak g,, 


af of 
Ry» (gap)—48uR(gas)=—Tw(gg), (14a) 


(14b) 


pa vB 
[ (—detg,,)'g g Lap |,»=0, 


where 7;,, is a tensor of the same structure as the bracket 
on the right-hand side of Eq. (6a), i.e., quadratic in 
gas. If one relates the electromagnetic field fy, to gy 
via the equation” 


Luv =O fur, (15) 
where a is a constant, then clearly a=x. First-order 
corrections to Eq. (14b) will arise, perhaps, through 
replacing the determinant there by det(gag+ gas). For 
an almost flat world (gag=nag), this gives a correction 
term of 1+O(gag*), where O(gag") is of order gag’. Thus 
the change is roughly given by gy?=af,?=Kfy*. But 
kf»? is not dimensionless [having dimensions of 
(length)~* ], indicating that either A is violated or a 
constant A of dimension (length) explicitly enters into 
the formulas. Such a constant would have to appear in 
the Lagrangian. In this eventuality, the first-order 
change becomes Ax f,,’="' f,.”, where we have written 
\=1/xn. Condition B, however, requires that for 
fw~e/? (where ¢ is the electronic charge) : 


ne /ro8<1, ro=e?/mc?, m=electronic mass, (16) 
which can be maintained only for 71> mc?/r9'; i.e., the 
constant appearing in the Lagrangian must be > elec- 
tromagnetic energy density on the “surface” of the 


” It is irrelevant to this argument whether g,, or its dual is the 
Maxwell field. . 
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electron. If condition A were violated, one would still 
have to assume that g~n~'/,,, ie., the natural unit 
to measure field strengths is the microscopic one, ». 
The question arises as to the choice of » (a lower 
limit only having been found). Assuming the mass, m, 
to be available, one must choose a length. If one does 
not wish to invent a new length, only the classical elec- 
tronic radius or the Schwartzschild electronic radius is 
available. In view of the fact that the latter possibility 
does not seem to have anything to do with electromag- 
netic phenomena (and, further, is so small that the 
concept of distance becomes questionable), we shall 
provisionally assume that »=mc?/r,? where r,~fo. 
Turning next to the question of affinity, it may be 
noted that even in general relativity the relation 
between the affinity and the Christoffel symbols is 
somewhat arbitrary. A more fundamental approach, 
perhaps, is to use the Palatini method and have the 
relation determined by one of the field equations, One 
thus has only to decide on the symmetry properties to 
be assigned to I'“ag and gy. For this matter we again 
lean on the results of the preceding section and postulate 


C-—The affinity has the form ['¥gg=C*ag+I'p6"a, 
where C*,g=C*%gq and I’, is a vector. Also, the 
metric tensor obeys the relation gyy= frp- 


In order to justify, somewhat, the use of C we note 
that, according to assumption A, C is certainly the 
appropriate method of introducing the electromagnetic 
field when the fields are weak. Whether a more com- 
plicated form for the affinity is needed for stronger 
fields remains to be seen. In this respect condition C 
plays something of the role of the principle of equiva- 
lence in general relativity, For that case (via the ele- 
vator experiment, say) one learns that the metric 
tensor is related to gravitational fields while here (for 
weak fields) one learns that the Maxwell field is related 
to I's (according to Sec. 2). As a further point it should 
be noted that it seems difficult to find a more general 
form of “ag which will not also destroy condition A. 

If I's is to be associated with the vector potential, 
one must demand that when I'g=A,,, where A is a 
scalar, there be no electromagnetic effects. According to 
Eq. (10), the curvature tensor is unchanged in this 
situation. However, aside from the field equations, 
there exists the geodesic equation for a neutral particle 


dx* dx? 


g 
ds ds 


dx 


+ I’, 
ds* 


0. (17) 


Equation (17) exists without any specification of the 
connection between I'*,g and the metric tensor. For 
T+ap=C*aptA, p6“« one has 

dx dx* dx® dA dx 
+C*ag + (). 
ds* s ds ds ds 


(18) 


Equation (18) may be reduced to standard form by 
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making the transformation ds=[expA(x) |ds’ : 


dx* dx 
+C"ag —=(), 
ds’ ds’ 


dx 
(19) 
ds” 


Thus when no electromagnetic field is present, a change 
of gauge C*ag-%C"ag+A, pi”. implies a change of metric 
along the geodesic ds—/[expA(x) |\ds, or equivalently 
Suv >Lexp2A(x) |g,» Since one expects that the motion 
of a neutral particle will still depend upon C*ag only, 
even when a real electromagnetic field is present, one 
postulates" 


D.—The Lagrangian must be invariant under the 
combined gauge transformation I'’,g—I'“ag+A, p6“a 
and gy exp2A(x) |g» 


Conditions C and D may be viewed in a slightly 
different manner in terms of a “gauge-type” argument. 
In general, ds*=g,dx"dx" gives the readings between 
two events on the measuring rods and clocks. The 
freedom allowed in the transformation ds—[expA(x) |ds 
corresponds to the freedom of calibrating one’s meas- 
uring devices differently at each point in space. When 
no electromagnetic field is present, a neutral particle 
will obey an equation of the form of (19), according to 
the general theory. This equation is invariant under a 
constant recalibration of one’s rods (A=const), i.e., 
a constant change of measurement standards through- 
out all space-time is unobservable. Let us further 
assume that a variable recalibration [A= A(x) } will also 
produce no observable effects. Now under 


ds—[expA(x) |ds, 


Eq. (19) turns into Eq. (18), violating the above as- 
sumption unless, simultaneously, C*ag—C*ag+A, pb"a. 
This last can be achieved if a new field I's is introduced 
into the affinity [ag=C*ag+I'g6". such that I'g—l's 
+-A,, under the recalibration transformation. 

The invariance under the combined transformations 
of condition D assumes already that C“g¢ is not related 
to the metric tensor according to the usual Christoffel 
affinity, 


C*ap= he" 2 (a0, 6 +8 pe, a— Lab, 0) (20) 


for if Eq. (20) held, it would not follow that I“ag—I'“ag 
+A, 96"4 when gy >[exp2A (x) |gu».! 


4. LAGRANGIAN AND THE FIELD EQUATIONS 


We proceed next to the choice of a Lagrangian which 
does not violate assumptions A through D. One has 
available, in order to form scalars, the metric tensor, 


"The requirement of invariance under I'4ag-T“ag+A, p6"a 
(the so-called \ transformation) has also been discussed by A. 
Einstein and B. Kaufman, Ann. Math. 62, 128 (1955). See also 
P. G. Bergmann, Phys. Rev. 103, 780 (1956). 

"The assumption of Eq. (20) with invariance under gy» 
(exp2A)gyy corresponds essentially to Weyl’s theory. H. Weyl, 
Space, Time, Matter (Dover Publications, New York, 1950), pp. 
282-312. 
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£as= £60, and the contracted curvature tensor 
Rul Ty] =R,, [C%gy+ l',6%s ]. 


Similarly there are two scalar densities: (—g)* and 
(—detR,,)!. The only Lagrangian that does not violate 
any of the conditions of the preceding section is 


L= farea= farar(—o' 


X [a RyaRpge’g@ +c2(g”"Ryy)? |, (21) 


where a; and a» are two constants that will be deter- 
mined below.” Equation (21) is also the most general 
bilinear Lagrangian that can be formed from R,, and 
R, as the units for measuring [', have not yet been 
decided upon. 

Following Schrédinger' it is convenient to define the 
quantity" 


q”’ = 6X /bRy. (22) 


From Eq. (21) one obtains 


a = (—g)*Layg*p"’Raptarg”g**Rap], (23a) 


4 =ay(—g) tgnagrB Rap. (23b) 

The first set of field equations may be found by 
varying Eq. (21)"with respect to C*,, and T’,. From 
Eq. (12) one has 


bRw = —8C pt 8C%sa,0+ (OF ,5— ST ,,5), (24) 


where the semicolon refers to covariant differentiation 
with respect to the symmetric affinity C*,,. This leads 
to the equations 


Q so— 3g", p5"at- 9”: 95%.) =0, (25) 


ue 


q-.,=0. (26) 


Contracting Eq. (25) with respect to v and a, one 
obtains directly [by imposing Eq. (26) ] 


Mu 


q “a=0. (27) 


Hence, if one defines 


q = a’ ( tis g.)', 


where 


£,= detgZas, $ bn = #,, (28) 


one obtains 


C= 46 (hye, »+ Boe, u— Bure) (29) 


448 Other possible terms that might appear, such as a3(—detRyy)!, 
violates condition B unless, of course, as itself is very small. 
4 German symbols will denote tensor densities. 
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and R,, is the usual contracted curvature tensor (as a 
eo (J 
function of g~). One also has then Ry= — Sy. 
Setting f,.=a'f,, in Eq. (23b), where a is a constant 
and f,, is the electromagnetic field, (26) becomes the 
source-free Maxwell equations: 


L(—g)*ge"g"* fap ],»=0. 


Equation (30) may alternately be written in the form 


fe =0, fr=grag? fap, (31) 


where |y means covariant differentiation with respect 
to a Christoffel affinity defined in terms of g**. One thus 
has two “metric tensors” occurring in the theory: a 
“gravitational” tensor g.g and an “electromagnetic” 


(30) 


one gag. This analogy follows through the rest of the 
equations. However, the original assumptions imply 
that gag defines the metric as measured by rods and 
clocks while g.g is a derived quantity. 

The second set of field equations are obtained by 
varying with respect to g”’: 


O= (—g)*[har{ Ryag?’Ryp 
+ Rag Re, — b owRoak? ge’ Rrs) 


t+ hao{2Rw eo" Rap— }8u(g**Rap)*} }. (32) 


Equation (32) may easily be recast into the form 
O= (—g)!Lar{ Rags"? Rip— 1" Reak’"g Rep} 
taal Rags’ Rap—10,(g"*Rag)’} |] 

—aya(—g)'T,, (33) 

where 7%, is the electromagnetic stress-energy tensor 

TH, = — G9 fra frat rg e foafrs. (34) 


Equation (33) is quadratic in the curvatures R,,. It 
may, however, be linearized in these quantities by 
eliminating one of the R’s in favor of g~ in the first 
brace by Eq. (23a). One obtains in this fashion 


a af 
Q” Rre—304 Rag=aya(—g)'7%,. 


(35) 


Equation (35) resembles Einstein’s equations. However, 
while gs" appears on the left-hand side, g** occurs in 
7+, and (—g)! indicating effects to be found in this 
theory that are not contained in Eqs. (6). Also, the 
condition 74,=0 is satisfied identically by the left 
hand side (a phenomena resulting from the gauge 
invariance of \’). 

We turn next to the problem of obtaining a relation 

7) sites , ' 

between g~ and g**, This may easily be done by again 
eliminating R,, from Eq. (35) with the aid of (23a). 
From the latter equation, one has 


Ru =ax(—g) LG” berber —a2(—£)'Burg*Rap] (36) 
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Hence 
g*Rap= (art+4ar)'(— 2) "9 gor, 
or 


Ry =a; '(—g) Tq Soukry — at2(ar+-4arg) oe | Bor |. (37) 
Substituting into Eq. (35), one obtains 


uh or , vB or 
{q q £0818 —a2(a1+4e») G &vsG for} 


S 10 8 Boars — an (ay+4a2)"(G*?gap)*} 

aya(—g)T,. (38) 

Equation (38) does not uniquely determine gag as a 

function of gag and f,, since the condition 74,=0 is 

identically satisfied by the left member. In fact, if one 

has a solution to Eq. (38) of the form gap™=Sas( fy), 
then another solution is easily seen to be 


Lap=[LexpA(x) |sag, 


where A(x) is any scalar. Since Eqs. (23a), (30), and 
(32) are all invariant to the scale of gag, the scale is 
not determined by the field equations, this being, of 
course, just the statement of the gauge invariance of 
the theory. 

We now determine the constants a; and ay so that 
the theory conforms with conditions A and B, When 
no electromagnetic field is present, Eq. (38) has only 
the solution 

Lap= LexpA («) las, (39) 
where A(x) is an arbitrary scalar. Equations (37) then 
becomes 

Ry = (ay +4a2) "By, (40) 
which are Einstein’s equations with the cosmological 
term 


A (a; + 4ay) “" (41) 


Equation (35) leads to a consistent result.!® The solution 
of Eq. (40) produces a unique determination of g,, 
(when some set of coordinate conditions have been 
imposed). However, the metric is not determined 
uniquely from Eq. (39). Hence C*ag is determined, not 
in terms of gag, but in terms of g.g, a result in accord- 
ance with that obtained at the end of Sec. 3. 

We turn next to the situation of a weak electromag- 
netic field. Rewriting Eq. (38) as 


“fh uf or 
(8 8°" for8rp—a2(ait4ar) "2 gph for) 


af ar af 
1H AL 2 Loakrp—ar(ayt+4ay)'(g gag)*) 
£,)1", (gap, for), (42) 


16 Tf one continues with the association of anything on the 
right-hand side of Einstein’s equations with a stress-energy tensor 
(to first order), one is led to equating } with xp,c* (where p, is 
the mean density of matter in the universe) and in this way to 
the steady state cosmology. However, such an association in the 
cosmological domain does not seem to be necessary. 


ay’a(— g/ 
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one may assume a solution of the form 


fap= bap thas, (43) 


where hg is considered small. The gauge condition may 
conveniently be set by 


af 
h=0; h=h*.=" hap. (44) 
To first order in hag, one easily obtains 


Ityy = haus? (ay+-4ex2) (a +22) T (hap, for). (45) 


From Eq. (37) one may show that, to within quartic 
terms in fy, 


” 
| Ry = (a1 +4a2) '(—g,)4'=A(—g,)!. 
Hence Eq. (35) becomes, to the lowest order, 
ap 
Rio WR Rap tro", 


=a,07", (Zap, for) (46) 


indicating that assumption A has been verified and that 
(47) 


a\a= —K. 


One may, in general, rewrite Eq. (35) as 


—o() 


af or af 
X(8° & beaks —a2(ai+4a2)"(g rs)}|| 


(—g,)! 4g R 


” —«(—g)*T*, (gap, for), (48) 
where the quantity in the square brackets will differ 
from 4A only for strong electromagnetic fields. Equations 
(29), (30), (38), and (48) then become the field equa- 
tions defining the theory. 

Returning to Eq. (45), condition B requires that 
hiye™ hur™ 1 only for rS10-" cm. Since for an electron 
T w~e/r', one has 


= Kee (a+ 4az)/(ay+ 2a2)e*/1)4 


(49 
= }xpc*ay (ay+4a2)/(ai+ 2a), 


where 7;~e*/mc* and p<’? #e*/r;' is the order of the 
energy density on the “surface” of the electron.'* 
Equations (49) and (41) may be solved for a; and a 


The sign of Eq. (49) is a priori arbitrary and one is in a 
position somewhat analogous to the problem of the choice of 
sign of « in general relativity. However, with the sign as written, 
the ene symmetric solutions of the next section are non- 
singular (except at the origin). U nfortunately, a, now turns out 
to be positive and hence f,,=at/,, imaginary. This difficulty can 
be removed, however, by slightly modifying the Lagrangian to read 
L= b(—g) Lor (Rua Kypg”’g? — RyaRogg””g"? +02(g””Ryy)*), the net 
effect being only to change the sign in Eq. (47). 
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yielding 
1 1 1—(2/N) 


oe ad 1— (1/NY 


apd 1—(1/N)’ 


Kpe* 
N=—~10". 
ny 


a _11-(2/N)_ 


adie. 4 1-(1/n) 


ar '=xpe*, ag An. 


, = —K pc’, 


(51) 


For all practical considerations, terms of order 1/N 
may be neglected.” 

One might note that if condition D is dropped, there 
appears to be one more Lagrangian available: 


= (—g)*(g*RaptharRyag’e Rip). 


Equation (52) leads to results similar to those obtained 
here and in the next section (the spherically symmetric 
solutions are slightly more complicated, though quali- 
tatively the same). The main distinction seems to 
involve the lack of a cosmological term. While, of 
course, one might add the term A(—g)! to Eq. (52), it 
appears that in this theory (as in Weyl’s) the only 
natural way of introducing a cosmological term is 
involved in the gauge invariance of the metric ds. 


(52) 


5. SPHERICALLY SYMMETRIC SOLUTION 


We consider next the static spherically symmetric 
solution corresponding to the electric field around a 
point charged particle. We assume a coordinate frame 
such that the “gravitational” metric takes the form 
£..= £5, where 


£;(r) = —?r’ sin’#, 
gi(r)=A(r). (53) 
In general it is not possible for both g,, and gy to have 


an fr? dependence for the angular part of the line ele- 
ment. However, for this case it will be seen that a 
gauge transformation can be made to insure this. We 
assume first the general form gy,= g.d., where 


a= —n(r) AM”~fr, g2(r) = —# fr(r) fA, 
g(nh=—r sinOf(r)f, ginh=A\Nh(n fr, 
fi= (fifofafa)' 


The only surviving Maxwell equation reads: 


Safs ) |- 0, (55) 
Sifom 


fu=fa= (e/9*) (fifnd/fofs)', (56) 


a In fact, one could always add terms to the left member of 
Eq. (49) of order 1/N (and hence without violating postulate B) 
such that the approximate results of Eq. (51) are exact for a. 


Zi(r)=—n(r), f(r)=—?’, 


(54) 


“[- g‘g'(— £)*ful=- Lj sino 


or 
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where ¢ is a constant of integration. Substituting Eqs. 
(54) and (56) into Eq. (34), one finds that 7%,(g,/f) 
= 7,6", and 

T.= T\= = T.= - T;= 4 (e/r fifa. 
Thus Eq. (42), which determines the /,, is independent 
of n(r) and X(r): 


(ft fXafa}—UZafa—4(Zafa)*} 
= — (p0*)"'T,. 


(57) 


(58) 


Since 7,;=7, and T,=T7;, the nonsingular spherically 
symmetric solutions require that fi= fs, fo= fs. Hence 
(58) reduces to 


(f?—3yi(hit fe)) —hfe+ fe—4 (fit fo)’} 
+4u(r) fr=0, 


{f?—4fe( fit fe)} -Hfe+ fe—-4 (fit fey) 
—tu(r) fPr=0, 


(59a) 


(59b) 
where 
u(r) = (2/pec*) (e/r'). 


Equation (59b) is equivalent to (59a), the latter 
yielding"* 


(60) 


fi/fr=Tt+e(r) F. (61) 


Turning to the gravitational equations, Eq. (48) 
may be rewritten as 
ua af 4 = 
g “Rya— 4,8 * Rap tL j= —«(—g/—§,)*T*, 
“ a (62) 
= —Kf i7¥,, 


where the expression in square brackets is given by 


[ J=ar(—$./—9) (8 8” goakes—A (8 Bas)*) 
=Kpel?(fi/ fo—1)* fo/ fi, 


from Eq. (54) (neglecting terms proportional to A), 
When one writes »(r)=expo(r), A(r)=expr(r) the 
nonvanishing components of Eq. (62) are easily seen 
to be 


vy f — fi fe Ke fy 
rd wer cial 
, # r 4 ha fi 27 fe 


a y/—)’ Kp? (fi * fa 
yey 
ar 4 fo fi 


ah e fi 
OA fy 


(64) 


U 


go 1 1 K, 1 ’ 2 Kk é 1 
~1{ 2) 12 (4-1) eek 
, + r 4 Nfs fi 24 fa 


18 We take the positive root in order to preserve the signature 
of the metric. 


THEORY 741 


where v’ = dv(r)/dr, etc. The solution to (64) is given by 


2m xe?’ fidr 
n(r)=A(r) =1—-——-— f 
r 2r/o far’ 


wpe? oh 2 fy 
— oe : ( -1) —r'dr, 
4r 0 fa fi 
where m is the second constant of integration. Since 
fi/fo~P near the origin, the electrical term of Eq. (65) 
approach a finite value for small r. Hence a Schwarz- 
schild type singularity still occurs though (—g,)! is 
always finite. 
We now choose the gauge such that the angular com- 
ponents of g,, have only an r* radial dependence, i.e., 
set f;=1. One has then 


A“(n)[1+u(r) }, 
gi(r)=—s", gs(r)= —#* sin, 
ga(r)=A(n)[1+u(r) Pt. 


Similarly, from Eqs. (56) and (57), 
tus " (e/r*)[1 +y(r) | ', 
Ty(—g)'=4 (2/0 1+ u(r) Pi? sind. 


(05) 


gi(r)=— 
(66) 


(67) 


Both the electric field, fis, and the energy density, 
T4(—g)', are finite at the origin. Thus the point electron 
produces finite electromagnetic quantities in the theory. 
The fact that the integral of 74(—g)! exists, suggests 
the possibility of equating it to mc* and thus deter- 
mining p,. One has then 


mex f T4(—g)*drdédy 
0 


e a 
-( )f drdQr*[1+r;4/r} 4, (68) 
Sir 0 


ri'=e'/(2npc’), 


where we have re-expressed the charge in unrationalized 
units. Performing the integral, one obtains r;= 0.939 
= ().93e?/mce*, or 


pel? =1.4(1/29)me*/ro}. 


It should, of course, be mentioned that even if the 
hypothesis that all the electronic mass is electromag- 
netic be valid, the above figures will be changed when 
one more completely includes the matter field into the 
coupling as well as quantum effects. Thus the result 
given in Eq. (69) must be viewed at best as provisional,” 


(69) 


6. CONCLUSIONS 


In the preceding sections, an attempt has been made 
to build up a unified field theory based on certain 


# Tt is interesting to note that an exact solution of the equations 
for a plane monochromatic wave also exists. Of course the super- 
position theorem ceases to hold for frequencies such that 
T*~pé#". Similarly, for high frequencies, the wave does not 
travel along the null geodesic. 
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general principles (of both experimental and theoretical! 
origin). Before discussing the results obtained, one 
might ask whether a less general Lagrangian than (21) 
is compatable with these assumptions. As pointed out 
earlier, Eq. (21) is the most general structure quadratic 
in Ry and Ry,: 


U(x) = has(—g) RuaR rage" +hara(— £)* fuafogrg? 
+ha2(— g)*(g""Ry)?. (70) 


If one drops the third term (sets a2=0), Eq. (41) shows 
that A=1/a, and hence Eq. (49) (with a,=0) will 
violate condition B. The other possibility of a more 
restrictive choice for {'(x) stems from limiting a, to 
zero (but keeping aa finite). From Eq. (51) this cor- 
responds to limiting p,c* to infinity, the theory resulting 
being precisely that of Eqs. (6). Thus, aside from this 
limiting case (and an issue as to a sign'*®), the conditions 
laid down in Sec. 3 force a finite-electron theory. 

As was seen explicitly in Sec. 5, it is not possible by 
a coordinate or gauge transformation to make the 
“gravitational” metric tensor g, equal to the true 
metric tensor gy When an electromagnetic field is 
present. One would expect, according to some Einstein, 
Infeld, and Hoffman type analysis, that g,, governs the 
motion of a neutral particle since this is the tensor that 


appears in C*,, and hence in the gravitational side of 
the equations. Thus the measure of length along a 
neutral particle’s geodesic is given by ds?= g,,dx"dx’. 
On the other hand, it is assumed that the rods and 


clocks measure length according to ds’=g,dx*dx’. 
These two quantities will, of course, agree (to within a 
gauge recalibration) except at very small distances. Since 
the neutral geodesic will not be altered significantly 
by the presence of the electromagnetic field, the fact 
that ds#ds’ under these circumstances implies that the 
rods and clocks have been influenced by the presence 
of electromagnetic energy. In general relativity, it is 
always possible to set up a local Lorentz coordinate 
system ds* dr’+- dt, over a small space-time region, 
where dr and dt measure directly the readings on rods 
and clocks. The presence of ¢ in the metric indicates 
that a consistent electromagnetic definition of time is 
available in terms of the distance, cdt, that an electro- 
magnetic wave travels between two events.” It would 
appear from the above discussion, that the theory pre- 
sented here suggests that all rods and clocks are electro- 
magnetic in nature. This conclusion is, of course, quite 
preliminary since the neutral nuclear fields have not 
been included into the formalism. 


® This definition of a clock is also consistent with the require- 
ment that the stress-energy carried by the measuring devices 
postulated not disturb the local flatness of the space, since the 
velocity of light remains constant as the amplitude of the wave 
tends to zero. 
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From the spherically symmetric solution of Sec. 5 it 
is clear that g,, deviates from the Lorentz metric, ny», 
only at extremely small distances. Hence, for all prac- 
tical electrodynamical problems, Eqs. (30) and (38) can 
be replaced by 


C(—g)*gnag"? fap], »=0, (71) 
(0? Gorkre— im” gran" bor} 
— LH” goakes— 4 (ng ap)*} 
=—(1/pa*)T+,(g,f). 


The major effect of the unification, thus, is the kine- 
matical constraint (72) on Maxwell’s equations (71). 
Since n is a Lorentz tensor, these equations are meant 
to replace the usual Lorentz-invariant Maxwell equa- 
tions. 

The approach being followed here is considerably 
different from that of Einstein. Einstein hoped to 
obtain completely regular solutions of the field equa- 
tions to represent particles,*" As mentioned earlier, the 
viewpoint being adopted in this paper eventually 
requires the introduction of extra terms to represent 
the matter stress-energy tensor. Thus to describe elec- 
trons, one will need an added structure similar to the 
Dirac Lagrangian. The question as to whether these 
nonlinear interactions can be quantized remains 
unanswered. 

A preliminary investigation has been unable to dis- 
cover any invariances of the Lagrangian aside from 
those following from the usual freedom of coordinate 
and gauge transformations. Thus the solutions to the 
field equations seem to be constrained only to the 
amount that they are in general relativity and electro- 
magnetic theory separately. This was seen explicitly in 
the spherically symmetric solutions of the preceding 
section. 

As a final point, it might be mentioned that Infeld 
and Wallace? have shown that for a theory obeying 
Eqs. (6), a charged point particle travels according to 
the Dirac equations of motion.” Hence to a first ap- 
proximation, the electron will obey the usual classical 
equations with radiation reaction. At high energies and 
small distances, one would expect factors of the type 
appearing in Eq. (67) to enter, a result which might 
damp the runaway solutions. 
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1 This hope does not seem to be born out in the spherically 
symmetric static solutions found by W. B. Bonnor, Proc. Roy. 
Soc. (London) A210, 427 (1952). 

=P. A.M. Dirac, Proc. Roy. Soc. (London) 167, 148 (1938). 
One must also assume retarded potentials. 
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Derivation of Dispersion Relations for Forward Scattering*t 
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The dispersion relation for forward meson-nucleon scattering is derived in the simplified case of scalar 
neutral particles. Use is made of the local property of the nucleon field and of certain features of the mass 
spectrum. In addition, it is assumed that the only singularities of certain matrix elements of the nucleon 
field commutator are derivatives of finite order of 6 functions on the light cone. Under some further assump 
tions of existence, the dispersion relations for the derivatives of the scattering amplitude with respect to 


angle at zero angle can also be derived. 


HE details of the dispersion relations for forward 

scattering of mesons by nucleons have been given 
by Goldberger! and Goldberger, Miyazawa, and Oehme.” 
Since these relations seem to be experimentally con- 
firmed,’ the question of whether they are rigorous con- 
sequences of the local meson field theory has been of 
considerable theoretical interest. The derivations of 
these relations given so far'* are known to be incon- 
clusive. 

In this paper we answer this question in the affir- 
mative and shall outline, under well-specified assump- 
tions, the rigorous proof of these relations.° 

To this end it will be sufficient if, for the sake of 
lucidity, we confine ourselves to the simple model of 
the coupled fields of two scalar neutral particles, a 
heavy one of mass M and a light one of mass y. For 
brevity we shall refer to these particles as nucleon and 
meson, respectively. We shall observe the selection rule 
that the matrix elements of the nucleon field operator 
¥(x) vanish if taken between two states each having 
even or odd numbers of nucleons. (This is related to 
but not implied by the fact that nucleons can be 
produced only in pairs. A possible realization of this 
selection rule would be by the introduction of a nucleon 
spin.) Bound states, e.g., the deuteron, may exist. 
The only properties of the mass spectrum we shall 
actually use are that 4<2M and that any state of odd 
nucleon number, if not the one-nucleon state, has a 
rest mass greater than or, as in the case of the one- 
nucleon-one-meson system, at least equal to M+. 

We are using the 1, —1, —1, —1 metric; T is the 


* Work supported by a grant from the U. S. Atomic Energy 
Commission. 

t A portion of this work was performed when the author was 
a visiting scientist at the Brookhaven National Laboratory. 

1M. L. Goldberger, Phys. Rev. 99, 979 (1955). 

2 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

* Anderson, Davidon, Kruse, Phys. Rev. 100, 339 (1955); G. F. 
Chew, Encyclopedia of Physics (Springer-Verlag, Berlin, to be 
published). 

4R, Oehme, Phys. Rev. 100, 1503 (1955); 102, 1174 (1956). 

* After this work had been completed, the author learned at 
the International Conference on Theoretical Physics in Seattle 
that N. N. Bogoliubov has proved the dispersion relations even 
for the case of finite scattering angle. The dispersion relations for 
forward scattering have also been proven by R. Jost and H. 
Lehmann, using a different method, 


~ 
time-ordering symbol; Azo is defined by 


im 0 0 
f(x) Oxog (x) = f(x) —g (x) — g(x) 


0X9 


J (x), 


OXo 


and O(x) by 
a 
O(x) = ( - +A Mtv) 
Ox," 


| ) is the true vacuum state. |k), |p) are states of one 
meson or one nucleon, respectively, with the indicated 
four-momenta. | pk) is a state of an ingoing nucleon 
and an ingoing meson, etc. We adopt the usual con- 
vention that all one-particle states are defined to be 
invariant under space-time inversion. The x dependence 
of ¥(x) is given by 


(x) 


where & is the total four-momentum operator, and 
similarly that of O(x). We impose the causality condition 
that the nucleon field be local, i.e., that 


[W(x) Wl’) ]=0 


The S-matrix element for scattering of a nucleon of 
momentum p and a meson of momentum & into a 
nucleon of momentum p’ and a meson of momentum k’ 
is given by °? 


exp(iPx)y(0) exp(—iPx), (1) 


if (x—x’)? <0, 


(p’k! | S| pk) if erst |) pk)dx 


if 
m* «@ 


t if ek |0(2)| pha 


ef”'s Oak’ |W (x) | pk)dx 


(p'h’ | pk) +-i(2e)'6(p' +k’ — p—k) 
«(k'|O(O)| pk). (2) 
Since we assume invariance of the theory under space 


*E.g., Lehmann, Symanzik, Zimmermann, Nuovo cimento I, 
205 (1955). 
7™F. E. Low, Phys. Rev. 97, 1392 (1955). 
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time inversion, the scattering amplitude 

T yx’, pe = (k’ |O(0) | pk) 
is symmetric. (Here we may subtract the vanishing® 
quantity (k’|k)(|O(0)| p) at will and carry through the 


following manipulations with its inclusion, without 
hereby affecting the final result.) We furthermore have 


Tye, n=if € 6P2 Grol k’ |O(O)W(x) | k)dx 
=i f e-'* Deol k’ | TY(x)O(O) | k)dx 
=~? @ 


=i f '?* Balk’ |W(x)O(0) | k)dx 
te 


(i 
+ife (- —_ +a-m) 
Ox? 
x (k’ | Tp (x)O(0) | k)dx 


~ife ‘p#(k! | TO(x)O(O) | k)dx 


—{ f e-'* Salk’ |[W(x),0(0)]|A)dx. (3) 


Contrary to the procedure of Low’ and Goldberger,' we 
have fixed the meson and set the nucleon free. The 
reason for this will be apparent later. 

Formulas (2) and (3) may be expected to hold even 
if there are bound states. In order to show this, we 
remember that actually the validity of 


T 
| pk) = lim ty f das f ¢ ip® Oza (x)|k)dx (4) 
wis oT 


is sufficient for that derivation. By use of (1), the right- 
hand side of (4) is easily shown to be an eigenvector of 
® with eigenvalue p+k, and adopting the weak- 
coupling treatment of the bound state problem by 
Nishijima* one may show that the right-hand side of 
(4) actually represents the properly normalized state 
of two ingoing particles as expressed by the left-hand 
side. 

The last integral in (3) is real. Because of the com- 
mutator condition, the matrix element and its deriva- 
tive must be linear combinations of spatial 5 functions 
and derivatives thereof of finite order. (The occurrence 
of derivatives of finite order only might be takeri as 
substantial supplement to the definition of a local 
field.) The integral then becomes a polynomial in the 


*K. Nishijima, Progr. Theoret. Phys. (Japan) 10, 549 (1953); 
12, 279 (1954); 13, 305 (1955). 
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components of p, and, by reasons of invariance, may 
be written as a polynomial in p(k—k’) and p(k+k’) 
with real kk’-dependent coefficients. Since p(k—k’) 
=kk’'—y?, that variable can be omitted. The trans- 
formation p—— p, k«+k’ shows that p(k+-k’) can only 
appear squared, The integral may therefore be written 
RL (p(k+k’))*; kk’ ]. In the decomposition 


TO(x)O(0) = }(—1+signao)[O(x),0(0) ]4+-O(x)0(0), 
(5) 


the last term of (5) does not contribute in (3) since 
intermediate states of odd nucleon number and mo- 
mentum k’— p do not exist. Specializing now to forward 
scattering, we have 


T pk, pe RUA (pk)? jw )= a 
= i ferme [O(x),0(0) ]|k)2-"(1+signay)dx. (6) 


We write the invariant quantity 7,,), in the rest 
system of the meson. w= pk/y is the nucleon energy in 
this system. We have, replacing x by —x, 


T= f F (w,r)dr, (7) 
with ‘ 
F (wr) = 4ir (w*— M*)~ sin[ (w?— M*)v] 


x f 2 e*"(u,0|[O(t,x),0(0,0) ]|u,0)dt. (8) 


Although 7, as it stands in (7), is meaningful only 
for w*>M?’ (because of the exponential factor if 
w* <M"), F(w,r) is definable by (8) for all values on the 
real axis and in the upper half w plane. Since the 
integral actually extends only from r to infinity, the 
factor exp(iwr) could have been taken out and the 
exponential increase of the integral function (w*— M?)~$ 
X sin{ (w*—M?)iv] in the upper half-plane is just com- 
pensated, We may furthermore assume that the matrix 
element of the commutator is continuous inside the 
light cone so that, as a consequence of the Riemann- 
Lebesgue Lemma,’ the asymptotic behavior of F(w,r) 
for w> is governed by the singularity of the com- 
mutator on the light cone.’ If one inserts in (8) a 
derivative of 6(@—r*) of order n 20, one finds an asymp- 
totic behavior like w*'. Since, as before, an infinite n 
would not correspond to a local theory, the multipli- 
cation of F(w,r) by a finite number of factors 


[(w+ib,)’—a/}", 6,>0, 


will suffice to secure the asymptotic vanishing of the 
°E. C. Titchmarsh, Theory of Fourier Integrals (Oxford Uni- 
versity Press, Oxford, 1937), p. 11. 
” E.g., H. Lehmann, Nuovo cimento I1, 342 (1954), 
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product so that the Hilbert relation" holds: 


F (wo,r) 1 
Re =p [ 
TIC(@o+ib,)?—a7] « ¥. 


or, with b,-++0, a,>0, 


Re F(wo,r) = 2 Re F(a,»)II — 


Ayr da, —a,? 


to dw 


-o W—-Wo 


FORWARD SCATTERING 


Fey) 
“TIL(o+ib, Ya] 


Im F (, r) 


wd 


—- IT (os oto)? f dealt I («* a 2) 


Here we have used the easily established fact that Re F(w,r) and Im F(w,r) are even or odd functions of the real 


variable w, respectively. 


We now perform on (9) the r integration required by (7), choosing wo> M. This integration certainly commutes 
with the w integration in the region w 2 M. For the sake of simplicity, we choose all a,>M and are left with the 


integral from O to M: 


2 q)2 


, wr af—a) Ww 


“4 Tloe—03) f° rir fe Teo" 


In order to obtain the dispersion relation we are looking 
for, we have to evaluate the right-hand side of (10)." 
This we shall accomplish by shifting the w path in such 
a fashion that we can perform the r integration under 
the w integral. This, of course, requires some knowledge 
of the commutator since an analytic continuation of 
the w integrand has to be carried out. Splitting the 
matrix element and inserting a complete set of states 


sin({(wt+n)?— 
[(wt+u)'— 


ead P 
Mr)! 


Mt =M 
where k;’=(w+y)*—M? and only the one-nucleon 
intermediate states contribute. We shall show later 
that the nucleon-meson matrix element 


IN (w) [= (w, k|O(0) | u, 0) (12) 
is an analytic function in the cut w plane; the cut goes 
from —« to —~M; 9M (w) is real on the real axis from 


—M to + and increases at infinity at most like a 
finite power of w. IM (w)?, which we can insert instead of 


Map oF — wo? Tw a,”) 


2 “ M wd 5 rane 
— TI (we -a) f arf i [om +u) Psi sinh[, ) r] 


Re 7 =R rt Il St v2 [1 (wo? ypf coda 
e Tuo— e Ta, ——— —— [] (w?—2a, es - 
, : ; mM w'—w¢ [] (w*—a,*) 


‘sinh[ (M?— w*) ry] 
(Ma)! D 


——§ (w+ — Rog) | (hog ky | OC 0) | u,0) |? ’ 


Im 7, 


% eu,0|[O(t,r),0(0,0) ]|u,0)dt. (10) 


which we label-by ¢, with energy kor and momentum ky, 
we get for the matrix element in (10): 


DL {expl —i(kor—mu)t]— expli(kor—x)t }) 
; 
exp (iky 1) | (Rog, ky | O(O) | 4,0) |*. 


Carrying out the ¢ integration and remembering the 
selection rule, we obtain from the first exponential 


(11) 


|91U(w) |* because of the reality of 9M(w) in the required 
range M<w<M-+u, then has the same properties. 
With the normalization factor adapted to our choice 
of the wave functions (29)~*5(ky?— M*)dkr, i.e., 


(2x)? ky | Of | ky | — (Ro,* — M?*)s |d| kor | dhog, 


and from (11) and (12) we obtain for the right-hand 


side of (10): 


sin{[ (w+y)?— M? }'7}. 


(M?—w)! 


The exponentially decreasing part of the hyperbolic sine can be integrated at once to give 


~= Toe _ of 


a See Cc hep. V of reference 9. 


wdw [Mwtn) Plt) M1 
ar wd Tw? a,) 


(13) 


opty? (M?—u?)t 


1 Equation (10) and the method we have used to derive it are due to R. Oechme, Nuovo cimento (to be published). The author is 
indebted to Dr. Oehme for communicating these results to him prior to publication. 
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For the remaining integral, we write 


yp WF — we? 


, 2s dis (w*— M*) by — 2_ yh 
I] (we?—a af dr kef Ww exp{i ir iL (wt+n)— yr} 


Here we have chosen the cuts in such a way (Fig. 1) 
that the square roots behave at infinity like w and 
wtp, respectively. The original integration path AB 
is indicated in the figure. We deform this path into 
the path ACDEB, where C lies arbitrarily between 
w= —y/2 and w= —M on the real axisand the quadrant 
DE is removed to infinity. CD and EB lie at Re w< —y/2 





Fic. 1. Integration path for (14). 


or Imw>0, respectively. The residues at wo and a, 
have to be written separately. We now observe that 
along the segment AC of the real axis the integrand in 
(14) is imaginary so that this part can be omitted. This 
is the decisive point of our method, (Note that there 
are no poles on AC.) Along CDEB we can interchange 


wdw [IN(w 


1 
Mer-onref 
_ CDEB w* — wo" 


We now deform the path CDEB back into the path 
CAB. The contributions from the poles at wo and a, 
cancel the separately calculated terms. The contri- 
bution from AB is immediately seen to be just the 
opposite of (13). Along CA the integrand is imaginary 
so that only a small half-circle in the lower half-plane 
around the pole at w= —y/2 contributes. This half- 
circle then gives for the right-hand side of (10) the 


" 


“I — 


Avr dy, 2 


To = R(4M%w9"; p*)— So R(4M"%a,"; 


Ce tthe 
pa — 
> (ut/4M*) —a,” 


where o(w’) = 4yu7"'(w"?— 


otu)P (w— M*)'+[(w+n)? 
(o?— M%)) 


2 a 
+— [](wo"?— apf — : 
™Y w Padua +i? IIo" 2) 
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(w+n) F. (14) 





(MTL e—08 aa 


the r and the w integration. In order to show this, we 
consider the r integral as the limit as R-+ of the 
integral with the finite upper limit R. On CD and EB 
the integrand is an exponentially decreasing function 
of r. On DE the integrand is exponentially increasing. 
But there the 7 integration gives the factor 


exp{—if{ (w+u)?—M*)R+ifu?— MR) -1 
=exp[ —ipR—4uM*Ru*—---]—1, 


and by shifting the quadrant DE to values|w| > M(uR)}, 
without hereby altering the value of the integral, this 
factor is made bounded so that the contribution from 
DE vanishes if we have introduced so many auxiliary 
denominators that 


lim J] |w*||N(w+n)|*<o. 


|w|—+« v 


Then also the limits of the contributions from CD and 
EB exist, The residues at wo and a, are purely oscillatory 
in r and have to be evaluated for instance in the sense 
of an Abelian limit. (This is justified if we keep in 
mind that our earlier interchanging the /, r integration 
and the summation over intermediate states neces- 
sitates such a precaution. The use of the Abelian limit 
would also simplify the discussion of the contribution 
from DE but there it seems to be less motivated.) The 
result of this limiting process is, apart from the con- 
tributions from the residues, the integral 


~M*} 
i (wy +011" —a,*) 


result 
1 v—a,? [Mm (4u) F 
2° 1a, 1a? 


Inserting this into (10), introducing the meson energy 

in the laboratory system w’ =wy/M, defining [9M (u/2) }? 

=g’Muy, using (6), and adding Im Tw», we obtain 
o?—anr” u'/ (2M) 

* s/s M?*) — wo” 


w' du! 


“+e Re Ta,’ II ———--- -~g? 


AF Ww, 2 q)' 


Im 7, 
(15) 


“ 


M?)~+ Im Tw is the total cross section. In’ (15) the first two terms on the right-hand 


side cancel each other as soon as the number of pairs of auxiliary denominators is greater than the degree of the 
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real polynomial @(4M*w9"; u”) of wo’. Equation (15) is just the Goldberger dispersion relation for our model. It 
shows that the scattering amplitude 7, may be analytically continued from arguments on the real axis w’ > u onto 
the entire cut w’ plane with the cuts from —® to —y and from +yu to +. It possesses a pair of poles at 
w’=-+ty?/(2M), increases in infinity at most like a finite power of w’*, and the values in the left and right 
half-planes are connected by T= (T_./*)*. This latter property establishes the crossing theorem which, without 
reference to the analytical continuation, would be a meaningless statement. 

We finally have to prove our assertions below (12) about the analytical properties of (w, k{O(0)|u,0) which 
have been of importance in our method. To this end we write, in analogy to the treatment of the scattering 
amplitude in (3) to (8), 


M(w) = —i f eivze-ik-® G4 | Ty (x)O(0) | u,0)dx 
zqo-++o 


=i fe *(\[0(4,2),0000)]|440)4(1-+sign aide i f efor ik 8 (\[W(t,r),0(0,0) }{u,0)dr. 


ten( 


The last integral again is a real polynomial in w. The other integral may be written 


— f ie**(|[O(t,r),0(0,0) }| u,0)dt. 


* — sin[ (w*— M?)!r] 
f vd¢———— — 
0 (w*— M?)4 0 


The imaginary part of the ¢ integral turns out to be 


sin|ky|r 
—r>. ry [5 (Rog —w) 5 (Roe — tw) | O(O) | Rog ke) Ror ky |O.(0) | u,0). (16) 
f | r\? 


Because of our selection rule, this expression certainly vanishes in the region —M <w<(M-+-y) since the matrix 
element of O(x) between the vacuum and a one-nucleon state vanishes.* Consequently we can at once perform 
the r integration on the equation which corresponds to (9) since the critical region -M <w<-+-M is completely 
empty. Furthermore, the resulting 4{ |k;|—(w?—M7?)#] rules out contributions from the first 6 function in (16) 
and our assertions about 9N(w) immediately follow from the relation for this quantity which we obtain instead of 
(15). (Such a simplification does not occur if we analyze the matrix element of the meson field operator between 
two one-nucleon states. This is the reason why we fixed the meson in our treatment and not the nucleon as in 
Goldberger’s.') 

We shall add a few remarks on the derivation of the dispersion relations for the derivatives of the scattering 
amplitude with respect to angle at angle zero. These relations cover all dispersion formulas which have been made 
use of so far in meson-nucleon scattering. 

We first rewrite (3) in the center-of-gravity-system of the ingoing and the outgoing meson. In this system the 
meson energy is E=4{ (k+k’)* }§ and the spatial meson momentum k and —k, respectively. The initial and final 
nucleon energy is w= p(k+k’)/(2E). We furthermore introduce cylindrical coordinates r, z, g with respect to the 
axis k. With earlier mentioned simplifications (3) takes the form 


To, 2-4? ; 2F—p)=T, = i) rdrF (w),E,y), 


with 


F (w,E,r) = 2mi J or (a? — M?— F2+-p2)*] 


- aad t 2\k|~"k+9rn t a\k|~"k-+-rn 
xf ite f dE, -k\{o( : ),0(- ,7 ) |iew, (18) 
0 -_ | \2 2 2 2 


where n is a unit vector perpendicular to k. As a consequence of the commutator condition, /(w,E,r) is analytic in 
the upper half w plane and increases in infinity not stronger than a finite power of w. So we get instead of (10) 
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the equation 
wd—ay' 2 ° who ImTuz 
Re i. as u Re Ts. gE II - - TI (we? —a,’) 


Mra—ay? x» (E+ M1— ph w?— woo? TT (w?—a,?) 
’ 


” (Hi+M1—p) = wo ToLr( (2+ M?— ~w)4] 
= 2 (ora) f rir f ite 3 ettdt 
, 0 0 w— wo? I i. -a,3) on 


fod) of 5 EE) Jan 


© (+M I~) edus Tol (E?— w+ M?— w*)*] 
— 84! TI (wea) f rir { =F 8(w+ E— hoy) 8 (|| hk) 
, 6 ig 


(Bt 4M? amet Tw? —a,?) 





x Joly (hoy? — M*)4 XE, —k|O(0) | Ror, kz)(Rog, ky |O(0) | E, k), 


where we have introduced the usual decomposition of the matrix element, made use of (1) and carried out the ¢ 
and z integrations. M; is the rest mass of the intermediate states. 
For an easy survey of the contributions to the right-hand side of (19), we introduce the variables 


v=Ew/p and Aek’=F’—,’, 
The energy in the center-of-mass system is 


W = (2yuv+ M?+-p?+ 2A?)), 
and the scattering angle in this system is 


d= 2 sin {WAL (uv+ A*)*— M47 }-4}. 
In the “physical region” defined by w 2 (E?—y?+ M*)$ or 
vu (M?+ A?) (w+ d?) }}= ymin, 


we obtain for Im 7,, .=Im Ty, px, ¢.g-, from (3), with an obvious generalization of (4), the equation 
1 
Im Tyv, a= fever (W’|[0(4/2), O(—2/2))| ds 
2 


= 4(2m)* d) 5(kp— p—k) (Tux, pre’)* Ter, vo 
and this, of course, coincides with the expression for the unitarity of the S matrix which we obtain directly from (2) : 
(p'k’| StS| pk) =(p'k' | pk) =(p’k' | pk) +-i(29)'5(p’ +k’ — p—R)LT pe’, pk— (T pe, p'e’)* 
—i(2m)* Dor 6(Rp— p—k) (Teg, vre')* Teg, ve), 
since the unitarity of the S matrix is a direct consequence of the presupposed completeness of the states of both 
ingoing or outgoing particles. 


In the “unphysical region” »<vmin, where the x integration cannot be carried out completely, there are con- 
tributions to the right-hand side of (19) from kor 2 M;, this means 


v 2M "(u?+ A*)1Mp—p—p 1A? = Vmin(M;), 
whereas the extrapolation from the physical region would have given a 6 function at 
M;) =u" (MP — M*—p?) — pA? S doin (My). (20) 


This function and the various regions are indicated in Fig. 2. 
As one easily finds in a way entirely analogous to the forward scattering case, the contribution from the one- 


nucleon intermediate state is 


2 (u+*/u)?—: ve 


1 [Dm /2) P (1425) ve—a, 


> u+A*/u)'—a," 
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and therefore can actually be described by a pair of poles at the locations we get from (20) for M;=M. Equation 


(19) now takes the form 


gMyu 


oo — a," 1 
Re Pas ¥ Re Te, A a 


tv a,’ 


Pmin(M¢) Y— >? 


= 8x? TT (ve? —4d, of rdr 


Mesa M+ 
«5(|k|"k- ky) JoLr (oe? — 


Since we do not yet know the analytic properties of 
the matrix elements that appear on the right-hand side 
of (21), we make use of the following device: The left- 
hand side of (21) being finite, the r integral on the 
right-hand side must converge. So we may perform it 
in the Abelian sense without committing an error. 
Owing to the convergence factor exp(—er), «>0, we 
can interchange the r and the » integrations provided 
that u(vmin— v”)*(u?+ A*)~+<e. Since e—+0 this means 
Vmin— Vmin( M+pu)<é/(2M) and therefore, as seen 
from Fig. 2, necessitates a restriction to the derivatives 
of T,,4* with respect to A? at A?=0 or, in the center-of- 
mass system, with respect to angle at angle zero. If 
the limit e—0 exists, it necessarily is the correct result. 
Now from 


im f eI \(ar)J o( pr)rdr = 25(a?—b*), 
0 


e>+0 


we derive 


er+0 


lim f eT (ar)Jo(br)rdr 
0 
= 26 (b?) +-20°6’ (b?) +245" (b?) +--+, 
where Jo(ar) is understood to be defined by the series 
To(ar) =1+ }a*r?+ 1/64a'r'+---, 


and the required derivatives are supposed to exist. 
This means that we may perform the r integration on 
the right-hand side of (21) as if v>vmin provided that 
we use the resulting formula only in the sense of the 
power series in A? or, expressed geometrically, in the 
infinitesimal neighborhood of the forward direction. 
The integration clearly gives a similar integral as on 
the left-hand side of (21), extended from 


i(M+y)=M—p"d? 


tO min Where in this unphysical region Im 7,4 is 


A? 2 
(142 )- I] (ve? —a,”")P 
ws om» 


*—ay® 2 (Sut A*/u)*— 


Ymin vd vy ToL 74 (min? — 


M;*)*\((u?+A?)', —k|O0(0) 


Im 7, 43 


vdy 


i. vy? — vo" [](“’—a,") 


)¥(u2-+-A?) Ir £4 A) po (yt+A2)-t— hog] 
s v > T= Ro 
II. —a,’2) Me Mp f 


koe, ky | P(O) | (u2+-A*)4, k>. (21) 


"Physica! Regior 


” 
Unphy sical Region 





Fie. 2. “Physical” and “unphysical” regions of the 
variables A’, vy in (21) 


defined by 
0 

—Vmin) Im ‘ee 
Ov 


Im 7, 49 Im T ymin,at + (v 


or, more suitably, by 
0 
=Im Tw, o+0— Im Ty,o t 


Ov I) 


Im Ty,o 


As long as these derivatives exist, the resulting formulas 
must hold. These are just the dispersion relations for 
the derivatives of the scattering amplitude with respect 
to angle as considered by various authors.”:* The 
remaining difficulty is that we do not yet know whether 
the needed derivatives at 3 =0 do exist as a consequence 
of causality alone. 
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The first-order correction to the wave function in the Brillouin- 
Wigner perturbation procedure is generalized by associating 
independent amplitude coefficients G, with each physically 
distinct type of interaction W™ occurring in the interaction 
operator. The modified formulas for wave function and energy 
can be evaluated by using only quantities which occur in the 
original formulation of the perturbation procedure (characterized 
by G,=1). The energy formula is invariant under a transformation 
which changes the scale of al] energy denominators by a constant 
factor. A uniform displacement of the zeroth-order energy 
spectrum provides an additional variational parameter. 


I. INTRODUCTION 


N a recent paper’ we described a method for im- 

proving the Brillouin-Wigner (B-W) perturbation 
procedure in accuracy and rapidity of convergence by 
a simple modification of the approximate wave functions 
used in that procedure. The modified formulas for wave 
functions and energies can be evaluated by using only 
quantities which occur in the original formulation of 
the perturbation procedure. 

An additional refinement is possible in problems 
where the perturbation operator W appears as a linear 
combination of distinct types. This is, in fact, the 
usual situation. For example, in a nuclear problem, 
W may contain short-range radial repulsive terms, 
radial exchange interactions, tensor operators, and 
harmonic oscillator potentials. 

We write 


W=>),.W™-U, (1) 


the index x distinguishing the different types, and, in 
the simplest possible formulation of the proposed 
refinement, use the approximate wave function® 


no” 


i 
y: ¥. +E Ge! ve —— IN (2) 


am ff 


to estimate the energy E of the state generated by the 
zeroth-order function Yo. We proceed in Sec. II to 
develop formulas for computing Z when no degeneracy 
exists in the zeroth order description of the state. The 
problem of degeneracy is treated in Sec. III. An 
example to illustrate the use of the method is worked 
out in Sec. IV. 


* Supported in part by the U. S. Atomic Energy Commission, 
the Office of Naval Research, and the Office of Scientific Research. 

+ Now at the University of Delaware, Newark, Delaware. 

1P, Goldhammer and E. Feenberg, Phys. Rev. 101, 1233 
(1956); also B. A. Lippmann, Phys. Rev. 103, 1149 (1956) 

*In the total Hamiltonian 1+ W, Ho possesses a complete set 
of normalized orthogonal] eigenfunctions ¥, and associated eigen- 
values E,(2oS Ei: SF25°:-). The constant —U in W compen- 
sates Mor a uniform displacement of the zeroth-order energy 
spectrum by the amount +U. 


A simple example is worked out to show how the computed 
energy improves as the amplitude parameters are displaced from 
G,=1 to optimum values. An incidental result is the observation 
that the statistical weight of the first order correction to the wave 
function depends strongly on the amplitude parameters. 

Finally, results for degenerate and nondegenerate zeroth order 
states are embodied in an effective interaction operator which 
determines the energy and the correct zeroth-order linear combi- 
nation, 


Il. NONDEGENERATE ZEROTH ORDER 


The variational formula for the energy, 


E = (y | Hot+ W ly)/ (vy), 


now yields 
E= Fot+Woo +>" (Geos +G sé22) 
= ) a GG, (ex €azy); (4) 
zy 


in which 
W om’? W mo™ 
€22y> a ’ 
E— En 
, W om? W mnW no 


ae (E~E..)(E—En) 
é2> 3 €2zy) 
zy 


€2z => €2zy) (5) 
v 


€32y— 


€3,™ €gzry- 
y 


(6) 
€3 => €3ry- 
zy 


The condition G,= 1 characterizes the original formu- 
lation of the B-W procedure in the first order approxi- 
mation to the wave function. The modified procedure 
described in reference 1 involves replacement of G, by 
G (independent of x) and application of the extremum 
condition dE/dG=0 to obtain 


G= (1 —_ €;/€2) - 


(7) 
E= Eo+W wt e2/(1—3/¢2). 


The trivial, but useful, generalization which we now 
consider, is just to treat the set of amplitudes G, as 
independent variational parameters. Applying the 
condition 


dE/dG,= 0E/dG,=0 (8) 
to the right-hand member of Eq. (4), we get 


> y(€ssy— €s2y)Gy= €22, (9) 
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and 


E= Eot+Woot$X2(Grers+Girs). (10) 


Equation (9) determines G,; with these amplitudes 
Eq. (10) becomes a definite implicit equation for Z. 

If all third-order energy terms ¢€;,, vanish (or are 
neglected), Eq. (9) yields G,=1 and Eq. (10) reduces 
to E= Eyt Woot es. In general however ¢€3,,40 and G, 
is not as a rule independent of x. To facilitate the appli- 
cations, we give explicit formulas for G, and £. The 
notation 


Qzy= €2zy— €3zy (11) 
is convenient here. 


x=a, b.— 


Qbb€2a— Jabra 


Jov€ sa Jab€ so 


! 9 
Jaa] bb ou Jab | ° 


Ga = “e ’ 
Jaa] bb— | qab| , 
. Yaa€2b~— Yba€2a 
Gy= —— 
aaa |2 
Jaa] bb | Vab| 


E = Eo+W oo 


Jaa€3b— Jba€sa 


’ 
Jaa] bb ra | Jab | . 


| | - a 
qaa| €2b|?+- oo | €2a|?— Jab€2a€2b— Jha €2a€2b ( ) 
ns 13 


| 1% 
Jaa] bb ~ | Jab! . 


In this case the conditions gaa <0, go» <9, GaaGoo— | Gav|? 
>0O, insure that the extreme value of the energy 
determined by Eq. (12) is actually a minimum. 


z=a, 5, ¢, ‘$ Gaz=Qor=0, x¥a or b, quz<O. 


Equation (12) is supplemented by the statement 
(14) 


G.= €2:/Qzz, xa or b, 


} | €2z | */ ee 


r#a,b 


and a term 


AE (15) 


is added to the right-hand member of Eq. (13). 

When two or more nondiagonal q’s with shared 
indices differ from zero, the exact formulas are some- 
what cumbersome. A series expansion in powers of 
Qzy(xA#y) May sometimes converge fast enough to be 
useful. Applying an obvious iteration procedure to 
Eq. (9), one finds 


G.= €2:/Qz1 ns Is Qry€2y/Ja24vy t Heirs (16) 


yrez 
E=EqtWoot>d | €22|?/qzz 
a > » b224 zy€2y/QexIyy foes, 


2 ye 


(17) 


The displacement parameter U is still available for 
adjustment to minimize the computed energy. We 
observe that é2,, is a function of E—U only while egy 
depends also linearly on U through the diagonal matrix 
elements W,,. In some problems the simple condition® 


PER’ 
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Woo=0 may determine U close to the optimm value 


given by the correct supplementary condition 


dE/dU=0. (18) 


When the implicit equation for Z is not too complicated, 
the supplementary condition can be developed into a 
semiexplicit equation for U. Equation (5) has been 
treated in this manner in an earlier publication. The 
general implicit functional relations for U/ and £& have 
the form 
U=f(E-U), 
E- Eo- W v0 g(E- U, U) 
g(E—U, f(E—U)). 


These relations yield an implicit equation for a single 
unknown: 


E—U=Egt+Wotg(E-U, f(E-U)) 


A root of Eq. (20) introduced into Eq. (19) determines 
the associated values of # and U, 

A simple graphical procedure is available as a practi- 
cal last resort when semianalytical techniques become 
too complicated, The function g(Z—U, WU) is first 
evaluated as a function of E—U. The dependence on 
U is then easily determined since U enters linearly in 
€szy and no where else. Plots of E—Hy—Woo and 
g(E—U,U) against E—U yield a lowest root H(U), 
A series of such plots determines the minimum value of 
E as a function of U. 

A parenthetical remark is in order here. The role of 
displacement parameter U in the general B-W energy 


(19) 


f(E—U), (20) 


series, 
2n+l 


1D leo W oot 7. €l, (21) 
l=? 


deserves careful study particularly in connection with 
the dependence of £ on the number of particles A and 
on the order 2n+1 of the perturbation series. Let 
E(A,n,U) denote the lowest root of Eq. (21). This 
root is given as a function of the number of particles A, 
the order of the energy perturbation series 2n+1, and 
the displacement of the zeroth order spectrum U. A 
formal proof that £(A,#,U) does not depend on U is 
easily supplied.‘ For finite n, the supplementary condi- 
tion 0/:/0U =0 determines U as a function of A and n. 
We are interested in the behavior of L(A,n,U (A,n)) 
as a function of A and n, especially the limiting behavior 
as A becomes infinite for fixed n, Brueckner’s discussion® 
of the “linked cluster approximation” bears on this 
problem, but his conclusions are immediately 
applic able to E(Ayn,l '(A,n)). 

The possibility of introducing an energy-dependent 
term into the zeroth-order Hamiltonian provides addi- 
tional variational parameters.’ However, Eq. (10) for 


not 


*E. Feenberg, Phys. Rev. 103, 1116 (1956). 
*K. A. Brueckner, Phys. Rev. 100, 36 (1955). 
*W. G. Swiatecki, Phys. Rev. 101, 1321 (1956) 
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the energy is invariant under the simplest transfor- 
mation of this type}: 


Hot+W =H +W’, 
Ho = Hot (u— 1)(Hy—E), 
W' = W— (u—1)(Ho— E) 


u-l 
= W—-——(Hy'—E). 


pb 


The proof of invariance follows immediately from the 
formulas 
1 
Tm 
€tzy ~~ €2ay, 
m 


1 u-l 
V 
Cizy = aay . €2zy- 
b “i 
These yield 
1 
’ i 
€tey ~~ Cizy ™ —(€2z2y— €szy) 
uw 


(24) 


as in the more limited context of reference 3. Equation 
(9) now requires G,’=wG,; consequently, 


EO =F Out 

(25) 
) i G,'G,! (erey' = €szy ) = » > GG, (en— ~ 

2 zy 


Ill, DEGENERATE CASE 


The zeroth-order wave function Wo is given by 
Wo y CwWor/LX CK '@ }', 


a linear combination of the complete set of normalized 
orthogonal functions Yo, belonging to the function 
space defined by EL,=£o. Now we introduce the 
notation 


(26) 


* (W™ Jon, n(W™) a, 0¢ 


€2aypq™ ’ 
n 


E-E, 


, : (27) 
€22y= a CL mani Cx ‘ry 
Pq r 


in which the prime on the summation symbol means 
absence of terms with £,=. Equation (4) for the 


t Note added in proof.—The transformation 

Ho = Hot+u(Ho—£)4, 

W'=W —p(Ho—E)*, 
yields 

Ho! = Em p(Ho—E)(Ho>—E+1/p). 
All infinite sums occurring in the energy formula can be trans- 
formed into forms suitable for numerical evaluation by the 
method of reference 3 with the help of the identity 
1 1 1 
HE” Hy—E Hy—E+i/w' 


AND 
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energy becomes 


E=Eot SY C,C [Wop gtd (GrtsepotGsbrzan) 
P.@ z 


ap » GGy(€reypa— €xeypq) / CL,. (28) 


Equations (9), (10), and (18) are still valid, but must 
be supplemented by 


p CLW op, 00+, (Grerepgt+Gsbrzan) 
~Z. GL, €2zypq- €szypa) ~~ Eo) pq]=0. (29) 
zy 


Equations (9), (18), and (29) determine the energy 
and the variational parameters G,, Cy, and U.§ 

In applications, the simplified formulation having 
G,=G= (1—€3/€:)! may provide a convenient starting 
point for a procedure of successive approximations, 
Equation (29) simplifies to 


2 la etal 
} C1] Wen vet “we Ses" ee 
(1 — €3/€2)" 


—(E- Be| =0. (30) 


1—€3/€ 


Also, in this formulation, Eq. (18) can be reduced 
to the quasi-explicit form 


i | Pen 2N 2€3° 


U= ——., (31) 
2[ Pre2— N? | 


in which 
_, WonW no 
(E-E,)" 
, WonW no 
(E-E,)* 
; W om(W mnt+ Ubnn)W no 
~ (E—Ep)(E~ Eq) 
tiles 1 1 


N q= 


—s - 
E-E, E-E, 


ha F nnn 
ies (E—Em)(E— Ex) 
A relation equivalent to Eq. (31) is discussed in 
reference 4, 

An even simpler and less accurate starting point is 
given by the approximation of neglecting third-order 
energy quantities in conjunction with 


W w= Xwo-— l | = 0, (33) 


§ Note added in proof.—Compare with Van Vleck’s treatment 
of degenerate problems [E. C. Kemble, The Principles of Quantum 
Mechanics, p. 394 (1937) ] based on the Schroedinger form for the 
energy denominators. 
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as in reference 3. Equation (29) is replaced by 


E Col 1+N 2) Xp, 06+ €2p¢ 


— [E+ (1 + N2)Xo- Eo bya} = (0. 


In nuclear problems, characterized by the presence 
of a strong tensor component in W, Eqs. (29), (30), 
and (34) yield mathematical formulations of Fein- 
gold’s’§ “reduced tensor coupling” model. 


(34) 


IV. NUMERICAL EXAMPLES 


The example of the deuteron may be used to illustrate 
the theory even though other methods are more suitable 
for an accurate treatment of the deuteron problem. 
Following the procedure described in reference 3, we 
choose for the zeroth-order Hamiltonian 


Ho= bho(p+¢)+U, (35) 
in which 
q=(Mw/2h)'r, r=th, 


p= —i(2h/Mw)!¥,= 


(36) 
— $F «. 
WW no|? . | V nol? V 00" 


“= ->—- t 


. E-E, “E-E, E-Es 
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. V om ( VM) mo 
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E- 4 m E—E,, 


2 , (M*)omV mo 
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E—E2 m 


E —E +m 
1 
} [(MVM)oo 
(E— E2)* 


et+NU= ls 


1 0 2 


— (M*) 0V 00 
E— Eo 


PERTURBATION 
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(F 
(MV )oo 


V Om V mo 
E— En E— Eo 


™ AWE OO 


: 2M oo( VM) 00 + M «0? V 00 } 2 
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PROCEDURE 


The perturbation operator is 
W=V(q) 

= V(q) 

A Gaussian radial dependence of the potential func- 


tion simplifies the calculation of the needed matrix 
elements. We choose 


— thwg*?— U 
—-M—U. 


V=A exp(—a’r,;*)+ B exp(—6'r,;"), (38) 
with 
1/b=2.18K 10-" cm, 
a’ = 8b, 
B <0 (attractive potential well), 
A>O (repulsive core), 


In terms of the dimensionless coordinate g, the potential 
becomes 


V A exp( a’q’) + B exp( 6’q’), (40) 
with 
B= (2h/Mw)b*, a’ =8p?. (41) 


Numerical values are required for suitable xy compo- 
nents of the quantities 


M 00" 2( M V )oo t 2M wo | ‘00 |, 


V oo? | 
¢ . Eo)" 


- V 00 V oo V 00? M oo | 


E-Eky, (E— Eo)? 
V 00 
((VM)oo— V 00M oo) | 


(MV) 0oo— M wV 00 | 


E Eo 


l 
[ (M*) oo ' 


2M wo(M®)oo-+M oo! }. 
E2)* 


The separate xy components in the quantities listed above, 


_ W)om( WY) mo 
=. Bee. 
(W*)om(V— 
. (E— En) ( 


M) mn( (W ¥) no 


mn 


E—E,) 


. ~f e#(W*e MOWV) odd, 
-f fe OO) B(W2e-H0( V — Me WV) ond ddd’, 


are evaluated with the help of the harmonic oscillator transformation’ and the notation 


Hou= Ho- 


U, w= hw, w'=a'hwo, g=tanh2y, & 


1/cosh2y, g’=tanh2y’, k’=1/cosh2y’. (44) 


7A. M. Feingold and E. P. Wigner (unpublished calculations, 1950), 


* A. M. Feingold, Phys. Rev. (to be published). 
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Results are 
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The final integration with respect to \ and )’ (or yu 
and yw’) can now be carried out by a procedure which 
restores the original form of the infinite sums, but with 
all matrix elements replaced by explicit formulas.’ An 
alternative representation of the integrals as power 
series in (E— U— $hw)/hw is also useful. 

Tables I, I, and III exhibit numerical results for 
two sets of force parameters chosen arbitrarily to give 
eigenvalues between —2 and —3 Mev. In Table I the 
interaction is purely attractive (A=0) and U is deter- 
mined by the condition Wo0= 0. The sixth column shows 
the remarkable increase in configuration mixing as 
refinements are introduced into the first order wave 
The physical parameters of Table I are re- 

Table II, but the former supplementary 
0 is replaced by 0Z/dU =0. This change 


function. 
tained in 
condition W g9= 


Tasie I. Energy eigenvalues for B= —41.1 
Method gE Ko 
— 1.69 
—2.21 
—241 
—2.53 
—2.85 
—3.0 


E= Eo 

E= Kot 
RekKot+ata 
E= Eot+e(1 
R= Fot Green + Gueom" 
Correct value” 


€3/¢)" 


* Here Ga» denotes variational coefficient of B exp( 
» Estimated from Table III, H. A. 


ae 
(. poe 
2 2g’ 


os 
*)(—+—+as 


) 
2 2g 
ay 1 k’\? 
) Gtazt=)-Ge)( 
2g/ \2 2g’ 2g 
almost doubles the required value of U. Now the second- 
order energy is much larger than before, the third-order 
energy is greatly reduced, and the optimum value of G 
is close to 1. Results from varying both G and U are 
not significantly different from varying G or U alone. 
A substantial amount of short-range repulsive po- 
tential is included in a second example (Table III). 
The amplitude parameters G4 and Gz are associated 
with A exp(—8a’q*) and B exp(—a’g’)—}hwq’, respec- 
tively. Consideration of the expected behavior of the 
wavefunction near the origin provides a simple inter- 
pretation of the result G4 <1. The term 


y —8/2 
—-— +a) . 
2 2g 





(A exp( 


on 


—a’g’)) no 
E-E, 


Mev, A =0(Wo9=0). All energies are in Mev. 


N?—1 hw Remarks 


0.010 
0.010 


0.028 
0.051 


—0.20 roe 
—().20 G=1.0A 


Gy=2.21, Gy = 1.26" 


fy"), while Gw is the variational coefficient of M. 
Bethe and R. F. Bacher, Revs. Modern Phys. 8, 83 (1936), 
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Method E 


Ew kotertes =—2.55 
E= Eot+ e2(1—€3/e2) — 2.56 


Eo © 
— 1.69 —0,85 
—1.69 —0.82 


“ 
—0,01 
—0.03 


III. Energy eigenvalues for B= —49.9 Mev 


Eo © 
— 1.65 
— 1.64 
—1.64 
—1.64 
—1.64 


Method E 


— 1,65 
— 2,00 
—2.14 
— 2.26 
— 2.57 
~2.7+0.1 


E=E,y 

E= Eo+- €2 

E=Eot ete 

E= Eo+ e2(1 —€3/e2)™ 
E= Eo+Gaeat+Gperrn" 


Correct value 


—0.36 
—0.36 
—0.36 


* Ga is the variational coefficient of A exp(—atg’), while Ga is the variational coefficient of both B exp( 


in Eq. (2) is surely too large. This statement is proved 
by the observation that the sign of y near the origin 
(with G4=1) can be reversed by making A sufficiently 
large. The correct wave function approaches zero at 
the origin as A is increased indefinitely, but never 
reverses sign. Thus the factor G4<1 is required to 
compensate for the incorrect behavior at the origin of 
the wave function generated by the conventional first 
order procedure.® 


V. CONCLUDING REMARKS 


An “effective” interaction operator W appears in 
Eqs. (4) and (29). This operator is defined by the 
equations 


Wov.0¢= W op: 09+ DL Grt2zp¢ +Garezzqp | 


-> GG[errype- €szypa_]: (46) 
zy 


The usefulness of the concept of an effective inter- 
action operator depends strongly on the sensitivity of 
the amplitude parameters G, to special features of 
particular problems. The possibility that a fixed or 
slowly varying set of amplitude parameters may be 
satisfactory in the 1s and 29 shells provides a powerful 
motivation for working out the properties and conse- 
quences of this operator as fully as possible. Among 


*A special form of the repulsive potential, Ja(r)=A, arS1 
and Ja(r)=0, ar >1, may be used to discuss the limiting situation 
A-»+«. In this case AGa approaches a finite limit and all other 
G,’s approach limiting values. The energy formula also approaches 
a definite limiting form. These results may be contrasted with the 
failure of the energy formula E = Eo+ Woo+- e2+ ¢~O(A®*) in the 
same limiting situation. 


TABLE IT. Energy eigenvalues for B= —41.1 Mev, A =0; adjusting U to minimize the energy. All energies are in Mev. 


Remarks 


Uo=1.95(Voo— Moo) = —40.1 Mev 
G=1,035, Uso=1.92(Vo0o— Moo) = —39.5 Mev 


Vi—1 ho 


12.6 
12.6 


0.029 
0.029 


, A=105 Mev (Woo=0). All energies are in Mev. 


6 Nt—1 hus Remarks 


10.8 
10.3 
10.3 
10.3 
10.3 


0.009 
0.009 
0.026 
0.029 


0.14 tee 
0.14 G=1.74 


G4=0.63, Ga= 1 40 


ag’) and M 


other properties we are interested in (a) the relative 
importance of two- and many-particle terms in W 
when W contains only 2-particle operators, (b) the 
magnitude of spin-orbit type components generated by 
iteration of the tensor interaction,® and (c) the relative 
magnitudes of tensor-type components in W and W.' 

A detailed comparison of the refined B-W procedure 
with the Brueckner method" of computing stationary 
state properties would have great value. However, 
numerical results for such comparisons are not yet 
available. The great power and elegance of Brueckner’s 
method, as evidenced in applications to the infinite 
nuclear medium, has motivated recent attempts to 
adapt it to the description of finite nuclei.” These 
attempts seem promising, but it is hardly possible to 
be certain, at present, that the resulting formalism is 
superior in accuracy or simplicity to the refined B-W 
procedure in applications to low states of light nuclei 
(especially in the range N+Z3 16). 

The “absence of clustering” advanced by Eden" as a 
necessary condition for the accuracy of a practical 
formulation of the Brueckner scheme may also be used 
to support the neglect of fourth and higher order energy 
terms as in the present discussion, A recent note on 
the perturbation treatment of the nuclear many-body 
problem bears closely on these controversial questions." 
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Hyperfine Structure of F-Center Spin 
Resonance in Lithium Fluoride and 
Sodium Fluoride* 


Norman W. Lorp 
Applied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland 
(Received November 19, 1956) 


N most F centers' the hyperfine broadening of the 
electron spin resonance has not been resolved by ob- 

servation of the spin energy absorption. This is not the 
case for LiF* and NaF. Figure 1 shows the spin reso- 
nances of their x-ray-induced F centers. From these 
resolved structures it is possible to ascertain the basic 
model of the F center, the values of the wave function 
at the two nearest shells of nuclear sites, and the 
spectroscopic splitting factor with high precision. 

In magnetic fields of around 3000 gauss when small 
radio-frequency field oscillations are used to cause 
electron spin transitions, the Zeeman energy difference’ 
is, to the first order, 


Wi-Wy= gaol Hot+d y h,M,]; 
M,= Naty, — (nyiy—1), Sits 


+(n,i,—1), 


Here A, is the hyperfine field of the equivalent nuclei of 
the yth shell surrounding the F center. If we neglect 
the small angular contribution to the hyperfine inter- 
action from the F-center wave function, then 


Myiy. (1) 


16m py| 


2 
von] gauss. (2) 


h,= 
3gy ty 
Here W(y) is the value of the orthogonalized wave 
function at the nuclei y. 

In LiF and NaF, 4,>>A, and there results a resolved 
series of components centered at 17) and separated by 
intervals of 4,. All of the resonance patterns had these 
common characteristics ; an odd number of components, 
15 or more, and an intensity ratio of approximately 
0.1 for the sixth component to the central one. Detailed 
consideration of the interstitial model‘ shows that it 
cannot give rise to these characteristics except when 
special relations exist between /,(F) and /,(alkali). 
This is hardly likely in both crystals. On the other 
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Fic. 1. The slope dy’’/dH of the spn resonance absorption in 
LiF and NaF for microwave frequencies of around 9000 Mc/sec 
in fields of around 3000 gauss. The amplitudes of field modulation 
used are labeled F.M. For LiF, o/4,;=0.57. For NaF, o/h, =0.39, 


hand, the vacancy model with /A:(F)<h,(alkali) 
conforms very well without special relations. 

For this model, the second moment, o”, of the 
broadening of each component is mostly due to h2(F). 
Then /2(F)&o/v3. The value of o may be determined 
from the oscillations in the resonance pattern which 
depend only on o/h. 

The splitting factor in (1), gy, may be determined 
very accurately from the centroid, Ho, of the pattern of 
components rather than from the envelope. Expansion 
of the Breit-Rabi formula yields a second-order correc- 
tion which is appreciable for large 4). For i=}, Ho is 
multiplied by [1+ (5/4) (4/Ho)* |. The magnetic field is 
accurately determined by the resonance of protons in a 
water probe. The positions of the probe and sample are 


TABLE I, Results: 4 in gauss, |y|* in cm™*. 


hi(alk.) |y(alk.) |* ha(F) |v (F) |? 


LiF 14.1 40.1 
NaF 37,.8+0.3 


&s/ke 


“1.00031 +-0.00006 
0.99999 4 0.00010 


05 0.21 x10" 
0.39 K10" 


1.53 X10" 4.64 
6.05 X10" 8.641 
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interchanged in the magnetic field to cancel any 
difference. The accurately known ratio® of free electron 
to proton magnetic moments is used to express the 
ratio of gy to the free-electron value, g,. All the results 
appear in Table I. The errors represent 95°% confidence 
limits. A more detailed report is being prepared. 

* This work was supported by the Bureau of Ordnance, Depart- 
ment of the Navy. 

1 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953); 
C. K. Jen and N. W. Lord, Phys. Rev. 96, 1150 (1954). 

2A similar resonance for neutron-induced F centers was dis- 
cussed by N. W, Lord and C. K. Jen, Bull. Am. Phys. Soc. Ser. II, 
1, 12 (1956). 

5G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 

‘ F. Seitz, Revs. Modern Phys. 26, 49 (1954). 

* Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 


Paramagnetic Resonance Spectrum 
of Curium* 


P. Freips, A. FrreDMAN, AND B, SMALLER, Argonne National 
Laboratory, Lemont, Illinois 


AND 


W. Low, Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago, Illinois 
(Received November 26, 1956) 


have observed the paramagnetic resonance 


E 

W spectrum of curium in anhydrous lanthanum 
trichloride at three-cm wavelength and room tempera: 
ture. Seven lines can clearly be distinguished con- 
firming the assignment of seven 5/ electrons! and a 
ground state of *Sy,. analogous to the spectrum of 
gadolinium [ (4/)7]. The spectrum can be described by 
the following Hamiltonian : 


AG =BH -g-S+BPP P+ BPP P+ BOPE+BSP 6, 


where P,,” are operators and are given by Elliott and 
Stevens.? Following Bleaney ef al.,* one defines for 
convenience 


b= 3B,’, 
From the measured absorption lines when // is perpen- 
dicular to the ¢ axis, we find that at room temperature 
g=1.991,+0.000;, 6.°=8.24-0.2 gauss, 
&=2.24+0.2 gauss, (be®—5b¢°) 2 3.74-0.5 gauss, 


bf =60BE, be’ =1260B°, be’ = 1260B,°. 


which can be compared with Jeffries’ recent values‘ of 
g&2.00, bo°=11 gauss at 77°K. The analogous spectra 
of Gd*t* in LaCl; determined by Hutchison et al.* gave 
the following parameters: 


g=1.991+0.001, 6,°=9.1+0.1 gauss, 
b= 1.81+0.04 gauss, b,°=0.69+-0.15 gauss. 
The small differences in the values of 5, and 5,° are 


sufficient to give the appearance of different spectra for 
the two ions. 
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LaCl; single crystals were prepared by the method 
outlined by Anderson and Hutchison® in narrow quartz 
tubes. The curium was carefully purified so as to be free 
from any other rare earth elements. The best spectrum 
was obtained with a single crystal containing 20 wg of 
Cm™ at a dilution of about one part in 2000, The 
radiation damage caused by the intense a@ radiation 
caused all transitions except for the }—+—} transition 
to disappear within 24 hours. Some lines caused by 
radiation damage were detected, but were of small 
intensity compared with the 7 fine structure lines. 
The crystal fluoresces very strongly with a light blue 
color. We have also observed the spectrum of Cm in a 
magnesium bismuth nitrate single crystal.’ Seven lines 
were observed in a crystal containing about 15 ug of Cm. 
Larger amounts of Cm caused so much radiation 
damage so as to obscure the spectrum of Cm. Three 
intense lines caused by radiation damage stood out in 
particular. They fall at g= 2.003 and with an average 
separation of 62 gauss with // parallel to the ¢ axis, The 
three lines are characteristic of a hyperfine structure of 
N", the only isotope with nuclear spin 1 in this crystal. 
The radiation damage spectrum was not investigated in 
detail but there seem to be more than one nitrogen ion 
per unit cell. 

In addition we have incorporated Cm into ThO, and 
CaCl,. Many lines were observed, presumably caused 
by radiation damage. Similar lines were observed when 
these compounds were exposed to a cobalt source. We 
have also attempted, so far unsuccessfully, to find a 
hyperfine structure due to the nuclear moment of the 
odd isotope Cm™*, Work along this direction is being 
continued. 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

! J. K. Dawson, Nucleonics 10, 35 (1952) 

2 RK. J. Elliott and K. W. H. Stevens, Proc. 
A219, 387 (1953). 

+ Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) A223, 
15 (1954). 

*C. D. Jeffries (private communication). 

’ Hutchison, Judd, and Pope (to be published) 

6 J. H. Anderson and C.A. Hutchison, Jr., Phys. Rev. 97, 76 


(1955). 
7B. Smaller, Bull. Am. Phys. Soc. Ser. II, 1, 252 (1956) 


Roy. Soc, (London) 


Radiation Damage Experiments in 
III-V-Compounds* 
U. Gonser AND B. OKKERSE 


Department of Physics, University of Illinois, Urbana, Illinois 
(Received October 15, 1956) 


S° far relatively few investigations on radiation 
\J damage have been published in which x-ray tech- 
niques were used to detect the effect of nuclear radiation 
on metals and semiconductors. It seemed of interest to 
see if x-rays could give information on the effect of 
radiation on the III-V-compounds, This group of com- 
pounds crystallizes in the zinc blende structure and 
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Fic. 1, Specimen with 
soldered leads for tempera- 
ture and resistivity meas- 
urements. Shadowed part 
is irradiated. Vertical lines 
show locations where x-ray 
beam scanned the specimen. 






































shows very interesting electrical properties, which were 
originally studied by Welker and co-workers.' 

In the present investigation two samples of GaSb and 
one of InSb were irradiated with approximately 
2X10" 12-Mev deuterons/cm’ at the University of 
Illinois cyclotron. All the specimens were single crystals 
(approximately as thick as the range, i.e., about 17 mils) 
and oriented in such a way that the (100) planes were 
perpendicular to the deuteron beam. The specimens 
were glued to a piece of aluminum which was kept at 


liquid nitrogen temperature. The temperature of the 
specimens was measured at different locations with 
copper constantan couples, which were soldered to the 
specimens. An aluminum screen prevented the beam 
from hitting either the thermocouples or those parts of 
the specimens which were later used as a reference. 
During the irradiation the temperature observed was 


never higher than —130°C. The leads of the thermo- 
couples were also used to measure the resistance of the 
specimens during irradiation. The lower part of the 
cryostat contained Mylar windows, which made it 
possible to observe the (200), (400), and (600) reflec- 
tions from all specimens at liquid nitrogen temperature, 
the (400) reflection being a fundamental line and the 
other reflections being superlattice lines. 

During irradiation the resistance of all three speci- 
mens increased sharply at the beginning and then 
slowly decreased with increasing integrated flux. After 
irradiation the cryostat was transferred to the x-ray 
equipment, A beam of monochromatic copper Ka radi- 
ation was focused on the specimen by means of a 
curved rocksalt monochromator and the reflections 
were obtained on a photographic plate at a distance of 
50 cm from the specimens. By taking the previously 
mentioned aluminum screen away it was possible to 
compare the irradiated part with the nonirradiated 
part of the same crystal. By moving the entire cryostat 
parallel to the (100) planes of the specimen, x-ray 
reflections from different locations. of the same speci- 
men could be obtained, as shown in Fig. 1. Three 
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different effects were observed. They are given sche- 
matically in Fig. 2. 

(a) The reflections remain sharp, but the intensity 
of the reflections from the irradiated part of the speci- 
men was smaller than the intensity of the nonirradiated 
part. 

(b) The lattice parameter of the irradiated part is of 
the order of a tenth of a percent larger than the parame- 
ter of the nonirradiated region. 

(c) The lines are curved systematically toward the 
center of the irradiated region. 

These three effects were observed in all reflections 
from all specimens, in the fundamental as well as in the 
superlattice lines. The effect varied, however, depending 
on the specimen, the thickness of the aluminum screen 
in front of the specimen, the reflection, etc. 

These observations seem to suggest the following 
model. During irradiation, ‘“spikes’”* which have a 
configuration different from the matrix material are 
introduced in the specimen. Specifically we like to think 
that the material melts and then resolidifies in the 
structure of the liquid, which is different from the solid 
structure, as is the case with germanium. This metasta- 
ble structure is preserved at these low temperatures. 
Because the specific density of this “liquid structure’’ is 
higher than that of the normal solid, the presence of 
these spike regions gives rise to tensions, which tend to 
curve the lattice planes and produce the curved 
reflections. The rigid frame of nonirradiated material 
around the damaged region prevents the relaxation of 
the lattice, resulting in an increase in lattice parameters. 
The x-rays scattered from the spikes no longer fulfill 
the Bragg condition; therefore the intensity of the 
reflections in the irradiated part is lower. 

This model would also explain the decrease in re- 
sistance, because the conductivity of GaSb and InSb in 
the liquid state is higher than in the solid state. The 
sharp increase in the beginning of the run is probably 
due to semiconductor effects (traps are introduced). 
The relative intensities of the reflections from different 
specimens seem to suggest that the damage is not 
uniformly distributed throughout the range of the 
deuterons. This could indicate that electron-phonon 
interactions contribute to the damage. This non- 


uniform distribution of the damage makes it very 


Fic. 2. Schematic re- 
production of film after 
exposing specimen on the 
location shown in Fig. 1. 
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difficult to analyze the intensities in terms of order- 
disorder transformations. However, after comparing 
the intensities of fundamental and superlattice lines of 
different specimens one is led to the conclusion that the 
spikes might well be surrounded by disordered regions. 
The observations made during and after annealing of 
the specimens can also be understood on the basis of 
this model. The spikes with the quasi-liquid configura- 
tion transform to the normal! solid configuration below 
room temperature. This can be deduced from the shape 
and the intensity of the x-ray lines. 

Experiments are in progress to verify and extend the 
present observations. The detailed results of this work 
will be published shortly. 

We want to express our gratitude to Professor J. S. 
Koehler, Professor F. Seitz, and Dr. A. H. Kahn for 
many valuable discussions, and to Professor W. K. 
Jentschke, Professor J. S. Allen, and Dr. P. Stahelin of 
the Illinois cyclotron for their kind cooperation. 

* This work was supported in part by the National Academy of 
Sciences and the U. S. Atomic Energy Commission. 

1H. Welker, Z. Naturforsch. 7a, 744 (1952). 

2 See, for a recent survey of radiation damage: F. Seitz and 
J. S. Koehler, in Solid State Physics (Academic Press Inc., New 
York, 1956), Vol. 2, p. 307. 


Ferrimagnetic Resonance in Yttrium 


Iron Garnet 


J. F. Drton, Jr. 
Bell Telephone Laboratories, Incorporated, Murray Hill, New Jersey 
(Received November 21, 1956) 


HE discovery of ferrimagnetism in yttrium iron 

and rare earth iron garnets was recently an- 
nounced by Bertaut and Forrat.' It was discovered 
independently, though somewhat later, by Geller and 
Gilleo? of these Laboratories. The garnets constitute a 
whole new class of magnetic oxides of cubic symmetry 
which are structurally completely distinct from the 
now familiar ferrites. A study of ferrimagnetic resonance 
in one of these compounds has been made possible by 
Nielsen’s’ success in the growth of almost exactly 
stoichiometric single crystals of yttrium-iron garnet 
[Y3Fe.(FeO,); |. The experimental specimens used 
were polished spheres of various sizes from 0.005 in. to 
(0.020 in. Some of these same spheres were used in the 
single-crystal structural analysis described in reference 2. 
Two frequencies were used in these experiments, 
9300 and 24000 Mc/sec. Data were taken at various 
temperatures in the range from 2.85° to about 540°K. 
Transmission cavities were used in both cases. At the 
lower frequency, a rectangular cavity operating in the 
T E\o2 mode was used, while at 24 000 Mc/sec a cylin- 
drical TE; cavity was used. Temperatures different 
from that of the room were reached by using tech- 
niques in which the specimen and its mounting rod were 
cooled or heated rather than the entire cavity. In the 
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Fic. 1. Plot of line width with the steady field along [100] 
against absolute temperature. Note the scale change in the vertical 
coordinate near 300°K. Line width is defined as the field interval 
between points of 4(u’’) max. The 295°K line widths of 13 oe at 
9300 Mc/sec and 31 at 24000 Mc/sec indicate a frequency 
dependence of line width. 


spectrometer used in these experiments, a klystron was 
sawtooth-modulated so as to sweep across an entire 
mode. The transmission cavity containing the specimen 
sphere acted as a filter passing only radiation near its 
natural frequency. The relative power absorbed by the 
sample was obtained from the variation in the height 
of the cavity transmission characteristic with magnetic 
field. Semiautomatic data recording schemes were used 
at both frequencies. 

Shape and width of the resonance lines.—At every 
temperature, it was found that the line width was a 
function of crystallographic direction. Figure 1 shows 
the line width data for the steady field parallel to [100 }. 
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Fic. 2. Line shape taken at 540°K with the steady field along 
[100]. Curves for the other crystal directions are not shown since 
they so closely overlap. Atithis temperature the first-order aniso 
tropy constant K,/M,= 2.27 oersteds, The circled points are those 
of the Lorentzian curve y=5.4(1+[(#—3185.5)/4 P)™. 
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It was along this direction that the narrowest line was 
found in every case. Figure 2 shows a resonance line 
observed at 540°K.* It is only 8.0 oersteds wide. It does 
not differ from a Lorentzian shape by more than the 
experimental error. Aside from the very narrow lines 
at higher temperatures, the most striking feature of the 
plot in Fig. 1 is the peak which lies between 20° and 
65°K. For the case of the steady field along [100], line 
widths measured at 4.2° and 2.85°K are essentially the 
same.’ However, the line widths with the field along 
other directions are still decreasing with temperature 
at 2.85°. 

Magnetocrystalline anisotropy.—The field required for 
resonance varied with crystal direction. Values of the 
constants describing the anisotropy energy surface may 
be deduced from the fields for resonance measured in an 
appropriate number of crystal directions. Relations for 
doing this when first- and second-order terms suffice are 
collected as a footnote in the paper by Dillon ef al.* If 
some higher order term in the anisotropy appears, 
that set of relations is incomplete. Except for data at 
the very lowest temperatures, K,/M, and K,/M, were 
were sufficient to express the observed fields. The 
coefficient K,/M, is plotted in Fig. 3 over the tempera- 
ture range from 20° to above 500°K. No values of 
K.,/M, were obtained in this range which were greater 
than the error in their determination. At the lowest 
temperature a much more complex behavior was found. 
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Fic. 3. Variation with temperature of the first-order anisotropy 
constant K,/M,, Values are plotted only for those temperatures at 
which K,/M, described the variation of field for resonance with 
angle. At 4.2° and below, the coefficients of higher order terms 
become appreciable. 
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The crystal still appeared to have cubic symmetry, but 
the anisotropy surface was rather more convoluted 
than before. The principal directions are all hard 
direction at helium temperatures, and the easy direc- 
tions are near but not exactly coincident with [112] and 
[221]. This remark applies to directions accessible in a 
(110) plane. Examination of a crystal mounted to 
rotate about [111] shows that [123] or a direction very 
close to it is an even easier direction. The field for 
resonance in different directions at 4.2° extends over a 
range of almost exactly 3000 oersteds. Measurements 
at nearby temperatures show that these values are still 
changing with temperature. The terms necessary for the 
expression of this anisotropy and the values of the 
coefficients will be discussed in a later paper. 

Spectroscopic splitting factor—In the temperature 
region in which the usual first- and second-order ani- 
sotropy terms describe the variation of field for reso- 
nance with direction, we may deduce a value of g from 
the relations in reference 6. The value for g obtained in 
this way is somewhat arbitrary since it depends upon 
the form of the terms chosen to express the anisotropy. 
At room temperature the value g=2.005+0.002 was 
obtained at both frequencies for the 0.008-in. sphere, 
with a slightly lower value for larger spheres. Values of 
g between 2.002 and 2.009 were obtained for the 
().008-in. sphere in the temperature range from 100° to 
540°. Below 100° the values rose with decreasing tem- 
perature to 2.040 at 65° and 2.035 at 20.5°. However, 
this is just the range where higher order terms may be 
entering the description of the energy surface. 

The author wishes to thank J. W. Nielsen for the 
single crystals, and S. Geller for orienting some of the 
samples. He is also indebted to A. M. Clogston for 
helpful discussions and S. Geschwind for many dis- 
cussions as well as the use of the high-frequency 
spectrometer. 

1F, Bertaut and F. Forrat, Compt. rend. 242, 382 (1956). 

2S. Geller and M. A. Gilleo, Acta Cryst. (to be published). 

* J. W. Nielsen (unpublished). 

‘F. B. Humphrey has determined the Curie point of these 
crystals to be 550°K. 

5 At helium temperatures, a discontinuous change in the 
adsorption takes place above a certain power level. The results 
quoted here stem from data taken at power levels below that 
threshold. While nonlinear effects in ferromagnetic resonance are 
well known, the threshold power level in this case is so low as to 
merit special interest. These data will be given more fully in 


forthcoming papers. 
6 Dillon, Geschwind, and Jaccarino, Phys. Rev. 100, 750 (1955). 


Electron Spin Relaxation Times in 
Gadolinium Ethyl Sulfate 
G. Fenner anv H. E. D. Scovin 


Beli Telephone Laboratories, Murray Hill, New Jersey 
(Received December 3, 1956) 


HE recent proposal by Bloembergen! to utilize a 
paramagnetic salt to amplify or produce micro- 
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wave power led us to investigate the electron spin 
relaxation times in dilute gadolinium ethyl sulfate 
having cerium as an additional impurity. The pre- 
liminary results of these investagations are being re- 
ported in this letter. The successful operation of a maser 
incorporating this material is described in the ac- 
companying letter.’ 

The trivalent gadolinium ion is in an 8S ground state 
having seven electrons in a half-filled 4/ shell. The 
energy levels were investigated in detail by Bleaney, 
Scovil, and Trenam.* The essential features are that the 
line is split by a fine structure term into seven lines 
whose spacing varies approximately as (3 cos’*@—1) 
where @ is the angle between the dc magnetic field Ho 
and the crystalline field axis. Figure 1 shows the position 
of four of the lines, the remaining three being omitted 
for clarity. The inequality of the spacings and the fact 
that the lines do not cross at 55° can be taken into 
account by higher order corrections. The paramagnetic 
resonance of cerium was first investigated by Bogle, 
Cooke, and Whitley.‘ Its ground state transition is also 
indicated in Fig. 1. 

The crystals investigated were magnetically diluted 
with isomorphous lanthanum ethyl! sulfate in the ratio 
Gd:La=1:200 and Ce:La=1:500. The size of the 
crystal used was approximately 1 mmX 1 mm X0.5 mm. 
The small size was chosen to avoid violent perturbations 
on the cavity. 

The relaxation times were investigated by the power 
saturation method.’ This procedure gives a unique 
relaxation time for a system which has only two energy 
levels (i.e., spin 4). In a more complicated system one 
might not be able to associate a single relaxation time 
with each pair of levels.* However, the microwave 
power at which x” drops by a given fraction is still a 
measure of the rate at which energy is carried to the 
lattice via all relaxation processes. In all our experi- 
ments we measured the power at which the saturation 
parameter S= x" (H,)/x’’(H,=0) dropped to 0.316 (10 
db). In order to calculate the spin-lattice relaxation 
time 7, from this measurement, we write for the 
saturation parameter :>:” 


x” (Ay) 1 


x"(Hi=0) 14+(Wasu-s/Ws.1.) 
1 


14-4 (yH,)(S(S+1)—M(M—1) 7? 


where W y4—1 is the transition probability for 4M = +1 
in an external magnetic field of amplitude 1/;, 1/Ws.1. 
is twice the spin lattice relaxation time 7), y is the effec- 
tive gyromagnetic ratio and 7,=1/rAv, Av being the 
width at half maximum power absorption. The experi- 
mentally determined 7, was 8X10~° sec. The line 
width is due primarily to interactions of the electron 
spin with the magnetic moments of the neighboring 
protons, although the electron dipole-dipole interactions 
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Fic. 1. (a) Inverse relaxation times for the different Gd transi 
tions vs angle between Ho and crystalline axis, Note the reduction 
in relaxation time when the Gd and Ce transitions overlap. (b) 
Magnetic field 19 at which Gd and Ce transitions occur vs angle 
between /[ and crystalline axis 


are of the same order. It is therefore not surprising that 
the line is homogeneously broadened as found from its 
saturation behavior.* 

The results of the relaxation time measurements at 
1.2°K and 9000 Mc/sec are shown in Fig. 1. The most 
striking feature is exhibited by the — }-—+—} line. When 
its resonance frequency is equal to that of cerium (see 
point A, Fig. 1), its relaxation time is reduced by about 
a factor of 7. This assumes that in the absence of cerium 
the gadolinium relaxation time would follow the dotted 
line. A reduction of the relaxation time of Gd by Ce has 
been reported earlier by Bleaney, Elliott, and Scovil.® 
Their investigations were carried out on a concentrated 
Ce salt at 14°K. Under those circumstances all Gd levels 
were affected simultaneously, which is undesirable for 
the operation of a maser. From those experiments one 
concludes that the relaxation process proceeds in two 
steps. First, there is a Gd-Ce spin-spin flip which is 
energetically most favorable, when the resonance fre- 
quencies of the two ions are equal. This process pro- 
ceeds in a characteristic time essentially given by 7, 
which in our case is ~10~* sec. In the second step the 
Ce relaxes via its own spin-lattice relaxation time which 
at 1.2°K was found to be about three orders of magni- 
tude longer than 7», 

Another reduction in the relaxation time is observed 
when we approach a point at which the Gd transitions 


overlap (see Fig. 1). In this case the Gd transitions 





762 LETTERS TO 
whose resonant frequencies lie nearest to the saturated 
line take the place of the Ce. It should be pointed out, 
however, that an unknown impurity with a broad 
resonance could account for a similar behavior. 

The third distinct relaxation process occurs at a 
point where the Ce transition overlaps a Gd transition 
differing by AM=1 from the saturated line (see point 
B, Fig. 1). This involves a three-step process. First the 
saturation is partially passed on from the —}——} 
levels to the —4—++-} levels via a spin-spin interaction. 
The —}-++-} levels then relaxes via the Ce as discussed 
earlier. 

In the absence of strong interactions between different 
levels (6=0 in Fig. 1), the relaxation times are approxi- 
mately proportional to the inverse transition proba- 
bilities as one would expect. 

We would like to thank Dr. P. W. Anderson for 
helpful discussions and Mr. E. A. Gere for his assistance 
in the experiments. 

1N. Bloembergen, Phys. Rev, 104, 324 (1956). 

* Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957). 

* Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) A223, 
15 (1954). 

* Bogle, Cooke, and Whitley, Proc. Roy. Soc. (London) A64, 931 
(1951), 

* Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

* J. P. Lloyd and G, E. Pake, Phys. Rev. 94, 579 (1954). 

7A. H. Eschenfelder and R. T. Weidner, Phys. Rev. 92, 869 
(1953). 

* A. M. Portis, Phys. Rev. 91, 1071 (1953). 


* Bleaney, Elliott, and Scovil, Proc. Phys. Soc. (London) A64, 
933 (1951). 


Operation of a Solid State Maser 


H. E. D. Scovir, G. Frener, ann H. Semer 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 3, 1956) 


MASER of the same type as that proposed by 

Bloembergen' has been successfully operated at 
9 kMc/sec. Since the basic theory has been covered in 
the reference, it will not be reviewed here. 

We require a magnetically dilute paramagnetic salt 
having at least three energy levels whose transitions 
fall in the microwave range and which may be easily 
saturated. The ion Gdttt!4/’, 8S) seems a suitable 
choice since its eight energy levels give the choice of 
several modes of maser operation. Of the three salts of 
Gd**+ which have been investigated by paramagnetic 
resonance’ the diluted ethyl sulfate appears very 
desirable. This salt has been investigated in detail by 
Bleaney ef al.,’ Buckmaster,‘ and Feher and Scovil.® 

If an external magnetic field is applied perpendicular 
to the magnetic axis, the spin Hamiltonian may be 
written’ 


KR a BH ‘S, . 1B, S? or 2 4S(S+ 1) ] 


+4B [S245], (1) 
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Fic. 1. The energy levels of the ground state of Gd*** in the 
ethyl sulfate for a large applied magnetic field. The heavy lines 
identify the maser levels. Spin-lattice relaxation times between 
levels are shown. 


where some small terms have been neglected, g= 1.99, 
B.$=0.02 cm™, and the axis of quantization is parallel 
to Ho. The first term is the usual Zeeman energy and is 
varied to bring the transitions to the desired operating 
frequency. The second term disturbs the equality of 
the level spacings (essential for the device) as shown in 
Fig. 1. The third term admixes states, thereby permit- 
ting AS,=-+-2 transitions which are also essential. The 
angle between the dc magnetic field and the microwave 
magnetic field should be zero for the AS,= +2 transi- 
tions and 90° for the AS,= +1 transitions. A convenient 
compromise of 45° between both microwave fields and 
Hy was chosen for the structure employed. 
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Fic. 2. The power reflected from the 9-kMc/sec cavity as the 
magnetic field was swept to cover three AS,-+-1 transitions for 
different 17.5-kMc/sec power levels. The spacing between two 
lines is about 200 oersteds, 
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The negative temperature (a term introduced by 
Purcell and Pound® to designate the fact that a higher 
energy level is more densely populated than the lower 
one) at complete saturation of the AS,=-+2 transition 
will depend essentially upon two parameters: the 
separations of the energy levels and the ratio of the 
relaxation times. In a given material the first parameter 
is fixed. Our attempts were directed toward varying the 
second parameter in order to obtain lower negative 
temperatures. A relaxation time ratio of 1:10 between 
two neighboring transitions was obtained by introduc- 
ing cerium into the crystal.® In order to obtain the full 
benefit of this large relaxation time ratio for a 9-k Mc/sec 
maser, a de magnetic field of 2850 oersteds was applied 
at an angle of 17° from the perpendicular direction of 
the crystal.® Although Eq. (1) refers to the perpen- 
dicular direction, the energy levels and _ transition 
probabilities are only slightly modified at this small 
angle. A 90-mg (8% filling factor) lanthanum ethyl 
sulfate crystal containing ~0.5% Gd*t*+ and ~0.2% 
Cet** was used in contact with liquid helium at 1.2°K. 
A saturating magnetic field at 17.52 kMc/sec was used 
to induce transitions between the |—5/2) and |—}) 
states as shown in Fig. 1. The signal at 9.06 kMc/sec 
was applied between the |—5/2) and | —3/2) states. 
The maser embodies a microwave cavity simultaneously 
resonant at these two frequencies. The almost critically 
coupled 9-kMc/sec cavity had a loaded Q= 8000. The 
17.5-kMc/sec cavity perversely supporting a spurious 
mode provided a Q~1000; this fortunately proved 
sufficient. 

Figure 2 shows the 9-kMc/sec monitoring signal 
reflected from the cavity as a function of Ho. In the 
first trace three I'S,=-+1 transitions are shown, the 
peaks representing essentially complete reflection as 
a result of the high magnetic losses associated with the 
material. The observed resonance line appears broad- 
ened since the absorption is not a small perturbation 
on the cavity as resonance is approached. The succeed- 
ing traces show the reflections associated with the 
| —5/2)-—+| —3/2) transition as the 17.5-kMc/sec power 
is increased. In the third trace the salt is lossless, corre- 
sponding to an essentially infinite spin temperature. 
The fourth trace shows the onset of negative spin 
temperatures and the partial overcoming of the losses 
associated with the empty cavity. In the fifth trace 
the reflected power exceeds the incident power and 
oscillations have commenced. Before oscillations com- 
mence, a region of amplification must exist. Figure 3 
shows the last trace on an expanded time scale. 
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Fic, 4, The 9-kMc/sec output power of the oscillating 
maser as a function of the saturating power. 


At this stage, the 9-kMc/sec monitoring signal was 
turned off. The de magnetic field was adjusted to a 
value resulting in maximum 9-kMc/sec output power 
from the oscillating maser. The power output was 
measured with a barretter as a function of the saturating 
17.5-k Mc/sec power. The results are shown in Fig. 4, 

The required saturating power could be materially 
reduced by the use of a 17.5-kMc/see cavity having a 
higher Q. The purpose of this work was merely to show 
the feasibility of this device. 

We should like to acknowledge the generous coopera 
tion of many members of the Bell Telephone Labora- 
tories, and in particular, to thank Mr. M. G, Gussak. 

''N. Bloembergen, Phys. Rev, 104, 324 (1956), 

27K. D. Bowers and J. Owen, Repts. Progr. in Phys. 18, 304 
(1955). 

*Bleaney, Scovil, and Trenam, Proc. Roy, Soc, 
A223, 15 (1954). 

*H. A. Buckmaster, Can. J. Phys. 34, 150 (1956). 

5G. Feher and H. E. D. Scovil, preceding Letter (Phys. Rev, 
105, 760 (1957) } 

*E. M. Purcell and R. V. Pound, Phys. Rev. $1, 279 (1951) 
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Electron Scattering by the Deuteron 


Rocer G. Newton 


Indiana University, Bloomington, Indiana 
(Received November 15, 1956) 


HE object of this note is to point out that the 
recent Stanford experiments of electron scattering 

by the deuteron! do not necessarily imply any of the far- 
reaching conclusions drawn in the paper that describes 
them. The inability to fit the experimental scattering 
cross sections by those calculated from potentials 
leading to the correct deuteron binding energy and low- 
energy neutron-proton scattering phase shift, is the 
result merely of the special nature of the potentials used. 
Let us assume that the tensor force can be neglected 
for the present purpose. (According to reference 1 this 
is a justified assumption.) Then we may easily write 
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down explicitly a family of central neutron-proton 
triplet potentials which exactly produce the deuteron 
binding energy Ey (and no other bound state) as well 
as the low-energy behavior of the triplet s-phase shift: 


k coté= —a + 4rok’, (1) 
where the scattering length a is given by 
a= R—}7,R, 
and the “size of the deuteron” is 


R= K =h(2uEs). 


(2) 


The simplest family of potentials is that for which the 
effective-range approximation (1) [as well as (2)] is 
exactly correct for all energies. They are® 


ge(K yr 1) 


V(r) = —4K- | (3) 
ge(K+4,7)— ge(K —9,7) 


d 
[sinh — 


dr 
where 


go(k,r) =k -(e-*"+c sinhkr), 


and 
o= re [1+ (1— 27a)! = 0.944 108 cm > K. 


The parameter c may take on any positive value. 
The (normalized) deuteron wave function for the 
potential (3) is given by ¥(r)=r-“u,(r), 
sinh¢r 


cK j 
u.(r)=2( - —) - 
¢’—K ge(K +¢ n- ge(K— os) 


r being the coordinate of one particle relative to the 
other. 

If the square of the wave function is interpreted as a 
static charge density at the distance r’=1r/2 from the 
deuteron center of mass, then the form factor for the 
scattering of electrons by this static charge in the first 
Born approximation is 

sin (4 
F.(q)= } dru,?(r) — 
gr/2 


where (in the absence of recoil) 
q= 2h | p| sin(46), 


p being the electron momentum and @ the scattering 
angle. 
Since the denominator in (4) is 


ge(K+6,7)—¢.(K —o,7) = (K sinhor+@ coshor)e~*" 


+-c(dcosh¢r sinhKr—K sinh@r coshKr), 


it is clear that as c+» the entire contribution to the 
integral in F,(q) comes from r~0. Therefore 


limF,(q) = im f dru? (r)=1 
rs) c+ 9 


because of the normalization of u,(r). 
On the other hand, consider the limit as c-0. Then 
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all contributions come from r~ , and therefore 
ae 2) 
limF ¢(q) = limK (9? — wef d¢-——_—_—_— 


piece ae 


( 
tina f — mtbr} 


co-K 
n= —} lo e( mae es -). 
2 @+K 


If we set x= Kr—n, this becomes 


2K 
limF .(q) = 2 lim im f ee Jtesyt 


where 





sin{.gn/2K } 
=lim- ——-—-—- 
rm [gn/2K ] 
|’ if g>0 
lt if q=0, 


f du(e?+-e~*)*=}, 


Consequently, by changing the parameter c, the form 
factor can be made to vary between the most extreme 
possible values. In other words, the deuteron binding 
energy and the effective range do not, by themselves, 
allow us to draw any conclusions whatever concerning 
the spread of the deuteron wave function. As another 
illustration of this fact, we find by arguments similar to 
the above that® 


lim(r’),=0, lim(r’),= ©. 
on co) 


This directly shows the independence of the average 
neutron-proton distance in the deuteron on the one 
hand, and the. deuteron binding energy and neutron- 
proton s-wave scattering phase shift on the other. 

In conclusion it may be noted that, although one may 
fit the experimental form factor by proper choice of ¢ 
with one of the above potentials, this does not seem to 
be a very reliable way of fixing c. There is too much un- 
certainty owing to the additional effect of the finite 
proton size. 

! John A. McIntyre, Phys. Rev. 103, 1464 (1956). 

* These potentials are constructed by a method due to V. 
Bargmann (private communication). The extension of that 
method to include tensor forces is given by T. Fulton and R. G. 
Newton, Nuovo cimento 3, 677 (1956). Application to the case of 
the deuteron with tensor force will be published in the near 
future by the author together with T. Fulton. 


* Contrary to the statement made by J. Bernstein, Phys. Rev. 
104, 249 (1956). 
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